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Abstract Because of the well-known limitations of diffu-
sion tensor imaging (DTI) in regions of low anisotropy and
multiple fiber crossing, high angular resolution diffusion
imaging (HARDI) and Q-Ball Imaging (QBI) are used to
estimate the probability density function (PDF) of the av-
erage spin displacement of water molecules. In particular,
QBI is used to obtain the diffusion orientation distribution
function (ODF) of these multiple fiber crossing. As a proba-
bility distribution function, the orientation distribution func-
tion should be nonnegative which is not guaranteed in the
existing methods. This paper proposes a novel technique to
guarantee the nonnegative property of ODF by solving a
convex optimization problem, which has a convex quadratic
objective function and a constraint involving the nonnega-
tivity requirement on the smallest Z-eigenvalue of the diffu-
sivity tensor. Using convex analysis and optimization tech-
niques, we first derive the optimality conditions of this con-
vex optimization problem. Then, we propose a gradient de-
scent algorithm to solve this problem. We also present for-
mulas for determining the principal directions (maxima) of
the ODF. Numerical examples on synthetic data as well as
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MRI data are displayed to demonstrate the significance of
our approach.
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1 Introduction

It is well-known that the popular magnetic resonance imag-
ing (MRI) model, the diffusion tensor imaging model (DTI)
[4—-6] breaks down in regions of low anisotropy and multiple
fiber crossing. In order to overcome this drawback of DTI,
Tuch et al. [28] proposed a novel approach, high angular res-
olution diffusion imaging (HARDI) in 2002. In 2004, Tuch
[27] further introduced Q-ball imaging (QBI) to reconstruct
the diffusion orientation distribution function (ODF) of the
underlying fiber population of a biological tissue.

The ODF is a function on the unit sphere describing the
probability averaged over the voxel that a particle will dif-
fuse into any solid angle. As the water molecules in nor-
mal tissues tend to diffuse along fibers when contained in
fiber bundles [6], the principal directions (maxima) of the
ODF agree with the true synthetic fiber directions. Tuch [27]
showed that the ODF can be estimated directly from the raw
HARDI signal on a single sphere of g-space by the Funk-
Radon transformation. This is the main idea of QBI.

The Funk-Radon transformation involves integral with
the Dirac delta function. In [11], Descoteax et al. suggested
to use the Funk-Hecke theorem and higher order spherical
harmonics to obtain a mathematical simplification of the
Funk-Radon transformation. It was shown that the ODF es-
timation in [11] is up to 15 times faster than the numerical
method in [27].
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In [10], Descoteax et al. showed that both spherical har-
monics and higher order tensors restricted to the unit sphere
forms a basis of the same functional space. Ghosh et al. [14]
presented a polynomial based approach to extract maxima of
the orientation distribution function in diffusion MRI. In [7],
using the Z-eigenvalue concept introduced in [21], Bloy and
Verma suggested to determine the principal directions (max-
ima) of the ODF by a curvature concept they introduced. For
an excellent recent survey of higher order diffusion tensor
methods in diffusion MRI, see Ghosh and Deriche [13].

In the study of the apparent diffusion coefficient (ADC)
profile, in 2003, Ozarslan and Mareci [18] proposed to
model the ADC profile with higher order diffusion tensors
(HODT), that can reflect more complex micro-geometries
of biological tissues. An intrinsic property of the diffusivity
profile is positive semi-definite [2, 3, 8, 10, 15, 30]. In [25],
we approximate the ADC profile by a positive semi-definite
diffusion tensor of either second or higher order and further
show that by regarding a higher order tensor as a vector, the
diffusivity function can be simply written as the inner prod-
uct of two vectors. Such a observation provides additional
mathematical tools and further information about the diffu-
sivity function. For example, in [25], we use this observa-
tion to derive the subgradients of the smallest Z-eigenvalue
function of the diffusivity function, which is a measure of
the positive definiteness of the diffusivity function.

The ODF, as a probability distribution function, should
be nonnegative. Until now, no ODF models have addressed
this. Recently, Tournier et al. [29] proposed a nonnegativity
penalty fiber orientation distribution (FOD) model by penal-
izing FOD values. That model does not completely forbid
negative FOD values. In this paper, we present a nonnega-
tive ODF model. The ODF values are strictly nonnegative in
our model. This is different from [29].

In the next section, we first show that there is a constant
linear transformation relation between the vector versions
of the raw HARDI signal and the ODF in the homogeneous
polynomial basis. Such a linear transformation connection
between the HARDI signal and the ODF not only saves the
computational time, but also makes the nonnegative ODF
model possible. Then, we propose a new model which can
guarantee the nonnegative feature of the ODF function.

In Sect. 3 we present a new way on how to determine
the principal directions (maxima) of the ODF, based on op-
timization theory, which is more precise. Numerical exam-
ples on synthetic data as well as MRI data are displayed in
Sect. 4 to demonstrate our approach. Section 5 is a conclu-
sion section.

@ Springer

2 Nonnegative Diffusion Orientation Distribution
Function

Suppose that we use an mth order symmetric tensor A to
denote the raw HARDI signal S. Here m is an even number
as the signal is antipodally symmetric. Let x = (x1, x2, x3)
be a unit direction. Then the HARDI signal at the direction
x takes the value
m m—i ) o
S(X):ZZaijx{xéxgnﬂﬂ, (1)
i=0 j=0
where a;; are the independent components of the tensor A.
Obviously, there are

m+1
1
n= Zi:i(m—}—l)(m—i-Z)
i=l1

independent components a;;. Let k = j +1+i(2m + 3 —

i)/2, sx = a;j and X = x’ixéx;"_lﬂ. Then we can simplify

(1) as
S(x)=s'%,

i.e., we can regard S(x) as the scalar product of vectors s and
X in M". This point of view will be useful for our analysis
later on.

Similarly, we use an mth order symmetric tensor 5 to
denote the ODF ¥. Let x = (x1, x2, x3) be a unit direction
in the g-space. Then the ODF value at the direction x has the
value
W (x) = Z Z bijxiad T Ay TR, )

i=0 j=0
where b;; denote the independent components of the tensor
Bandu = (uy,...,ug,...,u,) " isavectorin N with uy =
bij.

Below, we recall some basic facts about the spherical har-
monics. Let £2 be the sphere in R3, that is,

Q:{xe?)i3:x12+x§+x32=1}.

We also use spherical co-ordinates (6, ¢), 0 <6 <m,0 <
¢ <2m, with

X1 sinf cos ¢
x=|x2 | = sinfsin¢
X3 cosf

Let qu denote the spherical harmonics (SH) of order /
and degree g. Mathematically, it is given as follows

20+1 (I —¢qg)! ;
Y/ = t1 (=9)! P/ (cos@)e'1?,
i (+q)!

where qu is an associated Legendre polynomials, which can
be obtained analytically from the following set of equations,
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1 /d\
Pi(x) = 21_1'<E) (x> —1),

q

Pl = (~17(1-2%)} (%) Pi(x), ¢=0,
(I —g)!
I+ q9)!

Let!/=0,2,4,...,mand g =—I,...,0,...,[. A single
index p in terms of [ and ¢ is used so that p = p(l,q) =
(I>+1+2)/2+q.Then p=1,...,n.If p= p(l,q), then
define /(p) = [. Explicitly, if C—1+22<p<@+
3l 4+ 2)/2, then [(p) = [. Consequently, we have /(1) =0,
I(p)=2for2<p<6,l(p)=4for7 < p<15,s0on.

As in [7, 10, 11], the real spherical harmonics of order
less than or equal to m, are

V2Re(Y)!h, if —1<q=<0,
V2= Imy?), if0<q<lI,
l q

P (x) = (=1)7 Pl (x).

Ry(0,9) =

for p =1,...,n, where Re(¥,") and Im(Y¥,’) represent
the real and imaginary parts of Y, lq respectively. Thus, the
HARDI signal S can be described as

n
SO, )= cpRy(6,9).
p=1
Moreover, Descoteaux et al. [11] showed that the ODF can
be expressed as

W (6,0) =) 27 Pip (O)cy Ry (6, b),

=1
p o

where P;(;)(0) is a Legendre polynomial with simple ex-
pression

»3-5---( -1
PZ(P)(0)=(_1)¥2.4+1;()17))

This demonstrated that the ODF can be estimated by scaling
of the HARDI signal’s spherical harmonic coefficients.

It should be note that, as a probability distribution func-
tion, the ODF should be nonnegative over its entire domain.
However, as pointed out in [19], this constraint has been
more challenging to satisfy within the spherical harmonics
framework. In the following theorem, we show that there is
a constant linear transformation relation between the vector
versions of the HARDI signal and the ODF in the homoge-
neous polynomial basis. Such a linear transformation con-
nection between the HARDI signal and the ODF enable us
to model the nonnegative feature of the ODF.

Theorem 1 For p,k=1,...,n,let
tok =/ X xR, (0)d Q2.
Q

Then T = (tpr) is an n x n invertible matrix. Let D be
an n X n diagonal matrix with its diagonal elements as

Pi1)(0), ..., Py (0). Let A =21nT~'DT. Then we have
u=As.

Proof We note that, both the mth-order tensor polynomials
restricted to the sphere and the even order spherical harmon-
ics up to order m, are basis for the same function space. So,
for the vector version s of a HARDI signal S, there exists a
vector ¢ of spherical harmonic coefficients such that c = T's
(see [10] for details). Thus, T is invertible. By [11], we have

n
W (x) =Y 27 P (0)c, Rp(x),
p=1
where c¢,, p =1,...,n are the spherical harmonics series
coefficients of S(x). Hence, the spherical harmonics series
coefficients of ¥ (x) are ¥, = 21 Py(p)(0)cp. Let c and ¢ be

vectors in " with components ¢, and ¥, for p=1,...,n,
respectively. Then we have ¢ = T's and ¥ = Tu. Thus, u =
2nT~'DTs = As. The proof is complete. O

Suppose that HARDI samples in N gradient directions
{gnh:gne22,h=1,...,N}, N> n, and the correspond-
ing HARDI signals on these N gradients are described by
{dy:h=1,...,N}. Then {g, :h=1,..., N} are N vec-
tors in N". We assume that {g, : h =1,..., N} spans R",
i.e., there are n vectors among these N vectors, which are
linearly independent, or we say that {g, :h=1,..., N} has
rank n. We call this assumption the full rank assumption.
This assumption is needed so that the N gradient direc-
tions {gy : h =1,..., N} can reflect the signal S(g) suffi-
ciently. Let C be an n x N matrix, whose column vectors are
8,,h=1,...,N.Let B=CC".Then B is an n x n positive
semi-definite symmetric matrix. Under the full rank assump-
tion, B is a positive definite symmetric matrix. We also let d
be a vector in R, with components {d, :h=1,...,N}.

The least squares problem for finding an mth order tensor
A to reflect the signal S(g) is to find § € R" such that

F(5) = min F(s), 3)
seENR"
where
N N
F(s)= (S —dn)> =Y (s & —dn)".
h=1 h=1

It is well-known that under the full rank assumption the
solution of the least squares problem (3) is

s=B"'Cd. “4)

The function F is a convex quadratic function. To see this,
by (4), for any s € 0", we can represent F as

F(s)=(s —5) B(s —3). (5)

Thus, F is a convex quadratic function.
With u = As, given by Theorem 1, we have ODF ¥ (x) =
u” 2. However, in this way, we cannot guarantee ¥ (x) > 0
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for all x € £2. In fact, ¥ (x) > O for all x if and only if u is
positive semi-definite in the sense of [25]. Thus, motivated
from [25], we formulate a new model as follows:

F(s*) =min{ F (s) : Amin(As) > 0}. ©)

Here, Amin(As) is a measure of positive definiteness of u =
As (see [25] for more discussions) given by

T

Amin () = min{u’ £ X x4y = 1}. 7

A possible method for solving (7) was given in [25]. For
completeness purpose, we include it in Appendix.
We now have the following theorem:

Theorem 2 \in(As) is a continuous concave function of s.
Hence, (6) is a convex optimization problem.

If Amin(AS) > 0, then s* =5 is a global minimizer of (6).
If the full rank assumption holds, then (6) has a unique
global minimizer.

Suppose that the full rank assumption holds and Amin (AS)
< 0. Then , s* is the unique global minimizer of (6) if and
only if there is a positive number | such that

{ B(s* —5) = pATX*,

Jamin(As™) =0, ®

where ATX* is a subgradient [26] of the concave function
Amin at s*. By (8), we have
{ (s*)TB(s* —5) =0,

&) T As* =0. ©)

Proof Let sO @ emn 0<r<1ands=rtsD + a-
1)s®. Suppose x* is a global minimizer of (7). Then (x})*+
)2+ (x5)*=1and

Amin(As) =¥ (X*)
=) AsD + 1 —n R As?
> thmin(As™) + (1 = ) Amin (As@).

This shows that Ani, (As) is a concave function of s. Since
Amin(As) is a concave function defined in the whole space
NR", according to the theory of convex analysis [26], it is a
continuous function. By (5), F is a convex quadratic func-
tion of s. Hence, (7) is a convex optimization problem.

If Amin(AS) > 0, then § satisfies the constraint of (6).
Since VF(5) =0, s* = § is a global minimizer of (6). If the
full rank assumption holds, then F is strictly convex. Hence,
(6) has a unique global minimizer in this case.

Suppose that the full rank assumption holds and Apin (AS)
< 0. Then, the minimization problem (6), has a unique
global minimizer s* which satisfies Apin(As*) > 0 and
F(s*) > F(5). Suppose that Apin(As™) > 0. Since Apin(As)
is continuous, there is a § in the segment connecting s* and
s such that Ayin(As) =0 and F(5) < F(s*). This contra-
dicts the fact that s* is a global minimizer of (6). Hence, we

@ Springer

have Amin(As*) = 0. Now, (8) follows from (5) and the op-
timality condition of the convex optimization problem (6).
By (7), we have

)‘-min(AS*) = W(X*) = (S*)TAT)’Z*.

From this and the second equation of (8), we have the second
equation of (9). Taking inner product with s* on the two
sides of the first equation of (8) and combining it with the
second equation of (9), we have the first equation of (9). [

Suppose that x is a global minimizer of (7). Since ¥ (x) =

u X, we have

Jomin(As) =X As. (10)

When m is even, if x is a global minimizer of (7), then
y = —x is also a global minimizer of (7). However, we have
¥y = X in this case. Therefore, such X in (10), generated by
a global minimizer x, may still be unique even if the global
minimizers are not unique. Using standard convex analysis
facts, we know that if such X in (10) is unique, then Apin (As)
is differentiable at s and its gradient is given by A'%. On
the other hand, if such X is not unique, then any of such
ATXisa subgradient of Apin(As) at s and the subdifferen-
tial of Amin (As) at s is the convex hull of all such ATX. With
such knowledge of gradients and subgradients of Ay, (As),
we can solve convex optimization problem (6) by a standard
convex programming method [16].

Under the full rank assumption, we may use (4) to calcu-
late 5. If Apin (AS) > 0, then s* = § and we have the solution
needed. If Apnin(As) < 0, by Theorem 2, Apin(As™) = 0.
Hence, in this case, we only need to solve an equality con-
strained optimization problem. In the following table, we
give a summary of the nonnegative ODF model where the
analytical ODF was estimated in the homogeneous polyno-
mial basis.

(1) Calculate 5 by (4). If Apin(As) >0, then s* =3
and we have the solution needed.

(2) If Amin(AS) < 0, by Theorem 2, Apyin(As™) = 0.
Hence, in this case, we only need to solve the fol-
lowing equality constrained optimization prob-
lem:

F(s*) =min{F(5) : Amin(As) =0}. an

(3) Then we have u = As™ and the nonnegative
ODF ¥ (x) =u 'X.

Clearly, problem (11) still has (8) as its optimality con-
dition under the full rank assumption. We may consider to
solve this equality constrained problem by some standard
minimization methods [17].

Generally, the diffusion peaks of the ODF are small and
so direct visualization of the ODF often shows little orienta-
tional structure. So, it will be helpful to sharpen or min-max
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normalize the ODF [11, 27]. In [11], Descoteaux et al. pro-
posed a fast and robust algorithm to estimate ODF incorpo-
rating a sharpening scheme based on the Laplace-Beltrami
operator. Let d : 73 — RV be the vector field of diffusion
signal in N discrete directions on the sphere. Let C be an
n x N matrix, whose column vectors are SH functions R),.
Let B=CC' and L beann x n diagonal matrix with its
diagonal elements as L;; = (1(i)>(I(i) + 1)?). Then, their
ODF estimation is expressed using the spherical harmonic
basis

n
W (x) =Y 27 Pi(p)(0)Cp R (),
p=1
where the spherical harmonics series coefficients ¢, can
be obtained by a modified Moore-Penrose pseudo-inverse
scheme

¢=(B+al)'Cd. (12)

Here « is the weight term on the Laplace-Beltrami smooth-
ing matrix L, which penalizes high degrees in the estimation
under the assumption that high degrees SH are likely to cap-
ture noise.

Let A=27T"'D and u = Ac. Then, the ODF can be
represented by a real homogeneous polynomial of order m
in the form that ¥ (x) = u ' %. In order to satisfy the nonneg-
ative constraint, one can solve the following model:

min{F (c) : Amin(Ac) > 0}, (13)

where F denotes a convex quadratic function
Fo)=(c—0) " (B+aL)(c—7).

Similarly, we have the following theorem.

Theorem 3 )»min(gc) is a continuous concave function of c.
Hence, (13) is a convex optimization problem.

If kmin(gc_’) > 0, then ¢* = ¢ is a global minimizer of
(13).

Suppose that )»min(;fé) < 0. Then, c* is the unique global
minimizer of (13) if and only if there is a positive number L
such that
{ (B+aL)(c* — &) = u(A) %",

Amin(Ac*) =0, 14

where (Z)Tf(* is a subgradient of the concave function Amin
at c*. Moreover, by (14), we have
{ () (B+aL)(c*—&) =0,

&) TAc* =0. (15)

The main contribution of the work presented here is a
nonnegative ODF model with a sharpening scheme. We give
a summary as follows.

— Calculate ¢ by (12). If Amin(ZE) > 0, then we have
the solution needed ¢* =c.

— Else if )»min(;fE) < 0, we need to solve (13) or the
following equality constrained optimization prob-
lem:

F(c*) = min{F(c) : Amin(Ac) =0}.

— Then we have u = Ac* and the nonnegative ODF
U(x)=u'=x.

Let PT denote a projection operator which projects a ten-
sor onto the positive semi-definite cone. An approximate
projected gradient algorithm for solving nonnegative ODF
model can be presented as follows.

Algorithm PSD-ODF

Data. Given a constant ¢ > 0. Calculate ¢ by (12) and
then get an initial guess u = Ac. If Amin(#2) > 0, Stop; Oth-
erwise set u; = PT(u).

Initialization. Set s; = —(B + «L)(u; — it) and k = 1.

While [u] (B + aL)(u — it)| > & or Amin(ug) > ¢ do

Compute #; such that uyy| 1= uy 4t satisfies u/;rH (§+
aLl)(ug+1 —u) =0;

Compute Amin(Uk+1)- if Amin(@k+1) <0, then set g =
PF(uiq1). _

Compute sx+| = —(B+oL)(ur41 —u) andsetk =k+1.

End while.

One of the advantages of the homogeneous polynomial
basis over the spherical harmonic basis is that the local max-
ima of the ODF can be easily computed. In the next section,
we present formulas for determining the principal directions
of the ODF.

3 Principal Directions of ODF

Recently, using the Z-eigenvalue concept introduced in [21],
Bloy and Verma [7] suggested to determine the principal di-
rections (maxima) of the ODF by the curvature concept they
introduced. In contrast, in this section, we use optimization
theory and techniques to determine the principal directions
(maxima) of the ODF.

After a nonnegative ODF ¥ is found, we can solve

max{¥ (x) : x{ +x3 +x3 =1}. (16)

The optimization conditions of (16) are (18), the same as the
optimality conditions of (7). Actually, in Appendix, we give
the method to calculate all the Z-eigenvalues [21] of u. The
largest Z-eigenvalue Anmax gives the global maximum value
of u. Then, the corresponding solution x, which is called
the Z-eigenvector of u, associated with Anyqx, is the leading
principal direction of u. The Z-eigenvectors of u, associated

@ Springer



108

J Math Imaging Vis (2013) 45:103-113

with the other Z-eigenvalues, include local maximizers, lo-
cal minimizers and saddle points. Suppose that (x,A) is a
solution of (18). Then A is a Z-eigenvalue of u, x is a sta-
tionary point of (16).

The Hessian of the Lagrangian function of (18) at (x, 1)
is given by

V2ZL(x, %) = R —m(m — 1Al

where [ is the 3 x 3 unit matrix and R = (;;) isa 3 x 3
symmetric matrix. Denotes m(i, j) =m — i — j, then

m m—i

r = ZZi(i — 1)b,~jxi_2xéx§"(l’/),
i=2 j=0
m m—i
.. i—1_j—1_m(,j)
rip = ZZl]b,'jX% xé X3 / .
i=1 j=I
m m—i—1

o i1 mG,j)—1
r13=2 Z im(i, j)bijx; x£x3 D=
i=1 j=0

m m—i

L 2 mG
ryp = ZZ](] — Dbjjxix] x;ﬂ(z D
i=0 j=2
m m—i—1
. P : i—1 .’ N1
7'23:2: Z Jm(l, J)bijxixé x;”(’ J) ’
i=0 j=1
m m—i—2
77 P . . .’ )
i=0 j=0

Clearly, x is an eigenvector of R with eigenvalue m(m — 1)A.
Then, by optimization theory and [24], if the other two
eigenvalues of R are less than m(m — 1)A, then x is a local
maximizer of (18). On the other hand, if x is a local maxi-
mizer of (18), then the other two eigenvalues of R are less
than or equal to m(m — 1)A.

Suppose that x is a local maximizer of (16) with Z-
eigenvalue A. If A is not larger than one of the other Z-
eigenvalues which corresponds to saddle points or local min-
imizers, then such a direction is not significant. In view of
this, a Z-eigenvalue of u is called a principal Z-eigenvalue
if it is dominates all the other eigenvalues which corre-
sponds to saddle points or local minimizers. In this way, a
Z-eigenvector of u, associated with a principal Z-eigenvalue,
is regarded as a principal direction. An illustration for the
principal direction of ODF is given in Fig. 1.

4 Experimental Results

In this section, we report some experimental results on our
method applied to simulated dataset as well as real human

@ Springer

Fig. 1 Illustration for the
principal directions of ODF,
where the red line denotes the
maximum principal direction,
the blue one is the second
principal direction, and the
black one is the third principal
direction (Color figure online)

brain dataset. Firstly, we generate synthetic HARDI data by
the following multilinear model [1]:

n
S(gi) =Y _ pre "k 4 noise, (17)
k=1

where n € {0, 1, 2, 3} is the number of fibers, py is the pro-
portion of tissue in the voxel that corresponds to the kth
fiber (3_;_, px = 1), b is the b-value, g; is the ith gradi-
ent direction for i € {1, ..., 81}, and Dy, is the diffusion ten-
sor of the kth fiber. This synthetic data generation is rela-
tively standard and has advantage of analytic computation
of the ODF [11]. The noise was typically generated by Ri-
cian noise (complex Gaussian noise) with standard deviation
of 1/o, producing a signal to noise ratio (SNR) of o. In our
experiments, unless special instructions, the b value equals
to 3000 s/mm? and the diffusion tensors were selected such
as Dy = diag(1700, 200, 200) x 107% mm?/s fork =1, 2, 3.
And we generated Rician-corrupted data S as done in [12].
For each noise-free data x, we computed S as:

(o) )

where n, and n; ~ N (0, 02). The value S is the realisation
of a random variable with a Rician p.d.f. of parameters x
and o.

Firstly, we demonstrate qualitatively that our method can
guarantee nonnegative diffusivity by comparing it with the
Least Squares (LS) method. The LS method is a simple ap-
proach which estimates the coefficients of an ODF function.
This method is usually easily implementable and fast. On the
other hand, it does not guarantee positive diffusivity. Below,
we estimate the ODF fitting with a 4th order diffusion tensor
in the homogeneous polynomial basis using these two algo-
rithms. For the single tensor model, the ODF function (the
SNR was fixed to 35) estimated by the LS method, fitting
with a 4th order tensor, is ODF(x) = uT %, where u is a 15-
dim vector with u(1) = —0.7344, u(2) = —0.0010, u(3) =
1.7255, u(4) = —0.0140, u(5) = —0.6048, u(6) = 0.0142,
u(7) = 0.0055, u(8) = 0.0203, u(9) = —0.0096, u(10) =
—0.1701, u(11) = 0.0035, u(12) = —0.2132, u(13) =
—0.0650, u(14) = —0.0035, u(15) = 7.1234. Using the
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Table 1 Z-eigenvalues and eigenvectors of a 4th order tensor, where
the ODF was estimated by LS method

X1 X2 X3 A
1 —0.0055 0.0002 1.0000 —0.7344
2 0.0048 1.0000 0.0024 —0.6048
3 —0.1634 0.7117 0.6832 0.0878
4 0.1559 0.7119 0.6847 0.0906
5 0.0137 0.7211 0.6927 0.0941
6 —0.1689 —0.7120 0.6816 0.0945
7 0.1577 —0.7135 0.6826 0.0985
8 0.0174 —0.7225 0.6911 0.1020

Table 2 Z-eigenvalues and eigenvectors of a 4th order tensor, where
the ODF was estimated by PSD method

81 82 83 A
1 —0.0023 0.0001 1.0000 0.0001
2 0.0017 1.0000 0.0015 0.1297
3 —0.0100 0.7160 0.6980 1.2786
4 —0.0135 —0.7168 0.6971 1.2862

method provided in Appendix, we can compute all the Z-
eigenvalues and the associated eigenvectors, which are listed
in Table 1.

From Table 1, we can see that there are two negative
eigenvalues and the smallest Z-eigenvalue is —0.7344, at-
tained at (—0.0055, 0.0002, 1.0000). This shows the need
for enforcing the positive semi-definite property of the es-
timated tensor since negative diffusivity profiles are not
meaningful from the point of view of physics.

Next, we illustrate that our method can guarantee positive
diffusivity. In the same example above, the ODF function es-
timated by the our method is ODF(x) = ul %, with u(1) =
0.0001, u(2) = —0.001, u(3) = 4.9965, u(4) = —0.014,
u(5) = 0.1297, u(6) = 0.0142, u(7) = 0.0055, u(8) =
0.0203, u(9) = —0.0096, u(10) = 3.1009, u(11) = 0.0035,
u(12) = 3.0578, u(13) = —0.065, u(14) = —0.0035,
u(15) =7.8579. All Z-eigenvalues and the associated eigen-
vectors were listed in Table 2. As we see that the smallest Z-
eigenvalue is 0.0001, attained at (—0.0023, 0.0001, 1.0000).

We also borrowed a picture from [19] to illustrate effects
of the approach with guaranteed nonnegative diffusivity. If
a final ODF estimation contains negative diffusivity, it will
result in negative side lobes as indicated in black in Fig. 2.
Meanwhile, the approach with guaranteed nonnegative dif-
fusivity can eliminate these side lobes completely.

Next, in order to compare the robustness of our method in
the presence of noise, we generated the signals by (17) at 5
different SNR ranging from 10 to 50 and repeated the exper-
iments 10 times. We estimate the ODF fitting with 6th order
diffusion tensor. We choose to compare our PSD method

Fig. 2 (Borrowed from [19] to illustrate effects of the approach with
guaranteed nonnegative diffusivity.) Without projection (left), the fi-
nal ODF estimation contains negative-valued regions (the side lobes in
black). Meanwhile, enabling projection results in elimination of these
negative side lobes (right)

against the following two methods: (1) a nonnegative con-
strained Least Squares (LS+) method: solve (4) and by us-
ing the linear transformation to get i = As, then set nega-
tive ODF as zero, i.e. project it onto the nonnegative space,
finally get the solution # = P (i); (2) and a constrained
spherical deconvolution (CSD) method [29]. For the CSD
method, a constraint is introduced to minimize the appear-
ance of negative values in the reconstructed FOD. But it
does not completely forbid negative FOD values. We im-
plemented the CSD method with A =1 and t = 10 % of the
mean initial FOD amplitude (see [29] for a detailed descrip-
tion of these parameters). Then, we computed the means of
angles errors in degree between the actual fiber orientations
and the maxima of estimated ODF/FOD. The results are
plotted in Fig. 3. As would be expected the means of the de-
gree error decreases as the SNR increases. The PSD method
compares favorably to the least squares (LS+) method. Com-
paring with the PSD method, the CSD method gains an im-
provement of approximately 1°. Figure 4 also shows the pre-
cision of PSD method in the presence of varying levels of
noise, for different b-values. The red line is for b = 1000,
while black is for b = 3000. As we can see from Fig. 4,
when SNR = 50, the angular error is about 3.3° at b = 1000
while it is about 2.4° at b = 3000.

Next we worked on a phantom dataset [20], which was
acquired on a GE Healcare Signa 1.5 T scanner. It had 4000
gradient directions and for our experiments we used a b-
value of 4000 s/mm?. The phantom had a geometry of two
fiber bundles crossing perpendicularly close to X-axis and
the Y-axis. Figure 5 shows the ODF profiles. We estimated
the 2nd order diffusion tensor (shown in the top) and the 4th
order diffusion tensor using our method. The extracted prin-
ciple direction of ODF indicate the known fiber geometry
of the phantom. These results also demonstrate that high or-
der tensor estimation is necessary since 2nd order diffusion
tensor fails to approximate complex local tissue structure.

In the next experiment, we are interested to estimate
the ODF profiles from human brain dataset with size of
90 x 90 x 60, which was acquired on a 1.5 T scanner at
b = 1000 s/mm? using 60 encoding directions, with voxel
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Fig. 3 Effects of varying SNR
on the detected maximum of the
ODF estimations by LS+
method, CSD method and our
positive semi-definite (PSD)
approach for b = 3000

9
8. A PSD for b=1000| |
g ~o-PSD for b=3000
7t ]
6 ]

the mean of the estimated angular error in degree

2 1 1 1
10 20 30 40 50

SNR

Fig. 4 Effects of varying SNR on the detected maximum of the ODF
estimations by PSD method for different b-values. The red line is for
b = 1000, while black is for b = 3000. The y-axis is the mean of the
estimated angular error (Color figure online)

dimensions of 1.875 mm x 1.875 mm x 2 mm. In this ex-
periment we estimate the analytical ODF in the SH basis
with rank-4 from this HARDI signal by MATLAB 7.4. We
show some reconstructed ODFs with sharpening in Fig. 6,
in which the parameter « = 0.006. We also show some re-
constructed ODFs with principal directions in the region of
interest (ROI). We can detect there are multiple fibers in
which some crossing are due to diverging or splitting fibers.
These results show that our nonnegative ODF profiles model
can depict the characterization of diffusion anisotropy which
was consistent with known neuroanatomy.

5 Conclusion

In conclusions, the main contribution of this paper is of
threefold:

— Firstly, we showed that there is a constant linear trans-
formation relation between the vector versions of the raw

@ Springer
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HARDI signal and the ODF in the homogeneous polyno-
mial basis. Such a linear transformation connection en-
able us to model the nonnegative feature of the ODF.

— Secondly, we proposed a new reconstruction framework
to estimate nonnegative ODFs from HARDI data. Inter-
esting features of this model include minimizing a convex
optimization problem with a convex quadratic objective
function constrained by the nonnegativity requirement on
the smallest Z-eigenvalue of the diffusivity tensor. This
model can guarantee the positive semi-definite property
of the estimated high order tensor (not limited to 4th order
tensor), which is the main contribution of our work. This
property is essential since negative diffusivity profiles are
not meaningful from the point of view of physics.

— Thirdly, based on optimization theory and techniques, we
present a computational method for determining the prin-
cipal directions of the ODF. Numerical examples on syn-
thetic data as well as MRI data are tested to illustrate the
significance of our approach.

It would be interesting to see how we can extend our non-
negative ODF model to tackle tractography. Moreover, we
also would like to see how our model performs if we use it
to analyze in real datasets at b = 3000 (or higher b-values)
where fiber crossings could be better detected. These will be
our future research directions.
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Fig.5 ODF profile from a Phantom dataset. The phantom had a geom-
etry of two fiber bundles crossing perpendicularly close to the X-axis
and the Y-axis. We estimated the 2nd order diffusion tensor (shown in
the top) and the 4th order diffusion tensor (shown in the bottom) us-
ing our method. As we can see for the 4th order diffusion tensor, the
extracted principle direction of ODF could indicate the known fiber
geometry of the phantom

Appendix: The Solution Method for (7)

According to optimization theory, the optimality conditions
of (7) have the form:

1..Jj m(@,j)
y im1 E lb,])c1 x2x3 =mAixy,
—i m(i,j)
202 jo | jbijxixd” x3 =mixz,

(18)
s OZ’" '_1m(l Jbijx} xéx;"(”) 1—m)»x3,

xl +x2 —I—)c3 =1.

Here m(i, j) =m — i — j. The additional “m” on the right
hand sides of the first three equations make it the same as
the definition of Z-eigenvalues [7, 21-24] for the symmetric
tensor x. If (x, 1) is a solution of (18), then x is a stationary
point of (7) and

=W (x) 19)

Fig. 6 Reconstructed ODFs from human brain with sharpening,
shown on the Generalized Fractional Anisotropy (GFA) map, where
GFA was defined by Tuch [27] as GFA = s1d(ODF) yye also recon-

. . o rms(QODF) * .
structed ODFs with principal directions for a region of interest (shown

in the bottom). We can detect there are multiple fibers in which some
crossing are due to diverging or splitting fibers

is a Z-eigenvalue of u. Then, the smallest Z-eigenvalue of u
is the optimal value of (7).
We may solve (18) in the following way:

Casel x3=xp=0.By (18), this only happensif b,,_1,1 =
bm—1,0=0. In this case, x; = £1, A = by, 0.

Case2 x3=x; =0.By (18), this only happens if b; ,,—1 =
bo,m—1 = 0. In this case, x; = £1, A = bo .

Case 3 x3=0, x; #0 and x2 # 0. Then (18) becomes

Yo ib m_ixi_lxg’_i =mAXxy,
1
Yo (m —1)bim—ix xg’ = — maxs,
m—1 m—i—1 (20)
Z,':() bi,mfiflx Xy =0,
2 2 __
xi+xy=1

We may eliminate A in (20) and have the following equations
of x1 and x»:

m . 1 _m—i+1
Zi:l’bi,mﬂ'xl Xy

m—1 . i+1 _m—i—1
=) iy (m—0)bj x| x5 ,
m—1 i—1
Zi:O bzm z—1x1x§n ! =0,
2 —
X +x2 =1.
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Let t = x1/x>. We have
. i —1 . ;
S ibi it T =Y = )by it
-1 ;
Zi:O b,',m_i_ltl =0.
We may solve the two one-variable equations of (21) sepa-

rately. If they have common solutions ¢, then (18) has solu-
tions

2n

Case 4 x3 # 0. We may eliminate A in (18) and have the
following equations of x:

Yo Yy by a0
=21 X7y mli, by g P
i X dbiaxg ! @)
= Yo X5y ml by Ay
xl2 + x% + x% =1.
Let w = x1/x3, v = x3/x3. Then we have
oI Y ibijw T
= Yo X mG, byjw Tl
Lo XGol bijw' vl
=", Z'j’.’;(;'—l mi, j)bijwi v/t

For solving system (23), we first regard it as a system of
polynomial equations of variable w and rewrite it as

(23)

yow” +y1w" ! 4y =0,
‘L’()wm_1 + lem_2 4+ -+ 11 =0,

where 9, ..., Ym>» 70, - - - » Tm—1 are polynomials of v, which
can be calculated by (19). By the Sylvester theorem, the
above system of polynomial equations in w possesses so-
lutions if and only if its resultant vanishes [9]. The resultant
of this system of polynomial equations is the determinant of
the following (2m — 1) x (2m — 1) matrix

YOVL " Ym=2VYm—1 Ym - 0 0
0% Ym=3VYm—2Vm—1--- 0 0
00 v v v " ¥Yn O

v Q0 v v 2 Vet Vm

’ 0T Tm2Tu-1 0 -+ 0 0 ’
0w - tmws3tmo2tu-1--- 0 0
00--- 9 11 (%) “Tu—1 O
00--- 0 70 T] *Tm—2 Tm—1

which is a polynomial equation in variable v. After finding
all real roots of this polynomial, we can substitute them to

@ Springer

(23) to find all the real solutions of w. Then, using x| =

w v +1

, X2 = , X3 = , )\, = '1/ X),
«/1+w2+v2 2 \/1+w2+v2 3 \/l+w2+v2 ®
we may find all the solutions of (18) in this case.

Combine all the possible solutions of (18) in these four
cases, and find Apin(As), the smallest value of A of these
solutions. This solves (7).
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