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Abstract: We establish the existence of global classical solutions and non-trivial
steady states of an one-dimensional attraction-repulsion chemotaxis model subject
to Neumann boundary conditions. The results are derived based on the method
of energy estimates and the phase plane analysis.
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1 Introduction

Chemotaxis describes the directed migration of cells along the concentration gradient of the
chemical which is produced by cells. It is a leading mechanism to account for the morphogen-
esis and self-organization of many biological system. The prototype of the population-based
chemotaxis model, known as the Keller-Segel model, was first proposed by Keller and Segel
in the 1970s [5] to describe the aggregation of cellular slime molds Dictyostelium discoideum.
The rudimental structure of the Keller-Segel model is a system of parabolic partial differential
equations as follows

ur = DyAu — V(xuVv),

(1.1)
vy = DyAv + f(u,v),

where u(z,t) denotes the cell density and v(z,t) is the chemical concentration, D, and D,
are positive diffusion coefficients and y > 0 is called the chemotactic coefficient measuring
the strength of influence of the chemical on cells. The Keller-Segel model (1.1) describes
the cell chemotactic movement toward a single chemical (i.e. chemoattractant) and has
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been extensively studied in the past four decades from various perspectives ([8, 14, 15]).
However in many biological processes, the cells may interact with a combination of repulsive
and attractive signalling chemicals to produce various interesting biological patterns, such
as the formation of nigrostriatal circuits during development [7], the chick primitive streak
formation [3], and many others (e.g., see [4]). In this paper, we shall consider the following
attraction-repulsion chemotaxis model

ut = DyAu — V(xyuVv) + V(xy,uVw),
v = Dy Av + au — v, (1.2)
wy = Dy Aw + yu — dw,

where D, D, D,, > 0 are diffusion coefficients, x, > 0, x,, > 0 are chemotactic coefficients,
a,7 > 0 and $,6 > 0. The model (1.2) was proposed in [10] to describe the aggregation
of microglia observed in Alzheimer’s disease and in [12] to describe the quorum effect in the
chemotactic process. In their approaches, it is assumed that there exists a secondary chemical,
denoted by w, which behaves as a chemo-repellent to mediate the chemotactic response to
the chemoattractant v accordingly. To the best of our knowledge, there is rigorous result
by now on the chemotaxis model with two opposite chemicals (i.e. chemo-attractant and
chemo-repellent). The purpose of this paper is to establish the global existence of classical
solutions and steady states of (1.2) in one dimension with Neumann boundary conditions.
The results for higher dimensions still remains open.
In one dimension, the system (1.2) reads

Uy = DyUgy — (Xvuvx)m + (quw:p)ma
v = Dyvge + au — Bo, (1.3)
Wy = DyWyy + yu — dw.
With the following scalings
1

7 ~ Xv  ~  Xw =~ Xv  ~  TXw N -
t= DutaU = Fuvyw = Fuwau = FEU;V = OCXU7 (DvaDUHB?(S) = E(DU7DW7675)7

system (1.3) can be reduced to the following system

Ut = Ugy — (uvx)m + (uwz)xa
v = Dyvge +u — B, (1.4)
wr = wazz +yu — (S'UJ,

where the tilde superscripts have been suppressed for readability.
Letting €2 be a bounded open interval in R = (—o0, 00), we prescribe the initial conditions

u(x,0) = up(z), v(z,0) =vo(x), w(z,0)=wy(z), (1.5)

and Neumann boundary conditions

ou Ov OJw

where v denotes the unit outward normal vector to the boundary 0f2.

In the present paper, we shall prove the existence of global classical solutions to the model
(1.4), (1.5) and (1.6) based on Amann’s theory and the method of energy estimates. We also
show the existence of non-trivial steady states of (1.4) subject to the Neumann boundary
conditions (1.6) for the case fD,, = dD, by the phase plane analysis.
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Notations. Throughout the paper, 2 denotes a bounded open interval in R unless
otherwise specified and C' denotes a generic constant which can change from one line to
another. LP = LP(Q)(1 < p < o) denotes the usual Lebesgue space in a bounded open

1/p
interval  C R = (—o0,00) with norm ||f||zr = (fﬂlf(xﬂpdx) for 1 < p < oo and

£z = esssup |f(z)]. When p = 2, we write ||f||2 = ||f|| for notational convenience. H'
e

A 1/2
denotes the I-th order Sobolev space W2 with norm ||f||; = || f]l; = (22:0 H@;f\|2> .

For simplicity, || f(-,¢)||zr and || f(-,t)||; will be denoted by ||f(¢)||» and || f(t)];, respectively.
Moreover, we denote [|(f,9)llr = [|fllzr + [lgllze for 1 < p < oo and [[(f,9)llm = [Ifllm +
gl g for i =1,2,3,---.

2 Preliminaries

In this section, we present some inequalities which will be used to derive the required esti-
mates. First we recall the Gagliardo-Nirenberg inequality for functions that do not vanish at
the boundary of Q (see Theorem 1 in [11]).

Lemma 2.1. Let Q) be a open bounded domain in R™ with smooth boundary. Then for
any q > 1, there exists a positive constant Cq, which depends on n,q,$2, such that for all
fewi(q),

I £llze < Co IV AIS NI + N F 1) (2.1)

wherea:(l—%)/(%ﬂ-%) and 0 < a < 1.

Letting n = 1,q = 4, = 1/2 in (2.1) and using the inequality (a + b)? < 2(a® + b?) for
any a,b € R, we obtain the following inequality

1£174 < CULMIAN s + N FIZ0). (2.2)

The following Gronwall’s type inequality [16] will be used later.

Proposition 2.2. Let n(-) be a nonnegative differentiable function on [0,00) satisfying the
differential inequality n'(t) + In(t) < w(t), where | is a constant and w(t) is a nonnegative
continuous functions on [0,00). Then

n(t) < (n(O) + /O t e“w(T)dT> e, (2.3)

Alternatively, if for t > 0, ¢(t) > 0 and ¥(t) > 0 are continuous function such that the
inequality ¢(t) < Cexp(rt)+ L fg Y(s)p(s)ds holds ont > 0 with C and L positive constants,
then

¢(t) < Cexp(rt) exp <L /th/}(s)ds) (2.4)

3 Global existence of classical solutions

In this section, we shall establish the global existence of classical solutions of the system (1.4),
(1.5) and (1.6). The main result is the following:
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Theorem 3.1. Let (ug, v, wo) € H?(). Then there exists a unique global solution (u,v,w)
to the system (1.4), (1.5) and (1.6) such that (u,v,w) € [CO(Q x [0,00); R3)]3 N [C*1(Q x
(0,00); R3)]3. Moreover u,v,w > 0 if ug, vo, wo > 0.

Remark 3.1. Theorem 3.1 does not exclude the possibility that the solution may blow up at
infinity time.

Theorem 3.1 will be proved by the local existence and the a prior:i estimates as given
below.

3.1 Local existence
In this section, we shall apply Amann’s theory [1] to establish the local existence of solutions.

Theorem 3.2. (local existence). Let © be a bounded open interval in R. Then

(i) For any initial data (ug,vo,wo) € [HY(Q)]?, there ewists a mazimal existence time
constant Ty € (0,00] depending on the initial data (ug,vo,wo), such that the problem (1.4),
(1.5) and (1.6) has a unique mazximal solution (u,v,w) defined on 2 x [0,Ty) satisfying

(u,v,w) € [CO(Q x [0,Tp); R®)]> N [CH1(Q x (0, Ty); R)]3.

(i) If  sup ||(u,v,w)(:,t)||pe < 0o for each T > 0, then Ty = oo, namely, (u,v,w) is
0<t<ToNT
a global classical solution of the system (1.4), (1.5) and (1.6). Moreover u > 0,v > 0,w > 0

if up > 0,v9 > 0,wp > 0.

Proof. Define n = (u,v,w) € R3. Then the system (1.4) with (1.5) and (1.6) can be
rewritten as

ne— V- (a(n)Vn) = F(n), inQ x[0,+o0),

?)Z =0, on 9% x [0, +00), (3.1)
n(-,0) = (ug, vy, wo), in Q,
where
1 —u u 0
am=|(0 D, 0 |, Fn)=| u—pv
0 0 Dy Yu — dw

It is clear that the eigenvalues of a(n) are all positive and hence system (1.4) is normally
elliptic. Then the local existence result of assertion (i) follows from [1, Theorem 14.6], and
(11) is a consequence of [1, Theorem 15.3]. Finally the positivity of solutions follows from [1,
Theorem 15.1].

O

3.2 A priori estimates

In this section, we are devoted to deriving the a prior: estimates of solutions obtained in
Theorem 3.1 to establish the global existence of solutions. First of all, we notice that the
first equation of (1.4) is a conservation equation. If we denote

/ up(x)dr =:m (3.1)
Q
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then by integrating the first equation of (1.4) and using the Neumann boundary conditions
(1.6), we have

()| = /Qu(a:,t)dx —m. (3.2)

Lemma 3.3. Let (vg,wo) € [L*(Q)]? and (1.6) hold. Let (u,v,w) be a solution of the problem
(1.4)-(1.6). Then for any T > 0, there is a constant C such that the following inequality holds
forany 0 <t <T

H@JM@NQSC’A!(%wﬂﬂwdr+é\K%ﬂ%ﬂﬂwdrﬁcﬂ+¢) (3.3)

Proof. Multiplying the second equation of (1.4) by v and integrating the resulting equation
with respect to x over € gives rise to

1
Ld UQdSE—F,B/UQdCL'—{—Dv/U§d$:/uvdl‘§m||v||Loo.
Q Q Q Q

2 dt
Applying the Sobolev embedding H' <+ L>, one has that

1d

D,
/EMHﬂ/ﬁwxu%/ﬁMSCmWMHmm L el

where the Young inequality has been used. Then it follows that

d, o 2 2

117+ BlIol" + Dyflvs||* < C. (3-4)
Applying Gronwall’s inequality (2.3) to (3.4) yields that

Jv]]2 < HUO||2+C' ﬁTdT e Bt
< (Jlvoll® = C/B ftyo/p<C.

Furthermore the integration of (3.4) with respect to ¢ over [0, t] gives

/||v(7-)|]2d7—|—/ o (7) |27 < C(1 +1). (3.5)
0 0

Applying the same procedure to w, we finish the proof.
O

Lemma 3.4. Let ug € L*(Q), (vo, wo) € [HY(Q))? and (u,v,w) be a solution of the problem
(1.4)-(1.6). Then for any T > 0, there is a positive constant C' such that for any 0 <t < T
it follows that

mmW+AHMWWm+w%me+Amevasc@+JW (3.6)
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Proof. We multiply the first equation of (1.4) by u and integrate the resulting equation
by parts. Then by (2.2), the Hélder inequality and the Young inequality, we derive that

1d 1 1
Sd Quzdx—l—/guidx:—Q/Qu%mdx—i-2/Qu2wmdx

< HUH%‘l(HUmJJH + [[wazl])
< C(mllug|l +m?) (veall + lwee )
1
< 5”“9:”2 + C([Jvaz || + lwzz|| + ||U:1::L“H2 + meHQ),

where the Young inequality has been used. Using the Cauchy-Schwarz inequality to derive
C[[vaall + [[waal]) < 2C% + ||U:m:H2 + meHQa we have

d
a u2dx+/ 2z < C(1+ [vanl? + [wasl?). (3.7)

Next we estimate the right hand side of (3.7). To this end, we multiply the second equation
of (1.4) by —v,, and integrate the resulting equation to obtain that

d
— [ vidx + / v2dx + / v2 dr < C’/ u?dz. (3.8)
dt Jo 0 Q Q
Similar procedure applied to the third equation of (1.4) leads to
d
— [ widx +/ w2dx +/ w2, dr < C/ u?dx. (3.9)
dt Jo Q Q Q

Combining (3.8) and (3.9) we have

(v2 4 w?)dx + / (v2, +w?,)dr < C/ u?dz. (3.10)
Q

(vi + wi)dw + /
Q

dt Jo Q

Then integrating (3.10) with respect to ¢ yields that

2 ¢ 2 ¢ 2
H%W@H+AW%WMWHW+AH%m%@WHW

. (3.11)
< C<1 —I—/ ||u(7‘)||2d7'>.
0
Now we integrate (3.7) with respect to ¢ and obtain that
¢ ¢
I + [ uar)Pdr < C+8)+C [ (v wan (7 P (3.12)
0 0

By using the Gronwall’s inequality (2.4) to (3.12), one has that

u(®)]2 < C(1 + t)eCt, (3.13)
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Therefore substituting (3.13) back to (3.11) gives

’U’LU2 t’l)’LUT27' tUUJTQT
mx,au+4wz,auud+4uumxmmud

(3.14)
< O(1 +1)et < Cet
where we have used the fact that 0 < ¢t < e©? for C' > 1.
Then the combination of (3.13) and (3.14) with (3.5) gives (3.6).
O

With Lemma 3.4, we can derive the following estimates.

Lemma 3.5. If (vo,wo) € [H?(Q)]?. Let (u,v,w) be a solution of the problem (1.4)-(1.6).
Then for any T > 0, there is a positive constant C' such that for any 0 <t < T it holds that

||(Uxx7wm)(t)”2 ""/0 ||(Um7wm)(7')”2d7' +/0 H(Uxmrvwmx)(T)szT <C(1+ QCt)'

Proof. Differentiating the second question of (1.4) with respect to x twice and then multi-
plying the result by v,,, we obtain

1d
—— Uixdﬂv—i—ﬂ/ Ufmd:p—l—Dv/ vgmd:r: / Upp Ve dT = —/ Uz VpprdT.
2dt Jo Q Q Q Q

By the Cauchy-Schwarz inequality, we have —u,vz, < %

= vim + Dlvui, which is applied to
the above identity yields

t t t
||U:I::Jc||2 + ||'Umr(7')||2d7’ + ”U:vm(T)HQdT <C ||U2(7')H2d7"
0 0 0

Then the application of Lemma 3.4 to the above inequality gives the estimate for v. By the
same procedure, we can derive the similar estimates for w and complete the proof. O

Combining Lemma 3.5 and Lemma 3.4 and using the Sobolev embedding H' — L™, we
derive that
[l Lo + [waloe < C(14€). (3.15)

Then we can derive the H'-estimates for w.
Lemma 3.6. Let ug € H*(Q). Assume that (u,v,w) is a solution of the problem (1.4)-(1.6).
Then for any T > 0, there is a positive constant C such that for any 0 <t < T it has
t
sl + [ ues(r)Pdr < €1+ ),
0

Proof. Multiplying the first equation of (1.4) by (—us,) and integrating the result yields

1d
T Quidl‘ +/ﬂuimd:n = /Qum(uvm)xdw — /Qum(uwx)zdx (3.16)
Next we estimates the terms on the right hand side terms of (3.16). To this end, we first
differentiate the second equation of (1.4) thrice and then multiply the resulting equation by
Vzez- After integrating the result with respect to x and ¢, we have

t t t
mmW+Amvam+AHmmmwws%AwWme (3.17)
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where we have used the Cauchy-Schwarz inequality and Cj is a constant. In virtue of the
integration by parts, we deduce that

1
/um(uvx)xdaz: / u2vmmd1‘+3/ VpUp Uy AT
Q 2 Ja Q

< Nl vmsaall + 3llvall / ptige|de
Q

where the Holder inequality has been used. Then by the Cauchy-Schwarz inequality and
using (3.17), (3.6), (2.2) and (3.15), one has

t t 1 t
/ / s (0o < C / (AR — / T
0 Q 0
t
+C’/ (l—l—eCT)/ uldrdr + //u dzdr
0

¢ 2 Ct 2
<C [ 1+ uslr) )i+ €1+ ) /0 lua(r)2dr (318)

1 [t 5
t1 IIU:c:c(T)II dr

< C(1 —i—eCt /||um|] dr.

The same argument as above applied to w also gives rise to

/ /um wwg)pdz < C(1 + ) + / (|t |2 (3.19)

Then integrating (3.16) with respect to ¢ and applying the inequalities (3.18) and (3.19), we
complete the proof. O

3.3 Proof of Theorem 3.1

By Lemma 3.4 and Lemma 3.6 as well as Sobolev embedding H' < L>, we have

Sup ||(U>an)(t)“L°° < C(l +eCt)
0<t<ToNT

for any 7' > 0. That is for any finite time ¢t with 0 <t < ToNT, ||(u,v,w)(t)| e is bounded.
By the statement (ii) of Theorem 3.2, the maximal existence time constant Tj of the classical
solution obtained in Theorem 3.2 must be infinite. The non-negativity of the solution follows
from (ii) of Theorem 3.2 directly. Then the proof of theorem 3.1 is finished.

4 Steady States

In this section, we study the non-trivial steady states of (1.4) with homogeneous boundary
conditions (1.6). Steady states of (1.4) satisfies the system
Ugy — (uvx)ac + (uwz)x = 07
Dyvgy +u— v =0, (4.1)
Dywyy + yu — dw = 0.
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The non-trivial steady state of (1.4) is defined as the solution of (4.1) where none of u, v and
w is a constant. In this paper, we only consider the simple case 5 = Di = p which indicates
that both the chemoattractant and chemo-repellent have the same death rate relative to their
diffusions, respectively. The result of the non-trivial steady state for the general system (4.1)

still remains open. By defining ¢ = v — w, the system (4.1) can be transformed as

Gzz + AU — pp =0 (42)

where A = D— — D— Then integrating the first equation of (4.2) and using the homogeneous
boundary conditions (1.6), we have

u = ne?

where 7 is a positive constant.

We substitute the expression for u into the second equation of (4.2) and obtain an elliptic
equation for the steady states:

Gu = i — Aje?. (4.3)

This equation of steady states has been extensively investigated when ¢ > 0 and A > 0. e.g.,
see [13, 8]. However in our model both the variable ¢ and the constant A can be non-positive.
We write (4.3) as a first order Hamiltonian system

Gz =,

(4.4)
Yo = pigp — Ane®.

Without loss of generality we assume 2 = (0, L) with L > 0. Then the Neumann boundary
conditions (1.6) becomes

y(0) = y(L) = 0. (4.5)
Let (¢*,y*) be an equilibrium point of (4.4). Then the coefficient matrix of the linearized
system of (4.4) about (¢*,y*) is

[ o 1

T = e 0

It is straightforward to see that the equilibria of (4.4) satisfies y = 0 and

o = Ane?. (4.6)

Then there are two cases to consider:

(1) When A < 0, namely D,, < vD,, the equation (4.6) always has a unique solution
¢* < 0. The equilibrium (¢*,0) is a saddle point for the linearized system due to det M =
—p+ Ane?” < 0. Tt is also a saddle for the full nonlinear system (4.4) by Hartman-Grobman
theorem. Since the nonlinear system has the Hamiltonian functional H(¢,y) = % — £¢? +
Ane?, there are no non-trivial steady state solutions satisfying the boundary condition (4.5)
by simple phase plane analysis.

(2) When A > 0, namely D,, > vD,, the equation (4.6) can have zero, one or two solutions
depending on the parameters. It is straightforward to check that only the case of two solutions
yields the non-trivial steady states. The equation (4.6) has two solutions 0 < ¢} < ¢35 if and
only if ;1 > Ane, where ¢} satisfies u > Ane®t and ¢} satisfies u < Ane?2. It is trivial to check
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that the equilibrium (¢7,0) is a saddle and the equilibrium (¢3,0) is a center. Since the
interval [0, L] is bounded and the system (4.4) is Hamiltonian, by the standard phase plane
analysis, we can readily show that for each L, there is a non-trivial solution of (4.4)-(4.5)
which is a closed orbit. The non-trivial steady states are nested around the center (¢3,0).

y=Ho

=Ane®

0 * 1 *

(Pl ® (p2

Figure 1: An illustration of the two solutions of the equation (4.6).

Therefore when D,, > vD,, there is a non-trivial smooth solution to the equation (4.3)
which satisfies the Neumann boundary condition % =0 at x = 0, L. Hence the steady state
solution u = ne? exists. Substituting it into the second equation of (4.1) yields with (1.6)

— Ve + v = ie‘i’(’”), O<z<lL
D,

0
a—Z:O, z=0or L

which is a linear elliptic equation with Neumann boundary condition. Since the non-homogeneous
term e? is smooth for x € (0, L), the smooth solution of (4.7) exists (e.g. see [2]). By the
same argument, the solution w of the third equation of (4.1) with Neumann boundary con-
dition can be obtained. In summary, we have the following theorem about the steady states

of system (1.4) subject to the boundary condition (1.6).

Theorem 4.1. Let Q = (0,L). Assume Dﬁv = D%,y If Dy, < 4D, the system (1.4) with

Neumann boundary conditions (1.6) has no non-trivial steady states. If Dy, > vD,, then a
non-trivial steady state of the system (1.4) subject to (1.6) exists for each L > 0.

(4.7)

From the above analysis and results, we see that the existence of non-trivial steady states
of (1.4) depends on the sign of parameter A which relates the diffusion coefficients D, and
D,,. Hence if other parameters are fixed, the relative diffusivity of the chemo-attractant to
chemo-repellent play a prominent role in determining the nature of the steady states.

5 Summary

In this paper, we establish the existence of global classical solutions and steady states to an
attraction-repulsion chemotaxis model in one dimension. Our result does not exclude the
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possibility that the solution may blow up at infinity time. From the analysis of steady state,
we find that the existence of non-trivial steady states depends on the ratio of the chemo-
attractant diffusion to the chemo-repellent diffusion. The existence of global solutions of
the attraction-repulsion chemotaxis model in multi-dimensional spaces still remains open al-
though it is more interesting to investigate. The pattern formation of the attraction-repulsion
chemotaxis mode is also an interesting issue worthwhile to be studied in the future. In par-
ticular, the difference of the solution behavior between the classical Keller-Segel model (i.e.
attraction chemotaxis model) and attraction-repulsion chemotaxis model needs to investi-
gated both analytically and numerically.
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