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ABSTRACT. This paper deals with the chemotaxis system

ut = Duge — x[u(Inv)z]e, z € (0,1), t >0,

V¢ = EVgx + UV — pv, z € (0,1), t >0,
under Neumann boundary condition, where x < 0, D > 0, e >0 and g > 0
are constants.
It is shown that for any sufficiently smooth initial data (ug, vo) fulfilling ug > 0,
ug Z 0 and vg > 0, the system possesses a unique global smooth solution that
enjoys exponential convergence properties in L (€2) as time goes to infinity,
which depend on the sign of y — @g, where @g := fol updx. Moreover, we prove

D

that the constant pair (u, (§)x ) (where A > 0 is an arbitrary constant) is the
only positive stationary solution. The biological implications of our results will
be given in the paper.

1. Introduction. Directional cell migration, namely chemotaxis, plays a central
role in a wide spectrum of physiological and pathological processes, including em-
bryo development, wounding healing, immunity, and cancer metastasis. The process
of chemotaxis is characterized by the sustained migration of cells in the direction
of an increasing concentration of chemoattractant or decreasing concentration of
chemorepellent, where the former is referred to as attractive chemotaxis and the
latter to repulsive chemotaxis. The prototype of the population-based chemotaxis
model was proposed by Keller and Segel in the 1970s [15] to describe the aggregation
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of cellular slime molds Dictyostelium discoideum in response to the chemical cyclic
adenosine monophosphate (cAMP). A general form of Keller-Segel model reads

{ u = DAu—V - (xuV(v)), (1.1)

v = Ao+ g(u, ),

where u and v denote the cell density and chemical concentration, respectively. D >
0 and € > 0 are cell and chemical diffusion coefficients, respectively. The chemotaxis
is called to be attractive if x > 0 and repulsive if x < 0 with |y| measuring the
strength of the chemical signal. The potential function ¢(v), also called chemotactic
sensitivity function, describes the signal detection mechanism and g(u,v) character-
izes the chemical growth and degradation. Most of studies on chemotaxis deal with
the classical attractive chemotaxis model where x > 0, ¢(v) = v, g(u,v) = u—wv, see
[14]; we also note that when ¢ > 0, x > 0, ¢(v) = Inv and g(u,v) = u—wv, (1.1) with
Neumann boundary conditions possesses the spike-layer steady states, see a review
paper [27]. In contrast, the studies of repulsive chemotaxis were much less. A few
results on repulsive chemotaxis have been developed recently, see [6, 26, 35] and
references therein. In this paper, we consider a chemotaxis model with logarithmic
sensitivity

{ us = DAu—V - (xuV1no), (1.2)

v = AV + uv — o,

which was proposed in [18, 32] to model the reinforced random walk. The logarith-
mic sensitivity ¢(v) = Inv indicates that cell chemotactic response to the chemical
signal follows the Weber-Fechner law which had prominent specific applications in
biological modelings, cf. [16], [33] and [13]. Since VInv = ¥  the logarithmic
sensitivity means that cell chemotactic movement is inhibited by the high chemical
concentration. The term wv entails that the chemical grows exponentially [32] where
the rate depends on cell density u, which is much faster than the linear growth in
the classical chemotaxis model. Here we further note that the migration of cells
is a fundamental process in health and disease. Migratory cells in vivo adhere to
surrounding extracellular matrix (ECM) molecules via specific receptors such as
integrins, together with cytokine and growth-factor signals, to produce and secrete
proteases ([30], [31]). The nonlinear signal production term, such as uv in (1.2),
reflects the fact that protease production in wvivo is tightly confined to the immedi-
ate pericellular environment through signals transduced by the interaction of ECM
with specific cellular receptors (cf. [30], [31] and the references therein).

When ¢ = 0 and x > 0, the dynamical behaviors of model (1.2) including the
aggregation, blow up and collapse was extensively discussed in [18] and the solv-
ability was subsequently followed in [43, 44]. When € = 0 and x < 0, the global
existence of classical solution to (1.2) and convergence to constant states for small
perturbations were established in [8]. When x < 0, the existence and nonlinear
stability of traveling wave solutions with small perturbations of model (1.2) were
recently studied in [37, 21, 22] for € = 0 and in [23] for € > 0, based on a Hopf-Cole
type transformation
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and scalings t = —xt/D, T = \/—xz,W = w/y/—x, which transform (1.2) into a
system of conservation laws

{ uy — V- (uw) = Au, (1.3)

wy — V(ew? +u) = eAw.

When ¢ = 0, the initial-boundary value problem and Cauchy problem of (1.3) in
one dimension was studied in [45] and in [12], respectively. Furthermore the Cauchy
problem of (1.3) in multi-dimensional spaces for initial data being sufficiently close
to some constant ground states was investigated in [19], and the large-time behavior
of classical solutions for the initial-boundary value problem of (1.3) in one space
dimension with large initial data and in multi-dimensional spaces for small initial
data were established in [20]. The results of model (1.3) for ¢ > 0 largely remain
open. Recently the authors of [38] consider the initial-boundary value problem of
one-dimensional model (1.3), as follows

up — (UW)y = Ugy, z € (0,1), t >0,
w — (Ew? + U)y = EWsy, x € (0,1), t >0,
(u,w)(x,()) = (UQ,’LU())(I), T e [07 1]7

umlz:O,l = w|z:0,1 =0, t>0.

(1.4)

The global well-posedness and large time behavior of model (1.4) were established
in [38] for small ¢ > 0 based on a series of L?-energy estimates. In the present
paper, we shall: (1) by employing a Lyapunov functional approach inspired by [6],
remove the smallness assumption of € in [38] and simplify the proof of the theorem
on the asymptotic behavior of solutions; (2) show that the repulsive chemotaxis
model (1.2) (x < 0) has only constant positive steady states. Our first main result
is the following;:

Theorem 1.1. Assume that ug > 0,ug # 0 and wy are two functions in W27 ((0,
1)) for some py > 3. Then, for any ¢ > 0, there exists a unique pair (u,w)
of bounded functions from C°([0,1] x [0,00)) N C%1([0,1] x (0,00)) solving (1.4)
classically in (0,1) x (0,00). Moreover, u > 0 in (0,1) x (0,00) and

lim (u,w)(-,t) = (@o,0) exponentially in L>((0,1)) x L>=((0,1))

t——+oo
L 1
with Gy = [, uodz.

Transferring the above result back to the original chemotaxis model (1.2), we
have the following result.

Theorem 1.2 (Long-time dynamics). Consider the following initial-boundary value
problem for the one-dimensional chemotaxis model (1.2)

up = Dugy — x[u(Inw)y)e, xz € (0,1),t >0,
Vg = EVgy + UV — Uv, x € (0,1),t >0, (1.5)
(u,v)(x,0) = (uo,vo)(x), z € [0,1], '

Ux|ac=0,:c=1 = Ux‘x:O,x:l =0, t>0,

where x < 0, p > 0. Suppose that the initial data satisfy ug > 0,ug Z 0, vy > 0.
Then for any € > 0, there exists a unique global-in-time classical solution (u,v) to
(1.5) such that as t — oco:

[, t) = ol Lo ((0,1)) = O,
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and
||'U(',t)HLoo((0’1)) — 0, if ug < p,
inf,e0,1 v(z,t) = 400, if wg > p,
lv(-;t) = v*|L(0,1)) = 0, if up = p,

L 1 .
where the convergence rates are exponential in time and v* > exp( [, Inwg) is some
constant.

Theorem 1.2 provides precise conclusions on the final distributions of cells and
chemicals, which essentially depends on the strength of the chemical decay rate p
and the cell mass ug. The following statement addresses the biological implications
of Theorem 1.2.

Corollary 1. (i) if the chemical decay rate is the same as the cell mass (i.e. 4y =
i), then both the chemical and the cells will eventually evolve to a constant steady
state;

(i) if the decay rate of the chemical is strong compared with o (i.e. Gy < p), then
the chemical will eventually vanish and the cells distribute uniformly in the domain;
(i) if the chemical growth rate is stronger than the decay rate (i.e. @y > ),
then the chemical will be produced exponentially by cells, which eventually leads to
the blow up of the chemical concentration. However the cells are still eventually
uniformly distributed in the domain due to the repulsion.

Since the above theorem asserts the asymptotic behavior of solutions, it is very
relevant to study the stationary solutions of (1.5) for x < 0 and explore the relation-
ship between the large-time behavior of time-dependent solution and the stationary
solutions. Observe that in (1.5), the total cell mass is conserved (cf. Lemma 2.2).
To consider the steady sates of (1.5), we consider the following elliptic system:

Dug, — x[u(lnv)], =0, 0<z <1,

EVgqp + uv — pv = 0, O<z<l,
Uy = 0 = v, z=0,1 (1.6)
fol u(x)dx = 1o, 0<z<1

for which we have the following result.

]

Theorem 1.3. Suppose that x < 0. If g = p, then (u, (5)%) is the only positive
solution to (1.6), where A > 0 is an arbitrary constant. If uy # p, then (1.6) has
neither constant solution nor non-constant solution.

Theorem 1.3 implies that if xy < 0, then (1.6) does not possess any non-constant
solution, and therefore Theorem 1.3 indicates that the stationary distributions of
cells and the chemical are uniform within the spatial domain for the repulsion case.
On the other hand, if © = u. = constant, then the condition fol udxr = ug yields
that u. = @p. To better understand the above last case, we further underline that,
as afore-mentioned, the logarithmic sensitivity means that cell movement towards
higher chemical concentration is intrinsically inhibited by the high chemical con-
centration due to the fact that (Inv), = “=. Mathematically, if v, is bounded and
v — 0o, then “= — 0 which indicates that cell movement is eventually governed
by the diffusion process only and therefore cells tend to distribute uniformly (i.e.
u — p). However in the case of 4y # p, the asymptotic states of both cells and the
chemical are not the steady states, which implies the eventual distribution of cells
and the chemical critically depends on the initial cell mass.
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Before concluding this section, we should mention some works on attraction
chemotaxis models with logarithmic sensitivity but with linear chemical production
and degradation g(u,v) := u — v: all classical solutions are global in time when
n =1 [29], or when n =2 and x > 0 is small [3], or when n > 3 and x > 0 is small
[40]; moreover, when n > 2, global-in-time weak solutions were recently shown to
exist regardless of the size of x > 0 in [34].

2. Local existence, an extensibility criterion and preliminaries. To deal
with the nonlinear term (w?), and the term wu, in the second equation in (1.4) and
prove the local well-posedness of (1.4), we shall need a regularity assumption on ini-
tial data which is stronger than that for the local solvability of classical chemotaxis
models (cf. [5], [41] and [42], for instance). A proof of the local existence of (1.4)
based on a straightforward fixed point argument can be found in the appendix.

Lemma 2.1. Assume that ug > 0,ug Z 0 and wg are two functions in WP ((0, 1))
for some pg > 3. Then there exist Traqr € (0,00] and a unique pair (u, w) of bounded
functions from C°([0,1] x [0, Trnaz)) NC%1([0,1] x (0, Thnas)) solving (1.4) classically
in (0,1) X (0, Thnaz). Moreover, u > 0 in (0,1) x (0, Tinasz) and

if Tinax < 00, then |lu(-,t)|lw2r0 ((0,1)) + lw(-; ) lwzro ((0,1)) = o ast /" Traz-
(2.1)

The following important property on mass can be easily derived.

Lemma 2.2. The solution (u,w) of (1.4) satisfies the following property

lu(-, )l (0,1)) = lluollzr(0,1)) for all t € (0, Trnax)- (2.2)
Proof. Integrating the first equation of (1.4) with respect to x € [0, 1], we get that
4 fol u=0 for t € (0, Tynqz), which yields (2.2). O

The proof of our main result (Theorems 1.1) will be based on some a priori
estimates. To derive these estimates, we shall need to use the following Gagliardo-
Nirenberg interpolation inequality: Let £ C R™ be a bounded domain with smooth
boundary, let p,q > 1 satisfying (n — ¢)p < ng, and let r € (0,p). Then, for any
u(x) € WhH1(Q) N L"(Q),

lull ey < el Vel ga o lull o) + e2llull o) (2.3)

with a € (0, 1) satisfying
—=al——1)+—-(1—a). 2.4
2 —a(2-1)+20-0 (2.4

(In fact, the classical version in Theorem 1.10.1 in [9] is stated only for » > 1, but
this restriction can easily be removed upon an application of Holder’s inequality;
cf. [39, Lemma 3.2] or [28], for instance).

To derive our desired a priori estimates, we shall also need the following Gron-
wall’s lemma (cf. [7, p. 624]).

Lemma 2.3. Let f(t) be a nonnegative, absolutely continuous function on [0,T],
which satisfies for a.e. t the differential inequality

') < h()f(t) + g(t),

where h(t) and g(t) are nonnegative, summable functions on [0,T]. Then

F(t) < elo M()ds < f(0) + /0 t g(s)ds).
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To derive the L*° estimate on u, we shall employ the following simplified version

of the Moser-Alikakos iteration technique (cf. [1] or [36, Lemma 4.1]).

Lemma 2.4. Suppose that T € (0,00], that b(x,t) € L*((0,T);L((0,1))) for
some q > 3, and that u € L>=((0,T); L*((0,1))) . Then if u € C°([0,1] x [0,7)) N
C?1([0,1] x (0,T)) is a nonnegative function satisfying

U = Uge + (b(x, 1))z, x€(0,1), t>0,
uz|z:0,1 = O, t> Oa

then there exists ¢ > 0, only depending on ||b|| 1o ((0,7);Le((0,1))), |tz (0, 1);21((0,1)))
and |lug || ([0,1)), such that

|w(t)|[Loe (o1 < ¢ forallt € (0,T).

3. Global dynamics.

3.1. Boundedness. Notation. Throughout the remainder of this paper, the norm
in the space LP([0,1]), 0 < p < oo, is simply denoted by || - || -
We observe that (1.4) possesses a Lyapunov functional

1 w?
F(u,w) := / (ulnu + >dx,
0 2

which is the cornerstone of our analysis.

Lemma 3.1. The classical solution (u,w) to (1.4) satisfies the equality

iF(u(t),w(t)) = —F(u(t),w(t)) for allt € (0, Thaz), (3.1)

dt
1,2
E(u,w) := / (m + 5wi> dx.
0 u

Proof. By the first two equations in (1.4), straightforward computation yields

where

%F(u(t), w(t)) = /01 ((lnu + Dug + wwt) da

1,2 1 1 9 rl
—/ —””dx—/ uzwd:c—e/ widw—i-fs/ (w?)pdx
0o U 0 0 3 Jo
1
+/ uzwdx
0
1 /.2
—/ (UQL + ewg%) dr + gsw?’ o
o \u 3
1 /.2
= 7/ (%Jrswi)dx,
0 u

where we have used the boundary conditions wug|z=0,1 = w|z=0,1 = 0. This com-
pletes the proof of (3.1). O
The following statement is an immediate consequence of (3.1).



A CHEMOTAXIS MODEL WITH LOGARITHMIC SENSITIVITY 827

Corollary 2. The classical solution (u,w) to (1.4) has the property

borty? 1
/ / —2Ldxds < F(ug,wp)+ — for allt € (0, Thaz), (3.2)
0 o Uu &

A

t el
1 1
/ / widrds < coe) = - (F(uo,wo) + e) forallt € (0, Thaz), (3.3)
o Jo

3

1
2
/ w?dr < Cy:=2F(ug,wp) + = forallt € (0, Thaz). (3.4)
O e

Proof. Integrating (3.1) over t € (0, Tnqz) We obtain

12 topl o2 1
/ —dz +/ / (x + Ewi) dxds < F(ug,wp) — / u(+,t) Inu(-, t)dz
0o 2 oJo \U 0

for all t € (0, Tynaz). Since —£In& < 1 for all ¢ > 0, this proves (3.2), (3.3) and
(3.4). O

With the estimate (3.3) at hand, we now turn to establish LP-estimate on u for
any given p > 2.

Lemma 3.2. For any given p > 2, there exists some c(e,p) > 0 such that the
classical solution (u,w) to (1.4) satisfies

1
/ uP(z,t)dx < c(e,p) forallt € (0, Thnaz)- (3.5)
0

Proof. Multiplying the first equation in (1.4) by puP~!, integrating over [0, 1] and
using the Holder inequality, we obtain

d (! Ap-1) ', » !
—/ uPde = —M/ |(u2),|2dx — p(p — 1)/ P~ u,wde
dt Jo p 0 0

< 2/01|(u’z’)z|2dx(pl)/ol(up)zwdx
_ 2/01|(u12))x|2d:c+(p1)/01upwwdx
< -2 /01 |(u?)z|?da + (p — 1)(/01 u2palx)é . (/01 widm) %(3.6)

for all t € (0, Tiax), where we have used the fact that w|y—¢,1 = 0. The Gagliardo-
Nirenberg inequality provides ¢; > 0 such that

1 2 1 3
([ o) =t < e (Habalhe - o1 + 1t
0
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where we have used the fact that the spatial dimension n = 1. Then employing the
Cauchy inequality, we find some ¢y > 0 such that

oo [ ) ([ )

P
(p = Dlluz 2 - [lwel 22

D 1 2% P 3 D
< (p=Deal| lw2)allzalluzlze - lu? [z llwellz + u2llzz - [Ju? || 2 wa ] 22
< u®)alfe + lluflFe + collu® || lws]|7: (3.7)

for all ¢t € (0,Tqez). Adding fol uPdz in both sides of (3.6) and using (3.7), we
obtain

d p P P D b
Zlle® 72 + lull7e < —ll(u?)ellZs + 2lluz (72 + eallu® |12 lwell7 (3.8)

for all t € (0,Tjaz). Again, the Gagliardo-Nirenberg inequality provides ¢z > 0
such that

p b M b 4 2
et e < (LA 7T+ i),
Lp Lr
, e 4
Noting ||u§||L% = (fol udm) * = (fol uodx> * by (2.2) and using the Young in-
equality, we can pick some c4(p) > 0 and ¢5(p) > 0 such that

(p—1)

AP W)all72"™ + ea(p)

1(u=)allZ2 + e5(p).
This in conjunction with (3.8) entails that

2l|u¥ |2, :

IN A

d P P y
e Ze + 117 < eallwellZe - [lu? (17 + es(p) (3.9)
for all t € (0, Tynaz). Thus, y(t) := e*||u? |2, satisfies the differential inequality

Y (t) < collwa |32 - y(t) + cse for all t € (0, Thnaz)-
This, along with the Gronwall Lemma 2.3 and (3.3), yields

t
y(t) < ec2fo me(-,s)Hizds (y(0)+/ C5€sd8>
0

< el <||u§ 172 + cSet)

c + cret for all ¢t € (0, Trnax)-

Thus,

1
/ wPde = ||uf]|2. = e ty(t) < cse ™t + 7 < ¢ + 7 for all t € (0, Thaz)-
0

This proves (3.5). O
To derive the L*° estimate on u, we need to establish some L? estimate on w
with ¢ > n + 2 = 3 because n = 1 for our present setting.
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Lemma 3.3. There exists some c(e) > 0 such that the classical solution (u,w) to

(1.4) satisfies
1
/ w*(x, t)dz < c(e) for allt € (0, Thaz)- (3.10)
0

Proof. Multiplying the second equation in (1.4) by w3, integrating over [0, 1] and
using the Cauchy inequality, we can pick some ¢; > 0 and ¢3(g) > 0 such that

Ld s/lw?’w dx+/1w3(5w2+u) dz
4dt J, 0 e 0 z
1 1 1
= —36/ w2wid1¢—3s/ w4wxd:c—3/ wwyudz
0 0 0
3e (! 1 1
= _7/ |(w?)|*dx — 35/ wwy - wide — 3/ Www, - wudx
4 Jo o 0
e [t 1 1
1 / |(w2)z\2da: +c / wldx + 02/ wu?dx
0 0 0

1 1
—E/ |(w2)m\2d;v+cl/ wCda
4 Jo 0
1

1
+02/ w4dx+02/ utda (3.11)
0 0

for all t € (0, Tynqz). Adding ifol widx in both sides of (3.11) and using (3.5) and
the Young inequality we can find some c3(g) > 0 such that
1

1 1 1
— [ whdx + / whdr < —5/ |(w?),|2dx + 03/ wldzx + c3 (3.12)
dt Jo 0 0 0

for all t € (0, Tyas). The Gagliardo-Nirenberg inequality, the estimate (3.4) and
the Young inequality yield some ¢4 > 0,¢5 > 0 and cg(¢) > 0 such that

wdz

IN

IN

1 4 5
o [ ulde = el < c4(||<w2>z||zz-||w2||zl+||w2||il)
0
< 2\ 13
< el @?)allla + e
< el W)l + co(e) (3.13)

for all t € (0, Tjnasz). Combining (3.12) and (3.13) yields some ¢7 > 0 such that
d 1 1
— widz —I—/ widzr < 7 for all ¢t € (0, Trnax)- (3.14)
dt Jo 0
Hence, (3.10) holds. O
We are now in the position to derive the uniform-in-time boundedness of .

Lemma 3.4. There exists some c(e) > 0 such that the classical solution (u,w) to
(1.4) has the property

lu(- )| e < ele) for allt € (0, Traz)- (3.15)

Proof. For each q € (3,4), it follows from Lemma 3.2, Lemma 3.3 and the Holder
inequality that there exists some ¢1(g,&) > 0 such that

luw]| Le< ||u||L44qu lwllzs < e1(g,e) for all t € (0, Thhaz)- (3.16)
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This in conjunction with Moser-Alikakos iteration technique (Lemma 2.4) proves
(3.15). O
With (3.10) and (3.15) at hand, we now can further improve the estimate on w.

Lemma 3.5. For any p > 6, there exists some c(g,p) > 0 such that the classical
solution (u,w) to (1.4) satisfies

1
/ wP(x,t)dz < c(e,p) for allt € (0, Thax)- (3.17)
0

Proof. Multiplying the second equation in (1.4) by pwP~!, integrating over [0, 1],
using the Young inequality and employing the estimate (3.15), we can pick some
c1(p) > 0, ca(g,p) > 0 and c3(e,p) > 0 such that

d 1

1 1
7 wPdr = 5p/ wP  wydx +p/ wP™ (ew? 4 u),dx
0 0

1 1
= —ep(p—1) / wP™2widr — ep(p — 1) / wPw,dx
0 0

1
—p(p — 1)/ wP ™ 2wyudr
0

de(p—1) 1, o r, »
< B2 [t pae 1) [ Wb w s
p 0 0
1 P P
Jrcl/ |w|5*1o\w|5*1|wz|dx
0
< —w [(w %) | dx—|—cz/ wp+2da:+02/ wP™2dx + o
0 0

1
< —e | (w?).Pdz + 03/ wPT2dx + c3 (3.18)
0

for all ¢ € (0, Tnqas). Adding fol wPdz in both sides of (3.18) and using the Young
inequality we can find some c4 (g, p) > 0 such that

1
pn / wpdx—l—/ wpd:r<—5/| %) |2dx+04/ wPT2dx + c4 (3.19)
0

for all t € (0, Tinaz). The Gagliardo-Nirenberg inequality, the estimate (3.10) and
the Young inequality yield some ¢5(p) > 0,cs(e, p) > 0 and c7(g,p) > 0 such that

1 2(p+2)
cr [ 0o ealwf]
0 L

) SRR 8 R R 8
<es (Il Nt +wt] 5

<col|(w?), IIL”“ + g

<el(w?).]22 +¢r  forall t € (0, Taa),
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P

where we have used the fact that Hw%HL% = (fol w4dac) * < (c(e))§. This in
conjunction with (3.19) yields some cg(e,p) > 0 such that

4 [ 1

—/ wPdz +/ wPdr < cg for all t € (0, Thnaz)- (3.20)
Thus, (3.17) holds. O

Lemma 3.6. There exists some c(e) > 0 such that the classical solution (u,w) to
(1.4) has the property

|lw(, )L < cle) for allt € (0, Thnaz)- (3.21)

Proof. For any q > 3, it follows from Lemma 3.4 and Lemma 3.5 that there exists
some ¢1(g,&) > 0 such that

llew?® 4+ ul|pa < ci(q,e)  for all t € (0, Thaz)- (3.22)

This in conjunction with Moser-Alikakos iteration technique (Lemma 2.4) proves
(3.21). O

3.2. Decay estimate. Our proof of the convergence result is inspired by an argu-
ment developed in [6]. We modify the Lyapunov functional F'(u,w) a little bit and

define
! 1
G(u,w) = /0 (uln; + 2w2>daﬁ,

where, thanks to (2.2), 4 := f01 udr = fol updz = Up.
To prove the decay estimate of u, we first establish the decay estimate of the
functional G.

Lemma 3.7. Suppose that (u,w) is the classical solution to (1.4). Then the func-
tional G satisfies the following decay property

0 < G(u(t),w(t)) < G(ug,wo)e™* for allt € (0, Thaz), (3.23)
where the positive constant a depends only on ug and €.

Proof. For clarity, we divide the proof into four steps.

Step 1.  We prove the non-negativity of G.

Since the function slns is convex for s > 0 and u = g, it follows from Jensen’s
inequality ([7, p. 621]) that

1 1
/ ulngdx = 120~/ glngdx
0 i 0o W U

Thus, G(u,w) > 0.
Step 2. We derive a functional identity.
Proceeding the computations as in the proof of Lemma 3.1, we obtain

%G(u(t),w(t)) — _B(u(t), w(t)). (3.24)
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Step 3. We chain F(u,w) to G(u,w).
Applying the preliminary inequality

0, for0<r<1
rinr < 1 5
r—1+4+35(r—1)° forr>1

with r = u/@, noting fol (u/@ — 1)dx = 0 and using the Poincaré inequality ([7, p.
275]) we find some ¢; > 0 such that

/Olu(t)lnuq(f)d:rﬂ/olufplnzﬁwdx = ﬂ/ol {ug)lnug) <u?(f)1>}dx

IN
]
o\

=
N |
7N
‘@
Sl

|
N———
[\v]

IsH

S

IN
o
Y,
S—
h
=
|
S
8
()
U
S5

1
= cl/ u?da
0

for all t € (0,T42). This in conjunction with (3.15) yields some c2(g) > 0 such

that
1 1,2
~~dr < c1/ uidmgclﬂuHLm/ —~dz
u 0 o U

1,2
< 02(5)/ %dm for all t € (0, Thnaz)-  (3.25)
0

S—
h
I
—
Nt
‘ S
=
N—
IS
A

On the other hand, since w|,—0,1 = 0, Poincaré’s inequality provides some ¢z > 0
such that

1 1

/ widz < 03/ w?dx for all t € (0, Thaz)- (3.26)

0 0
Collecting (3.25)-(3.26) and noting the definitions of G and E, we find

G(u(t), w(t)) < max (cz(g), %) - B(u(t), w(t)). (3.27)
Step 4. We prove the decay estimate (3.23).
Denote 1

o=—"-<>0.

max <02 (e), ;—g)
Then, combining (3.24) and (3.27) entails that
%G(u(t),w(t)) < —aG(u(t),w(t)) for all t € (0, Thnaz)-
This yields (3.23). O

Lemma 3.8. The only stationary solution (us,ws) withus > 0 to (1.4) in W2Po((0,
1)) for po > 3 are the constant pairs (a,0) for u € (0,00), where 4 denotes the cell
mass.
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Proof. Assume that (us,ws) € (W27 ((0, 1)))2 for pg > 3 with uy > 0 is a station-
ary solution to (1.4). Noting that (us,ws) is also a solution to the time-dependent
problem (1.4), we have

d P (ug)a]?
0= 4G, w,) = —/0 (K”u)] + 5[(ws)m}2>dx
which indicates that

us = Cq, and ws = Cy
since ug > 0, where C; and Cy are both constant. The boundary condition of w

immediately implies that Cy = 0 and the cell mass u = fol ugdx entails that Cp = u.
This completes the proof. O

3.3. Proof of Theorem 1.1. We are now in the position to prove Theorem 1.1.

Proof (of Theorem 1.1). Global existence. For any given T} > 0, let T := min{T},
Tinas}- From (1.4) we find that u solves

Up — Uy — WU, = vW,, x € (0,1), t€(0,T),

Ugloo.1 = 0, te(0,7), (3.28)
u(z,0) = ug(z), xz €[0,1].
From (3.10), (3.3) and (3.15) we readily find some ¢; > 0 such that
lw(, a0y < a forallte(0,T), (3.29)
luwellz20,1)x0,1)) < c1, (3.30)

where 4 > n + 2 = 3 due to the fact that n = 1. Then we can apply parabolic
LP-theory (cf. [17, Theorem IV.9.1 and Section V.7] ) to obtain some c3(T) > 0
such that

ullw212(Qp) < c2(T). (3.31)
This in conjunction with the fact that n = 1 and the Sobolev imbedding Theorem
([17, Lemma I1.3.3] yields some ¢35 > 0 such that
uallzs@r) < esllullwzr2(gqr) < s ca(T). (3.32)
From (1.4) we find that w solves
Wi — EWgy — 26W - Wy = Uy, x € (0,1), t€(0,T),
w|x:071 = 0, t e (O,T), (333)
w(zx,0) = wo(z), x € 10,1].

Noting (3.29), (3.32) and wy € W?%Po for some py > 3 and applying parabolic
LP-theory as above, we obtain some c4(7T") > 0 such that

w2100 (@) < ca(T). (3.34)

This, together with the Sobolev imbedding Theorem ([17, Lemma I1.3.3]), yields
some ¢3(T") > 0 such that

||wHC1+8'(1+8)/2(QT) < c5(T) where 6 :=1 — p% (3.35)

Using this and the classical regularity of parabolic equations ([17, Theorem V.6.1])
we can obtain some c¢g(T') > 0 such that

[u(@, )| c2re.at0r/2 (0,11 x [,y T 10 (@ )| c2ve.a0)72 (0,11 x 1) < €6(T)
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for all n € (0, 7). Particularly,
lu(- t)[lw2ro (0,1)) + 1w Ollw2ro0,1)) < er(T)  forallte[n,T]  (3.36)

for some ¢7(T') > 0. This in conjunction with the extensibility criterion (2.1) yields
Tnaz = +00.

Convergence. For clarity, we divide the proof into three steps.

Step 1. We prove the exponential convergence of u in L'((0,1)). From (3.23) and
the definition of G we infer that

1
/ ulngdx
0 u

1
/deac < G(ug,wp)e . (3.38)
0

IN

G(Uo,’wo)e_at, (337)

Then inequality (3.37), along with the Csiszdr-Kullback-Pinsker inequality (cf. [4])

1 _ ! U
ﬁHU —all71 01y < /0 uln —dz,
yields
[ = @[22 (0,1y) < 280G (o, wo)e™*". (3.39)

Step 2. We prove the boundedness of |[(u — @)z| r2((0,1))- First, (3.2) in con-
junction with (3.15) yields ¢g > 0 such that

t ool S
/ / u2drds < ||ul| g / / Yz Jrds < cg for all ¢ > 0. (3.40)
o Jo o Jo U

Then, since % is a constant, (u — @) satisfies

(u—1a) = (u—1U)ge + (uw)z, x€(0,1), t>0,
(u—a)(z,0) = up(x) — a, x € [0,1], (3.41)
(u - a)w‘m:O,l =0, t>0.

Testing the first equation in (3.41) against —(u—1),, and using Cauchy’s inequality,
we obtain

1d [ 1 1
—— | (u—1)3dx + / (u—a),de = — / (U — @) o (uw) pdz

1t . S
< - | (w—a)idr+ - [ (vw)idx
2Jo 2.Jo
for all t > 0. That is
d 1
dt Jo
This, along with the basic fact that (uw)? < 2(w?u2 + u?w?) and the boundedness
of uw and w in (3.15) and (3.21), yields ¢g > 0 such that

d 1
dt Jo

Upon integration over the time ¢, we find

1 1 t
/ (u—1)2dr < / (uo —ﬂ)idaH—cQ/ / (u2 +w?)deds  for all t > 0. (3.42)
0 0 o Jo

1 1
(u — u)idxr —|—/ (u—u)?,dr < / (uw)2dx for all ¢ > 0.
0 0

1 1
(u —a)idr + / (u—u)?,dr < Cg/ (u? 4 w?)dx for all ¢ > 0.
0 0
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From this, (3.40) and (3.3), we obtain ¢19 > 0 such that

1
/ (u—u)2dx < cjo  forall > 0. (3.43)
0

Step 3. We prove the exponential convergence of v in L*°((0,1)). The Gagliardo-
Nirenberg inequality yields c¢;; > 0 such that

2 1 _
lu = all o= 0,1)) < ennll(u = @allf2 0,0y - 1w = @llZr 0,19y + errlle = allzro,n)-
This, together with (3.39) and (3.43), yields some c¢12 > 0 such that

l[w — @l o ((0,1)) < c12e” 37 for all ¢ > 0. (3.44)

This completes the proof of u in L>((0,1)).
Finally, the exponential convergence of w in L>((0,1)) can be similarly proved as
above. O

3.4. Results for original model. Proof of Theorem 1.2. From Theorem 1.1
we obtain some constants ay and ¢ > 0 such that

lu = @l oo 0,1y) < ce™ " for all ¢ > 0. (3.45)

This will be the starting point towards the proof of the convergence for v.
We begin with proving the convergence of v when p # 4.

Lemma 3.9. The solution component v of (1.5) has the property

lv(- )|l Loe 0,1y = O, if up < p,
inf,ec1yv(z,t) = oo, if up > p.

Proof. Noticing that 2= = w, +w?, we can rewrite the second equation of (1.5) as

(Inv); = u — p + cwy + cw?

where w = (Inv),. Integrating the above equation over [0, 1] x [0, t] we get

/01 Invdzx = /01 Invodz + (dg — p)t + e/ot lw(-, 7)||32dT,
where we have used (2.2) and the boundary condition w|z=91 = 0. Define
E(z,t) =lnv — /01 Invodz — (Gg — p)t — a/ot w(-,7)||32dr. (3.46)
It is straightforward to check that
&, =w, and /01 &z, t)dx = 0.

Thus, by the Poincaré inequality we have ||€||2, < ||w]||2,. This, along with ||&,[|2, =
|w||?2, n =1, Theorem 1.1 and the Sobolev inequality, yields
€@ |z~ < cre™™ (3.47)

for some positive constants ¢; and § which are independent of ¢.
Now from (3.46) we see that

v(x,t) = exp {{(:mt) + /0 Invodz + 5/0 ||w(-,7)|2L2dT} -exp {(ao — p)t}. (3.48)
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If g # p, it then follow from Lemma 3.7, the non-negativity of fol uln Zdz and
(3.47) that

coexp {(ao — p)t} < wv(x,t) < csexp{(ag — p)t}
for some positive constants cs and ¢z which are independent of ¢. Thus
lo(-, )]l oo (0,1)) — 0 as t— oo, when g < pu,
inf,eyv(z,t) - +o0 as t— oo, when gy > pu.

This completes the proof of Lemma 3.9. O

We next turn to prove the convergence of v when p = @g. The proof in this case
appears to be very interesting and involves serval technical steps. We first establish
positive lower and upper bounds of v for sufficiently large ¢, which will be used
twice in Lemmas 3.12 and 3.13 below.

Lemma 3.10. If ug = u, then there exists a sufficiently large T > 0 such that the
solution component v of (1.5) has positive lower and supper bounds

1 1 1
2 exXp {/ lnvodm} <w(x,t) <exp {c —|—/ Invodx + ZG(umvo)} , (3.49)
0 0
for all x € (0,1) and t > T, with some constant ¢ > 0.

Proof. If 4y = p, then again from Lemma 3.7, the non-negativity of fol uln zdz,
(3.46) and (3.47) we have

1
exp{—cle_ﬁt +/ lnvodw} <wv(x,t) <
0

1 t
exp {cleﬂt + / Invodx + EG(uo,vo)/ eo‘sds} . (3.50)
0 0

This, along with the fact that exp {—cie™#"} — 1 as t — oo, yields (3.49). O
Fort > T +2, weset Q1 :=[0,1] x [t —1,£+ 1] and Q2 :=[0,1] x [t — 2,t + 2].
Suppose (z,s), (y, s) and (y,7) € Q1, we denote

C1/2(Q0) = {h(2.) € C(Q1) | [hal@,s) = haly. )| < cla =yl

and [h(y, s) — h(y,7)| < cls — 7}

where v > 0,c¢ > 0 are constants. To proceed our proof, we need the following
technical lemma concerning local Holder estimates for linear parabolic equations.

Lemma 3.11. Suppose that h(x,t) solves the equation
ht - 6h:pm + fz, S (O, 1)7 t> 0, (3.51)

with zero Dirichlet boundary condition or homogeneous Neumann boundary condi-
tion, where f(x,t) is a given function.

(i) If f € L*°(Q2), then there exist some 0 <y < 1 and ¢; > 0 depending only on
€ such that

Plern@n < e (Ihllxn) + 10 ) (352)
(ii) If f € C7/2(Qs), then there exists some co > 0 depending only on & such that

(helonraian < 2(Ihlzm@n + I fllcnrraan ) (3.53)
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Proof. (3.52) follows from [24, Theorem 6.44] and it is also implicitly proved in [17,
Theorem V.1.1], whereas (3.53) is implicitly proved in [2, Theorem 5.4]. O

With the estimate (3.45) at hand, we now can establish a decay estimate on v,
in C772(Qy).

Lemma 3.12. If ug = u, then the solution component v of (1.5) has the property
[Vz]cvvrz(gy) < ce” 2t forallt > T, (3.54)

with some constants 0 <y <1, ¢ >0 and ag > 0. In particular, we have
vl Lo ((0,1)) < ce” % forallt>T. (3.55)

Proof. Taking derivative with respect to x in both sides of the second equation in
(1.5) and using p = %y = @ we obtain

{ (2)t = €(Vg)ae + (w—a)v) , x€(0,1), t>0,

3.56
Vg = 07 xTr = O, 1. ( )

Testing the first equation in (3.56) by v,, using Cauchy’s inequality and Poincaré

inequality: fol v2<e fol v2,, for some ¢; > 0 thanks to Ug|z=0,1 = 0, and employing

(3.45) and (3.49), we obtain ¢ > 0 and ¢z > 0 such that

1d [ 1 1
—— | Vide = —5/ v2 dr — / (u — @)vvg da

1 1
< —E/ vzmdx—i—cQ/ (u — u)*vdx
2Jo 0

1
< ,i/ vfﬂdx + cge 2t for all t > 0.
261 0
From this we can obtain some ¢4 > 0 such that
1
/ vide < cpe” ! for all ¢ > 0, (3.57)
0

where ¢5 := min{Z,2a:}. We now apply Lemma 3.11 (see (3.52) ) to (3.56) to
obtain cg > 0 such that

oo vraan < 6 (loelz@n + (@ = @vlliegy)  forall ¢ > T,
This, along with (3.45), (3.49) and (3.57), yields ¢ > 0 such that

t+2 1 3
[Uw}cw/Z(Ql) < 06{( / vidmds) +C7€_alt}
t—2 Jo

3 Sy —ast
< «cel2cie 2" +cre

1 . _,c
< e(2¢] 4+ ep)emmnGhe)t forall £ > T

Hence, (3.54) holds with g := min(%, ay). O

With the estimate (3.54) at hand, we can improve the estimate (3.45).

Lemma 3.13. If 4y = u, then the solution component u of (1.5) has the property
[u = U] cvnr2g,) < ce” st forallt>T, (3.58)

with some constants ¢ > 0 and az > 0.
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Proof. Since @y = i, = 0, we can rewrite the first equation in (1.5) as

(u— @) = D(t — @)ge — X(%vx)z, ze(0,1), t>0. (3.59)
We apply Lemma 3.11 (see (3.52) ) to (3.59) to find some ¢; > 0 such that

o= @enragn < e1 (= all i@ + [ veliean )

Using this in conjunction with (3.45) and (3.55) and noting v has a positive lower
bound for all ¢ > T (see (3.49)), we obtain ¢z > 0 and ¢z > 0 such that

1
=Ty < cae” "+ cpem S0 MU | oo 0.1 < [[val] e (@0

IN

026704115 + 036705215
< (eg + cg)e” min(anaz)t forall t > T.

Thus, (3.58) holds with ag := min(a1, as). O
With the estimates (3.54) and (3.58), we can further improve the estimate on v,.

Lemma 3.14. If 4y = u, then the solution component v of (1.5) has the property
(el crrz(gy) < ce” forallt>T, (3.60)
with some constants ¢ > 0 and ay > 0.

Proof. We go back to the problem (3.56) and apply Lemma 3.11 (see (3.53)) to
obtain ¢; > 0 such that

[(ve)alomnreany < e (1ol + (6 = @vlerraan )
This in conjunction with (3.55), (3.54) and (3.58) yields some ¢y > 0 such that
[(Va)alomrz(y < c2e” @2t 4 coem min(ozaa)t
< 2cge Min(az,as)t forallt > T.
This proves (3.60) with ay := min(az, a3). O
Next, we can establish the exponential convergence of v when ug = p.

Lemma 3.15. Ifuy = p, then there exists constants ¢ > 0 and v* > exp{fo1 Inwvg} >
0 such that the solution component v of (1.5) has the property

[v—v*[|Leo(0,1)) < ce” ! forallt > T. (3.61)
Proof. From the second equation in (1.5) and p = @y = @ we infer that
vy — (U — W)V = EVyy, xz € (0,1), t > 0. (3.62)

By this and the fact that u(x,t) — @ — 0 uniformly for z € (0,1) as t — oo thanks
to (3.45), we find that

<eff°<u<-,s>a>dsv> — el —nds, (3.63)
t
This in conjunction with (3.45) and (3.60) yields ¢; > 0 and ¢y > 0 such that

(eft“(U(wS)ﬂ)dsv)
t

< eelTaeT s pmoat

Le>=((0,1))

4 t
Ccogeor e M

= cge” 4t for all t > T. (3.64)

IN
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For notational simplicity, we set g(x,t) := el (uls)=w)dsy, for each fixed z € (0,1)
and all ¢ > T. By (3.64) we find that for any ¢ +1 > s > ¢ > T there holds

ge (-, 2) - (s = t)]| Lo ((0,1))

Hg(7 8) - g('at)HLoo((O,l))

< gt Dl o ((0,1))
S 64670145
< e =0 ast— oo, (3.65)

thanks to 0 < s —t < 1, where t € (¢,5) C (t,t+ 1). From (3.65) we assert that for
any time sequence {t,}: T < t; <ty < -+ < t, — +o0 satisfying ¢, — t,—1 < 1,
g(x,t,) is a Cauchy’s sequence for each fixed « € (0,1). Therefore, there exists a
function v(x) such that

lg(z,t) — v(2)||L((0,1)) = O as t — 400,
that is,
||€ft°°(u(x7$)_ﬂ)dsfu(x7t) — 6(%)”1/00((071)) — O ast — "FOO (3.66)
On the other hand, from (3.45) we obtain c¢5 > 0 such that

c5 —ajt

1< e a1°

—a

< [lede e =mds) 0.1y < en® M 51 ast oo,

which implies

el (wlzs)=wds 1 yniformly for z € (0,1), as t — oo. (3.67)
Combining (3.66) and (3.67) entails that
|v(z,t) = 0(x)||Loe(0,1)) =0  ast— oo (3.68)

Now it remains to prove that o(z) = const.. To this end, we infer from (3.55) that
for any x1,z2 € (0,1), there holds

[o(z1,8) —v(za,t)] = |oa(Z,8)(21 — 22)]

IN

[[02 (-, )l o< ((0.1))

IN

cse” 2t -0 as t — oo, (3.69)

where ¢5 > 0 is a constant and ¥ is between x; and x5. This in conjunction with

(3.68) yields
o) — o) < ol t) — o@)]| + [0 t) — v(en, O]+ [0(z2) — vz, 1)
— 0 as t = 4o00.
Hence,
v(z1) = v(z2) for any x1, 22 € (0,1)

and thus
o(x) = const. := v™. (3.70)
Finally, (3.61) is an immediate consequence of (3.68), (3.70), (3.65) and (3.50).
Moreover, from (3.46), (3.48), (3.68) and (3.70) we infer that
v* = efol Invodz+e [5° ||w(-,T)H2Lz((0Y1))dT.

We are now in the position to prove Theorem 1.2.
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Proof (of Theorem 1.2). Theorem 1.2 is an immediate consequence of (3.45), Lem-
mas 3.9 and 3.15. O

3.5. Stationary solutions. Proof (of Theorem 1.3). Using the boundary condi-
tions in (1.6), we can solve the first equation in (1.6) to obtain

w(z) = b (z) (3.71)

where A > 0 is arbitrary.
Inserting (3.71) into the second equation in (1.6) gives

EUpp — 0+ MMTD =0, 0<2<1,
{ v, = 0, x=0,1, (3.72)
where x < 0. Setting & = =, n = (%)% and © = nu, we see that
Uge —V+0P =0, 0<zxz<l1,
{ Uy = 0, x=0,1, (3.73)
where the tilde over ¢ has been dropped without confusion, and thanks to y < 0,
X
=14 =<1 3.74
pi=1+7 (3.74)

It is easy to show that ¥, = 1 is the unique positive constant solution to (3.73).
Hence,

D
X

and thus by (3.71),

e =2 ()]t

Actually, 9. = 1 is the only positive solution to (3.73). To prove this assertion, we
distinguish the following two cases.

Case 1: 0 < p < 1. In this case, the assertion was already given in [25]. However,
for completeness, we here present a direct proof.

Suppose, on the contrary, that there exists a positive non-constant classical solution
o(x) to (3.73). Denote ¥(xg) := mingepp,1] ¥(x) > 0. Since

et 5= P
{ EVpe +0 =07 >0, O<ax<1, (3.75)

Gy =0, z=0,1,
from the strong maximum principle we infer that zg # 0,1. Thus 2o € (0,1) and
therefore

Vg (o) > 0. (3.76)
We first assert that
(x0) = min o(x) > 1. (3.77)
z€[0,1]

In fact, if 0 < ¥(xg) < 1, then this in conjunction with (3.76) and the fact that
0 < p<1yields

Elga(0) — B(wo) + 0P (20) = TP (20) — (o) = 0¥ (w0)(1 — 7' P (x0)) > O,
which contradicts the first equation in (3.73). So, (3.77) holds.
Next, we define 0(z*) := max,¢jo,1) 9(x) > 0. When 2* € (0, 1), we claim that

o(z*) = max 0(x) < 1. (3.78)
z€]0,1]
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In fact, if 9(z*) > 1, then using this and noting ¥,,(2z*) < 0 and the fact that
0 < p < 1 we obtain
EVpe (%) — D(x*) + 0P (z%) < —0(x*) + 9P (z*) = —0P (2*)(8* P (2*) — 1) <0,
which contradicts the first equation in (3.73) again. Hence,
o(z) <1 for all z € (0,1). (3.79)

This, along the continuity of o(x) on [0, 1], proves (3.78). Combining (3.77) and
(3.78), we have

o(x) =1,
which contradicts the assumption that o(x) is non-constant.
Case 2: p < 0. Suppose that 97 and 0y are two positive solutions to (1.6). The
mean value theorem yields some &(x) satisfying 0 < min{?;(x),02(x)} < &(z) <
max{¥; (z), 02(x)} such that

W (z) — 0 (x) = p& b (2)(B1 () — Ba()).

This, along with a straightforward computation, yields that v := 07 — v solves

{ Vg — [1—p§%(w)}1’1:0, 0<z<l, (3.80)
v, =0, x=0,1.
Thanks to p <0 and &(x) > 0, we see that

1—ptB(z) >1>0. (3.81)

Hence, we can apply the elliptic maximum principle to (3.80) to conclude that o = 0

which indicates that ©; = v,. This proves that 9. = 1 is the only positive solution
D

to (3.73). Considering the constant positive solution (u, (§)x) of (1.6) must satisfy

the restriction fol u(z)dx = tg, the proof of Theorem 1.3 is complete. O

3.6. Numerical simulations. The chemotaxis model (1.5) is very difficult to solve
using the routine numerical scheme due to the singularity occurring in the flux term
(Inv); = v, /v. Noticing that the w in (1.5) is the same as one in the transformed
system (1.4), which no longer has logarithm’s singularity. Hence we can solve system
(1.4) to obtain the solution w of the original chemotaxis model (1.5) for x < 0.

We shall implement the finite-difference based Matlab PDE solver to solve sys-
tems (1.4) in (0,1), where the time step size At = 0.01 and spatial step size
Az = 0.01. In Fig. 1, we show the large time behavior of the solution u to system
(1.4), where Fig. 1(a) plots the initial distribution ug(x) = 1 + cos(4mwz) which is a
perturbation of cell mass wy = 1. Fig. 1(b) shows the time evolution of u(z,t) at
x = 0.4 where we see that the solution u quickly converges to the cell mass 4y = 1
in time ¢t < 1. This indicates that the convergence rate may be exponential and
illustrate our results in Theorem 1.1.

4. Appendix. Proof of Lemma 2.1. Denote
R = [Juollwzro ((0,1)) + llwollwzro (0,1)) + lwollcr o,y + llwollcr o1y + 1-
With this R and T € (0, 1) to be specified below, in the Banach space
X :=C"(Qr) x C*°(Qr),
we consider the closed convex set

St 1= {(ww) € X| u(,Ollcrogr S B and Jw(-0)loro@) < R}
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U,

0.4 0.6 0.8 1 0 1 2 3 4 5

FIGURE 1. Numerical solutions to the transformed repul-
sive chemotaxis model (1.4) with initial data wo(z) = 1 +
cos(4mx), wo(x) = sin(2wz), where € = 1. (a) plots the initial dis-
tribution ug(z) and (b) plots the time evolution of solution wu(z,t)
at spatial position z = 0.4.

and introduce a mapping ® : St — St such that given (u,w) € St, ®((a,w)) =
(u, w) where w is the solution to
Up — Ugy — WU, —weu =0, x€(0,1), te (0,T),
Ugp|z=0,1 = 0, te (0,7), (4.1)
u(z,0) = uo(x), x € [0,1],
and w defined the solution of
Wy — EWgy = (eW? + 1), x € (0,1), t € (0,T),
W|z=0,1 =0, te (0,7), (4.2)
w(z,0) = wo(z), z € 10,1].
We shall show that for 7" small enough ® has a unique fixed point.

Let Qr := (0,1) x (0, T). For consistency, throughout the remainder of this paper
we denote

WQJJ}(QT) = {u | Uy Ugy Uga, Ut € LP(QT)}
for p > 1, equipped with the norm

lullwzar@ry = lNullee@r) + luellr@qr) + tazllLe@r) + llutllLe@r)-
Since wo(z) € W2P0((0,1)) and [|(ew? 4 @)z ro(g,) < R(1 + 2eR) thanks to

(a,w) € St, from parabolic LP-theory (cf. [10, Theorem 2.3] and [17, Theorem
IV.9.1]) we infer that there exists a unique solution w(x,t) € WLPo(Qr) to (4.2)

and that there exists some constant ¢; > 0 such that

[wllw21m00r) < cr(ll(€@® + @)allLro(@r) + llwoll Lro (@r)
+[(wo)llLro(@r) + | (Wo)aa | Lro (@r))
< el - ([0 + @)all = (@r) + lwollwso(o.1)
< T - [R(1 + 2R) + R]
< ¢(R):=c¢1-[R(1+2eR) + R] (4.3)
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thanks to the facts that 7" € (0,1) and ||wo|lw=2r0((0,1)) < K. This in conjunction
with the Sobolev imbedding Theorem ([17, Lemma II. 3.3]) yields some ¢z > 0 such
that

lwllcive.avorr2@r) < esllwllwzrmo(@ry < ca(R) :=c3 - c2(R) (4.4)
where 6 :=1 — p% and particularly

[wllcrogry < ca(R). (4.5)

We next turn to consider (4.1). Since [luollwzr0(0,1)) < R and [w|p=(g,) <
ca(R), |wz|lz(@r) < ca(R) by (4.5), from parabolic LP-theory (cf. [10, Theorem
2.3] and [17, Theorem IV.9.1 and Section V.7]) we infer that there exists a unique
solution u(z,t) € W2LPo(Qr) to (4.1). Moreover, proceeding as in the derivation

of (4.4), we can obtain some c5(R) > 0 such that

lullorso.csnzop < cs(R). (4.6)
Thus,
lulero@r < lhue,t) = ul@.0)lerowr) + lu(a 0lcroan)
< 5L Hu||coy(1+9>/2(QT) + [luollcr (o)
< T es(R) + |Juollor o

_2
From this we deduce that if we take T > 0 sufficiently small that T' < (ﬁ) Hg,
then we have

[ullero@py < 1+ [luollorqoy) < R (4.7)
Similarly, if T is further diminished, say
L\
T <Ty=To(R) < (05(R)> , (4.8)
then we also have
lwllcrogy < R (4.9)

This, along with (4.7), proves (u,w) € Sp. Thus, ® maps Sr into itself. By a
straightforward adaptation of the above reasoning, one can easily deduce that if T'
is further diminished then ® in fact becomes a contraction on Sy. For such T we
therefore conclude from the contraction mapping principle ([11, Theorem 5.1]) that
there exists a unique (u,w) € St such that ®((u,w)) = (u, w).

By (4.1), w,w, € C%%/2(Qr) and the classical regularity of parabolic equations
([17, Theorem V. 6.1]) we obtain

u(x,t) € C2H0A+0/2((0,1] x [, T]) for all n € (0, Tp].
Similarly,
w(z,t) € CHO0F0/2([0 1) x [, T])  for all n € (0,Ty).

This proves the regularity of the solution (u,w) to (1.4). The solution may be
prolonged in the interval [0, Tyq,) With either Thuqr = 00 or Tingr < 00, where in
the latter case

lu(-s ) llwzro 0,1)) + lw(s D)llwero (0,1)) = 0 ast /' Tax,

because Ty depends only on R by (4.8), and [[ug||lc1(j0,17) < c6lluollw2ro((0,1)) and
lwolleroy < collwollw2ro((0,1)) for some cg > 0 by the Sobolev embedding:
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W2Po((0,1)) < C*([0,1]) for po > 3. Finally, the positivity of u results from
the strong parabolic maximum principle, because ug #Z 0 ensures that u Z 0. O
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