NUMERICAL LINEAR ALGEBRA WITH APPLICATIONS
Numer. Linear Algebra Appl. (2011)
Published online in Wiley Online Library (wileyonlinelibrary.com). DOI: 10.1002/nla.781

Semidefinite relaxation approximation for multivariate bi-quadratic
optimization with quadratic constraints

Chen Ling', Xinzhen Zhang®* ' and Liqun Qi?

1School of Science, Hangzhou Dianzi University, Hangzhou, 310018, People’s Republic of China
2Department of Mathematics, School of Science, Tianjin University, Tianjin, 300072, China
3Departmenz‘ of Applied Mathematics, The Hong Kong Polytechnic University, Hung Hom, Kowloon, Hong Kong

SUMMARY

In this paper, we consider the NP-hard problem of finding global minimum of quadratically constrained
multivariate bi-quadratic optimization. We present some bounds of the considered problem via approx-
imately solving the related bi-linear semidefinite programming (SDP) relaxation. Based on the bi-linear
SDP relaxation, we also establish some approximation solution methods, which generalize the methods
for the quadratic polynomial optimization in (SIAM J. Optim. 2003; 14:268-283). Finally, we present a
special form, whose bi-linear SDP relaxation can be approximately solved in polynomial time. Copyright
© 2011 John Wiley & Sons, Ltd.
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1. INTRODUCTION

We consider the optimization of a bi-quadratic polynomial with quadratic constraints

n m n m
O(x,y)i= Y X ajjsuxiyjXsyr+ Y 2 hijxiy;j

min
xenn, yeRm i,s=1j,1=1 i=1j=1

1
st Op(x)i=x M+ Tx+4<0, ke, M

P(y):=y Ny+@)Ty+p,<0, le2,

where MK e Rn<n symmetric, bken™, oy e for ke 2:={1, ..., p}, and Nl egmxm symmetric,
d' e nm, pref forle 2:=({1, ..., q}. Without loss of generality, we assume that the coefficients
ajjs satisfy the partially symmetric property, that is: a;js =asjir =aiss; for i,s=1,...,n and
j,t=1,...,m. Furthermore, throughout this paper, we assume that the feasible set of (1) is
nonempty.

It is easy to see that, for fixed x or y, the problem (1) reduces to a quadratic optimization
problem with quadratic constraints, which was studied in [1]. This motivates us to call (1) a general
bi-quadratic optimization problem, or a general bi-quadratic program. Furthermore, we can assert
that (1) is NP-hard since the reduced quadratic optimization problem is NP-hard.
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It is well known that the polynomial optimization is a fundamental problem in optimization. As
such, it is widely used in many applications such as signal processing, biomedical engineering,
investment science, quantum mechanics, and statistics. Therefore, it has been a priority for many
mathematical programmers to establish efficient algorithms for polynomial optimization. In partic-
ular, higher order polynomials over quadratic constraints have been studied recently, e.g. see [2—6]
for details. As a special case of higher order polynomial optimization, the problem (1) includes the
nonhomogeneous bi-quadratic and quadratic functions in its objective and constraints, respectively.
In fact, the problem (1) is also a generalization of the bi-quadratic optimization over unit spheres
studied in [4], the bi-quadratic optimization with quadratic constraints in [6] and the quadratically
constrained quadratic optimization in [1]. The bi-quadratic optimization over unit spheres arises
from many applications such as solid mechanics, quantum physics, rank-one approximation to
the fourth-order partially symmetric tensor, signal and image processing, wireless communication
systems, data analysis, higher order statistics, and independent component analysis, e.g. see [7—20]
for details. Many real problems such as the maximum cut problem in combinatorial optimization
are the special cases of the model in [1]. On the other hand, the problem (1) also arises directly
from portfolio selection, which will be presented in Section 2.

For the bi-quadratic optimization over unit spheres in [4], Ling et al. proved that there is
no polynomial time algorithm returning a positive relative quality bound and presented various
approximation methods based on its semidefinite programming (SDP) relaxations. Recently, for
the homogeneous bi-quadratic optimization with quadratic constraints, Zhang et al. [6] proved
that each r-bound approximation solution of the relaxed bi-linear SDP can be used to generate in
randomized polynomial time an ()(r)-approximation solution for the original problem, where the
constant in ((r) does not involve the dimension of variables and the data of problems. Notice that
SDP relaxation methods are important for approximately solving quadratic optimization problems
and have received much attention recently, e.g. [1,21-27]. Motivated by these, our study for (1)
is also based on its SDP relaxations.

Denote .o/ :=(ajjs), then .o/ is a real, fourth-order (nxm xn xm)-dimensional partially
symmetric tensor. In terms of .7, the objective function in (1) can be written as Q(x,y)=
(Zxx)-(yy)+(HTx)Ty, where Zxx' =(Z?,S:1 QjjstXiXg)1<jr<m 1S an m X m Symmetric
matrix, and X -Y stands for usual matrix inner product, i.e. X-Y =Tr(X TY). Denote

. { Mk bk/z} [ [ N dl /2}
B := ke?) and C':= (le2).
G2 o @'z B

It is readily to know that (1) can be written as:

oAxx " %HTx ny y
min .
xeR”, yenm %xTH T 1

0 y
1}

' xx' x
s.t. B*. <0, keZ, 2)
T
X
-
yy y
chl <0, le2.
y 1
Notice that for any symmetric matrix X,
xx! x
X=
x 1
if and only if
X1 x
X=
x' 1
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SEMIDEFINITE RELAXATION APPROXIMATION

and rank(X)=1. Therefore, by relaxing the rank-1 constraints concealed in (2), we obtain the
bi-linear SDP relaxation of (1) as follows:

AXy LH'x
min P(X,Y):= Y
Xeyntl yegmt] %XTH 0

s.t. B*.X<0, ke=,
cl.Yy<o, le2, (3)
Bprtl.x=1, citl.y=1,

X1 x Y1 vy
X= >0, Y= >0,
.xT u yT v

where BPt! =diag(0, ...,0,1) and C¢t! =diag(0, ...,0, 1). Here, .o/ X is the m x m matrix with
S—— S——

n m

n
(AX)ji= Y aijaXis, Jt=1,2,...,m.

i,s=1

We denote by vpgp and ¢, the optimal values of (1) and (3), respectively. It is clear that
@ min<Vpgp, Which implies that a lower bound of (1) is obtained, provided that the optimal value
@ min Of (3) has been found. However, the bi-linear SDP relaxation (3) by itself is also NP-hard.
The reason for this is that, for the bi-quadratic optimization over unit spheres, a special form of (1),
the corresponding bi-linear SDP relaxation and the original problem are equivalent, i.e. they have
the same optimal value and one optimal solution pair of the original problem can be obtained
from the optimal solution pair of its bi-linear SDP relaxation, see [4]. In this paper, we extend the
existing methods in [1] for quadratic optimization problems to general bi-quadratic optimization
problem with nonhomogeneous objective and constraint functions. Some obtained results in this
paper generalize the corresponding conclusions in [4, 6].

This paper mainly focus on the theoretical analysis of the approximation algorithm and is
organized as follows. After an application example in portfolio selection is presented in Section 2,
we analyze the relation between (1) with ellipsoid constraints and its bi-linear SDP relaxation
in Section 3. In Section 4, we first discuss the approximation solution of (1) in the sense of
expectation, then present an approximation method for the partially ellipsoid constraint case in the
sense of high probability. In Section 5, we present a special form of (1), whose SDP relaxation
problem can be approximately solved in polynomial time.

Some words about the notation. )" denotes the space of real n-dimensional column vectors.
For x e ", x; denotes the jth component of x. U, stands for the unit sphere in ", i.e. U, :={x €
R [lx ]| =1}. R denotes the space of real m x n matrices. For A e """, A;; denotes the (i, j)th
entry of A and ||A||r denotes the Frobenius norm of A, i.e. lAllF=(Tr(AT A)'/2, where Tr(-)
means the trace of a matrix. " denotes the space of real symmetric n x n matrices. For A € ",
A>0(resp.A >0) means that A is positive semidefinite (resp. positive definite). .#”} denotes the
cone of positive semidefinite matrices in . For A€ 9™ with |A;;|<1 for all i and j, arcsin(A)
denotes the matrix in %" with (i, j)th entry arcsin(A;;). I, stands for the identity matrix with
n dimension, and e stands for the kth coordinate vector. In addition, for a given finite set D,
Card(D) stands for the cardinality of D.

2. MOTIVATION: APPLICATION IN PORTFOLIO SELECTION

According to Markowitz’s well-known mean-variance model [28], the general single-period port-
folio selection problem can be formulated as a parametric convex quadratic program. In this section,
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we present a slightly more involved mean-variance model in portfolio selection problems, which
can be reformulated as a general bi-quadratic optimization problem (1).

We consider the portfolio selection problem in two groups of securities, where investment
decisions have an influence on each other. Assume that the groups consist of N and M securities,
respectively. We assume that the investment on the ith security of the first group of securities is
further reallocated to two different types of industries A and B, according to the special proportion
o;. The discounted returns of the industries A and B are denoted by R(l) and R(l) respectively.
Assume that R§ A> is independent of the relative amount x; invested in the ith security, but dependent
on the amount y; invested in the jth security of the second group of security, whereas Rfllg)

dependent only on the amount x;. Let R(l) f(o) 1) yi+-- —|—€f yym (i=1,...,N), where 55(1))

is a random variable with mean y;, and éij =1,...,N,j=1,...,M) are random variables
with mean zero. Let Rf}g)_é(o) (2>x1+---+§§%x1v (i=1,...,N), where 55(2» (i=1,...,N) are
random variables with mean ¢o;, and égi) (i,k=1,...,N) are random variables with mean gi.

Then, the return of a portfolio on the industry A in the first group of securities is a random variable
defined by

1 0
R() Za, Ax, Za,ffl)x,—l-z Z a,éf])x,y]
i=1j=1

and its expected value is E(Rg”) =,uTx, where pu=[o11y, ..., JN,uN]T and x=[xq,...,xn]". The
return of a portfolio on the industry B in the first group of securities is a random variable defined by

N N
RY = Z(l—a,)R(Bxl Y (=) xi+ Y (-0 xix
i=1 i, k=1

and its expected value is E(R%D):oc—'—x +x T Gx, where a=[(1—01)at1, ...,(1—on)oy]" and G =
((1—o0y)gik<ik<n- Similarly, we assume that the investment on the jth security of the second
group of securities is reallocated to two different types of industries C and D, according to
the special proportion p;. By similar reasoning, we obtain that the returns of a portfolio on the
industries C and D of the second group of securities are

2 _ (0) 2 _ & @
R¢ Zpﬂ,lyﬁz Zp,v,,xzyj and R, Z(l—p,)yjzyﬂr'[ZI(I—p,-)v,», iV,
j=1li=1 Jt=

respectively. Here, y ( j=1,..., M) are random variables with mean v, y(jli) i=1,....,N,j=
1,..., M) are the random variables with mean zero, y(0> (j=1,...,M) are random variables
with mean ﬁj, and yﬂ> (j,I=1,...,N) are the random variables with mean g;;. It is easy

to see that E(R(Cz))szy and E(Rg))zﬁ—ry—i-yTQy, where v={[pv1, ...,vaM]T, p=[1-
padBis - (L=pa)Buy 1T, Q=1 —pgjDi<ji<m and y=[y1. ..., yp]1". It is clear that the total
return of the portfolio on the industries A and C is Ryc = R(1> —|—R(2> We assume that the random

variables ég?), 5(1), y(Jol), and y(jli) are independent of each other fori=1,...,N and j=1,.... M

Under this assumption, we know that the variance of Ry¢ is Var(R4c) =Var(R5;))+Var(R(Cz)).

Let 41 and %, be the variance tensors of the random matrices E:(aiégjl.)) and I'=

(p jy(p), respectively, and P; and P, be the variance matrices of the random vectors 0=

[615(101), ...,JNEES)I]T aqd y(o)z.[ply(ﬁ)., ...,pMyMl]T, respectively. If we .consider the portfolio
selection problem associated with the industries A and C under the condition that the returns on

the industries B and D reach at least the given acceptable values g and 4, respectively, then, given
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a set of values for the parameter v as well as %, %#,, P;, and P,, a generalized mean-variance
model can be expressed by

min (@1xxT)~ny —I—(%zxx—r)'yy—r +x ' Pix +yTP2y —r(,uTx —I—va)
XERN  yeRM

st. o' x+x'Gx=g, Bly+y Qy=>h,

=

M
xi=a, Y yj=b,
j=1

i=1

where a and b stand for the total amount invested in the first and the second group of securities,
respectively. It is evident that the above model can be rewritten equivalently as the form of (1).

3. SDP RELAXATION OF (1) WITH ELLIPSOID CONSTRAINTS

In this section, we consider the following special form of (1):

n m n m
min Q(x,y)i= D D GijaXiyjXsye+ Y Y hijxiy;
| P

xeNR" yehm i,s=1j,t= i=1j=1

4
st Pt fHP<y, ke, @

IG y+g' 1P <n;. 1€2,
where FKe R fkeR" u,€{0,1} for ke 2, and G' e "™, glei™, 5, €{0,1} for I € 2.
In this case, M*=(FKT Fk bk =2(Fk)T £k and o =] f¥||? = for ke 2, and N'=(G))TG/,
d'=2(G""g" and B,=g'|I>—n, for I € 2.

Let (X, Y) be a feasible solution pair of the SDP relaxation of (4). In this section our main task
is to generate a feasible solution (x, y) of the problem (4) from (X, Y), such that

(1= (=7, P
(T t7 (T +7)

where 7, :=Card{k € 2|y, =1}, t,,:=Card{l € 2|y; =1}, y ; :=maxy., —1 | f¥Il, and y, :=max;.,
n k n 1 f Hie g m

Q(x, y)<

SH(X, 7). 5)

llg'|l. To this end, we need the following assumption, which is a simple generalization of the
corresponding assumption in [1].

Assumption 1
The origin (0, 0) € R x R is a feasible solution of (4). Furthermore, for any k € 2 and [ € 2, there
hold ||fk||2<,uk whenever ;=1 and ||g[||2<11, whenever 1, =1.

The following two lemmas are well-known. The first lemma is due to Sturm and Zhang [29]
and the second lemma was proved by Tseng [1].

Lemma 3.1
Let X € 9" be a positive semidefinite matrix of rank r. Let B € %", Then, B- X <0 if and only if
there exist w’/ e R", j=1,...,r, such that

r . . . .
X=Y w/ )" and w))"Bw/<0, j=1,...,r
j=1

Lemma 3.2
For any scalelrs k=0, o; >0 and ﬁj>0, j=1,...,r (r>=1), such that 22':1 oj <K and Z;’=1 ﬂj =1,
there exists j €{l,...,r} such that ﬁ;>0 and OC]T/ﬂj‘»<K.

Copyright © 2011 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. (2011)
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We now state our main result in this section, whose proof is similar to that of Theorem 1 in [4].
However, for the sake of completeness, we still present its proof.

Theorem 3.1
Let (X, Y) be a feasible solution pair of the bi-linear SDP relaxation (3) of (4). Then there exists
a feasible solution (x, y) of (4) satisfying (5).

2

and A € ™! defined by:

Proof
Let

e
< =>
| |
=~
Il
1
"<:| 5)
<>
| |
<1
Il
=
>
h<
b

- &/}%1 %HT)’E
C L TH 0
Then it follows that A-Y =0 from C¢*t!.Y=1. By Lemma 3.1, there exist z/ =((y/)",v;)"
(G=1,...,m+1)eR™ x N, such that

m+1

?zsz(zj)T and (z/)TAz/<0 for j=1,....m+1,
j=1
which implies that
. &/}%1 Tz o
@'’ : zquﬁv? for j=1,....m+1. (6)
I*TH 0

Since C!-Y<0 for €2 and C4t1.Y =1, we have that Z’;’;rll v?:l and

m+1 . . . —
(OHTGHT Gy +2e) Gy vj+1gIIP—nvi)=C'-Y<0 forle 2.
j=1

Consequently, it follows that

m—+1 .
S IG Y +vgl1P<n, forle2, (7)
Jj=1
which implies that
m+1 | 12
> X G Y +vigIP<y.
j=11Ln=1

By Lemma 3.2, there exists an index ]Te {1,...,m+1}, such that

v§>0 and > ||Glyj+v;gl||2/v§<r,1.
l:gy=1

Moreover, we can choose j to minimize the ration Zl:n,:l |G yd +v jglllz/v? over all j with
v?>0. Thus, ||Glyj/v]f+gl||<, /Ty Whenever 1;=1.
Define
vijus it 2T Hyl jui<0,

y:: K T
—y/ jv; it T Hy/ fv;>0,
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and ¢:=max{o €0, 1] ||Gl(g§)+gl ||2<111, [ € 2}. In the case where #; =0, from (7) and Assump-
tion 1, we know that |G'y/|| =0 which implies that ||Gl(6§)+gl||2<i7, for all ¢€[0, 1]. In the
case where n; =1, we know that if )ETHyj/v]-éO, then ||Gl§+gl||<\/r_, and otherwise ||G'5 +

' I<IG! Y Jv;+g'll+2llg' < /7 +2l¢"ll. Hence, for any o €0, 1]
IG (a9 +&' I = 10(G' 5+ gh+ 1 —a)ghl<al T +218 N+ -l g .
Since ||g!||<1, it holds that ||G'(¢7)+g'||<1 whenever o<<(1 — ||gl||)/(ﬁ+ llg'll). Therefore,

oo e 1=l 1omaxgy— g’
Tim=1 ST llgl T Sy maxgy, =1 gt
iy TypTI8 Ty Ig=118

where the equality follows from (1 —1)/(,/7,+4) being a decreasing function on /€0, 1). Let

1 —max;, 1[I’
/Ty maxyy, =1 ”gl”

o=
and y=ay. It is clear that
IG'5+g'1><n; forle 2. )

Moreover, by the choice of 7, we know that £ T Hy<0 and X" Hy<i ' H yf /v;. Consequently, it
holds that

Y AX)y+5THYy =625 (A4 X1)y+65 HY
<FG (A X)F+ETH)

<FOND (@ X))y +3 T Hy vj)/v3

which implies
- _T 1 -
yy o SHy| _ _
[1 o ]Xg&qu, ©)
5(HYy) 0
where ny,piz(Z';f,ﬂ @ijst¥ V1) 1<i.s<n is an n x n symmetric matrix. Let Ay € ! defined by:

— 1 77 =
yy o 5Hy -
A;:[l . 2 i|—62¢Bp“.

>(HY) 0

Then, by (9) and the fact that B”*!. X =1, it follows that A;-)_( <0. Applying Lemma 3.1 to X
and Aj again, we can find w“=((x“)T,ui)T eER"xNR,i=1,...,n+1, such that

_oonkl . .
Xzzlw‘(wlf and (w)TA;w'<0 fori=1,....,n+1,
1=

which implies

--T 1 77—
) yy o SHy| . _
(w’)T|:1 - 2 :|w'<02¢ul~2 fori=1,....,n+1. (10)
Q(H)’) 0
Copyright © 2011 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. (2011)
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Similarly, there exists an index i€ {1,...,n+1}, such that

2 ki ky2 ;.2
u;>0 and kZ 1||F x'us 1| Ju; <ty
=

Moreover, denote

_ X i 5TH X Jus<0,
o —x’T/u; if &THsz/u;>O
and x :=pXx, where
1 —maxgp, =1 | £

ATt maXg:, =1 ”fk” ‘

p=

Thus, arguing identically as in the proof of (8), we have that || F¥x+ £k |2< gy for ke 2, which
implies, together with (8), that (x, y) is a feasible solution of (4). Moreover, from the choice of x,
arguing similarly as in the proof of (9), we can obtain

-=T 1 - -

T yy o sHy||x By

R R
2

That is, Q(x,y)=x'(yy ' A)x+x' Hy<(Gp)>Pp(X,Y). We obtain (5) and complete the
proof. O

From Theorem 3.1, we have

Corollary 3.1
Let (X*,Y™*) be an optimal solution pair of the bi-linear SDP relaxation (3) of (4). Then there
exists a feasible solution (x, y) of (4) satisfying

(1= (1 =7,)? "
(VT 7 (ST 72 i

Specially, when f*=0, w,=1 for all ke? and g =0, n;=1 for all / € 2, the problem (4) is
a special case of the maximization model in [6]. For this case, it holds that y,=y,=0,7,=p
and 7,=g, and a feasible solution (x,y) such that Q(x, y)<(1/pg)¢;, can be generated by a
deterministic way, which is more practicable than the way presented in [6].

Q(x, y)<

4. APPROXIMATION SOLUTION OF (1)

In this section, we study approximation solutions of (1) in the sense of expectation, based upon
its bi-linear SDP relaxation. Denote

Po={k e Z|MF is diagonal and b* =0}, 2y={l e 2|N" is diagonal and d' =0}
and make the following assumption.

Assumption 2
{x eN"Dr(x)K0, ke Py} and {y e N |V (x)<0, [ € 2p} are both bounded.

Let (X, Y) be a feasible solution of (3) with objective value (} = qS()_(, Y). Since X =0 and Y >0,
there exist two factorization matrices U =[u!, ..., u"t1]e RO+DX0+D and v =[!, ..., vt e

Copyright © 2011 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. (2011)
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ROnFDxm+D) “guch that X=U"TU and Y=V T V. It is clear that u"*! €U, and v" T € U141,
since |[u"t|?=BPT!.X=1 and || v ||>=C9t!.Y =1. Motivated by the generation method
of single random vector in [1,30,31], we choose independently two random vectors u and v
uniformly distributed on U,,4| and Uy, 1, respectively. For the obtained u, if u " u”"*!<0, then we
set £ =(X1,...,%n41) with

\/}_(ii if uTu’<O,
)?,'Z i=1,...,n+1.

—+/ X;; otherwise,

If u"u"t1>0, then set £=(%1,...,%,11)" with

R —\/X,',' if uTuigo,

X;i= i=1,...,n+1.

\Xii  otherwise,

Hence, we denote the (n+ 1) dimension random vector X with X, = 1. Similarly, for the obtained
v, we can generate an (m+ 1) dimension random variable y with 3,,1;=1. Notice that X and y
are independent from the independence of u and v.

We now consider the following standard SDP problems:

. Yie/  LHy
$gap :=max A X
X 3(HY) 0 an
st. BY-X=by, ke,
Brtl.x=1, x>0
and
_ A E¢; %HTEJQ
Psqp =Mmax Y
oy lelH o0
12)

st. Cl.y=¢, Ile,
citl.y=1, v»>o,

where Y;.o/ is the nxn matrix with (f’lcpi)iS:Z’;ft:lbijst}_’jt G(,s=1,2,...,n), yeiQ™
consist of the first m components in the last column of Y, E;; € 9 consist of the first n
columns and the first n rows of E[Xx'], E; €R" consist of the first n components in E[X],
by=B*.X<0 and ¢;=C!-Y<0. Here, E[x%'] and E[X] are the expectations of X' and £,
respectively.

Now we are ready to state and prove the following theorem, which implies that, if we obtain an
approximation solution (X, Y) of (3), then by the selection process described above, an random
vector pair (X, y) can be found, which is an approximation solution of (1) in expectation. Before
proceeding, we need the following technical lemma which was proved by Nesterov [32].

Lemma 4.1
Let X>>0 and X;;<1 for every i =1, ...,n. Then arcsin(X)>=X.
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Theorem 4.1 _ _
Let (X, Y) be a feasible solution of (3) with objective value ¢ = (X, Y). If Assumption 2 holds,
then the random vector (x, y) generated by the pair selection process described above, satisfies

E[0(X)] <0 if ke,

2
E[®(2)] < (1——) Phap T kEP\ Py,
T

. (13)
E[Y/ () <0 ifled,
E[Y;())] < (1 —%) (pédp if [ €2\ 2
and
. 4 _ _ 2 2\ - 2\ _
E[O(x, )J)K—Z(P(X, Y)+— (1 - —) bsapt+ (1 - —> Psdp- (14)
s 7 7 T

Here, q{)f; ap ( € P\ Py) and (p! dp (j € 2\ 2) are the optimal values of the following SDP problems:
sdp =max B'-X

S.t. Bk~X=l_)k, ke, (15)
BPtl.x—=1, x>0

and
(pidpzzm;alx cly
st. Cl.y=¢, e, (16)
citl.y=1, v>o,
respectively.
Proof

The proof of (13) is the same as that in [1] and is omitted here. Now we prove (14). Since
|%i%s| =+ Xii Xgs for i,s=1,...,n+1, it is easy to see that, if X;; X,s#0, then %%, =v/Xi; X5
if and only if u "u’ and u " u® have same sign. By Lemma 3.2 of Goemans and Williamson [30],
the probability that this event occurs is

] ( W Tu ) . Xis
p=1——arccos| —— |=1——arccos | —— | .
T [lze® || ]2 || n v Xii Xss

Consequently, it follows that

. E— E— 2 o - , X;
E[%:%]=1/Xii Xssp+ (—\/ Xﬁxm) (1—p)==4/X;; X, arcsin (—) .
VXiiXss

T

This indicates that the expectation of X% | is
El#:71= 2D arcsin (D’l)_(D’1>D- (17)
i x APz ) Px
where D3 =diag(v/ Xits ooV Xons D. Similarly, it can be proved that

2 _
E[W]ng? arcsin(D;lYD}f,l)Dy, (18)
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where Dy =diag(v/ )?1 RV Ymm, 1). From (18) and the independence of x and y, we have

o AEz; SHTE; ot
E[Qx.MI=| - “E[yy ']
SJElH
2{&”“ %HTEJ?} '¥D;)Dy) (19)
=— ‘(Dyarcsin(D; Y D> ")Dy).
1 T Y Y
T|SE H 0

On the other hand, it is easy to know that the dual of (12) is

Pgqp =inf Y autzg+1
z le2
1
A Ez; EHTEJQ
st =1y + Y Ccly=o.
T 1€20U{g+1)
SE{H 0 oUa

(20)

For every £>0, there exists a feasible solution {z;}e 2,utg+1) of (20) such that

Z ElZl+Zq+l<(7)sdp+8' 2n
[G,Q()

From Lemma 4.1, it follows that Dy arcsin(D; ! YD; I)D? ~Y. Together with the fact that

[voiEﬁ %HTE)?}

> Cly=o,
IElH 0

1e29U{g+1}
there holds

2L
[ /Ee; LHTE{] i}
< XX 2 o Z CIZI Y.
| YElH 0 | 1e2Ulg+1)

AEz;  SHTE; %
1 TXX 2 X . Z ClZl (Dyarcsln(DleDgl)DY_')
LrTH 0 le20U{q+1}

By this, it holds that

. —1y -1
-(Dy arcsm(D? YD}; )Dy)

AE:: LSHTE; i}
< Txx 2 Xl Z ClZl Y
IElH 0 1€20U{g+1)

I PGS
+< > C zz)-(Dyarcsm(D? YD_")Dy)

1€20U{g+1}

ﬂE;g %HTE)? = T | S
= -Y+(——1> z1C°-Y
[%E;H 0 2 2

le2yUlg+1}

=~

AEz; H'E; n .
<| |- F+(5-1) Guapte). 22)
YElH 0
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where the first equality comes from the observations that C! is diagonal for / € 2yU{g+1} and
that Dy arcsin(D; ly D; l)D); has diagonal entries (7/2)Y}; for all /, and the last inequality comes
from the fact that ¢;=C'-Y for [ € 2, C¢T!.Y =1 and (21). By taking ¢ — 0, one obtain
s gl (D7'7D;"Dy)
(Dyarcsin(D;" Y D )Dy
TETH 0 e

[ B 2 Es T+(3-1) (23)
S %E;H 0 D) Psdp-
Moreover, it is easy to see that
|:JZ/E)3)3 %HTEJQ:| _ |: Yo/
Y =
1ElH 0 HHT 0

y} CE[£27].

N —

From this and (17), we can similarly prove that

- e
ﬂE"" lHTE" _ 2 YIJZ{ _Hy _
M2 ly=2 2 ~D)-(arcsin(Df1XDfl)D;(
1ElH 0 T Ly .
i Yo IH__
) 1 PRz 2\ -
<= 2 -X+(1——)¢sdp
T 1 T T
=(HYy) 0
L2 i
2 - . 2\ -
= Zp(X, V)+ (1 - —) Pyap- (24)
s T

By combining (19), (23) and (24), we have
o 4 - _ 2 2\ - 2\ _
E[Q(X,Y)]Q—ZQS(X,YH‘— l—= ¢sdp+ l1—- Psdp-
T Y v Y
We obtain the desired result and complete the proof. |

The vector pair (x, y) described in Theorem 4.1 is an approximation solution of (1), but maybe
infeasible. To overcome this drawback, for some special forms of (1), we will present a method
for finding feasible solution with high probability, based on the method presented above.

In what follows, we consider the following case where the constraints not indexed by £y and
9, are ellipsoid constraints, i.e.

Op(x) = | Frx+ f5| =1 for ke 2\, 05
P(y) = IG'y+g'I|l—1 forle2\2,.

To obtain our desired result, we assume that the origin (0, 0) is a feasible solution of (1), which
satisfies strictly those constraints not indexed by 2 and 2, i.e.

u<0 (ke Zo). |l ff <1 (ke ?\Pp) and B<0 (L€ 2p), llg' <1 (L€ 2\2). (26)
The following lemma [33] refines the Chebychev inequality for bounded random variables.

Lemma 4.2
Let ¢ be a random variable with standard deviation ¢. Suppose 6<C and |£— E[]|<K always
for some constants C and K. Then, for any # € (0, C/K],

Prob[¢é — E[¢]>31C1<e ™" /2.
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Let (X,Y) be a feasible solution of (3) and (%, ) be a random vector pair generated by the
method described above Let g¢ denote the standard deviation of Q(x,y). For every k€% and

le2, let a and ay denote the standard deviations of ®(x) and W¥;(9), respectively. From the

generation process of (X, y), it is clear that for k € 2 and [ € 2, we have ®;(x)<0 and ¥;(3)<0
with probability 1. And for each k € 2\ ?( and | € 2\ 2y, by the well-known Chebychev inequality,
it holds that

Prob{|®x () — E[@k(})]| >exay ) <e;
and

Prob{|¥($)— E[W1($)]|>00,} <5, 7,
provided that g >1 and ;> 1. Moreover, it is easy to prove that

|Q(£a§’)_E[Q(£a)’})]|<2|: Z Z |at]st|\/ XllXSSY]]Ytt+Z Z |hl]| XzzY]]:|

i,s=1j,t=1 i=1j=1

since |X;Xs|=+v/Xii X5 for i,s=1,...,n and |9 ]= ij}_’n for j,t=1,...,m. Consequently,
applying Lemma 4.2 with = Q(x, ) and t = %80, we have
Prob[Q(%, §) — ELQ(F. §)1>&%a0l<e 5%,
when 0<80<%60/K with
|: Z Z |a113t|\/ XllXSSY]]YZZ+Z Z |h11| }_(ii?jj:| .
i,s=1j,t=1 j=1

Therefore, if we generate ¥ and y randomly and independently L times, then the probability that
one of these L samples satisfies

0(x,9) < E[Q(*, I)]+e000,
Dp (%) < E[(Dk(f)]+8k6§ for ke 2, 27)
Pi(9) < E[‘Pz(ﬁ)]—i—élaly for [ € 2,

is at least 1— 0%, where

O:=e 5%+ Y e+ Y o2 (28)
ke P\, e\ 2,

We now construct feasible solutions with certainty, by moving (x, y) sufficiently close toward
the origin. For each randomly generated (X, y), let X =% and

i} {y if ¥ H$<O0,
y= A .
—3y otherwise.
Denote
Ty :=max{ty €[0, 11| (1,%)<0, V ke P}, 7y:=max{t, €[0, 1]|¥;(t,y)<0, V [ € 2}
and

(Tx, Ty):=argmin{ Q (1, X, T, )|(1x, Ty) € [0, T ] X [0, T, 1}. (29)

Remark

It is clear that (7,,7,) is well defined and can be easily computed. Moreover, (%, T,) is an optimal
solution of a 1-dimension bi-quadratic program with special structure and can be easily computed.
In addition, from (29), we know that (%,, 7,) is a pair of random variable.
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For the considered problem (1) with constraints (25) satisfying (26), we have the following
result.

Theorem 4.2
Let L>1 be a given integer. If we generate (X, ¥) randomly and independently L times and construct
(x,y)=(1TxX,1,y) as described above, then under Assumption 2, each (x, y) is a feasible solution

of (1) with probability 1. Moreover, for any 0<gg< %O’o/K, gr>1, 11’;>E[(Dk()?)] (ke P\Py), 6;>1
and r]ly}E [¥; ()] (€ 2\2), the probability that one of these L samples satisfies

2
(it 1 lig!) -
00, y)< min | =2 min (ELQG. )l +2000)  (30)
kgZo \ /140K 4ok | 1¢20 /1+’11y+510'ly+||gl||

is at least 1 — 0%, where 0 is given by (28), ok and aly denote the standard deviations of ®;(x) and
Y (y) respectively, and K is any constant satisfying |Q (X, y)— E[Q(x, Y)]|<K.

Proof
It is easy to see that (x,y)=(%.X,7,y) is a feasible solution of (1) with probability 1, since
(T, 'ny) €[0, 7] x[0,7y].

We now prove (30). From (26) and the definitions of 2y and 2y, it follows that for each k € 2
and each [ € 9

Oy (1,X) =2 DOp(X)+ (1 —2)ou <O for any 7, €[0, 1]
and
P11, ) =11+~ <0 for any 7, €[0, 1].

From (25) and (27), we see that || Fki—i-fkllé\/g for each k € #\ %), where g§ =1+ E[Dp(X)]+
8ka’;. Moreover, for each [ € 2\ 2y, if x " Hy<0, then ||Gl§+gl||<\/g7; otherwise

IG'5+4Il =1 - (G'5+&)+2¢ I<IG'5 + & I+ 208" 1< [< +211g').

where gly =14+F [‘I’l(ﬁ)]—l—élaly. Thus, arguing identically as in the proof of Theorem 3.1, we
obtain that

e A Y
Ty2 min ———  and T,>min ————. 31)
e NERNTT
Since nk > E[@(#)] for k € 2\Po and 1, >E[¥($)] for I € 2\ 2y, it follows from (31) that
Ty >1, 1= min I/ >0 and 7,>%,:=min gl -0

k¢2, 1+;1/;+ng/; kg0 1+1’Ily+5laly+“gl”

which implies that (., 7)€ (0,7,]x(0,7,]. Finally, our choice of (x,y) implies that ¥THy<0
and ¥ " Hy<x " H9. Then, arguing similarly as in the proof of Theorem 3.1, we obtain

Q(1:%,1,5) < Q(3:%, 2, 3)
<HR(ARRT)- 59T +3THI)
=940, §)
<BH(EIQG, §)]+£000),

where the last inequality comes from (27). We obtain the desired result and complete the
proof. |
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5. APPROXIMATION SOLUTION OF THE RELAXED PROBLEM

In this paper, we mainly focus on the theoretical analysis of the polynomial time approximation
algorithms for (1), which depends strongly on our ability to approximately solve the corresponding
relaxed problem (3). In this section, we discuss the following special form of (1) whose related
bi-linear SDP relaxation can be approximately solved in polynomial time.

n m
min YD QijsXiyjXgVi
i,s=1j,t=1
s.t. lxlI=1, lyl=1, (32)
xTkagl, ke?,
yINly<1, le2,
where M* (ke ?) and N' (l€2) are positive semidefinite matrices. The model (32) is also a
generalization of the problem studied in [4] and is slightly different from the problem in [6]. In
this case, the related bi-linear SDP relaxation of (32) is
O min *=Min (ZX) Y
s.t. I,-X=1, I,-Y=1,

MF.X<1, ke, (33)
NLy<l, e,
X>0, Y>0.

In order to study the approximation solution of (33), we need the following assumption and
lemma, where the lemma generalized the result in [4] and was proved in [6].

Assumption 3
I,,~Mk <n for every k€ 2, and Im~Nl<m for every [ € 2.

Lemma 5.1
For any X € ", the following statements hold:

(1) If | X||p<1/n, then X:=X+(1/n)l, =0.
(2) Suppose n=2. If I,,- X<0 and X>—(1/n)l,, then | X || r<J/1—1/n.

Since M*(k € #) and N'(l € 2) are positive semidefinite, we have that, after some linear trans-
formations X:=X—(1/n)l,, and Y :=Y —(1/m)I,,, by Lemma 5.1, a restriction and a relaxation
of (33) can be written as

Y():=min  OX,Y)=(ZX)- Y+ l(,piX)Jm + l(m,1)- Y+ i(&ﬂn)- I
m n mn

S.t. I,-X=0, I,-Y=0,

1 2
(Mk~X+;I,,-M"> <1, ke, (34)

1 2
(N’-Y+—Im-N’> <1, leo,
m

IXIIF<4,  IYIF<A,

where A=1/max{n,m} and A=./1—1/max{n,m} correspond to a restriction and a relaxation,

respectively. Obviously,
2 : <Pmin <Y :
max{n,m} | = ™"\ max{n,m} )’
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For any X € %", we stack up the entries of X (ignoring the symmetric part) into a vector, denoted
by vecs(X), i.e.

vecs(X)=(X11,vV2X12, ..., V2X 15, X22,vV2X23, .., V2 X (0 1y> Xn) | -
Then there exists a suitable quadratic function go(u, v), such that (34) can be rewritten as:
min qo(vec(X), vec(Y))

s.t. VecS(In)TVCCS(X)ZO, VecS(Im)TveCS(Y)zo,

1 2
vees(M®) Tvecs(X)+—1,-M* ) <1, ke,
n (35)

1 2
(VecS(N[)TveCS(Y)—i-—Im-Nl> <1, le2,
m

[vecs(X)II<A,  lvecs(Y)|I<A.

The first two equation constraints can be used to eliminate two variables, denoted by X1 and Yy,
by their linear relation with the other variables. Let u =vecg(X)\ X1 and v=vecgs(Y)\Y1. Then
(35) can be equivalently formulated as

min qo(u, v)
1 2
s.t. ((ak)Tu+—In~Mk) <1, ke,
m
(36)
1 2
((b’)Ter—Im.N’) <1, led,
m
lAoull <4, || Bovl<4,

where go(u, v) is a quadratic function, Ay and By are two suitable matrices, and ak (ke ?) and
b! (I € 2) are some suitable vectors.
It is well known that quadratic function g(x)=x'Ax+2b'x+c can be represented by the

matrix denoted by:
c b’
M(q())= :
b A

Consequently, a standard SDP relaxation for the homogenized version of (36) is
z(3*):=min Q0-Z
st. MF.z<l, ke,

N'-z<1, 1€,

I 2<%, Iy Z<02, (37)
1w’ ol

Z=|u W U |=0,
v U V

where Qo, M* (ke?), N! (1€2), I,, and I, correspond to the matrix representation of the
quadratic constraint functions in (35), respectively.

Notice that (37) can be solved in polynomial time. Based on the analysis above, we have the
following main conclusion in this section, whose proof is similar to that of Theorem 3 in [6].
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Theorem 5.1
Under Assumption 3, a (1—9)%/(v/p+q +2+7)>p(p — 1)-approximation solution of (33) can be
found in polynomial time, where p=max{m,n} and

1 1
y:max{—ln~Mk,i6/7’,—Im-Nl,leQ}.
n m

Proof
Let Z be an optimal solution of (37) with Z=1/p. By Theorem 1 in [1] and Assumption 3, a
feasible solution pair (u#, v) of (36) can be found in polynomial time, such that

2
golit, By ——a " (i)
Vrrarzer 7

Based on the obtained (i, v) and the stack relation between the vector and the matrix, we can
find a feasible solution pair (X,Y) for (34) with =1 /p, such that O(X,Y )=qo(u, v). Denote
X*=X+(1/n)l, and Y*=Y +(1/m)l,. By Lemma 5.1(1), it holds that (X*, Y*) is a feasible
solution of (33) satisfying

Sttt

On the other hand, it is easy to see that z(4) is convex on 4>0, and hence
HE AR YR Z zZ|1——
p? p(p—1) p(p—1) p

(1)
< zl1——
p(p—l) p

<i5mm (39

p(p

where the second inequality holds from the fact that z(0)<<O and the last inequality holds since
that z(1—1/p)<¥(/1—1/p)<Ppin- Combining (38) and (39), one obtain

(1—y)?
(A X*)-Y ¢ in»
SWrraEi -
which shows that (X*, Y*) is a (1 —7)?/(+/p+q+2+7)*p(p — 1)-approximation solution of (33),
since 0<y<1 from Assumption 3. We complete the proof. |

Remark 5.1

(a) For two special forms of maximization problems with quadratic constraints, some methods for
finding approximation solution in polynomial time were presented by Zhang ef al. under some mild
conditions, see Theorems 4-6 in [6] for details. Theorems 5.1 in this paper are slightly different
from these conclusions. (b) It is interesting to find some other forms of (1) whose bi-linear SDP
relaxation can be approximately solved in polynomial time.
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