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GEOMETRY EFFECTS ON THE BOUNDARY-LAYER PROFILES

OF THE KELLER-SEGEL SYSTEM

CHIUN-CHANG LEE, SANG-HYUCK MOON, ZHI-AN WANG, AND WEN YANG

Abstract. We consider the boundary-layer problem of a nonlocal semilinear
elliptic equation in a bounded smooth domain of all dimensions with the Dirich-
let boundary condition, which arises as the stationary problem of the Keller-
Segel system with physical boundary conditions describing the boundary-layer
formation driven by chemotaxis. Using the Fermi coordinates and delicate
analysis with subtle estimates, we rigorously derive the asymptotic expansion
of the boundary-layer profile and thickness in terms of the small diffusion rate
with coefficients explicitly expressed by the domain geometric properties in-
cluding mean curvature, volume and surface area. By these expansions, one
can explicitly find the joint impact of the mean curvature, surface area and
volume of the spatial domain on the boundary-layer steepness and thickness.
This seems to be the first result revealing how the boundary-layer profiles
depend on the domain geometries for chemotaxis models.

1. Introduction

This paper is concerned with the stationary problem of the Keller-Segel chemo-
taxis system

(1.1)

{
vt = Δv −∇ · (χv∇φ(u)) in Ω,

ut = ε2Δu− uv in Ω,

subject to the physical boundary conditions

(1.2) (∇v − χv∇φ(u)) · ν = 0, u = ū on ∂Ω,

where v(x, t) and u(x, t) denote the cell density and chemical (signal) concentra-
tion, respectively, ν is the normal vector of ∂Ω, ū is a positive constant, Ω is a
bounded domain in R

n(n ≥ 2) with smooth boundary, and ε > 0 represents the
chemical diffusion rate. The function φ(u) is the chemotactic sensitivity function
accounting for the signal transduction mechanism in response to the chemical signal.
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There are two prevailing prototypes: φ(u) = u (linear sensitivity) and φ(u) = log u
(logarithmic sensitivity). The model (1.1) was first proposed in [21] to explain
the propagation of traveling bands driven by the bacterial chemotaxis observed in
the celebrated experiment of Adler [1] where the oxygen is supplied at the end
(boundary) of the capillary tube filled with water to attract the bacteria inside the
capillary tube to move towards the oxygen, which corresponds to the boundary
conditions given in (1.2). Later it was employed to describe many other important
biological processes such as the initiation of angiogenesis [25, 26], boundary move-
ment of chemotactic bacteria [35], reinforced random walks [24,36], and so on. The
mathematical derivation of (1.1) was given in [24, 36] based on the random-walk
framework. In particular, the model (1.1) coupled to fluid dynamics was employed
in [42] to explain the boundary accumulation layer formed on the drop edge (air-
water interface) in a sessile drop mixed with aerobic bacterial Bacillus ubtilis due
to chemotaxis.

Literature review. Due to its strong biological relevance, the Keller-Segel system
(1.1) has attracted extensive attention and various analytical results have been
developed, such as the stability of traveling waves (see [7, 8, 10, 20, 30, 33]), global
well-posedness of solutions (see [9,28,29,32,34,38,46] in one-dimensional bounded
domain with various boundary conditions or in the whole real line R, and [12, 17,
27,32,37,39,41,43,45] in multidimensional spaces), just to mention a few and more
relevant works can be found in the above-mentioned references. In contrast, the
boundary-layer problem of (1.1) pertinent to the experimental observation in [42]
is less studied. Below we shall briefly recall these results in connection with our
current study, based on two different cases: linear and logarithmic sensitivities.

• φ(u) = u (linear sensitivity). In this case, the first rigorous result was due
to [23] showing that the existence of unique stationary solution of (1.1) and
convergence of it as ε → 0 in any dimension. Furthermore, the stability
of stationary boundary-layer problem solution was proved in one dimen-
sion [19] and in multi-dimensions [31]. The existence of classical solutions
in the two-dimensional radially symmetric domain and weak solutions or
small-data classical solutions in higher dimensions were proved in [22, 44].
Recently the convergence of solutions to the time-dependent problem (1.1)
as ε → 0 was shown in [4] and in [18] for degenerate and non-degenerate
initial data, respectively.

• φ(u) = log u (logarithmic sensitivity). In this case, the analytical results
of the boundary-layer problem of (1.1) seem to be less complete. The first
result was obtained in [5] showing that (1.1) in one dimension admits a
unique stationary boundary-layer solution which is locally asymptotically
stable, succeeded by a work [40] further giving the stabilization rate. Similar
results have been extended to more general consumption rate functions in
[13]. In a two-dimensional smooth domain or a ball in three dimensions and
higher, the existence of unique stationary solution of (1.1) was obtained in
[2]. Recently it was shown in [6] that (1.1) with any ε > 0 admits a unique
stationary solution in all dimensions which is a boundary-layer profile as
ε → 0. When the domain is radially symmetric, the asymptotic expansion
of boundary-layer profile and thickness near the boundary in terms of small
ε > 0 was further established in [6]. We remark that the analyses for (1.1)
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with logarithmic sensitivity φ(u) = log u are much harder than the linear
sensitivity φ(u) = u since the former generates a singularity as ε → 0 (see
Section 2.3).

A remarkable feature of the boundary-layer phenomenon observed in both labo-
ratory and numerical experiments shown in the paper [42] is that the boundary-layer
thickness varies with the boundary curvature. So far, the above-mentioned works
only established the existence of boundary-layer solutions of (1.1) in arbitrary di-
mensions for the stationary problem and in one dimension for the time-dependent
problem, but none of them studied the impact of domain geometric properties, such
as boundary curvature or domain surface area, on the boundary-layer profile such
as the steepness and thickness. Since boundary-layer solutions describe the rapid
change of solution values near the boundary, it is natural to ask how the domain
geometry affects the boundary-layer shape localized near the boundary. The main
goal of this paper is to answer this question by studying the stationary problem of
(1.1). Specifically, by assuming the domain is smooth, we rigorously derive explicit
asymptotic expansions of the boundary-layer profile, steepness and thickness up to
higher-order terms in terms of small ε > 0, by which we can pinpoint the impact
of domain geometry (curvature, volume and surface area of the domain) on the
boundary-layer profile, steepness and thickness. Though boundary-layer problems
have been widely studied for fluid dynamics (cf. [3, 14]) or some other biological
models (cf. [15, 16]), it seems that the effect of domain geometric properties on
the boundary-layer formation was rarely studied (if none). Our result seems to be
the first one that can explicitly address this issue. We conclude this section by
rigorously deriving that the stationary problem of (1.1) can be reduced to a scalar
nonlocal Dirichlet elliptic problem.

Derivation of the stationary problem. First we note that the integration of
the first equation of (1.1) over Ω immediately yields

(1.3)

∫
Ω

v(x, t)dx =

∫
Ω

v0(x)dx := m,

which entails that the mass of v is preserved, denoted by m > 0, where v0 ≥ ( �≡ 0)
denotes the initial value of v. This implies that the mass conservation (1.3) is an
inherent constraint which should be prescribed in the analytical study. Therefore
the stationary solutions of (1.1), still denoted by (v, u)(x) without ambiguity, satisfy

(1.4)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Δv −∇ · (χv∇φ(u)) = 0 in Ω,

ε2Δu− vu = 0 in Ω,

(∇v − χv∇φ(u)) · ν = 0, u = ū on ∂Ω,∫
Ω
v(x)dx = m.

Multiplying the first equation of (1.4) by ln v−χφ(u), and integrating the equation
on Ω, we have

(1.5)

∫
Ω

v|∇(log v − χφ(u))|2dx = 0.

Since we are interested in the non-negative solutions, we have v(x) ≥ 0 and u(x) ≥ 0
for any x ∈ Ω. Applying the strong maximum principle to the second equation of
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(1.4), we have u(x) > 0 for any x ∈ Ω. We next write the first equation of (1.4) as

−Δv + χφ′(u)∇u∇v +
χ

ε2
uφ′(u)v2 = −χvφ′′(u)|∇u|2 ≥ 0.

Then by the strong maximum principle and Hopf’s boundary point lemma along
with the fact

∫
Ω
vdx = m, one has v(x) > 0 for all x ∈ Ω. Thus, it follows from

(1.5) that

log v − χφ(u) = c0

for an arbitrary constant c0. Therefore, we get a constant λ = ec0 > 0 such that

(1.6) v = λeχφ(u), λ =
m∫

Ω
eχφ(u)dx

,

where the constant λ = m∫
Ω
eχφ(u)dx

is due to the mass constraint in (1.4). Then the

second equation of (1.4) can be rewritten as a nonlocal problem as follows:

(1.7)

⎧⎨⎩ε2Δu =
m∫

Ω
eχφ(u)dx

ueχφ(u) in Ω,

u = ū > 0 on ∂Ω.

Therefore the stationary problem (1.4) is equivalent to the nonlocal problem (1.7)
with (1.6). The existence of the unique positive solution of (1.7) with both linear
and logarithmic sensitivity in any dimensions was shown in [23] and [6], respectively.
Apart from the existence, the asymptotic expansion of the boundary-layer profile
thickness as ε → 0 was also derived for the radially symmetric domain up to the
first order term in [23] and leading order term in [6]. It turns out the results are
quite different between linear and logarithmic sensitivity, where the latter generates
a singularity making the analysis much more difficult. As far as we know, the
asymptotic expansion of the boundary-layer profile and thickness as ε → 0 in a
general multi-dimensional domain remains unknown. In a general domain, the
domain geometry properties, such as (mean) curvature, volume or surface, will
become important and hence affect the boundary-layer profile. In particular, one
may expect that the boundary-layer solution will behave differently at different
boundary points. The main goal of this paper is to develop new ideas to explore
this question. Our results and analyses will be divided into two different cases:
linear and logarithmic sensitivities, which will be treated by different technicalities.

2. Statement of main results

In this section, we shall state our main results for the semi-linear nonlocal elliptic
problem (1.7) with linear and logarithmic sensitivities. We first introduce some
notation.

Notation.

• We write a ∼ b if there exist two positive constants c1, c2 > 0 such that
c1a ≤ b ≤ c2a.

• By C, we denote a generic positive constant that may vary among different
formulas and places. To highlight the dependence of C on some quantity
say K, we shall write it as C(K).
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2.1. Laplacian operator in terms of Fermi coordinates. To analyze the be-
havior of solution near ∂Ω, we will employ Fermi coordinates close to the boundary.
Given a smooth bounded domain Ω ⊂ R

n(n ≥ 2), for any small δ > 0, we define

Ωδ := {x ∈ Ω | 0 < dist(x, ∂Ω) < δ}.

Then for any x ∈ Ωδ, we can parameterize a point on ∂Ω along with the distance
from this point to the boundary. This allows us to represent x ∈ Ω in the following
manner:

X : (y, z) ∈ ∂Ω× R
+ → x = X(y(x), z(x)) = y(x) + z(x)ν(y(x)) ∈ Ωδ,

where y(x) ∈ ∂Ω is the point such that

|x− y(x)| = dist(x, ∂Ω), z(x) = |x− y(x)|

and ν(y(x)) denotes the unit interior normal vector at y(x) ∈ ∂Ω. There exists a
constant δ0 > 0 small enough, such that

(2.1) X : ∂Ω× (0, δ) → Ωδ is a diffeomorphism for any δ ∈ (0, δ0).

Conventionally, letting κi(y(x)), i = 1, 2, · · · , n − 1, be the principal curvature at
y(x) ∈ ∂Ω, then the mean curvature at y(x) can be defined as

H∂Ω(y(x)) =
1

n− 1

n−1∑
i=1

κi(y(x)).

While for x ∈ Ωδ, we set

Γz(x) := {p ∈ Ω | dist(p, ∂Ω) = z(x)}.

The mean curvature of Γz(x) at x is defined by

(2.2) HΓz(x)
(y(x)) :=

1

n− 1

n−1∑
i=1

κi(y(x))

1− z(x)κi(y(x))
.

Using HΓz(x)
(x), we can express Δ in terms of the Fermi coordinate system (y, z)1,

see [11, (2.14)],

(2.3) Δ· = ∂2

∂z2
· −(n− 1)HΓz(x)

(y(x))
∂

∂z
·+ΔΓz(x)

·,

where ΔΓz(x)
stands for the Laplace-Beltrami operator on Γz(x). In particular,

(2.4) Δz(x) = −(n− 1)HΓz(x)
(y(x)) in Ωδ

since z(x) is a fixed constant on Γz(x).

1See Figure 1
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Ωδ

Ωc
δ

x
yz

Γz(x)

Figure 1. Illustration of domains and Fermi coordinates

By the useful Fermi coordinate, we can rewrite (1.7) in Ωδ as

ε2
(

∂2

∂z2
uε − (n− 1)HΓz(x)

(y(x))
∂

∂z
uε +ΔΓz(x)

uε

)
=

m∫
Ω
eχφ(uε)dx

uεe
χφ(uε),

(2.5)

where we have used the fact that uε(x) = uε(y(x) + z(x)ν(y(x))) for x ∈ Ωδ.
Before concluding this subsection, we prove a co-area formula which will be used

later.

Lemma 2.1. Let h be a smooth function on Ω. Then for each δ ∈ (0, δ0) it holds
that

(2.6)

∫
Ωδ

h(x)dx =

∫ δ

0

∫
∂Ω

h(y, z)
(
1− (n− 1)zH∂Ω(y) +O(z2)

)
dσydz,

where h(x) = h(y, z) for x = y + zν(y) ∈ Ωδ.

Proof. We postpone the proof to the Appendix. �
2.2. Linear sensitivity. When φ(u) = u, the problem (1.7) reduces to the follow-
ing nonlocal semilinear elliptic Dirichlet problem

(2.7)

⎧⎨⎩ε2Δu =
m∫

Ω
eudx

ueu in Ω,

u = ū on ∂Ω,

where we have assumed χ = 1 without loss of generality, and the original system can
be simply recovered by making the following change of variables: u → χu, ū → χū.
For convenience, we define

(2.8)

f(t) := tet, F (t) :=

∫ t

0

f(s)ds = ses − es + 1 > 0 for s > 0,

F(t) =

∫ t

0

√
2ρF (s)ds,

where
ρ =

m

|Ω|
denotes the average mass. It was shown in [23] that (2.7) admits a unique classical
solution which behaves like a boundary-layer profile as ε → 0, and the asymptotic
profile of the solution as ε → 0 was further refined when Ω is radially symmetric.
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In this paper, we shall step forward to investigate how the geometry properties of a
general smooth domain Ω, such as the curvature, volume or surface area, collectively
affect the boundary-layer profile and thickness near the boundary. Since now Ω is
an arbitrary domain, the techniques used in [23] for the radially symmetric domain
are inapplicable. We need to explore the problem (2.7) with new approaches. In
particular, the effect of curvature will become significant, and the boundary-layer
profile is expected to behave differently at each boundary point. Thus, we have to
get a full understanding of the solution behavior near the boundary first. Let us
recall the result of [23, Corollary 2.3] showing that the boundary-layer thickness

z(x) is of order ε, namely limε→0
z(x)
ε = L with L ∈ (0,∞) being a constant,

denoted by

(2.9) z(x) ∼ ε, as ε → 0.

The difference between
∫
Ω
euεdx and |Ω| is also of order ε (see [23, (4.13)]), namely

(2.10) 0 <

∫
Ω

euεdx− |Ω| ≤ Cε

for some constant C > 0, where uε denotes the solution of (2.7). Consequently, the
function W

(
z
ε

)
, which satisfies the following equation

(2.11)

{
W ′′(z) = ρW (z)eW (z), z > 0,

W (0) = ū, W (z) → 0 as z → +∞,

shall be the leading order approximation for uε. In Lemma 3.2 established in
Section 3, we will prove that (2.11) admits a unique solution which is monotonically
decreasing and decays exponentially at infinity. Next, we will derive the higher-
order terms of the expansion of uε in terms of ε. It turns out that two factors will
play key roles: one involves the term with mean curvature HΓz(x)

(y(x))∂uε

∂z , and

the other arises from the difference between the nonlocal term
∫
Ω
euεdx and |Ω|.

Both factors will contribute to the first-order approximation of uε. Specifically,
we will introduce two non-negative functions φ1 and φ2 satisfying the following
second-order ODEs:

(2.12)

⎧⎨⎩φ′′
1(z) = ρ(1 +W (z))eW (z)φ1(z) +W (z)eW (z), z > 0,

φ1(0) = 0, φ1(z) → 0 as z → ∞,

and

(2.13)

⎧⎨⎩φ′′
2(z) = ρ(1 +W (z))eW (z)φ2(z) +W ′(z), z > 0,

φ2(0) = 0, φ2(z) → 0 as z → ∞.

In Section 3, we will prove that both ODEs (2.12) and (2.13) (see Lemma 3.4) have
a unique solution decaying exponentially at infinity. Utilizing φ1 and φ2, we can
obtain a more accurate approximation for uε. Simply speaking, we will derive a
three-term expansion for

∫
Ω
euεdx in terms of the diffusion coefficient ε. To present

this result, we introduce a function

(2.14) QF (t) :=

∫ t

0

es − 1√
2(ses − es + 1)

ds, t ∈ [0,∞),
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and two constants:

I1 = ρ−
1
2 |∂Ω|QF (ū),(2.15)

I2 =− (n− 1)ρ−
1
2

∫
∂Ω

H∂Ω(y)dσy

∫ ∞

0

QF (W (t))dt

−√
ρ
|∂Ω|2
|Ω| QF (ū)

∫ ∞

0

eW (t)φ1(t)dt

+ (n− 1)

∫
∂Ω

H∂Ω(y)dσy

∫ ∞

0

eW (t)φ2(t)dt.

(2.16)

Then we first prove the following key result which gives more detailed information
than (2.10).

Proposition 2.2. Consider the problem (2.7). Let I1 and I2 be given in (2.15)
and (2.16), respectively. Then as ε → 0 we have

(2.17)

∫
Ω

(euε − 1)dx = I1ε+ I2ε
2 + oε(1)ε

2,

where oε(1) → 0 as ε → 0.

Using φ1, φ2, and Proposition 2.2, we can derive an explicit three-term expansion
for uε in Ωδ for any δ ∈ (0, δ0) (i.e. the expansion near the boundary). Additionally,
we will derive an expansion for the normal derivative of uε on the boundary, by
which we can further find an explicit expansion of boundary-layer thickness z(x)
in terms of ε up to the order ε2. By these results, we can identify the joint impact
of domain geometry properties, including boundary curvature, surface area and
volume, on the boundary-layer profile and thickness. Our results are stated below.

Theorem 2.3. Let W (z), φ1(z), and φ2(z) denote the solutions of (2.11), (2.12)
and (2.13), respectively. Let QF (t) be defined by (2.14) and HΓz(x)

(y(x)) by (2.2).

Then, for any x ∈ Ωδ, the solution uε of (2.7) satisfies

(2.18)

uε(x) = W

(
z(x)

ε

)
− ε

√
ρ
|∂Ω|
|Ω| QF (ū)φ1

(
z(x)

ε

)
+ ε(n− 1)HΓz(x)

(y(x))φ2

(
z(x)

ε

)
+O(ε2),

where z(x) = dist(x, ∂Ω), y(x) denotes the closest point to x on ∂Ω and ρ = m
|Ω| .

Moreover, as ε → 0, we obtain

∂νuε(ξ) = −1

ε

√
2ρF (ū) +

|∂Ω|
|Ω| QF (ū)

√
F (ū)

2

+ (n− 1)H∂Ω(ξ)

√
1

2ρF (ū)
F(ū) + oε(1), ∀ξ ∈ ∂Ω,

where F(t) is defined in (2.8). For any a ∈ (0, ū), we represent any point x ∈ {ξ ∈
Ω | uε(ξ) = a} by the Fermi coordinates, i.e.,

x = y(x) + z(x)ν(y(x)).
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Then the boundary-layer thickness, represented by z(x), has the following expansion

(2.19) z(x) = εz1,a + ε2
1

W ′(z1,a)

(
√
ρ
|∂Ω|
|Ω| QF (ū)φ1(z1,a)

− (n− 1)H∂Ω(y(x))φ2(z1,a)

)
+ oε(1)ε

2,

where z1,a is the unique point such that W (z) = a.

Remark 2.1. We have two remarks for the main results in Theorem 2.3.

(1) Note that W ′ < 0, φ1 < 0, and φ2 > 0, from (2.19), we observe that the
boundary-layer thickness increases with respect to the boundary curvature
and surface area of the domain, but decreases with respect to the volume
of the domain.

(2) Let (uε, vε) be a solution of (1.4). Then, using Theorem 2.3 and the relation
(1.6) with φ(u) = u and χ = 1 between uε and vε, we can also obtain the
expansion of vε near the boundary: for any x ∈ Ωδ,

vε(x) =
m

|Ω|e
W ( z(x)

ε )

[
1− ερ−

1
2
|∂Ω|
|Ω| QF (ū)− ε

√
ρ
|∂Ω|
|Ω| QF (ū)φ1

(
z(x)

ε

)

+ ε(n− 1)HΓz(x)
(y(x))φ2

(
z(x)

ε

)
+O(ε2)

]
and, for ξ ∈ ∂Ω

∂νvε(ξ) =
meū

|Ω|

[
− 1

ε

√
2ρF (ū) +

|∂Ω|
|Ω| QF (ū)

√
2F (ū) +

|∂Ω|
|Ω| QF (ū)

√
F (ū)

2

+ (n− 1)H∂Ω(ξ)

√
1

2ρF (ū)
F(ū) + oε(1)

]
.

2.3. Logarithmic sensitivity. For the case φ(u) = log u, the nonlocal problem
(1.7) can be written as

(2.20)

⎧⎨⎩ε2Δu =
m∫

Ω
uχdx

uχ+1 in Ω,

u = ū on ∂Ω.

Compared with the case of linear sensitivity, it is more challenging to study the
asymptotic behavior of solutions as ε → 0 for the nonlocal problem (2.20) since the
denominator

∫
Ω
uχdx → 0 as ε → 0 (see (2.23) and [6, Lemma 4.4] for the case

χ > 0), which generates a singularity. In [6], we have given a qualitative study on
the nonlocal problem (2.20), including the existence and uniqueness of solutions
for the general domain and asymptotic profile of the solution on the boundary as
ε → 0 for the radially symmetric domain. In particular, we found that if χ > 2, the
second-order term in the expansion of the normal derivative of the boundary-layer
profile on the boundary becomes log ε in the radially symmetric domain. In this
paper, we shall prove this is also true for the general smooth domain. To state our
result, we introduce constants

(2.21) A =

(
2(χ+ 2)

mχ2

) 1
χ

, B =

(
A

ū

)χ
2

, q− =
1−
√
1 + 8(χ+1)(χ+2)

χ2

2
< − 2

χ
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10 CHIUN-CHANG LEE, SANG-HYUCK MOON, ZHI-AN WANG, AND WEN YANG

and functions

(2.22) U(z) =
A

(B + z)
2
χ

, φ3(z) =
A

χ+ 4
(B + z)

χ−2
χ − AB

χ−2
χ −q−

χ+ 4
(B + z)q

−
.

Then we state the last result of this paper as follows.

Theorem 2.4. Let uε be the solution of (2.20) with χ > 2 and H∂Ω(x) denote the

mean curvature of x ∈ ∂Ω. Denote λε =
(∫

Ω
uχ
ε

) 1
2 . Then as ε → 0, we have

(2.23) λε =
Aχ

B
ε|∂Ω|

(
1− 8(n− 1)Aχ

χ+ 4
ε2| log ε|

∫
∂Ω

H∂Ω(y)dσy

)
+O(ε3),

and for any x ∈ Ωδ, it holds that∣∣∣∣uε(x)− U

(
z(x)

ελε

)
− ελε(n− 1)HΓz(x)

(y(x))φ3

(
z(x)

ελε

)∣∣∣∣
≤ C(ελε)

2

(
1 +

z(x)

ελε

)2− 2
χ

.

For any ξ ∈ ∂Ω, we have

∂νuε(ξ) = − χmū

ε2(χ+ 2)|∂Ω| −
16(n− 1)

χ(χ+ 4)

ū

|∂Ω| | log ε|
∫
∂Ω

H∂Ω(y)dσy +O(1).

In addition, for any a ∈ (0, ū), we represent any point x ∈ {x ∈ Ω | uε(x) = a} by
the Fermi-coordinate, i.e.,

x = y(x) + z(x)ν(y(x)).

Then z(x) admits the following expansion
(2.24)

z(x) =

(
Aχ

B
|∂Ω|ε2 − Aχ

B

8(n− 1)Aχ

χ+ 4
|∂Ω|ε4| log ε|

∫
∂Ω

H∂Ω(y)dσy

)
zu,a +O(ε4)

where zu,a =
(
A
a

) 2
χ −B is the unique point such that U(z) = a.

Remark 2.2. Unlike the case of linear sensitivity, we are unable to identify the
effect of mean curvature at each boundary point on the boundary-layer thickness
in the case of logarithmic sensitivity as shown in (2.24) by which we see the total
curvature will decrease the boundary-layer thickness. By the expansions given in
Theorem 2.4, one easily observes that the expansion is irregular with respect to
ε. This is perhaps caused by the logarithmic singularity. How to find the effect of
mean curvature at each boundary point for the logarithmic sensitivity is still an
open challenging question. Let (uε, vε) be a solution of (1.4). Similar to Remark
2.1, using Theorem 2.4 and the relation (1.6), we can obtain the expansion of vε
near the boundary: for any x ∈ Ωδ,

vε(x) =
1

ε2
mB2

A2χ|∂Ω|2U
χ

(
z(x)

ελε

)[
1 +

16(n− 1)Aχ

χ+ 4
ε2| log ε|

∫
∂Ω

H∂Ω(y)dσy

]
+O

((
1 +

z(x)

ελε

)−1
)
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and, for ξ ∈ ∂Ω

∂νvε(ξ)

= − 1

ε2
m2χ2

2(χ+ 2)|∂Ω|3

[
χm

ε2(χ+ 2)
+

48(n− 1)

χ(χ+ 4)
| log ε|

∫
∂Ω

H∂Ω(y)dσy +O(1)

]
.

The organization of this paper is as follows. In Section 3, we construct a refined
approximation of the solution to (2.7) and prove Theorem 2.3 in Section 4. In Sec-
tion 5, we shall derive the counterpart results for the case of logarithmic sensitivity
and prove Theorem 2.4.

3. Proof of Theorem 2.3 (case of linear sensitivity)

In this section, we shall consider the case of linear sensitivity and prove related
main theorems (Proposition 2.2 and Theorem 2.3). We start with an effective
approximate solution.

3.1. Approximate solutions. In this subsection, we present some preliminary re-
sults and derive an effective approximate solution to the following nonlocal problem

(3.1)

⎧⎨⎩ε2Δu =
m∫

Ω
eudx

ueu in Ω,

u = ū on ∂Ω.

For the non-negative solutions of (3.1), we have the following estimate.

Lemma 3.1. Let Ω be a smooth bounded domain and uε be a solution to (3.1). For
ε > 0 sufficiently small, there exists a positive constant C independent of ε such
that

(3.2) uε(x) ≤ ū exp

(
−C

ε
dist(x, ∂Ω)

)
, ∀x ∈ Ω.

Proof. First we recall in the proof of [23, Corollary 2.3] (see [23, (4.18)]), it was
shown that
(3.3)

uε(x) ≤ ū exp

(
−Cδ

ε
dist(x, ∂Ω)

)
, for all x ∈ Ωδ = {x ∈ Ω|0 < dist(x, ∂Ω) < δ}

for some constant Cδ > 0 independent of ε. In the following, for convenience, we
denote the interior of the complement of Ωδ in Ω by Ωc

δ, namely,

Ωc
δ = Ω \ Ωδ.

For each x ∈ Ωc
δ, it was proved in [23, (4.12)] that there is a constant M(Ωc

δ) > 0
independent of ε, such that

(3.4) uε(x) ≤ C(Ωc
δ)e

−M(Ωc
δ)/ε.

Now we choose

C = min

{
Cδ,

M(Ωc
δ)

2Diam(Ω)

}
and ε <

M(Ωc
δ)

2 log
C(Ωc

δ)+ū

ū

,

where Diam(Ω) := max
x1,x2∈∂Ω

dist(x1, x2). Then we get (3.2) by using (3.3) and

(3.4). �
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12 CHIUN-CHANG LEE, SANG-HYUCK MOON, ZHI-AN WANG, AND WEN YANG

In order to get the first-order approximation of the solution to (3.1), we need to
study the positive solution of the following ODE problem

(3.5)

{
W ′′(z) = ρW (z)eW (z), z > 0,

W (0) = ū, W (z) → 0 as z → +∞.

Consider the following function

W1(z) := ū exp
(
−
√
ρeūz

)
.

Obviously, it follows that

W1(z) is a strictly decreasing function, W1(0) = ū and lim
z→∞

W1(z) = 0.

By a direct computation, one has

W ′′
1 (z) = ρW1(z)e

ū ≥ ρW1(z)e
W1(z).

Therefore, W1(z) is a sub-solution to (3.5). Similarly, we can show that the function
W2(z) = ū exp

(
−√

ρz
)
provides a super-solution of (3.5). Then by the method of

sub-super solutions, we can get a unique positive solution of (3.5), denoted by
W (z), satisfying

(3.6) ū exp
(
−
√
ρeūz

)
≤ W (z) ≤ ū exp (−√

ρz) .

Using (3.5), we can see that W ′′(z) does not change sign, which implies that W (z)
is a convex and decreasing function with exponential decay at infinity.

In addition, we can show that W ′(z) also decays exponentially at infinity. Indeed
multiplying the first equation (3.5) by W ′ and integrating the result from z to ∞,
we derive that

1

2
(W ′(z))2 = ρ(W (z)eW (z) − eW (z) + 1),

which yields

(3.7) W ′(z) = −
√
2ρF (W (z)) < 0, where F (s) = ses − es + 1.

It is straightforward to check that

(3.8) 2eūx ≥ xex − ex + 1 ≥ 1

2
x2, ∀x ∈ (0, ū).

Therefore, using (3.8) and (3.7), we have

(3.9) −2
√
ρeūW (z) ≤ W ′(z) ≤ −√

ρW (z).

Summarizing the above results in (3.5)–(3.9), we get Lemma 3.2.

Lemma 3.2. The problem (3.5) admits a unique solution W , which is a strictly
convex and monotonically decreasing function. Moreover, for all z > 0, it holds
that

(3.10) W (0) = ū > 0, 0 < W (z) ≤ ū exp (−√
ρz) ,

and
(3.11)

W ′(0) = −
√
2ρF (ū),W ′(z) = −

√
2ρF (W (z)), |W ′(z)| ≤ 2

√
ρūeū exp

(
−1

2

√
ρz

)
.

Lemma 3.3 asserts that W
(

z(x)
ε

)
can be regarded as the leading order approx-

imation of uε(x).
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Lemma 3.3. Let uε and W be the solutions of (3.1) and (3.5) respectively. Then
for ε > 0 sufficiently small, we have

max
x∈Ω

∣∣∣∣uε(x)−W

(
z(x)

ε

)∣∣∣∣ ≤ Cε.

Proof. For x ∈ Ω \ Ωδ, by Lemma 3.1 and Lemma 3.2, we have

(3.12)

∣∣∣∣uε(x)−W

(
z(x)

ε

)∣∣∣∣ ≤ uε(x) +W

(
z(x)

ε

)
≤ C exp

(
−δ

ε

)
≤ Cε

for ε > 0 sufficiently small. It remains to prove that the inequality holds for x ∈ Ωδ

with δ > 0 small. When x ∈ Ωδ, we write x = y(x) + z(x)ν(y(x)) by the Fermi
coordinate, as introduced in Section 2.1. Then by the definition of W in (3.5), we
have
(3.13)

ε2Δ

(
uε(x)−W

(
z(x)

ε

))
=

mf(uε(x))∫
Ω
euεdx

− ρf

(
W

(
z(x)

ε

))
− εW ′

(
z(x)

ε

)
Δz(x)

=ρ

(
f(uε(x))− f

(
W

(
z(x)

ε

)))
+ Eu(x),

where f is defined in (2.8) and

(3.14) Eu(x) = Bεf(uε(x))− εW ′
(
z(x)

ε

)
Δz(x) and Bε =

m∫
Ω
euεdx

− ρ.

From [23, (4.13)], see also (2.10), one can directly check that

(3.15) |Bε| ≤ Cε.

As a consequence of (3.15) and (3.11), one can get that |Eu| ≤ Cε. It is known
that

(3.16) uε(x)−W

(
z(x)

ε

)
= 0 for all x ∈ ∂Ω.

With (3.12) and (3.16) in hand, it remains to prove that Lemma 3.3 also holds

for x ∈ Ωδ. Suppose p ∈ Ωδ is the point where
∣∣∣uε(x)−W

(
z(x)
ε

)∣∣∣ obtains its

maximum. Without loss of generality, we may assume that

uε(p)−W

(
z(p)

ε

)
≥ 0.

Then using the fact f is a strictly increasing function, we have

(3.17) 0 ≤ ρf ′(θ)

(
uε(p)−W

(
z(p)

ε

))
≤ |Eu|,

where θ ∈
(
W
(

z(p)
ε

)
, uε(p)

)
. Using f ′(θ) = eθ + θeθ ≥ 1, we get from (3.17) that∣∣∣∣uε(p)−W

(
z(p)

ε

)∣∣∣∣ ≤ Cρ−1ε.

While if uε(p)−W
(

z(p)
ε

)
is negative, we can still get (3.17). Combined (3.12) with

(3.16), we finish the proof. �
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As mentioned in Section 2, we need to study the following two ODEs, which will
help us pinpoint the effects of nonlocal term and mean curvature of the domain
surface on the boundary-layer profiles, respectively,

(3.18)

{
φ′′
1(z) = ρ

(
W (z)eW (z) + eW (z)

)
φ1(z) +W (z)eW (z), z > 0,

φ1(0) = 0, φ1(z) → 0 as z → ∞,

and

(3.19)

{
φ′′
2(z) = ρ

(
W (z)eW (z) + eW (z)

)
φ2(z) +W ′(z), z > 0,

φ2(0) = 0, φ2(z) → 0 as z → ∞.

Concerning equations (3.18)–(3.19), we have the following results.

Lemma 3.4. Let F (z) and F(z) be given in (2.8). Then the following results hold.

(i) The problem (3.18) admits a unique solution φ1(z), which satisfies

(3.20)

φ1(z) ≤ 0, φ′
1(z) +

√
ρ

2F (W (z))
f(W (z))φ1(z) = −

√
F (W (z))

2ρ
,

φ′
1(0) = −

√
F (ū)

2ρ
,

and there exist some constants C and M independent of ε such that

(3.21) |φ1(z)|+ |φ′
1(z)| ≤ Ce−Mz, z ∈ [0,∞).

(ii) The problem (3.19) admits a unique solution φ2(z) satisfying

φ′
2(z) +

√
ρ

2F (W (z))
f(W (z))φ2(z) =

√
1

2ρF (W (z))
F(W (z)),

φ2(z) ≥ 0, φ′
2(0) =

√
1

2ρF (ū)
F(ū),

(3.22)

and there exist some constants C and M independent of ε such that

(3.23) |φ2(z)|+ |φ′
2(z)| ≤ Ce−Mz, z ∈ [0,∞).

Proof. We first prove the assertion (i). It is clear that φ1,sup = 0 provides a su-

per solution to (3.18). Define a function φ1,sub(z) = − 2ūeū

ρ e−
1
2

√
ρz. By a direct

computation, we have

φ′′
1,sub(z)− ρ(W (z)eW (z) + eW (z))φ1,sub(z) ≥

ρ

4
φ1,sub − ρφ1,sub = −3

4
ρφ1,sub

=
3

2
ūeūe−

1
2

√
ρz > W (z)eW (z),

where we have used W (z) ≤ ū (see Lemma 3.2) and (3.10). Therefore φ1,sub is a
sub-solution to (3.18). By the method of super-lower solutions, we get a negative
solution φ1 to (3.18) satisfying

(3.24) −2ūeū

ρ
e−

1
2

√
ρz ≤ φ1(z) ≤ 0,

which also indicates that φ1(z) decays exponentially to zero as z → ∞. Using
(3.18) and (3.10) we can see that φ′′

1(z) also decays exponentially, which together
with (3.24) implies that φ′

1(z) decays exponentially at infinity. Hence (3.21) holds.
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It remains to show the second identity in (3.20) since the third equality of (3.20)
follows easily from it. Multiplying equation (3.18) by φ′

1 and integrating from z to
∞, we have
(3.25)

−1

2
(φ′

1(z))
2 =

∫ ∞

z

φ′′
1(s)φ

′
1(s)ds =

∫ ∞

z

(ρf ′(W (s))φ1(s)φ
′
1(s) + f(W (s))φ′

1(s)) ds.

Using (3.5) and (3.18), we get that
(3.26)

−1

2

(
φ′
1(z)−

1

ρ
W ′(z)

)2

=

∫ ∞

z

(
φ1(s)−

1

ρ
W (s)

)′′(
φ1(s)−

1

ρ
W (s)

)′
ds

=

∫ ∞

z

ρf ′(W (s))φ1(s)

(
φ′
1(s)−

1

ρ
W ′(s)

)
ds

= f(W (z))φ1(z)

+

∫ ∞

z

(ρf ′(W (s))φ1(s)φ
′
1(s) + f(W (s))φ′

1(s)) ds.

Using (3.25) and (3.26), we obtain

1

2
(φ′

1(z))
2 − 1

2

(
φ′
1(z)−

1

ρ
W ′(z)

)2

= f(W (z))φ1(z).

This gives

φ′
1(z)W

′(z)− 1

2ρ
(W ′(z))2 = ρf(W (z))φ1(z).

By (3.11), we see that W ′(z) < 0 for z positive. Hence from the above equation,
we can further derive that

φ′
1(z)−

1

2ρ
W ′(z) =

ρf(W (z))

W ′(z)
φ1(z).

Together with the fact W ′(z) = −
√
2ρF (W (z)) (see (3.11)), we get the second

identity in (3.20). This completes the proof of (3.20).
For the second assertion (ii) of the lemma, as we did for proving the existence

of φ1, one can see that φ2,sub = 0 and φ2,sup = 8
3

√
ūeū

ρ exp
(
− 1

2

√
ρx
)
provide the

sub-solution and super-solution of (3.19), respectively. Then we can show both
φ2(z) and φ′′

2(z) exponentially decay as done for φ1, which implies that φ′
2(z) also

exponentially decays as |z| → ∞. Thus (3.23) is obtained. To derive the second
identity in (3.22), using (3.5), (3.10) and (3.19), we have

(3.27)

0 =

∫ ∞

z

(W ′′(s)− ρf(W (s)))φ′
2(s)ds

= −W ′(z)φ′
2(z)−

∫ ∞

z

(W ′(s)φ′′
2(s) + ρf(W (s))φ′

2(s)) ds

= −W ′(z)φ′
2(z)−

∫ ∞

z

[
(ρf(W (s))φ2(s))

′ −
√
2ρF (W (s))W ′(s)

]
ds

=
√
2ρF (W (z))φ′

2(z) + ρf(W (z))φ2(z)−
∫ W (z)

0

√
2ρF (s)ds.
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This gives the second equation in (3.22) and φ′
2(0) =

√
1

2ρF (ū)F(ū) follows directly.

Thus the proof is completed. �

From the lemma concerning φ1 and φ2 above, we can find an improved approx-
imation of uε(x) in a small neighborhood Ωδ of ∂Ω. We recall the definition of δ0
in (2.1) and fix δ ∈ (0, δ0).

Lemma 3.5. Let uε and W be the solutions of (3.1) and (3.5) respectively. Then
for ε > 0 sufficiently small, there exists a constant C independent of ε such that
(3.28)

max
x∈Ωδ

∣∣∣∣∣uε(x)−W

(
z(x)

ε

)
−Bεφ1

(
z(x)

ε

)
−ε(n−1)HΓz(x)

(y(x))φ2

(
z(x)

ε

) ∣∣∣∣∣ ≤ Cε2,

where HΓz(x)
(y(x)) is introduced in (2.2) and Bε is defined in (3.14).

Proof. For x ∈ Ωδ, we write it as x = y(x) + z(x)ν(y(x)) with y(x) ∈ ∂Ω and
z(x) = dist(x, y(x)). Using the form of Laplace operator in terms of the Fermi-
coordinate (2.3), we rewrite (3.18) and (3.19) in Ωδ as

ε2Δφ1

(
z(x)

ε

)
= ρf ′

(
W

(
z(x)

ε

))
φ1

(
z(x)

ε

)
+ f

(
W

(
z(x)

ε

))
− ε(n− 1)HΓz(x)

(y(x))φ′
1

(
z(x)

ε

)
,

ε2Δφ2

(
z(x)

ε

)
= ρf ′

(
W

(
z(x)

ε

))
φ2

(
z(x)

ε

)
+W ′

(
z(x)

ε

)
− ε(n− 1)HΓz(x)

(y(x))φ′
2

(
z(x)

ε

)
,

where we have used the fact that φ1

(
z(x)
ε

)
and φ2

(
z(x)
ε

)
are constants on Γz(x).

Similarly, using (2.3) and (2.4), we can rewrite (3.13) as

(3.29)

ε2Δ

(
uε(x)−W

(
z(x)

ε

))

=
mf(uε(x))∫

Ω
euεdx

− ρf

(
W

(
z(x)

ε

))
+ ε(n− 1)HΓz(x)

(y(x))W ′
(
z(x)

ε

)
.

Due to the presence of the nonlocal (integration) term and W ′
(

z(x)
ε

)
in (3.29), we

define the approximate solution by

(3.30) uε,app := W

(
z(x)

ε

)
+Bεφ1

(
z(x)

ε

)
+ ε(n− 1)HΓz(x)

(y(x))φ2

(
z(x)

ε

)
.

By direct computations, we have

(3.31) ε2Δ(uε(x)− uε,app(x)) = ρf ′
(
W

(
z(x)

ε

))
(uε(x)− uε,app(x)) +

4∑
i=1

Ei,ε,
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GEOMETRY EFFECTS ON THE BOUNDARY-LAYER PROFILES 17

where

E1,ε := ε(n− 1)BεHΓz(x)
(y(x))φ′

1

(
z(x)

ε

)
+ ε2(n− 1)2H2

Γz(x)
(y(x))φ′

2

(
z(x)

ε

)
,

E2,ε := ε3(n− 1)

[
HΓz(x)

(y(x))Δφ2

(
z(x)

ε

)
−Δ

(
HΓz(x)

(y(x))φ2

(
z(x)

ε

))]
,

E3,ε := Bε

(
f(uε)− f

(
W

(
z(x)

ε

)))
,

E4,ε := ρ

[
f(uε(x))−f

(
W

(
z(x)

ε

))
−f ′

(
W

(
z(x)

ε

))(
uε(x)−W

(
z(x)

ε

))]
.

Below we shall estimate the error terms Ei,ε(i = 1, 2, 3, 4). Using the fact that Ω is
a smooth domain and hence the mean curvature HΓz(x)

(y(x)) is uniformly bounded,

(3.15) and Lemma 3.4, we have

(3.32) max
x∈Ωδ

|E1,ε(x)| ≤ Cε|Bε|+ Cε2 ≤ Cε2.

By Lemma 3.4 (ii), we get that
(3.33)
max
x∈Ωδ

∣∣E2,ε(x)
∣∣

= ε3(n− 1) max
x∈Ωδ

∣∣∣∣φ2

(
z(x)

ε

)
ΔHΓz(x)

(y(x)) +
2

ε
φ′
2

(
z(x)

ε

)
∇HΓz(x)

(y(x))∇z(x)

∣∣∣∣
≤ Cε2,

where we have used the fact that ∇HΓz(x)
(y(x)) is uniformly bounded due to the

smoothness of the domain Ω and |∇z(x)| is bounded by its definition. For the third
one, using (3.15) and Lemma 3.3, we obtain that

(3.34) max
x∈Ωδ

|E3,ε(x)| ≤ (eū + ūeū)|Bε|max
x∈Ωδ

∣∣∣∣u(x)−W

(
z(x)

ε

)∣∣∣∣ ≤ Cε2.

Concerning the last one, by Lemma 3.3, we have

(3.35) max
x∈Ωδ

|E4,ε(x)| ≤ ρ(2eū + ūeū) max
x∈Ωδ

(
uε(x)−W

(
z(x)

ε

))2

≤ Cε2.

As a consequence of (3.32)–(3.35), we have

(3.36) max
x∈Ωδ

∣∣∣∣ 4∑
i=1

Ei,ε

∣∣∣∣ ≤ Cε2.

We set

ψε(x) = uε(x)− uε,app(x).

Using (3.31), we have

(3.37) ε2Δψε = ρf ′
(
W

(
z(x)

ε

))
ψε +

4∑
i=1

Ei,ε in Ωδ.

On ∂Ω we have

(3.38) max
x∈∂Ω

ψε = 0,
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18 CHIUN-CHANG LEE, SANG-HYUCK MOON, ZHI-AN WANG, AND WEN YANG

while on ∂Ω \ ∂Ωδ, using Lemma 3.1, Lemma 3.2 and Lemma 3.4, we have

(3.39) max
x∈∂Ωδ\∂Ω

|ψε| ≤ Ce−C δ
ε ≤ Cε2,

provided ε > 0 is sufficiently small. In the interior of Ωδ, using (3.37) we have

min
Ωδ

ψε ≥ −

∣∣∣∣ 4∑
i=1

Ei,ε

∣∣∣∣
ρmin

Ωδ

f ′
(
W
(

z(x)
ε

)) and max
Ωδ

ψε ≤

∣∣∣∣ 4∑
i=1

Ei,ε

∣∣∣∣
ρmin

Ωδ

f ′
(
W
(

z(x)
ε

)) ,
which together with (3.36) implies

(3.40) |ψε(x)| ≤

∣∣∣∣ 4∑
i=1

Ei,ε

∣∣∣∣
2ρ

≤ Cε2.

Here we have used the simple fact f ′(s) = 2ses + es ≥ 2 for s ≥ 0. Combining
(3.38), (3.39) and (3.40), we finally obtain that

|ψε(x)| ≤ Cε2 for x ∈ Ωδ.

It implies the desired conclusion (3.28). �

Remark 3.1. For x := xε ∈ Ωδ satisfying that lim
ε→0

z(xε)
ε < ∞, we have by the

smoothness of the domain

|H∂Ω(y(x))−HΓz(x)
(y(x))| ≤ Cz(x) ≤ Cε.

Then from Lemma 3.5, we get that

uε(x) = W

(
z(x)

ε

)
+

(
m∫

Ω
euεdx

− ρ

)
φ1

(
z(x)

ε

)
+ ε(n− 1)H∂Ω(z(x))φ2

(
z(x)

ε

)
+O(ε2).

3.2. Expansions of boundary-layer profile and thickness. In this section,
we will prove Proposition 2.2 and Theorem 2.3. A crucial step is to derive the
expansion of the nonlocal integration, which highlights the primary difference from
the local problem.

We start with Lemma 3.6.

Lemma 3.6. Let W (z), φ1(z), φ2(z) be the solutions of equations (3.5), (3.18),
(3.19) respectively, and δ(ε) be a sequence of numbers such that

δ(ε) → 0 and
δ(ε)

ε
→ ∞ as ε → 0.

Then it follows that∫ δ(ε)
ε

0

(eW (t) − 1)dt = ρ−
1
2QF (ū) +O

(
e−C

δ(ε)
ε

)
,(3.41) ∫ δ(ε)

ε

0

t(eW (t) − 1)dt = ρ−
1
2

∫ ∞

0

QF (W (t))dt+O

(
δ(ε)

ε
e−C δ(ε)

ε

)
,(3.42)
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GEOMETRY EFFECTS ON THE BOUNDARY-LAYER PROFILES 19

and

∫ δ(ε)
ε

0

tkeW (t)φ1(t)dt =

∫ ∞

0

tkeW (t)φ1(t)dt+O

(
(δ(ε))k

εk
e−C δ(ε)

ε

)
, k = 0, 1, 2,

(3.43)

∫ δ(ε)
ε

0

tkeW (t)φ2(t)dt =

∫ ∞

0

tkeW (t)φ2(t)dt+O

(
(δ(ε))k

εk
e−C δ(ε)

ε

)
, k = 0, 1, 2,

(3.44)

where C > 0 is a generic constant independent of ε, and QF (t) is given in (2.14).

Proof. By Lemma 3.2, one can check that∫ δ(ε)
ε

0

(eW (t) − 1)dt = −
∫ δ(ε)

ε

0

(eW (t) − 1)

√
1

2ρ(W (t)eW (t) − eW (t) + 1)
W ′(t)dt

=

∫ ū

W( δ(ε)
ε )

(et − 1)

√
1

2ρ(tet − et + 1)
dt

= ρ−
1
2

(
QF (ū)−

∫ W( δ(ε)
ε )

0

et − 1√
2(tet − et + 1)

dt

)
= ρ−

1
2QF (ū) +O

(
e−C

δ(ε)
ε

)
,

which leads to (3.41). Here we have used the fact that W (t) ∈ (0, ū] and

sup
t∈(0,ū]

et−1√
2(tet−et+1)

is finite.

Similarly, we have∫ δ(ε)
ε

0

t(eW (t) − 1)dt = −
∫ δ(ε)

ε

0

t(eW (t) − 1)

√
1

2ρ(W (t)eW (t) − eW (t) + 1)
W ′(t)dt

= −ρ−
1
2

∫ δ(ε)
ε

0

t(QF (W (t)))′dt

= ρ−
1
2

∫ δ(ε)
ε

0

QF (W (t))dt+O

(
δ(ε)

ε
e−C

δ(ε)
ε

)
= ρ−

1
2

∫ ∞

0

QF (W (t))dt+O

(
δ(ε)

ε
e−C

δ(ε)
ε

)
,

which implies (3.42), where we have used the following inequalities from Lemma
3.2

QF (W (t)) ≤ ū

(
sup

t∈(0,ū]

∣∣∣∣∣ et − 1√
2(tet − et + 1)

∣∣∣∣∣
)
e−

√
ρt ≤ Ce−

√
ρt,

and ∣∣∣∣∣
∫ ∞

δ(ε)
ε

QF (W (t))dt

∣∣∣∣∣ ≤ C

∣∣∣∣∣
∫ ∞

δ(ε)
ε

e−
√
ρtdt

∣∣∣∣∣ = O
(
e−C δ(ε)

ε

)
.
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20 CHIUN-CHANG LEE, SANG-HYUCK MOON, ZHI-AN WANG, AND WEN YANG

By Lemma 3.2 and Lemma 3.5 we have∣∣∣∣∣
∫ ∞

δ(ε)
ε

tkeW (t)φ1(t)dt

∣∣∣∣∣ ≤ Ceū

∣∣∣∣∣
∫ ∞

δ(ε)
ε

tke−Ct

∣∣∣∣∣ = O

(
(δ(ε))k

εk
e−C δ(ε)

ε

)
,

which implies (3.43). Similarly one can get (3.44). The proof is completed. �

Now we are ready to give the proof for Proposition 2.2.

Proof of Proposition 2.2. We shall use Lemma 2.1 and Lemma 3.5 to compute the
expansion of

∫
Ω
(euε − 1)dx. Recall that (see (3.2) and (3.6))

u(x) ∈ (0, ū] and W (z(x)) ∈ (0, ū] for x ∈ Ω.

For δ ∈ (0, δ0), we get from Lemma 3.5 that

max
x∈Ωδ

∣∣∣∣euε(x) − e
W

(
z(x)
ε

)
− e

W
(

z(x)
ε

) [
Bεφ1

(
z(x)

ε

)
+ ε(n− 1)HΓz(x)

(y(x))φ2

(
z(x)

ε

)]∣∣∣∣
≤ Cε2.

(3.45)

On the other hand, in Ω \ Ωδ, by (3.2) we have

(3.46) sup
Ω\Ωδ

|euε − 1| ≤ Ce−C δ
ε .

Now we shall choose δ(ε) = Cε
1
2 . Then δ(ε) → 0 as ε → 0. By (3.45)–(3.46) we

have
(3.47)∫

Ω

(euε(x) − 1)dx =

∫
Ωδ(ε)

(
euε(x) − 1

)
dx+O

(
e−C δ(ε)

ε

)
=

∫
Ωδ(ε)

(
eW( z(x)

ε ) − 1
)
dx+Bε

∫
Ωδ(ε)

eW( z(x)
ε )φ1

(
z(x)

ε

)
dx

+ ε(n− 1)

∫
Ωδ(ε)

eW( z(x)
ε )HΓz(x)

(y(x))φ2

(
z(x)

ε

)
dx

+O(ε2)|Ωδ(ε)|+O
(
e−C δ(ε)

ε

)
.

For the first term on the right hand side of (3.47), using Lemma 2.1 and Lemma
3.6 we have∫

Ωδ(ε)

(
eW( z(x)

ε ) − 1
)
dx

=

∫ δ(ε)

0

∫
∂Ω

(
eW( z

ε ) − 1
)
(1− (n− 1)zH∂Ω(y) +O(z2))dσydz

= |∂Ω|
∫ δ(ε)

0

(
eW( z

ε ) − 1
)
(1 +O(z2))dz

− (n− 1)

∫
∂Ω

H∂Ω(y)dσy

∫ δ(ε)

0

z
(
eW( z

ε ) − 1
)
dz(3.48)

= ε|∂Ω|
∫ δ(ε)

ε

0

(
eW (t) − 1

) (
1 +O(ε2)t2

)
dt
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GEOMETRY EFFECTS ON THE BOUNDARY-LAYER PROFILES 21

− ε2(n− 1)

∫
∂Ω

H∂Ω(y)dσy

∫ δ(ε)
ε

0

t(eW (t) − 1)dt

= ερ−
1
2

(
|∂Ω|QF (ū)− ε(n− 1)

∫
∂Ω

H∂Ω(y)dσy

∫ ∞

0

QF (W (t))dt

)
+O(ε3).

Similarly, for the second and third terms, we can obtain the following identities

(3.49)

∫
Ωδ(ε)

eW( z(x)
ε )φ1

(
z(x)

ε

)
dx

= ε|∂Ω|
∫ δ(ε)

ε

0

eW (t)φ1(t)(1 +O(ε2)t2)dt

− ε2(n− 1)

∫
∂Ω

H∂Ω(y)dσy

∫ δ(ε)
ε

0

teW (t)φ1(t)dt

= ε|∂Ω|
∫ ∞

0

eW (t)φ1(t)(1 +O(ε2)t2)dt

− ε2(n− 1)

∫
∂Ω

H∂Ω(y)dσy

∫ ∞

0

teW (t)φ1(t)dt+O(ε3)

and
(3.50)∫

Ωδ(ε)

eW( z(x)
ε )φ2

(
z(x)

ε

)
HΓz(x)

(y(x))dx

=

∫
Ωδ(ε)

eW( z(x)
ε )φ2

(
z(x)

ε

)
(H∂Ω(y(x)) +O(δ(ε)))dx

= ε

(∫
∂Ω

H∂Ω(y)dσy +O(δ(ε))

)∫ ∞

0

eW (t)φ2(t)(1 +O(ε2)t2)dt

− ε2(n− 1)

(∫
∂Ω

H2
∂Ω(y)dσy +O(δ(ε))

)∫ ∞

0

teW (t)φ2(t)dt+O(ε2δ(ε)),

where we have used

max
x∈Ωδ(ε)

|HΓz(x)
(y(x))−H∂Ω(y(x))| = O(δ(ε)).

Note that δ(ε) → 0 as ε → 0. Combining (3.48), (3.49), (3.50) and (3.15), we
carefully examine the asymptotic expansion of each term up to ε2 order and obtain

∫
Ω

(euε − 1) dx

(3.51)

=

∫
Ωδ(ε)

(
eW( z(x)

ε ) − 1
)
dx+Bε

∫
Ωδ(ε)

eW( z(x)
ε )φ1

(
z(x)

ε

)
dx

+ ε(n− 1)

∫
Ωδ(ε)

eW( z(x)
ε )HΓz(x)

(y(x))φ2

(
z(x)

ε

)
dx+O(ε2)|Ωδ(ε)|

= ερ−
1
2

(
|∂Ω|QF (ū)− ε(n− 1)

∫
∂Ω

H∂Ω(y)dσy

∫ ∞

0

QF (W (t))dt

)
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+ εBε

[
|∂Ω|

∫ ∞

0

eW (t)φ1(t)dt− ε(n− 1)

∫
∂Ω

H∂Ω(y)dσy

∫ ∞

0

teW (t)φ1(t)dt

]
+ ε2(n− 1)

∫
∂Ω

H∂Ω(y)dσy

∫ ∞

0

eW (t)φ2(t)dt+O(ε2δ(ε)).

Then, by |Bε| ≤ Cε, we can formally rewrite the above equation as

(3.52)

∫
Ω

(euε − 1) dx = D1ε+D2ε
2 + oε(1)ε

2, 0 < ε � 1,

for some positive constants D1 and D2. It remains to show that Di = Ii, i = 1, 2
(I1 and I2 are given in (2.15) and (2.16) respectively). From (3.51) one can see that

(3.53) D1 = ρ−
1
2 |∂Ω|QF (ū) = I1.

As a consequence, we get that

(3.54) Bε =
m∫

Ω
euεdx

− ρ = −ε
√
ρ
|∂Ω|
|Ω| QF (ū) +O(ε2).

Substituting (3.54) into (3.51) we can derive that

(3.55)

D2 = −(n− 1)ρ−
1
2

∫
∂Ω

H∂Ω(y)dσy

∫ ∞

0

QF (W (t))dt

−√
ρ
|∂Ω|2
|Ω| QF (ū)

∫ ∞

0

eW (t)φ1(t)dt

+ (n− 1)

∫
∂Ω

H∂Ω(y)dσy

∫ ∞

0

eW (t)φ2(t)dt

= I2.

Therefore, by (3.53), (3.55) and (3.52), we get (2.17) and finish the proof. �

Based on Proposition 2.2, we can derive the expansion of the normal derivative
of the solution near the boundary and hence prove Theorem 2.3.

Proof of Theorem 2.3. From the proof of Lemma 3.5, we have
(3.56)

uε(x) = W

(
z(x)

ε

)
+Bεφ1

(
z(x)

ε

)
+ ε(n− 1)HΓz(x)

(y(x))φ2

(
z(x)

ε

)
+ ψε(x).

Recall that ψε(x) (see (3.37)) satisfies⎧⎪⎪⎪⎨⎪⎪⎪⎩
ε2Δψε(x) = ρf ′

(
W
(

z(x)
ε

))
ψε(x) +

4∑
i=1

Ei,ε in Ωδ,

ψε(x) = 0 on ∂Ω,

ψε(x) = O(ε2) on ∂Ωδ \ ∂Ω.
We set

ψ̃ε(x̃) = ψε(εx̃), for x̃ ∈ Ωε
δ.

Then ψ̃ε(x̃) satisfies

(3.57)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Δx̃ψ̃ε(x̃) = ρf ′

(
W
(

z(εx̃)
ε

))
ψ̃ε(x̃) +

4∑
i=1

Ei,ε(εx̃) in x̃ ∈ Ωε
δ,

ψ̃ε(x̃) = 0 on ∂Ωε,

ψ̃ε(x̃) = O(ε2) on ∂Ωε \ ∂Ωε
δ,
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where

Ωε
δ := {x̃ | εx̃ ∈ Ωδ} and Ωε = {x̃ | εx̃ ∈ Ω}.

By classical elliptic regularity for equation (3.57), we have (for some q > 1)

‖ψ̃ε‖W 2,q(BR(x̃0)∩Ωε
δ)

≤ C

⎛⎝‖ψ̃ε‖Lq(B2R(x̃0)∩Ωε
δ)

+

∥∥∥∥∥
4∑

i=1

Ei,ε(εy)

∥∥∥∥∥
Lq(B2R(x̃0)∩Ωε

δ)

⎞⎠
≤ Cε2,

which together with the Sobolev embedding implies that

|ψ̃ε(x̃)|+ |∇x̃ψ̃ε(x̃)| = O(ε2) for x̃ ∈ Ωε
δ.

Equivalently, we have

|ψε(x)| = O(ε2), |∇xψε(x)| = O(ε) for x ∈ Ωδ.

From the above estimate, (3.54) and (3.56), we get (2.18). In addition, for any
ξ ∈ ∂Ω, we can compute its normal derivative as

∂νuε(ξ) =
1

ε
W ′(0)−√

ρ
|∂Ω|
|Ω| QF (ū)φ

′
1(0) + (n− 1)H∂Ω(x)φ

′
2(0) + oε(1)

= −1

ε

√
2ρF (ū) +

|∂Ω|
|Ω| QF (ū)

√
F (ū)

2

+ (n− 1)H∂Ω(ξ)

√
1

2ρF (ū)
F(ū) + oε(1)

where we have used (3.7), (3.20), (3.22) and (3.56). It remains to study the repre-
sentation of the level set. For any a ∈ (0, ū), we consider the following equation

a = uε(x) = W

(
z(x)

ε

)
− ε

√
ρ
|∂Ω|
|Ω| QF (ū)φ1

(
z(x)

ε

)
+ ε(n− 1)H∂Ω(y(x))φ2

(
z(x)

ε

)
+O(ε2),

(3.58)

where we have used the fact that z(x) = O(ε) for x ∈ {p ∈ Ω | uε(p) = a} with
a ∈ (0, ū), see (2.9). As a consequence, together with the smoothness of the domain,
we have ∣∣H∂Ω(y(x))−HΓz(x)

(y(x))
∣∣ = O(ε) for x ∈ {p ∈ Ω | uε(p) = a}.

Since W (z) is a strictly decreasing function, we can find a unique z1,a such that
W (z1,a) = a. Using (3.58), we can set

z(x) = εz1,a + ε2z2,a(x) + oε(1)ε
2.

Substituting this expansion into (3.58) gives

a = W (z1,a) + εW ′(z1,a)z2,a(x)− ε
√
ρ
|∂Ω|
|Ω| QF (ū)φ1(z1,a)

+ ε(n− 1)H∂Ω(y(x))φ2(z1,a) + oε(1)ε.

We can get from the above equation that

z2,a(x) =
1

W ′(z1,a)

(
√
ρ
|∂Ω|
|Ω| QF (ū)φ1(z1,a)− (n− 1)H∂Ω(y(x))φ2(z1,a)

)
+ oε(1).
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Therefore, for any x0 ∈ ∂Ω, if x = x0 + z(x)ν(x0) ∈ ∂Ωδ is the point such that
uε(x) = a ∈ (0, ū). Then it follows that

z(x) = εz1,a + ε2
1

W ′(z1,a)

(
√
ρ
|∂Ω|
|Ω| QF (ū)φ1(z1,a)− (n− 1)H∂Ω(x0)φ2(z1,a)

)
+ oε(1)ε

2.

�

4. Proof of Theorem 2.4 (case of logarithmic sensitivity)

In this section, we shall study the logarithmic sensitivity model and obtain the
counterpart results. We consider the following equation:

(4.1)

⎧⎨⎩ε2Δu =
m∫

Ω
uχdx

uχ+1 in Ω,

u = ū on ∂Ω,

where χ > 2. For the non-negative solutions of (4.1), we have the following asser-
tions.

Lemma 4.1. Let Ω be a smooth bounded domain and uε be the solution to (4.1).
For ε sufficiently small, there exist positive constants C1, C2, c1, c2 independent of
ε such that

(4.2) C2

(
1+ c2

dist(x, ∂Ω)

ε2

)− 2
χ ≤ uε(x) ≤ C1

(
1+ c1

dist(x, ∂Ω)

ε2

)− 2
χ

, ∀ x ∈ Ωδ.

Furthermore, there exists a positive constant C independent of ε such that

(4.3) uε(x) ≤ ū

(
1 + C

dist(x, ∂Ω)

ε2

)− 2
χ

, ∀ x ∈ Ω.

Proof. Estimate (4.2) follows from [6, Lemma 4.4]. It remains to show estimate
(4.3). In the proof of [6, (4.16)], we have already shown that

(4.4) uε(x) ≤ ū

(
1 + Cδ

dist(x, ∂Ω)

ε2

)− 2
χ

, for all x ∈ Ωδ.

While for x ∈ Ωc
δ, it was proved in [23, (4.18)] that

(4.5) uε(x) ≤ C(Ωc
δ)ε

4
χ .

Now we choose

C = min

{
Cδ,

ū
χ
2

Diam(Ω)C(Ωc
δ)

χ
2

}
and ε <

(
ū

C(Ωc
δ)

)χ
4

,

where Diam(Ω) := max
x1,x2∈∂Ω

dist(x1, x2). Then using (4.4) and (4.5) we get (4.3). �

Recall from (2.21)–(2.22) that:

(4.6) U(z) =
A

(B + z)
2
χ

, where A =

(
2(χ+ 2)

mχ2

) 1
χ

and B =

(
A

ū

)χ
2

.

It is straightforward to check that U(z) satisfies the following equation

(4.7)

{
U ′′(z) = mUχ+1(z), z > 0,

U(0) = ū, U(z) → 0 as z → +∞,
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GEOMETRY EFFECTS ON THE BOUNDARY-LAYER PROFILES 25

which can be considered as the leading order equation of (4.1). Let

λε =

(∫
Ω

uχ
ε dx

) 1
2

.

We note it follows from [6, Lemma 4.4] that λε ∼ ε. That is there are two constants
d1, d2 > 0 such that

d1ε ≤ λε ≤ d2ε.

We set σε = ελε for convenience. In the following, we shall see that U
(

z(x)
σε

)
can

be regarded as the leading order approximation of uε(x).

Lemma 4.2. Let uε and U be the solution of (4.1) and (4.7), respectively. Then
for ε > 0 sufficiently small, we have

max
x∈Ω

∣∣∣∣uε(x)− U

(
z(x)

σε

)∣∣∣∣ ≤ Cε
4
χ .

Proof. For x ∈ Ω \ Ωδ, by Lemma 4.1 and the fact λε ∼ ε, we have

(4.8)

∣∣∣∣uε(x)− U

(
z(x)

σε

)∣∣∣∣ ≤ uε(x) + U

(
z(x)

σε

)
≤ C

(
δ

ε2

)− 2
χ

≤ Cε
4
χ

for ε > 0 sufficiently small and some constant C > 0. Thus, it only remains to
prove that the inequality holds for x ∈ Ωδ with δ > 0 small.

For x ∈ Ωδ, we write x = y(x) + z(x)ν(y(x)) by the Fermi coordinate, as intro-

duced in Section 2. Noticing that U
(

z(x)
σε

)
satisfies (4.7), we have

(4.9)

σ2
εΔ

(
uε(x)−U

(
z(x)

σε

))
= mg(uε(x))−mg

(
U

(
z(x)

σε

))
−σεU

′
(
z(x)

σε

)
Δz(x)

= m

(
g(uε(x))−g

(
U

(
z(x)

σε

)))
+ Eu(x)

= m(χ+ 1)w̃χ
ε (x)

(
uε(x)− U

(
z(x)

σε

))
+ Eu(x),

where g(u) = uχ+1, w̃ε(x) ∈
(
min

{
U
(

z(x)
σε

)
, uε(x)

}
,max

{
U
(

z(x)
σε

)
, uε(x)

})
and

Eu(x) = −σεU
′
(
z(x)

σε

)
Δz(x) = σεU

′
(
z(x)

σε

)
(n− 1)HΓz(x)

(y(x)) in Ωδ,

here (2.4) was used. We note that, by Lemma 4.1 and λε ∼ ε, we have

(4.10) min

{
U

(
z(x)

σε

)
, uε(x)

}
≥ C3

(
1 + c3

z(x)

σε

)− 2
χ

in Ωδ.

Note HΓz(x)
is uniformly bounded due to the smoothness of Ω. Then using the

definition of U given in (4.6) and the fact that σε ∼ ε2, we have

(4.11) Eu(x) ≥ −c0ε
2

(
B +

z(x)

ε2

)− 2
χ−1
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for some constant c0 > 0. In order to estimate uε(x) − U( z(x)σε
), let us define a

comparison function

wε(x) =

(
B +

z(x)

σε

)1− 2
χ

.

Then, by (2.3) and |HΓz(x)
(y(x))| ≤ C in Ωδ, we have that

(4.12)

σ2
εΔwε(x)−m(χ+ 1)w̃χ

ε (x)wε(x)

≤ −2(χ− 2)

χ2

(
B +

z(x)

σε

)−1− 2
χ

−m(χ+ 1)w̃χ
ε (x)wε(x)

− σε(n− 1)HΓz(x)
(y(x))

χ− 2

χ

(
B +

z(x)

σε

)− 2
χ

≤ σε

(
B +

z(x)

σε

)− 2
χ

⎡⎣C − m(χ+ 1)Cχ
3

σε + c3z(x)

(
B + z(x)

σε

)
(
1 + c3

z(x)
σε

)
⎤⎦

− 2(χ− 2)

χ2

(
B +

z(x)

σε

)−1− 2
χ

≤ −2(χ− 2)

χ2

(
B +

z(x)

σε

)−1− 2
χ

for x ∈ Ωδ1 with δ1 ∈ (0, δ0) being sufficiently small and independent of small ε.
We note that, by Lemma 4.1 and the definition of U and wε, it holds that

(4.13) wε(x) ∼ ε
4
χ−2 and

∣∣∣∣uε(x)− U

(
z(x)

σε

)∣∣∣∣ ≤ Cε
4
χ on Γδ1

and

(4.14) uε(x)− U

(
z(x)

σε

)
= 0 and wε(x) > 0 for x ∈ ∂Ω,

where Γδ1 := {x ∈ Ω | dist(x, ∂Ω) = δ1}, as introduced in Section 2.

Let Wε(x) = C0ε
2wε(x), where C0 > 0 is a constant so that C0

2(χ−2)
χ2 > c0 for

c0 given in (4.11). Then it follows from (4.12) that
(4.15)

σ2
εΔWε(x)−m(χ+ 1)w̃χ

ε (x)Wε(x) ≤− C0ε
2 2(χ− 2)

χ2

(
B +

z(x)

σε

)−1− 2
χ

.

Now comparing (4.15) to (4.9) with (4.11) and using the boundary conditions in
(4.13) and (4.14), we get by the comparison principle that

(4.16)

∣∣∣∣uε(x)− U

(
z(x)

σε

)∣∣∣∣ ≤ Wε(x) = C0ε
2wε(x), x ∈ Ωδ1 .

Since wε(z(x)) is increasing in z due to χ > 2, we obtain that∣∣∣∣uε(x)− U

(
z(x)

σε

)∣∣∣∣ ≤ C0ε
2wε(x) ≤ Cε2

(
B +

δ1
σε

)1− 2
χ

≤ C0ε
4
χ , x ∈ Ωδ1 .

Combining the above inequality with (4.8) and setting δ = δ1, we complete the
proof. �
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Recall that in (2.21)–(2.22), we introduced the following function

(4.17)

φ3(z) =
A

χ+ 4
(B + z)

χ−2
χ − AB

χ−2
χ −q−

χ+ 4
(B + z)q

−
,

q− =
1−
√
1 + 8(χ+1)(χ+2)

χ2

2
< − 2

χ
.

With U(z) given in (4.6), one can readily verify that φ3(z) satisfies

(4.18)

{
φ′′
3(z) = m(χ+ 1)Uχ(z)φ3(z) + U ′(z), z > 0,

φ3(0) = 0.

Then with φ3 in hand, we can give a refined approximation of uε(x) as given
below. Recalling the definition of δ0 in (2.1), we fix δ ∈ (0, δ0).

Lemma 4.3. Let uε and U be the solution of (4.1) and (4.7), respectively. As
ε > 0 is sufficiently small, there exists a constant C independent of ε such that

max
x∈Ω

∣∣∣∣uε(x)− U

(
z(x)

σε

)
− σε(n− 1)HΓz(x)

(y(x))φ3

(
z(x)

σε

)∣∣∣∣
≤ Cε4

(
1 +

z(x)

σε

)2− 2
χ

,

(4.19)

where HΓz(x)
(y(x)) is defined in (2.2).

Proof. For x ∈ Ωδ, we write it as x = y(x)+z(x)ν(y(x)) with y(x) ∈ ∂Ω and z(x) =
dist(x, y(x)). Using the form of Laplace operator in terms of Fermi-coordinate in
(2.3) and (2.4), we can rewrite (4.9) as

(4.20)

σ2
εΔ

(
uε(x)− U

(
z(x)

σε

))
= muχ+1

ε (x)−mUχ+1

(
z(x)

σε

)
+ σε(n− 1)HΓz(x)

(y(x))U ′
(
z(x)

σε

)
.

Using (2.3), we rewrite (4.18) in Ωδ as

σ2
εΔφ3

(
z(x)

σε

)
= m(χ+ 1)Uχ

(
z(x)

σε

)
φ3

(
z(x)

σε

)
+ U ′

(
z(x)

σε

)
− σε(n− 1)HΓz(x)

(y(x))φ′
3

(
z(x)

σε

)
,

where we have used the fact that φ3

(
z(x)
σε

)
is constant on Γz(x).

Due to the appearance of U ′
(

z(x)
σε

)
in (4.20), we define an approximate solution

by

(4.21) uε,app := U

(
z(x)

σε

)
+ σε(n− 1)HΓz(x)

(y(x))φ3

(
z(x)

σε

)
.

By a direct computation, we have
(4.22)

σ2
εΔ(uε(x)− uε,app(x)) = m(χ+ 1)Uχ

(
z(x)

σε

)
(uε(x)− uε,app(x)) +

3∑
i=1

Ei,ε,
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where

E1,ε := σ2
ε(n− 1)2H2

Γz(x)
(y(x))φ′

3

(
z(x)

σε

)
,

E2,ε := ε3λ3
ε(n− 1)

[
HΓz(x)

(y(x))Δφ3

(
z(x)

σε

)
−Δ

(
HΓz(x)

(y(x))φ3

(
z(x)

σε

))]
,

E3,ε := m

[
uχ+1
ε (x)− Uχ+1

(
z(x)

σε

)
− (χ+ 1)Uχ

(
z(x)

σε

)(
uε(x)− U

(
z(x)

σε

))]
.

We will provide the estimates for the error terms Ei,ε(i = 1, 2, 3) below. Using
the fact that the mean curvature HΓz(x)

(y(x)) are uniformly bounded (since Ω is

smooth), we have

(4.23) |E1,ε(x)| ≤ Cσ2
ε

(
B +

z(x)

σε

)− 2
χ

≤ Cε4
(
B +

z(x)

σε

)− 2
χ

.

From (4.17), we can see that

(4.24)

|E2,ε(x)|

= ε3λ3
ε(n−1)

∣∣∣∣φ3

(
z(x)

σε

)
ΔHΓz(x)

(y(x))+
2

σε
φ′
3

(
z(x)

σε

)
∇HΓz(x)

(y(x))∇z(x)

∣∣∣∣
≤ Cε3λ3

ε

(
B +

z(x)

σε

)χ−2
χ

+ Cσ2
ε

(
B +

z(x)

σε

)− 2
χ

≤ Cε4
(
B +

z(x)

σε

)− 2
χ

.

Concerning the last one, by (4.16) in the proof of Lemma 4.2, we obtain that
(4.25)

|E3,ε(x)| ≤ CUχ−1

(
z(x)

σε

)(
uε(x)− U

(
z(x)

σε

))2

≤ Cε4
(
B +

z(x)

σε

)− 2
χ

.

We set

ψε(x) = uε(x)− uε,app(x).

It follows from (4.22) that

(4.26) σ2
εΔψε = m(χ+ 1)Uχ

(
z(x)

σε

)
ψε +

3∑
i=1

Ei,ε in Ωδ.

To estimate ψε, we define a comparison function

w1,ε(x) =

(
B +

z(x)

σε

)2− 2
χ

.

Then, by (2.3) and the fact that |HΓz(x)
(y(x))| ≤ C in Ωδ, we have that

σ2
εΔw1,ε(x)−m(χ+ 1)Uχ

(
z(x)

σε

)
w1,ε(x)

≤ (2χ−2)(χ−2)

χ2

(
B+

z(x)

σε

)− 2
χ

−m(χ+1)Aχ

(
B+

z(x)

σε

)−2(
B+

z(x)

σε

)2− 2
χ

− σε(n− 1)HΓz(x)
(y(x))

2χ− 2

χ

(
B +

z(x)

σε

)1− 2
χ

=
(2χ− 2)(χ− 2)

χ2

(
B +

z(x)

σε

)− 2
χ

− 2(χ+ 2)(χ+ 1)

χ2

(
B +

z(x)

σε

)− 2
χ
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− σε(n− 1)HΓz(x)
(y(x))

2χ− 2

χ

(
B +

z(x)

σε

)1− 2
χ

≤ Cσε

(
B +

z(x)

σε

)1− 2
χ

− 12

χ

(
B +

z(x)

σε

)− 2
χ

≤ σε

(
B +

z(x)

σε

)1− 2
χ
[
C − 6

χ
(Bσε + z(x))−1

]
− 6

χ

(
B +

z(x)

σε

)− 2
χ

≤ − 6

χ

(
B +

z(x)

σε

)− 2
χ

for x ∈ Ωδ1 , where δ1 ∈ (0, δ0) is sufficiently small and independent of ε. Since

w1,ε(x) ∼ ε
4
χ−4 and |ψε(x)| ≤ Cε

4
χ on Γδ1

and

(4.27) max
x∈∂Ω

|ψε| = 0, max
x∈∂Ωδ\∂Ω

|ψε| = O(ε
4
χ ) on ∂Ωδ1 ,

by the maximum principle, we have |ψε(x)| ≤ Cε4w1,ε in Ωδ1 . Thus, it remains to
prove (4.19) holds in Ω \Ωδ1 . We note that there is a constant C > 0 independent
of ε such that

Cε4
(
1 +

z(x)

σε

)2− 2
χ

≥ ε
4
χ , ∀x ∈ Ω \ Ωδ1 .

Combining this and Lemma 4.2, we complete the proof of the inequality (4.19). �

Next, we shall calculate
∫
Ω
uχ
ε dx for the case χ > 2. By Lemma 4.1 and simple

calculations, we have
∫
Ω
uχ
ε dx =

∫
Ωδ

uχ
ε dx+O(ε4). From Lemma 4.3, we get∫

Ωδ

uχ
ε dx =

∫
Ωδ

[
U

(
z(x)

σε

)
+ σε(n− 1)HΓz(x)

(y(x))φ3

(
z(x)

σε

)
+O

(
ε4
(
1 +

z(x)

σε

)2− 2
χ

)]χ
dx

=

∫
Ωδ

Uχ

(
z(x)

σε

)
dx

+ χ

∫
Ωδ

Uχ−1

(
z(x)

σε

)(
σε(n− 1)HΓz(x)

(y(x))φ3

(
z(x)

σε

))
dx

+

∫
Ωδ

Uχ−1

(
z(x)

σε

)
O

(
ε4
(
1 +

z(x)

σε

)2− 2
χ

)
dx

+

∫
Ωδ

Uχ−2

(
z(x)

σε

)
O

(
ε4φ2

3

(
z(x)

σε

)
+ ε8

(
1 +

z(x)

σε

)4− 4
χ

)
dx,

where we have used the facts σε ∼ ε2 and

U

(
z(x)

σε

)
≥ Cε2φ3

(
z(x)

σε

)
≥ Cε4

(
1 +

z(x)

σε

)2− 2
χ

in Ωδ.
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Using the co-area formula in Lemma 2.1, we have∫
Ωδ

Uχ

(
z(x)

σε

)
dx =

∫ δ

0

∫
∂Ω

Uχ

(
z

σε

)
(1− (n− 1)zH∂Ω(y) +O(z2))dσydz

= σε|∂Ω|
∫ δ/(σε)

0

Uχ(z)(1 +O(ε4z2))dz

− σ2
ε(n− 1)

∫
∂Ω

H∂Ω(y)dσy

∫ δ/(σε)

0

zUχ(z)dz

=
Aχ

B
σε|∂Ω| − (n− 1)Aχσ2

ε | log(σε)|
∫
∂Ω

H∂Ω(y)dσy +O(ε4),

and ∫
Ωδ

(Uχ−1φ3)

(
z(x)

σε

)
HΓz(x)

(y(x))dx

=

∫
Ωδ

(Uχ−1φ3)

(
z(x)

σε

)
(H∂Ω(y(x)) +O(z(x)))dx

= σε

∫
∂Ω

H∂Ω(y)dσy

∫ δ/(σε)

0

(Uχ−1φ3)(z)(1 +O(ε2z))dz

=
Aχ

χ+ 4
σε| log(σε)|

∫
∂Ω

H∂Ω(y)dσy +O(ε2).

Therefore, we have

λ2
ε =

Aχ

B
σε|∂Ω| − (n− 1)Aχσ2

ε | log(σε)|
∫
∂Ω

H∂Ω(y)dσy

+
(n− 1)χAχ

χ+ 4
σ2
ε | log(σε)|

∫
∂Ω

H∂Ω(y)dσy +O(ε4)

=
Aχ

B
σε|∂Ω| −

8(n− 1)Aχ

χ+ 4
σ2
ε | log ε|

∫
∂Ω

H∂Ω(y)dσy + O(ε4).

With σε = ελε, solving the above equation, we can get the following key result.

Lemma 4.4. Consider equation (4.1) with Ω being a smooth domain. Let λε =(∫
Ω
uχ
ε dx
) 1

2 . Then

(4.28)

λε =
Aχ

B ε|∂Ω|+O(ε3)

1 + 8(n−1)Aχ

χ+4 ε2| log ε|
∫
∂Ω

H∂Ω(y)dσy

=
Aχ

B
ε|∂Ω|

(
1− 8(n− 1)Aχ

χ+ 4
ε2| log ε|

∫
∂Ω

H∂Ω(y)dσy

)
+O(ε3).

Based on Lemmas 4.3 and 4.4, we are able to derive a three-term expansion for
the normal derivative of the solution on the boundary.

Proof of Theorem 2.4. Let

ψε(x) = uε(x)− U

(
z(x)

σε

)
− σε(n− 1)HΓz(x)

(y(x))φ3

(
z(x)

σε

)
.
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By Lemma 4.3 and the fact σε = ελε ∼ ε2, we have

(4.29) |ψε(x)| ≤ Cε4
(
1 +

z(x)

σε

)2− 2
χ

≤ Cε
4
χ for x ∈ Ωδ.

Set
ψ̂ε(x̂) = ψε(σεx̂), for x̂ ∈ Ωσε

δ .

Then ψ̂ε(x̂) satisfies
(4.30)⎧⎪⎪⎪⎨⎪⎪⎪⎩

Δx̂ψ̂ε(x̂) = m(χ+ 1)Uχ
(

z(σεx̂)
σε

)
ψ̂ε(x̂) +

3∑
i=1

Ei,ε(σεx̂) in x̂ ∈ Ωσε

δ ,

ψ̂ε(x̂) = 0 on ∂Ωσε ,

ψ̂ε(x̂) = O(ε
4
χ ) on ∂Ωσε \ ∂Ωσε

δ ,

where
Ωσε

δ := {x̂ | σεx̂ ∈ Ωδ} and Ωσε = {x̂ | σεx̂ ∈ Ω}.
On the other hand, by Lemma 4.3, we have

ψ̂ε(x̂) ≤ Cε4
(
1 +

z(σεx̂)

σε

)2− 2
χ

.

As a consequence, if z(σεx̂) ∼ σε, i.e., for dist(x, ∂Ω) ∼ σε, we can show that

|ψ̂ε(x̂)| = |ψε(x)| ≤ Cε4.

Then applying the classical elliptic regularity theory for equation (4.30) in the
region Ωσε

3σε
, we get that

‖ψ̂ε‖W 2,q(B1(x̂0)∩Ωσε
δ ) ≤ C

(
‖ψ̂ε‖Lq(B2(x̂0)∩Ωσε

δ ) +
∥∥∥ 3∑

i=1

Ei,ε(σεx̂)
∥∥∥
Lq(B2(x̂0)∩Ωσε

δ )

)
≤ Cε4,

where dist(x̂0, ∂Ω
σε) ≤ 2. Thanks to the Sobolev embedding theorem we get that

|ψ̂ε(x̂)|+ |∇x̂ψ̂ε(x̂)| ≤ Cε4 for σεx̂ ∈ Ω2σε
.

Equivalently, we have

|ψε(x)| = O(ε4), |∇xψε(x)| = O(ε2) for x ∈ Ω2σε
.

As a consequence, for any x ∈ ∂Ω, |∇ψε(x)| = O(ε2). Then we can compute the
normal derivative of the solution uε on the boundary by U , φ3 and Lemma 4.4, and
obtain
(4.31)

∂νuε(x) =
1

σε
U ′(0) + (n− 1)H∂Ω(x)φ

′
3(0) +O(ε2) = − 1

σε

2

χ

A

B
2+χ
χ

+ O(1)

=− 1

ε2
2

χ

1

B
2
χAχ−1|∂Ω|

− 16(n− 1)

χ(χ+ 4)

A

B
2
χ |∂Ω|

| log ε|
∫
∂Ω

H∂Ω(y)dσy +O(1)

=− χmū

ε2(χ+ 2)|∂Ω| −
16(n− 1)

χ(χ+ 4)

ū

|∂Ω| | log ε|
∫
∂Ω

H∂Ω(y)dσy +O(1).

For any a ∈ (0, ū), we consider the following equation

(4.32) a = uε(x) = U

(
z(x)

σε

)
+ σε(n− 1)HΓz(x)

(y(x))φ3

(
z(x)

σε

)
+ ψε(x).
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Obviously, we get that z(x) ∼ σε. As a consequence of above analysis, we have
ψε(x) = O(ε4). Furthermore by the smoothness of the domain, we have∣∣H∂Ω(y(x))−HΓz(x)

(y(x))
∣∣ = O(σε)

for any x ∈ {ξ ∈ Ω | uε(ξ) = a} with a ∈ (0, ū). Then solving (4.32) is equivalent
to solving

(4.33) a = uε(x) = U

(
z(x)

σε

)
+ σε(n− 1)H∂Ω(y(x))φ3

(
z(x)

σε

)
+O(ε4).

Since U(z) is a strictly decreasing function, we can find a unique zu,a such that

U(zu,a) = a. By the expression of U(z) we have zu,a =
(
A
a

) 2
χ − B. Using (4.28),

we end up with

z(x) = σεzu,a +O(σ2
ε)

=

(
Aχ

B
|∂Ω|ε2 − Aχ

B

8(n− 1)Aχ

χ+ 4
|∂Ω|| log ε|ε4

∫
∂Ω

H∂Ω(y)dσy

)
zu,a +O(ε4),

which yield (2.24) and hance completes the proof. �

5. Appendix (proof of Lemma 2.1)

Proof of Lemma 2.1. For any point y0 ∈ ∂Ω, there is a small neighborhood of
y0, denoted by Uy0 , such that the n-th coordinate of any point y in Uy0 can be
represented as a function depending on the previous n − 1 coordinates, i.e., we
can find a smooth function ϕ such that y = (y1, · · · , yn−1, ϕ(y1, · · · , yn−1)) for any
y ∈ Uy0 . Based on this setting, the unit inner normal vector is given by

(5.1) ν(y) =
(−Dϕ(y′), 1)√
1 + |Dϕ(y′)|2

,

where

Dϕ(y′) =

(
∂ϕ(y′)

∂y1
, · · · , ∂ϕ(y

′)

∂yn−1

)
and y′ = (y1, · · · , yn−1).

Then the mean curvature at y ∈ Uy0 is

(5.2) H∂Ω(y) := − 1

n− 1

n−1∑
i=1

∂yi
νi =

1

n− 1

n−1∑
i=1

∂yi

(
∂yi

ϕ(y′)√
1 + |Dϕ(y′)|2

)
.

According to the definition of the map X : ∂Ω× (0, δ) → Ωδ, we have

(5.3) x = X(y, z) = X̃(y′, z) = (y′, ϕ(y′)) + z
(−Dϕ(y′), 1)√
1 + |Dϕ(y′)|2

.
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By a direct computation, we have

(5.4)

∂X̃(y′, z)

∂(y′, z)
=

⎡⎢⎢⎢⎣ Id(n−1)×(n−1)

ν1
...

νn−1

∂y1
ϕ · · · ∂yn−1

ϕ νn

⎤⎥⎥⎥⎦

+ z

⎡⎢⎢⎢⎣
∂y1

ν1 · · · ∂yn−1
ν1

...
. . .

...
∂y1

νn−1 · · · ∂yn−1
νn−1

∂y1
νn · · · ∂yn−1

νn

0
...
0
0

⎤⎥⎥⎥⎦
= M1(y

′) + zM2(y
′).

By (5.1)–(5.4), we get from direct computation that

(5.5) detM1(y
′) = νn(y)−

n−1∑
i=1

νi(y)∂yi
ϕ(y′) =

√
1 + |Dϕ(y′)|2,

and
(5.6)

det

(
∂X̃(y′, z)

∂(y′, z)

)
= detM1(y

′) det
(
Idn×n +zM−1

1 (y′)M2(y
′)
)

=
√
1 + |Dϕ(y′)|2

(
1 + z Trace

(
M−1

1 (y′)M2(y
′)
)
+O(z2)

)
.

In order to compute Trace
(
M−1

1 (y′)M2(y
′)
)
, we first compute the inverse matrix

of M1(y
′) and derive that

M−1
1 (y′)

=

⎡⎢⎢⎣ Id(n−1)×(n−1) +(detM1(y′))−1νi∂yjϕ

−(detM1(y′))−1ν1
..
.

−(detM1(y′))−1νn−1

−(detM1(y′))−1∂y1ϕ · · · −(detM1(y′))−1∂yn−1ϕ (detM1(y′))−1

⎤⎥⎥⎦.
As a consequence, using (5.2) and elementary matrix computation, one gets

(5.7)

Trace(M−1
1 (y′)M2(y

′))

=

n−1∑
i=1

⎛⎝∂yi
νi +

n−1∑
j=1

νi∂yj
ϕ∂yi

νj

detM1(y′)
− νi∂yi

νn
detM1(y′)

⎞⎠
= −(n− 1)H∂Ω(y) +

1

detM1(y′)

n−1∑
i=1

⎛⎝n−1∑
j=1

νi∂yj
ϕ∂yi

νj − νi∂yi
νn

⎞⎠
= −(n− 1)H∂Ω(y),
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where we have used that

n−1∑
i=1

⎛⎝n−1∑
j=1

νi∂yj
ϕ∂yi

νj − νi∂yi
νn

⎞⎠
=

n−1∑
i=1

n−1∑
j=1

(
∂yi

ϕ∂yj
ϕ∂yiyj

ϕ

1 + |Dϕ|2 −
∂yi

ϕ(∂yj
ϕ)2

(1 + |Dϕ|2)2
n−1∑
k=1

∂yiyk
ϕ∂yk

ϕ

)

−
n−1∑
i=1

n−1∑
j=1

∂yi
ϕ

(1 + |Dϕ|2)2
n−1∑
k=1

∂yiyk
ϕ∂yk

ϕ

= 0.

Therefore, by (5.6) and (5.7) we obtain that

det(M1(y
′) + zM2(y

′)) =
√
1 + |Dϕ(y′)|2

(
1− (n− 1)H∂Ω(y)z +O(z2)

)
.

On the other hand, using dσy =
√
1 + |Dϕ(y′)|2dy′, we have

dx =
√
1 + |Dϕ(y′)|2

(
1− (n− 1)zH∂Ω(y) +O(z2)

)
dy′dz

=
(
1− (n− 1)zH∂Ω(y) +O(z2)

)
dσydz.

Then we get (2.6) for a part of Ωδ, where the n-th coordinate can be represented
by the other n − 1 ones. The other parts can be treated similarly, where the only
difference is that we may represent the i-th coordinate (other than the n-th one)
by the other n− 1 coordinates. �
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