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Abstract
In this paper, we consider the following Lotka—Volterra competition system with
dynamical resources and density-dependent diffusion

u; = Aldi(w)u) +u(ayw — bju — c1v), x €, t>0,
vy = A(dr(w)v) + v(aaw — bou — cov), x €, t >0, (%)
wy = Aw —wu +v) +pwimkx) —w), x e, t>0,

in a bounded smooth domain  C R? with homogeneous Neumann boundary con-
ditions, where the parameters u, a;, b;, ¢; (i = 1,2) are positive constants, m(x) is
the prey’s resource, and the dispersal rate function d; (w) satisfies the the following
hypothesis:

e d;i(w) € C%([0, 00)), dl.’(w) < 0on [0, c0) and d(w) > 0.

When m (x) is constant, we show that the system (*) with has a unique global classical
solution when the initial datum is in functional space W17 (Q) with p > 2. By
constructing appropriate Lyapunov functionals and using LaSalle’s invariant principle,
we further prove that the solution of (*) converges to the co-existence steady state
exponentially or competitive exclusion steady state algebraically as time tends to
infinity in different parameter regimes. Our results reveal that once the resource w
has temporal dynamics, two competitors may coexist in the case of weak competition
regardless of their dispersal rates and initial values no matter whether there is explicit
dependence in dispersal or not. When the prey’s resource is spatially heterogeneous
(i.e. m(x) is non-constant), we use numerical simulations to demonstrate that the
striking phenomenon “slower diffuser always prevails” (cf. Dockery et al. in J Math
Biol 37(1):61-83, 1998; Lou in J Differ Equ 223(2):400-426, 2006) fails to appear if
the non-random dispersal strategy is employed by competing species (i.e. either dj (w)
or dp (w) is non-constant) while it still holds true if both d(w) and d»> (w) are constant.
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1 Introduction
1.1 Background, motivation and main results

The evolution of dispersal (either random or non-random) is one of the most interesting
topics in theoretical studies of population dynamics and various mathematical models
have been studied to understand the process of dispersal and its ecological effect and
evolution [e.g., see the survey papers (Cosner 2014; Lou 2008) or book (Cantrell
and Cosner 2004)]. Among other things, we consider the following Lotka—Volterra
diffusion-competition model

u; =diAu+u(a; —bju —cjv), in Q2 x RF,
v; = da Av + v(ay — bou — cpv), in Q x RT,
ou = dyv =0, on 9 x RT,
(u, v)(x, 0) = (uo, vo)(x), in €,

(1.1)

where u(x, t) and v(x, t) represent the population densities of two competing species
at location x €  and at time ¢ > 0, and the habitat 2 is a bounded smooth domain in
R"(n > 2); dy,d> > 0 are the dispersal rates of u and v, respectively. a;, b;, c;(i =
1, 2) are all positive constants, where a; represent the intrinsic growth rates of species,
b1 and ¢, are the death rates due to intra-specific competition and ¢ and b, are the

. . - 2,
death rates due to inter-specific competition; A = > 337 is the usual Laplace

operator and 9, = %, where v denotes the outward unit normal vector on 0€2, is the

normal derivative on the boundary. The zero-flux boundary condition is prescribed to
warrant that no individual crosses the boundary of the habitat. The initial data uo and
vo are nonnegative and nontrivial (i.e., not identically zero). The system (1.1) has been
extensively studied in the literature (cf. Lou and Ni 1996; Brown 1980; Jiingel 2010
and references therein) among which the main concern was under what conditions
competition exclusion or co-existence will be achieved asymptotically. It turned out
that the asymptotic behavior of solutions to (1.1) essentially depends on the value of
the ecological reaction coefficients a;, b;, c; (i = 1, 2). For simplicity, the following
changes of variables and parameters:
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have been often used to simplify the system (1.1) to

u; =diAu+u(a; —u —cv), in Q x RT,
v, =drAv +v(ar —bu —v), inQ xRt

1.2
du = dv =0, on 9 x RT, (1.2)
(u, v)(x, 0) = (uo, vo)(x), in €2,
where tildes on u and v have been suppressed for convenience. Set
A=ai/ay, B=1/b, C =c. (1.3)

Then the following results are well known (cf. Lou and Ni 1996):

e Weak competition C < A < B. The solution (u, v) of (1.2) converges to
(uy, vx) = (a1 —azc)/(1—bc), (a2 —bay)/(1—bc)) uniformly (i.e., regardless of
initial values) as t — 00, namely the coexistence steady state (i, vy) is globally
asymptotically stable.

o Competitive exclusion A < min{B, C} (reps. A > max{B, C}). The solution
(u, v) of (1.2) converges to (0, az) (reps. (ar, 0)) uniformly as t — oo; that is,
one species dominates and the other becomes extinct (one species wipes out the
other).

e Strong competition B < A < C. The steady states (a1, 0) and (0, a») are locally
stable, but (u, vy) is unstable. If the domain is convex, no stable positive steady
states exist.

When the spatial heterogeneity of resource (or environment) is considered, say
a; = m(x) with m(x) being a non-constant function representing the local carry-
ing capacity of species, then the Lotka—Volterra competition-diffusion system in (1.1)
can be extended to the following one:

u; =diAu+um(x) —u —cv), inQ xR,
v, =drAv +v(m(x) —bu —v), inQ xRt
du = d,v =0, on 9 x RT,
(u, v)(x,0) = (ug, vo)(x), in Q.

(1.4)

The most prominent feature of (1.4), in contrast to (1.1), is perhaps the so-called
“slower diffuser wins”’ phenomenon.

With g(x) € C*(Q)(0 < a < 1) with fQ gdx > 0 and g # 0, we denote by 04 ¢
the unique positive solution of

dAG +6(g(x) —0)=0in 2, 9,0 =00nadN (1.5)
where the proof of existence and uniqueness of solutions to (1.5) was given in
Cantrell and _Cosner (2004). The result of Dockery et al. (1998) asserts that if
m(x) € C¥RN)(0 < o < 1), then every solution (u, v) of (1.4) withdb = ¢ =1
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converges to (0y,,m, 0) ast — oo whend;| < d». Simply speaking, the slower diffuser
wipes out its fast competitor regardless of the initial value. When 0 < b, ¢ < 1 (weak
competition), it was further proved by Lou (2006) that for any b € (1/E(m), 1) there
exists a ¢ > O such that if ¢ € (c, 1), then (04, m, 0) is globally asymptotically stable
for some 0 < d| < d, where E(m) = supd>0%/m with f = ﬁ fQ fdx. This
remarkable result implies that co-existence may be no longer possible even in the case
of weak competition 0 < b, ¢ < 1, which is very different from constant m(x). The
results are further completed in Lam and Ni (2012). It was also conjectured that the
same results should for any ¢ € (0, 1). This conjecture is confirmed in an important
work of He and Ni (2017). In fact, a complete dynamics for bc < 1 including the case
b = ¢ = 1 with different heterogeneity of resources for different competing species
was obtained in a series of important papers by He and Ni (2016a,b) and He and Ni
(2017).

Both the system (1.1) and (1.4) do not take into account the non-random dispersion
of species towards the resource (like food, light). Recently the following reaction-
diffusion-advection model

u; =V - (diVu — xquVm) + u(m(x) —u — cv), in Q x RT,
v; = V- (Vv — ovVm) +v(m(x) — bu —v), inQ xR,
d1dyu — xqudym = dpd,v — xoud,m = 0, on 92 x RT,
(u, v)(x, 0) = (uo, vo)(x), in Q,

(1.6)

has been considered by adding the advection (directed movement) of species along the
gradient of the resource. Due to its complexity, the model (1.6) still remains poorly
understood and not many results are available. We refer to Cantrell et al. (2006),
Cantrell et al. (2007), Chen et al. (2008), Averill et al. (2017) for some interesting
results obtained on (1.6) and Cosner (2014), Lou (2008) for open questions imposed.

We note that all these relevant works mentioned above have assumed the (envi-
ronmental) carrying capacity/recource m(x) is either constant or spatially variable.
However the resource often changes in time (like seasonal changes or temporarily
varying population in the predator-prey system), and hence it would be of interest to
consider the dynamics in a spatio-temporal heterogenous environment. It seems few
research projects have been conducted in this direction. Given heterogeneous time-
periodic resource m(x, t), it is shown in Hutson et al. (2001) that the system (1.4)
with b = ¢ = 1 exhibits quite different dynamics, where the competing species may
coexist at different dispersal rates and even faster diffuser may prevail under suitable
choices of dy, d, and m. The traveling wave solutions (see Zhao and Ruan 2011; Bao
and Wang 2013) and the free boundary problem (e.g., see Chen et al. 2016; Wang and
Zhang 2016 and references therein) of (1.4) with heterogenous time-periodic envi-
ronment have been investigated. Though time-dependent resources are considered in
these works, they are still given as functions of time without temporal dynamics.
By considering the feedback of resources from exploitations by consumers, Zhang
et al. (2017) extend, based on their experimental findings, the scalar logistic mod-
els to consumer-resource reaction-diffusion models to include exploitable renewed
resources with temporal dynamics. The experiment of Zhang et al. (2017) not only
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verifies some hypotheses on the single logistic model but also finds that homogeneous
resources can support larger population than heterogeneous resources—a surprising
result. The model in Zhang et al. (2017) was further analytically studied in a recent
work (He et al. 2019).

In this paper, we shall consider another scenario where the resource has temporal
dynamics. To be specific, we consider the competition of two species in a predator-prey
system, where the prey as a resource has spatial movement, intrinsic birth-death kinet-
ics and loss due to predation. Furthermore in the realistic predator-prey system, the
dispersal rates of predators should depend on the distribution of the prey (see Kareiva
and Odell 1987). Taking into account these two important effects in the competition
system, we consider the following Lotka—Volterra competition model with dynamical
resource and density-dependent diffusion (i.e. non-random dispersion):

u; = Aldiy(w)u) + u(aqw —u —cv), x €2, t>0,

vy = Aldr(w)v) + v(aw —bu —v), x e, t>0,
wy=Aw—wu+v)+pw(dl—-—w), xe, t>0, (1.7)
oyu = dyv = dyw =0, x €0, t>0,

(u, v, w)(x, 0) = (uo, vo, wo)(x), x € Q,

where u(x, t) and v(x, t) denote the densities of two competing species (e.g. preda-
tors), and w(x, r) denotes the density of predators’ resources (e.g. the prey). The third
equation of (1.7) describes the dynamics of the resource, which for instance can be
regarded as the prey in the predator-prey system. d; (w)(i = 1, 2) denotes the resource-
dependent dispersal rate of species with a monotone property: d; (w) < 0, to comply
with the fact that the predators will reduce its motility for exploitation when encoun-
tering the prey observed in the field experiment of Kareiva and Odell (1987). This
dispersal mechanism is called “density-suppressed motility” and was also found in
the bacterial movement (cf. Fu et al. 2012; Jin et al. 2018). Common examples include
d;(w) = 1/(1 + w)* (algebraic decay) or d; (w) = e~ (exponential decay) with
A; > 0. By expanding the Laplace operator, it is easy to see that the nonlinear diffusion
in (1.7) actually consists of both diffusive and advective flux

Aldi(w)u) =V - (di(w)Vu —uxi(w)Vw), (18)
A(dr(w)v) = V - (da(w) Vv — vy (w)Vw), '
with x;(w) = —d/(w) > 0( = 1, 2). Hence the system (1.7) can be regarded as a
generalization of the reaction-diffusion-advection model (1.6).
Throughout the paper, we shall assume the motility function d;(w) (i = 1;2)
satisfies the following hypothesis:

(H1): d; (w) € C%([0, 0)), d/(w) < 0on [0, c0) and d(w) > 0.

Due to the presence of the density dependent diffusion coefficient, the system
(1.7) is a cross diffusion system and the maximum principle is no longer applicable.
Thus the boundedness of solutions (prevention of overcrowding of population) is
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not an obvious result and needs to be justified. Hence the first goal of this paper
is to prove that the system (1.7) has a unique global classical solution uniformly
bounded in time. We shall prove our results by the method of energy estimates and
Moser iteration. The second goal of this paper is to identify conditions under which
coexistence or exclusion steady state will be asymptotically achieved. Then we finally
give some biological interpretations for our results. We shall prove our results based
on a parabolic approach—constructing Lyapunoval functions, which is different from
elliptic approaches used in the literature (cf. He and Ni 2016a; Lam and Ni 2012; Lou
2006). Our first result is the global existence of solutions with uniform-in-time bound.

Theorem 1.1 Let 2 C R? be a bounded domain with smooth boundary and the hypoth-
esis (HI) hold. Assume (ug, v, wg) € [Wl’f”(Q)]3 with p > 2 and ug, vo, wy >
0(z% 0). Then there exists a global classical solution (u, v, w) € [C(o, o) X
Q) N C21((0, 00) x Q)73 solving the system (1.7). Moreover, the solution satisfies
u,v,w > 0forallt > 0 and

lu(, OllLe@) + v, Dlize@) + lw, Dy < C for all £ >0, (1.9)
where C > 0 is a constant independent of t. In particular, we have 0 < w < K, where
K = max{1, ||wo|lr>}. (1.10)

Our second main result is concerned with the asymptotic behavior of solutions to (1.7),
which is connected to the homogeneous steady state (ug, vy, ws) of (1.7) satisfying
the following equations

u(aiw —u —cv) =0,
v(apw — bu —v) =0, (1.11)
w(pw — u+u+v) =0.

Beyond two trivial solutions (extinction steady state (0, 0, 0) and resource-only steady
state (0, 0, 1)), we see that (1.11) has some other non-trivial solutions depending on the
value of parameters a;, b, c. They can be classified into the following three categories
similar to the classical Lotka—Volterra competition system

Casel:c < a < 1/b(weak competition);
az

Case 2 : a < min{1/b, c}(v has advantage over u); (1.12)
az

Case 3 : a > max{1/b, c}(u has advantage over v).
az

For convenience, we denote
L:=ubc—1)+a(b—1)4+ay(c—1).
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One can check that L < 0in Case 1 (¢ < Z—l < %). Then the corresponding homoge-

neous steady state (i, v, wy) can be solved as follows:

( ) (uy, v, wy) or (0, vy, w3) or (u3, 0, w3), inCasel,
Ug, Vg, Wy) = :
o (0, v3, w3) or (u3, 0, w3), in Case 2 and Case 3,
where "
(uy, vf, wy) = Z(azc—al,alb—az,bc— 1) (1.13)
and
naz " mnaiy 1
Vi wid) = , ;o (uk, wd) = , . 1.14
(2 2) (az-l-u a2+u> (3 3) <a1+/L a1+M) ( )

To state our main results on the large time behavior of solutions, we introduce some
further notations. Denote

K;:= max M i=1,2 (1.15)
T 0<w<k di(w) ’ S '
where K is defined in (1.10). Let

51 = (a1b+a2c)2 —4ajay, in Case 1,

8 =ai(b+1)? —4a, in Case 2, (1.16)
83 = ar(c + 1) — 4ay, in Case 3,
and s ,

_ clai+ap—a1b) +b(aj+ar—azc) .

pi == ézlbc(lll—t-zaz)(l]—bcﬁ *-, inCasel,

y = latD-Sa) in Case 2, (1.17)

1)—2a;)* .
wy = %, in Case 3.

Then our second result is stated in the follow theorem.

Theorem 1.2 Let the assumptions in Theorem 1.1 hold. Then the solution (u, v, w) of
(1.7) obtained in Theorem 1.1 has the following convergence properties.

(1) Assume ¢ < % < %(Case 1)and K1 + Ky < 4 (“=" holds if ||wo| L~ < 1). If
81 <0ordy > 0and pu > puj, then

(u, v, w) = (uy, vi, wy) exponentially as t — oo.

(2) Suppose & < min{l%, c} (Case 2) and Ko < 4 (“=" holds if |lwollpe < 1). If

ay

8 < 0o0rdy > 0and u > u3, then

(u, v, w) = (0, vy, w3) algebraically as t — 0.
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(3) Assume 4 > max{}j, c} (Case 3) and K1 < 4 (“=" holds if |wollze < 1). If

a

83 <0o0rd3 > 0and pu > 3, then

(u, v, w) = (3,0, w3) algebraically as t — oo.

1.2 Implications of results

This paper investigates the asymptotic dynamics of a diffusive Lotka—Volterra com-
petition system, where the resource has spatio-temporal dynamics and diffusion of
competitors depends on the resource distribution. Below we shall discuss the applica-
tions of our results and compare them with existing findings. It is well known that the
model (1.4) will exhibit the striking phenomenon “slower diffuser always prevails”
when the resource is spatially heterogeneous but given. Therefore the first issue we
are concerned with is whether the same phenomenon still exists when the resource w
has temporal dynamics such as in the system (1.7). To this end, we consider (1.7) with
a special case d; (w) = D; =constant (i = 1,2) and a1 = a» = a:

u; = DiAu+ u(aw — u — cv), xeQ, t>0,

vy = DyAv 4+ v(aw — bu — v), xe, t>0,
wy=Aw—wu+v)+pwl—w), xe, t>0, (1.18)
opu = dyv = dw =0, x €0, t>0,

(u, v, w)(x, 0) = (ug, vo, wo)(x), x € Q.

The system (1.18) is directly comparable with the Lotka—Volterra competition-
diffusion system (1.4) where the spatially heterogenous resource m (x) is given without
temporal dynamics. It can be easily checked that §; < 0 (i = 1, 2, 3) in each case of
(1.12) if a; = a». Hence Theorem 1.2 applied to (1.18) yields the following results.

Corollary 1.3 Let (u, v, w) be the unique classical solution of (1.18) with a; = ay
obtained in Theorem 1.1. Then the following results hold.

) Ifc<1< % (Case 1), then (u, v, w) — (uj, vy, w}) exponentially ast — oo.
2 If1 < min{l%, c} (Case 2), then

(u, v, w) = (0,v5, w3) algebraically ast — oo.
3 Ifl > max{ll’, c} (Case 3), then

(u, v, w) — (3,0, w3) algebraically as t — oo.

The prominent phenomenon derived from the system (1.4) is that “slower diffuser
always wipes out faster diffuser” even for the weak competition (Case 1). However the
results in Corollary 1.3 show that this phenomenon no longer exists if the resource has
temporal dynamics and co-existence may be achieved in the case of weak competition
regardless of the size of D; (i = 1, 2) and initial values. In this situation, the asymptotic
dynamics of (1.18) is more like the one for the classical Lotka—Volterra diffusion-
competition model (1.1) with spatially homogeneous resources.

Next we consider the density-dependent motility function d; (w) and interpret the
meaning of /C; defined in (1.15). To see this, we consider following examples under
the hypothesis (H1):
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di(w) = m or dj(w) =exp(—Ai;jw), A;>0. (1.19)
’ 2
Then it is easy to verify that ; = maxo<y<k % = |A;|%. This means that K; is

a measurement of the decay rates of d; (w) with 'respect to w. In terms of the decay
rate A;, we have the following results as a consequence of Theorem 1.2.

Corollary 1.4 Let di(w) (i = 1,2) be given in (1.19), and (u, v, w) be the unique
classical solution of (1.7) with a; = ay obtained in Theorem 1.1. Then the following
results hold.

(1) Ifc <1 < § (Case 1) and )3 + 23 < 4, then

(u, v, w) — (uf, v}, wy) exponentially as t — oo.
2) Ifl1 < min{%, c} (Case 2) and Ay < 2, then

(u, v, w) — (0, vy, w3) algebraically as t — oo.
3 Ifl > max{l—lJ, c} (Case 3) and Ay < 2, then

(u, v, w) = (u3, 0, w3) algebraically as t — oo.

The results in Corollary 1.4 indicate that even two non-randomly dispersing competi-
tors have different dispersal rates (i.e. A1 # Az), which is comparable with the case
dy # d> in the system (1.4), the co-existence steady state can be achieved in the case
of weak competition if the dispersion decay rates of both competitors are not large
(i.e. )»% + A% < 4) no matter whether they are equal or not. This again shows that
the phenomenon “slower diffuser always prevails” does not exist any more. In the
original model (1.4) deriving the prominent phenomenon “slower diffuser always pre-
vails”, the given resource is spatially heterogenous. Hence a natural question is what
the asymptotic dynamics will be if the prey’s resource (resource supplied to the prey)
is spatially heterogenous given that the prey has temporal dynamics, namely replacing
the third equation of (1.7) by

wy = Aw —w(u +v) + pwim(x) — w)

where m (x) represents the prey’s resource which is non-constant. The analytical study
of this question will be very delicate and has gone beyond the scope of this paper, but
we shall numerically explore it in the last section. It turns out the phenomenon “slower
diffuser always prevails” will fail to appear when the non-random dispersal strategy
is employed by the competing species even if the prey’s resource m(x) is spatially
heterogeneous, whereas it still holds if the species use the random dispersion only (see
simulations and discussions in Sect. 4).

The rest of this paper is organized as follows. In Sect. 2, we shall address the global
boundedness of solutions to (1.7) and show Theorem 1.1. In Sect. 3, we construct
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Lyapunov functionals to prove the asymptotic behavior of solutions asserted in The-
orem 1.2. In Sect. 4, we shall make a summary of our results, show numerical results
on the heterogenous prey’s resources and discuss their biological implications.

2 Boundedness of solutions (Proof of Theorem 1.1)

Theorem 1.1 is a consequence of the local existence theorem (see Lemma 2.1) and
the a priori estimates (see Lemma 2.6 and Lemma 2.7), which shall be detailed in the
subsequent subsections.

2.1 Preliminaries

Before proceeding, we introduce some notations used throughout the paper.
Notation. For simplicity, we replace [y [o, f (-, s)dxds and [, f(-.)dx by [; [o f
and fQ f, respectively. In addition, we denote || - ||Lr() = || - ||» for short, and C;
(i=1,2,3,---) stand for generic constants which may alter from line to line.
First, we establish the local existence of solutions to the system (1.7) by the abstract
theory of quasilinear parabolic systems established in Amann (1993).

Lemma 2.1 (Local existence) Let Q C R? be a bounded domain with smooth bound-
ary. Assume that the parameters [, ay, az, b, ¢ are positive constants and the hypothesis
(HI) holds. Suppose that (ug, vy, wo) € [WHP ()13 with ug, vo, wo > 0(z 0) and
p > 2. Then there exists a constant Ty € (0, 00] such that system (1.7) has a unique
classical solution (u, v, w) fulfilling u, v, w > 0 forallt > 0 and

(@, v, w) € [CQ X [0, Tar)) N C*H(Q x (0, Tya))T’
Moreover if Ty < 00, then

(. Ol + v Dl - [[w, Dllwie — 00 as 7 Tinax-

Proof Denote z = (u, v, w). Then the system (1.7) can be written as

7=V -(P(2)V2) + 0(z), xe€Q,t>0,

% =0, x€dQ, >0, @2.1)
z(+, 0) = (uo, vo, wo), X €Q,
where
di(w) 0 udj(w) ulajw — u — cv)
P(z) = 0 d(w) vdi(w) |, Q@)= v(apw — bu — v)
0 0 1 —wu +v)+ pw(l —w)

Since d;(w) > 0 (i = 1, 2), the matrix P(z) is positive definite for the given initial
data, which asserts that the system (2.1) is normally parabolic. Then the application of
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(Amann 1990, Theorem 7.3) yields a T},,4x > O such that system (2.1) admits a unique
solution (i, v, w) € [CY(Q X [0, Thax)) N C>1(Q x (0, Thuax))]’. The nonnegativity
of (u, v, w) follows from the maximum principle. To be precise, we rewrite the first
equation of system (1.7) as follows

ur —di(w)Au 4+ q1(x, )Vw - Vu + ga(x, Hu =0, x € Q2,1 € (0, Tryax),
u =, x €09, 1€ (0, Tax),
u(x,0) =ug >0, x €,

2.2)
where g1 (x, 1) = —2d|(w) and g2(x, 1) = —di’(w)|Vw|2 —dj(w)Aw — (ayw —u —
cv). Then one applies the maximum principle to system (2.2) and gets that u(x, ) > 0
for all (x,1) € Q2 x (0, Typax). Since ug # 0, then u > 0 holds by strong maximum
principle. Similarly, we can derive that v, w > 0 for all (x,#) € Q x (0, Tax)-
Moreover, we see that P(z) is an upper triangular matrix, which along with (Amann
1989, Theorem 5.2) yields the blowup criterion as claimed. Consequently, the proof
is finished. o

Lemma 2.2 (Kowalczyk and Szymanska 2008) Assume that 2 C R" is a bounded
domain with sm_ooth boundary and T € (0, oo]. Suppose that y(x,t) € CcY(Q x
[0, T)) N C>1(Q x (0, T)) satisfies

y _, x€dQ,te (0, 7),

{y, =Ay—y+h(x, 1), xeQ.teT),
v

where h(x,t) € L°°((0, T); LP(2)). Then there exists a constant C > 0 such that
IyC, Dllwra <C
with

(L3255, ifp=<n
[1, o0], if p > n.

Lemma 2.3 (Jin and Wang 2017) Let the assumptions in Lemma 2.1 hold. Then the
solution (u, v, w) of system (1.7) satisfies that

lw(, DL~ = K (2.3)
forallt > 0, where K is defined by (1.10). Moreover

limsupw(-, 1) <1 forallx € Q. (2.4)

t—00

Lemma 2.4 Let (u, v, w) be a solution of (1.7) under the assumptions in Lemma 2.1.
Then it follows that

/QWw(-,t)F <C 2.5)
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t+t I+t
/ /(u2 +v2)(-,5) < C and / / lAw(-, 5)]? < C, (2.6)
t Q t Q

where T = min{1, T"&‘” } and C > 0 is a constant independent of t.

and

Proof Integrating the first equation of (1.7) over Q2 and using Young’s inequality with

(2.3), we have
— u—i—/u—al/uw—/u—c/uv—i—/

(a1 K +1)%
< —— e —
< 2/u + 7 1€2|

d/ +/ +1/ 2<C 2.7
— | u u+—-1{[ u , .
dt Q Q 29 =1

where C; = Mlm. Similarly from the second equation of system (1.7), we

derive that
— v—l—/v—i— /v < (2.8)

with C = Mm.
Multiplying the third equation of (1.7) by —Aw, using (2.3) and Young’s inequality,
one derives that

= | wl? 4 - /|Vw| +/ |Aw|?

1
SK/(M+U)|Aw|+uK(K+l)/ |Au)|—_/ wAwW
Q Q 2 Jq

3
§—f|Aw|2+K2/u2+K2/v2+C3
4 Jg Q Q

with C3 = K2 (u(1+ K) + 1) I This yields that

which gives

d 1
S Lwur s [ vl S [awP <262 [@l 2 @9
dt Jo Q 2 Ja Q
Multiplying (2.7) and (2.8) by 6K and combining them with (2.9), we end up with
1
¢>’+¢+K2/(u2+v2)+5/ |Aw|? < Cy, (2.10)
Q Q

where ¢ (1) = 6K? [ u+6K? [o v+ [, |Vw|? and C4 = 6C1 K* + 6C2K? 4 2C3.
Then the application of Gronwall inequality to (2.10) gives

¢(t) = ¢(0) + Cq, (2.11)
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which y1elds (2.5). Furthermore, integrating (2.10) over (t,¢r + 7) with t =
min{l, ’W} and using (2.11), we have that

4+t 1 t+1
KZ/ W+ %) + |Awl? < $() + Car
‘ Q 2 J; Q -

=¢0)+ C4(1+ 1),

which gives (2.6). Hence the proof of Lemma 2.4 is completed. O

2.2 A priori estimates

Motivated by an idea of Jin et al. (2018), we will derive the boundedness of ||u(-, ¢)|| ;2
and [lv(:, t)|| ;> with the help of (2.6). Furthermore, we derive the uniform boundedness
of the solution.

Lemma 2.5 Assuming the conditions of Lemma 2.1 hold, the solution of (1.7) satisfies
luC, Oz + G Dlli2 + lw, Dllwia < C forall t € (0, Tinax) (2.12)

where C > 0 is a constant of independent of t.

Proof Multiplying the first equation of system (1.7) by u and applying Young’s
inequality, we have

d1<w) i)
2dr/ / o 2y VY +”“K/” _/
K1 4 : 4 7_1/ 3
5 () 3
(2.13)

where C; = |©2| and /C; is defined in (1.15). The Gagliardo-Nirenberg inequal-
ity in two d1mens10ns (n = 2) yields that

16a K

Il < CoIVaell 2 ull 2 + el 72)- (2.14)
On the other hand, when n = 2, applying (Jin et al. 2018, Lemma 2.5), we have

IVwli7s < Ci(lAwll 2 Vw2 + [Vwl7) < CalAwllz2 + 1) (2.15)
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where (2.5) has been used. Then the combination of (2.14) and (2.15) gives that

() ()

K1C2Cy
< = 7
- 2

dl( )

(IVall 2l 2 Awll g2 + lull 7o | Awll 2 + [ Vull 2wl 2 + ul72)

——IVull?, + Csllull3. I Awl7, + Csllul?,

(2.16)
with Cs = W[IQCzCﬁ—dl(K)]?Substituting (2.16)into (2.13) and using Young’s
inequality give that

d
Znuuiz —2Cs|lull?llAw|?, < Ce (2.17)

for all 7 € (0, Tyqy), where Co = 2(Cy + 5552 |Q]). Recalling (2.6), one can find

to =to(t) € (t — )4, t) forany ¢ € (0, T,,4y) such that
(. t0)l17, < C7 (2.18)

in both cases € (0, t) and t > t, where t is defined in Lemma 2.4. By (2.6), there
exists a constant Cg > 0 such that

o+t
f / |Aw(-, $)[* < Cs. (2.19)
o Q

With a notice of 79 < t < t9 + t < tp + 1, we integrate (2.17) over (fo, t) and use
(2.18)—(2.19) to derive that

t 1 2
G, O < e, )32 o 140010 g / PO IAv Al dp g

10
<(C7 4 Cg1)e?5Cs
(2.20)
for all ¢ € (0, T,,,4x ). Treating v in the same way, we have

lv¢. D172 < Co (2.21)

forall t € (0, Ty4y). Furthermore, we apply the parabolic regularity (see Lemma 2.2)
to the third equation of system (1.7) and obtain that [|w(-, ) ||yy1.4 < Co which, together
with (2.20)—(2.21), yields (2.12). O

With the boundedness of |lu(-, #)|;2 and ||v(:, #)||;2 in hand, we next derive the
uniform-in-time boundedness of the solution (u, v, w).

Lemma 2.6 Letthe assumptions in Lemma 2.1 hold. Then the solution of (1.7) satisfies
forallt € (0, Tyax) that
lw(, Dlwie < C, (2.22)

where C > 0 is a constant independent of t.
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Proof First with 0 < w < K in (2.3) and hypothesis (H1), we have 0 < d|(K) <

di(w) and lc; ((Iﬁ))l < KC1. Then one multiplies the first equation of system (1.7) by 1>

and integrates the result over €2 to derive that

1d u3+2/d1(w)u|Vu|2+/ ut

3dt Jq Q Q

5—2/ i(w)MZVu-Vw—i—al/ u3w—c/ uv
Q Q Q

1 1
S/dl(w)u|Vu|2+/C1 (/ u6>2 (/ |Vw|4)2+a1K/ u?. (2.23)
Q Q Q Q

3
From Lemma 2.5, we have |[Vw| ;4 < Cz and [lu?|*, = |Jull3, < C3. Then one

~
[

applies the Gagliardo-Nirenberg inequality and Young’s inequality to obtain that

1 1
2 2
4K (/ u6) (/ |Vw|4> < a2t )2,
Q Q

3403 32 35
= CaIVuz o lluzll” 4 + w2l 4)
L3 L3

2d1( )
< 20 Vu 172 + Cs. (2.24)
where C5 = C3C4(1 + (1‘;)) Since =~ 2d1(K) IVu 3 || = dl(K) ||u2Vu||L2, we substi-
tute (2.24) into (2.23) and employ Young s inequality again to show that
1d 1 di(K 1
-—— u3+—/u3+¥/u|Vu|2+—fu4§C6
3dt Jgq 3 Ja 2 Q 2 Jao
with Cg = 1 (27a}K* + 1) + Cs, that is
d
— | i+ / u’ < 3Cs.
dt Jo Q
Therefore, the application of Grénwall inequality gives that
/ u < / up +3C. (2.25)
Q Q
We conclude similarly that ||v] ;3 < C7, which, together with (2.25) and (2.3) gives
(2.22) directly by the parabolic regularity (cf. Lemma 2.2). O

Lemma 2.7 Let the assumptions in Lemma 2.1 hold and assume that (u, v, w) is a
solution of (1.7). Then there exists a positive constant C independent of t such that

uC, Ollzee + v, Do < C
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forallt € (0, Tpax)-

Proof Since w € L® (2 x [0, Tjnax)), there is a constant M > 0 such that |w| < M
for all ¢ € [0, Tynax). Multiplying the first equation of (1.7) by uP~1 with p >2and
integrating the result by parts, we arrive at

1d
—— | w?+(p- 1)/ di (w)uP=2|Vu|?
pdt Jg Q

S(P—l)/ Idi(w)lu”_IIVMIIVWIvLalf wu”—/ uf(u + cv)
Q Q Q

—1 [ |dj(w)?

uP|Vwl> +ayM | uP.
2 Jo di(w)

Q

. (2.26)
Since 0 < w € WI*OO(Q X [0, Tinax]), it follows from the hypothesis (H1) that there
exist constants C; (i = 1, 2, 3) > 0 such that

-1
W )fdl(w>u”—2|w|2+ P
2 Q

|d} (w)[?
4 (0) < Cs. (2.27)

Ci <di(w) <C2, and
Then we have from (2.26) that

d C -1
—f u” + p(p — 1)/ u? + Mf uP=?|Vul® < Cap(p - 1)/ u?
dt Jo Q 2 Q Q
(2.28)
withC4 = (% ||Vw||%Oc +a1; M +1). By the Gagliardo-Nirenberg inequality to [, u?,
we get

Cap(p— 1) /Q u? = Cap(p — Dt |2,

P P )
= Csp(p = DANVuz |57 w2 1577 + w270

Ll
_2G -

P p
IVuz||2, + Cop(p — D(p" + DlluZ |3,

where Cs = Cs[(3)7 + 1]. Noting that [ u?~?|Vu[? = %fQ |Vu’|? and that
p"+ 1< (p+ 1)", one derives that

d P 2
— [ u? +pp— 1)/ u? < Cep(p—D(p+ 1" (/ u2> (2.29)
dt Q Q Q

from (2.28). Furthermore, it follows from (2.29) that

/upffug+C6(p+l)” sup </u
Q Q 0<t<Tpax \J Q2

[S13S)

:
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2
< |luoll? || + Co(p + )" sup (/ ui) . (2.30)
Q

0=<t=<Tmax

<o

If supg<, 7. (g ug) < |luo|| L, we have from (2.30) that

/ uP < (Co + 12D (p + 1 gl -
Q

While if supy,<7.  ( [q ug)" > |lug|l L, it follows from (2.30) that

2
/upg(C(,—i-IQI)(p-l-l)" sup (/ u’5> .
Q OStSTmax Q

1
P
N(p):max{||u0||Loo, sup (/ up> }
0<t<Tpax \J/Q

1
andlet C; = Co+|Q|. Nowifsupy, <. ([qu?)? < |lugll, weimmediately have
that ||u||p~ < Cg for some constant Cg > 0, which completes the proof. Otherwise it
follows from the inequality (2.30) that

Denote

l n
N(p) = ¢ (p+ DN (3)-
where w.l.o.g we have assumed C7 > 1. Taking p = 2j,j =1, 2, ..., we have that
N@) <3 a2y NI

J
<[[c3 a+29"Nv
k=1

< ﬁ(l 4ok <C7Zi12k> (2Zi=1kn2’k) N(1)
k=1
< 2¥'CyN (D). (2.31)
Since u € LY(Q x [0, Thax]), we get N(1) < Cg. Sending j — oo in (2.31), one has
lul L <23 C7N(1) =: Cyo for all 1 € (0, Tay).

Performing the same procedure to v, we can get a constant C11 > 0 such that ||u]|po <
C1 forall ¢t € (0, T;;4x ). This completes the proof. O
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3 Stabilization and convergence rate

In this section, we will investigate the asymptotic behavior of solutions solving sys-
tem (1.7) and prove Theorem 1.2 based on Lyapunov functional method along with
LaSalle’s invariant principle. Though the ideas are in the same spirit as a previous
work Jin and Wang (2017) which deals with a two-component prey-taxis system with
constant diffusion, the analyses in our present work are much more technical and com-
plex since (1.7) is a three-component system with competition and density-dependent
diffusion. In particular, the technique of choosing appropriate coefficients to appear
in the Lyapunov functionals is quite different.

3.1 Stabilization

We aligned out analysis into three distinct scenarios.
Case 1 (weak competition): ¢ < % < }7. In this case, we can easily check

that u7, vi and w{ defined by (1.13) are all positive. Then we consider the energy
functional

& (1) ::51[u(t),v(t),w(t)]=§1/ (u—u]k—u’lklnu*)—kmf (v—vi‘—vi‘lni)
Q uy Q U1
)
+/Q<w wy wlan),

3.D
where &1, n; > 0 are constants defined by
: {i, <0 {é, 81 <0, 32)
=19, and 7 =%, .
ata 01=0, arra 01=0,

where §; is defined in (1.16).

Lemma 3.1 Suppose that ¢ < % < % and 81, u7 are defined by (1.16) and (1.17),
respectively. Let &1(t) be the energy functional defined in (3.1) with the solution
(u, v, w) obtained in Theorem 1.1. Then the following results hold.

(1) & () =0 forallt > 0.

(2) Assume that

K1+ Ky <4 (=" holds if |wollL> < 1), (3.3)

where K1, Ky are defined by (1.15). There exists two constants 1 > 0and Ty > 0
such that J

Zgl (1) < = F1(2) 34

holds for all t > T if either §; < 0 or §1 > 0 and . > 7, where
Fi(t) = f (u—u)? + / (w—v})?+ f (w—wh? (3.5)
Q Q Q
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Proof First, we show that &(¢) > 0 for all + > 0. For convenience, we rewrite (3.1)
as

1) = &1 (1) +mi () + I3(0), (3.6)

where
L) = [q(u— uT —ufln L’f)’

L) = [q (v —vf—vf n% .

L) = Jo (w—wj —wi ).

=

Let ¢(z) :=z —ufInz for z > 0. Then it holds ¢'(z) = 1 — MZ—T and ¢”(z) = Z—;{ By

the Taylor’s expansion, we can find a constant £ > 0 between « and u} such that

u—uT—uTlniz(p(u)—w(uT): )

( —u})? >0,
u’f 2

w—up)’ = 252

which implies 71 (t) > 0. Similarly, we have that /() > 0 and /3(¢) > 0. Therefore,
by (3.6), &1(t) = 0 for all r > 0 since &1, n; > 0.

Next we show & () satisfies (3.4) under certain conditions. To this aim, we use the
fact that ajw} — u] — cv} = 0 to estimate 7 (¢) as follows

d] . 1 u
El(t)_/g _7)'/”

d Vul? d|(w)Vu -V
=—uT/ 71(11))'2 ul —uT/ 71(10) Leve +/(u—uT)(a1w—u—cv)
Q u Q u Q

2 / .
=—MT/ di (w)|Vul —MT/ d}(w)Vu - Vw —c/(u—uT)(v—vT)
Q Q Q

u? u

—/(u—u’f)2+a1/(u—u’f)(w—w’f).
Q Q

Similarly, from the second and third equations of (1.7), we have

3.7

d . [ IV, [ dw)Vv-V . .
Eh(t):_vlf zwv—2v_v1/9¥_b/;z(u_ul)(v_vl)
—/(v—v]“)2+a2/(v—v]“)(w—w’f)
Q Q
(3.8)
and

IVWI2 , «

) =~ / /(u—ul)(w—wo—/(v—vl)(w—wl)
& (3.9)

[
Q

@ Springer



7 Page20of37 Z.-A.Wang, J. Xu

where we have used identities a;w} = buj+v] and u}+v] = (1 —w7). Combining
(3.7)—(3.9) with (3.6) gives that

d
—éw)=—f xlAlxlT—/ V1B, (3.10)
dt Q Q

where X1 = (u —uj,v —vj,w —w}) and Y| = (% %, Vw) and A, By are
matrices denoted by

* Elujd) (w)

Sl c&1+bn 1—a1§; éluldl(w) 0 2

2
| cE1tbm 1—ayn — nivids(w)
A= 2. o | By = 0 nvidy(w) —5—
—aisi —ani
2 2 M guidiw)  mividj(w) wf
2 2 w2

Next, we shall show the nonnegativity of the matrices A; and B;. When §; < 0, we
let& = a]—l and | = %, which implies 1 —aj£&; = 0and 1 — a>n; = 0. This leads to

£ Célzbm —8
Al = = >0 and |A;| = ulA1;| > 0.
| | cf;‘l-&z—bm o 461%61% |A1] ] |
When §; > 0, we choose & = # and n; = ﬁ Then one can derive that
bc(1 — be)
Anl = ——
(a1 + az)

and

1
Al =pnlA +—[
|A1] = wlAi1] Har T ar)?

— c(ar + a2 — a1b)* — b(a) — axc + az)z]

2bc(a; + ar — a1b)(a; — axc + an)

_ clar +ar — alb)2 + b(ay +ap — azc)2
4bc(ay + ar)(1 — be) '

> |A11|(M

erefore under the conditionsc < — < 7 and u > u; definedin (1. , one has that
Theref der th diti 4 < 1and ¥ defined in (1.17) has th

[A11] > 0 and |A{] > 0. Based on the Sylvester’s criterion, the matrix A is positive
definite and we can find a constant «; > 0 such that

Xi(x, t)A1X1T(x, t) > (x1|X1|2, ifé; <Oord; >0and u > uj. (3.1
For By, first we see élqul(w) > 0 and hence

§uuidi(w) 0

0 mvida(w)| = Emuividi(w)da(w) > 0.
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To proceed, we claim that

u* v
Sll<1 and My

wy wy

<1 (3.12)

Let §; < 0. In fact, since 1—17 > %, we have ap > a1b, which implies that

a; —asc uj
- - < e <
a1 (1 —bc) ajw)

<1 (3.13)
by recalling the definition of u’f and wik. On the other hand, when 8; > 0, thanks to
apy > apb and (3.13), one has

* * *
bu bu uj

(a1 +a)wi  aw] aw]

< 1. (3.14)

The combination of (3.13) and (3.14) gives that g;‘ﬁ < 1 in either case. Similarly, we
1

can derive that r’;ﬁf < 1. Hence, (3.12) holds in case 1.

1
Next, we claim that there is a 77 > 0 such that for all + > 77, it holds

guiw?|dj(w)>  mviw?|dy(w)]?
dwidy (w) 4widy(w)

< 1. (3.15)

In fact if ||wp|lLe < 1 by (2.3), we see ||w(-, f)||p~ < 1. Then it follows from (3.3)
and (3.12) that

§1u’{w2|d{(w)|2 mv}‘w2|dé(w)|2 w? 1
— (K o) < —(K Chr) < 1.
dwidi (w) bty - 4 R =gtk =

If Jwgll Lo > 1, we suppose that }‘(ICI + K3) < 1 holds (see (3.3)), then there exists
a constant g > 0 such that

1
Z(ICI +K2)+eo < L. (3.16)

Since w € C21(2 x (0, 00)), it follows from (2.4) that

w2

1
lim sup — (K1 + K3) < Z(]Cl + K2),

(
—>00 4’

which allows us to find a constant 77 > 0 such that

w2

1
T(’Cl +K) < Z(’Cl + /o) + €0 (3.17)
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for all # > Tj. The combination of (3.12) and (3.16)—(3.17) guarantees (3.15) in the
case ||wo||L~ > 1. This proves the claim (3.15).
Now from (3.15), we obtain directly that

|Bi| =

smujviwid W) (- Gujwlldi@)?  meiwld @)y
w? 4widi(w) 4widy(w)

for all # > Tj. Then the Sylvester’s criterion enables us to get
Yi(x,0)B1 Y] (x,1) = 0. (3.18)

Hence, the combination of (3.5), (3.10), (3.11) and (3.18) implies for all # > T that
d . *
Eéi(t) < —o1Fi(t) either§; <Ooréy > 0and u > uj,

which yields (3.4) and hence completes the proof. O

Lemma 3.2 Suppose that the conditions of Lemma 3.1 hold. Then we have
-, 1) —uillLee +lv(, 1) = ville + lw(, 1) —willLe — 0 ast — oo. (3.19)

Proof Let ¢ (t) := ¢ (t; ug, vo, wo) = (u, v, w)(¢) denote the unique global classical
solution of system (1.7) with initial data (uq, vg, wp). This defines a semi-flow (or
trajectory) on L>($2) (see Amann 1989) due to Theorem 1.1. By (3.4), we know that
E1(p) < &1(¢o) =: ¢ where g = ¢(0). Then clearly Q. = {¢p € R? : &(p) < ¢} is
a positively invariant compact set by Theorem 1.1.

From Lemma 3.1 and (3.1), we know that the function & (¢) is continuously dif-
ferentiable and enjoys the following properties:

(1) &1(¢) >0 forall ¢ # (uf, v}, wy);
@ L&@) <0 forallg > 0,

where %éﬂ (¢) = 0if and only if ¢ = (u], v, w]). Then the LaSalle’s invariance

principle (e.g. see LaSalle 1960, Theorem 3 or Sastry 2013, pp. 198-199, Theorem
5.23) asserts that (u}, v}, wY) is globally asymptotic stable, namely (3.19) holds. O

Case 2: % < min{%, c}. In this case, we employ the following energy functional

£ 1= Sl v w0) =& [t (v v} —ujln %)
Q Q v

ar o)

+/ (w —wi—wiln ﬂ) (3.20)
Q Wy
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to study the asymptotic behavior of the solution (u, v, w) solving system (1.7), where
(v3, w}) is given in (1.14) and

: s 8 <0,
2 = 2(4261—2141[77 82 2 0'
1

Note that &, > 0 in the case 2. Then we have the following results.

Lemma 3.3 Let 6>(t) be the functional defined by (3.20). Then for all t > 0, we have

& (1) = 0. Moreover, under the condition % < min{%, c} and

K2 <4 (“= " holds if |wollLe < 1), (3.21)

there exists two constants oy > 0 and T, > 0 such that if 5o < 0 or §o > 0 and
W > u3, then

%éaz(l) < —ap (1), (3.22)

For(t) =/ u2+/(v —v3)? +/(w — w})?
Q Q Q
and i3 is defined by (1.17).

Proof With

J1(t)=/u, J2(t)=/ (u—u§—u§1ni*>,J3(z)=/ <w—w§—w;1ni*),
Q Q Uy Q Wy

we rewrite the energy functional & (¢) as

where

1
&r(1) =& 1(1) + Zh(t) + J3(0). (3.23)

By the similar arguments as in Lemma 3.1, we apply the Taylor formula to obtain that
Jo > 0 and J3 > 0, which immediately indicae &> (¢) > 0 thanks to the positivity of
u.

We proceed to show (3.22). Note that vy and w3 satisfy v = apwj and v; =
wu(1 — w3), which along with the equations of (1.7) and the fact Z—; < c gives

i [ [ =
—J1 =d uw — u- —=c uv
dt Q Q Q

§a1/ u(w—wé)—/ u2_0_1/ u(v —v3). (3.24)
Q Q a Jo

Similarly we have
d
—ht)=a / (W —v)w —w}) — b/ u(v — v¥) — / (v —1v})?
dt Q Q Q
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d Vol? d,(w)Vv -V
_v;/ GVul —v;/ Vv Vw (3.25)
Q v Q v
and
d |[Vw|?
d—J3(t)=—/ u(w—w’;)—/(v—u;*)(w—w;)—M/(w—w;)z—w; —.
t Q Q Q w
(3.26)

Then the combination of (3.23)—(3.26) leads to

d

—& (1) < —/ XzAng —/ YszYzT, (3.27)

dt Q Q

where Xo = (u,v — vi,w —w3), ¥, = (%, Vw), and matrices A, B are defined

as follows

£ b+&a 1-6a

2 T T2 vida(w) vidy(w)

| bt+&ray 1 — a 2ay
=g o 0 BElude W)

l—gzal 0 w 2a; w2

If 5 < 0, we have & = al—l from the definition of &;, and hence
b+é&ay

& ==t —82 uds
A2l = | higyay 1 | = 5 >0, |A]=——7—5>0.

%y @ daya; 4ayay

On the other hand, if §, > 0 we choose & = Mza;zalb and derive that
1

ar» —arb
A2 = —5— >0
ayaz
and
(a1 (b +1) — 2a2)? < (a(b+1) — 2a2)2)
Ar| = wlAsr| — = 1A — >0
[A2| = p|Az| 4a%a2 [A21| | Har —arb)

when o > 1. Hence, there exists a constant oz > 0 such that
X7 (x, t)AzXzT(x, 1) > as|Xa[?, if8 <0ordy >0and u > ws (3.28)

based on the Sylvester’s criterion. Under the condition (3.21), we can use the similar
arguments as in Lemma 3.1 to find 75 > 0 such that

21 .9/ 2
d K
wWIBWIT Ko gl s T
4dr (w) 4
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2
(“ = ” holds if [lwollz= < 1), which implies that 242 > 1) Recalling the

- w
definition of v3 and w3, one has

*
d
Uy 2(w) -0
ap
and
¥ sdr(w)  vidE(w) 2 dr(w)  ld5(w)|?
By = 2 (2R RO - B ) % -0
a3 w? 4 (@ +mw? \ w? 4

for all > T». Therefore, the matrix B; is positive definite and then
Ya(x,0)ByY) (x,1) =0,

which together with (3.27) and (3.28), gives that

d
Eé"z(z‘) < —ap (1), ifér <0ordy > 0and p > uj
for all + > T,. The proof is complete. O

Lemma 3.4 Let (u, v, w) be the solution of system (1.7) and (v}, w3) be defined by
(1.14). Assume that the conditions in Lemma 3.3 hold. Then it follows that

luC, Ol + v, 1) = V3l + [w(, 1) —willLe — 0 ast — oco.  (3.29)

Proof From Lemma 3.3, we see that the non-negative functional &>(¢) satisfies
4&(t) < 0and L& (1) = 0if and only if (u, v, w) = (0, v}, w}). Using LaSalle’s
invariance principle again as in Lemma 3.2, we obtain (3.29). O

Case 3: % > max{%, c}. This case is essentially the same as the Case 2. By simply
swap d1(w), ay, ¢ with da(w), az, b and u with v in the proof of Case 2, we get the

following results directly.

Lemma 3.5 Assume & > max{%, ctand Ky <4 (“ = " holds if ||wg||p~ < 1). Then

a
the following convergence holds:

luC, ) — w5l + v, Dllze + wl, 1) —willLe - 0 ast — oo.

3.2 Convergence rate

In this subsection, we shall investigate the convergence rates of solutions. To this end,
we first need to improve the regularity of solutions of the system (1.7).
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Lemma 3.6 Let (u, v, w) be the solution of system (1.7) obtained in Theorem 1.1, then
there exists a constant C > 0 independent of t such that

IVu(, Hllzs + Vo, 0)llps < C. (3.30)
Proof First, we claim that there exists 8 € (0, 1) such that for all 7 > 1

lw(, D =y, (3.31)
c

B
28105 (S r1+1])

where C; > 0 is a constant independent of ¢. Indeed since (u, v, w) is the classical
solution of system (1.7), we get that

0<u<C, and |Jw|yie < Co.

Let g1(x,t, Vu) = di(w)Vu + di (w)uVw and go(x,t) = u(ayw — u — cv). Then
we rewrite the first equation of system (1.7) as

Ur = Vv 'gl(-xsts Vu) +g2(-x9t)

for all x € € and ¢t > 0. By the similar arguments in (Jin and Wang 2020, Lemma
4.1), we derive that

di1(C2)
2

Vu-gi(x, 1, Vu) > IVul?> = C3, |g1(x.t, Vu)| < dy(0)|Vu| + C4

and

lg2(x, )| = Cs,
which, together with Holder regularity, yields that

luC Ol 46 . <Cs (3.32)
7 (@t 1411

for all + > 1. Similarly, we have

oGOl 48 <G (3.33)
P2 (Qx[r,t+1))

for all # > 1. From the third equation of (1.7), the combination of (3.32)—(3.33) with
the standard parabolic Schauder theory (cf. LadyZenskaja et al. 1968) yields (3.31).
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On the other hand, it follows from the first equation of system (1.7) that

/| | —/|Vu|Vu Vu,
4dt

= / \Vu|*Vu - V(V - (dy (w)Vu)) +/ IVul>Vu - V(V - (d] (w)uVw))
Q Q

—l—/ V(aluw—uz—cuv)-Vu|Vu|2.
Q

(3.34)
The first two terms in the right hand side of (3.34) can be estimated in the same way
of Jin and Wang (2020, Lemma 4.2) or Jin et al. (2019, Lemma 3.6) and we have

/|Vu|2Vu~V(V-(d1(w)Vu))+/ |Vu|>Vu - V(V - (d} (w)uVw))
Q Q

di (C di(C
di( 2)/ IVIVM|2|2—M/ |Vu|2|D2u|2+C8/ IVul*+Cg
12 Jo 2 Ja ¢

(3.35)

thanks to (3.31). We next estimate the last term on the right hand side of (3.34) as
follows

/ Viajuw — u> — cuv) - Vu|V1,t|2
Q
< a f u)|Vu|4 + a / u|Vu|2Vu -Vw — Cf u|Vu|2Vu -V (3.36)
Q Q Q
4, 1 4
<Co [ |Vul™+ - [Vu|* 4 Co.
Q 4 Ja
Substituting (3.35) and (3.36) into (3.34) gives that

1d 1 d
——/ |Vu|4+—/ vt + 1 2)/ M
4 dt Q 2 Q

di(C
- 1( 2)/ |Vu|2|D2u|2+C10/ |Vu|4+—/ IVo|* + Cio.
2 Q Q 4o

Using integration by parts and Young’s inequality one obtains

(3.37)

cm/ [Vul* —cm/ uv|Vul? - Vu—Cm/ ulAu|Vul?

d C C
i 2)/ v Ivulp 4+ 4 2)/ \Vul?|D?ul? + 2‘0/ IVul* + Ciy,
Q

that is,

d1(C2)
clo/ Val* < /|V|Vu|2|2
Q 12 Jg
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di(C2)
2

+ / [Vul?|D%ul?> + 2C11. (3.38)
Q

From (3.37) and (3.38), we arrive at

d
—/ |W|4+2/ |Vu|4§/ IVul* 4+ 4(C1o 4+ 2C11). (3.39)
dt Jo Q Q

In the same manner, we get

d 4 4 4
vt 2 | velt< | Vult + Coa. (3.40)
dt Jo Q Q

Combining (3.39) with (3.40) gives that

d 4 4 4 4

g ) (vt 190 ) 4 (190 +1901") <410+ 2€10) + Cro
which, together with Gronwall inequality, yields (3.30). Therefore, the proof is com-

pleted. O

Lemma 3.7 Let the assumptions in Lemma 3.1 hold. Then there exist two constants
o > 0and C > 0 independent of t such that

lu —ufllzee + v — vyl + Jw — willze < Ce™ (3.41)

holds for all t > Ty with some Ty > 0, where uf, vi and wy are defined in (1.13).

Proof Since |u — uj|lp~ — 0ast — oo (see Lemma 3.2), we apply the L’Hopital’s
rule to derive that

—uf —utln & u}
o u—uy ujln H ) _n ) 1
hm—*z—hm—*zhm—z o
u—u (u —u7) u—ut 2 —uy)  w—ui2u 2uj

which by the continuity yields a constant #; > O such that

2 * * u 1 32
— —u¥—u*ln— ) < — — 3.42
1 /(u ”1) / (u uj ujln T) T/(M ”1) ( )

for all # > #1. Similarly, we can find a constant #, > 0 such that

4v1 /(v—vl) </ (v—vl—vl In — ) o /(v—vl) (3.43)
5/ (w—wf—wflnﬂ*) < i*/(w—urf)2 (3.44)
Q wy wy J@

and

*
4wy
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hold for all r > ;. Let t3 = max{t;, f}. Then, it follows from the definition of &7 ()
and F(¢) that
&) < C1Fi(t) forallt > 13,

which, together with (3.4), implies that there exists a constant #4 > 0 such that
d o1
—& @)+ —=—& @) <0 forallt > 14. (3.45)
dt C

Applying the Gronwall’s inequality to (3.45), we get

E1(1) < E O T forallt > 1y, (3.46)

On the other hand, one can find a constant C; > 0 such that 7 (¢) < C,&](¢) from
the left inequalities of (3.42)—(3.44). Then, it follows from (3.46) that

_
I — w2+ o — v¥ll 2 + lw — will2 < Cze 1" forallt > 15, (3.47)

To finish the proof, we need the higher-order estimates of solutions. With (1.9) and
(3.30), we use the Gagliardo-Nirenberg inequality to obtain that

2 1 1
lu = uflize < CaClVall Yyl — w3, + u — ufll2) < Csllu —ufl},. (3.48)

Similarly we have

1 1
lv—"vfllze < Collv —vill;, and [|w —wile < C7llw — will},,

which, together with (3.47) and (3.48), gives (3.41) by choosing C large enough and
0 = g¢; by taking To = t4. ]

Lemma 3.8 Suppose that the conditions in Lemma 3.3 hold. Then there is a T > 0

such that the solution (u, v, w) of system (1.7) satisfies

% k C
lullee + llv = v3llLee + lw — w3z < 77 (3.49)

for all t > Ty, where C is a positive constant independent of t.

Proof As in the proof of Lemma 3.7, we find a ; > 0 such that

1 %2 / * * v 1 / 2
— — < —v,—v,In— ) < — — 3.50
4v§‘ . <v V)" < Q(v vy — U5 In v; < v§ Q(v V) ( )

1 *\2 f * * w 1 / *\2
— < — — In— )< — — 3.51
4w§‘ /5.2 (w w,)” < Q(w wsy — w, In w; < w§ Q(w w5) ( )
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for all # > 1| thanks to Lemma 3.4. Recalling the definition of & (¢) and F,(¢) and
using the result of Theorem 1.1, it follows from (3.50) and (3.51) that

&) < Cy (/u—l—/(v—v;)z—i-/(w—w;)z)
Q Q Q
1 1 1
scz((f u2)2+</<v—v3‘)2>2+(f<w—wa“)2>2>
Q Q Q

1
< C3F5 (0,

”h]Ch’ CO][lbln]ng lth (3'22)’ gl es that

Solving this ordinary differential inequality (3.52), we arrive at
&) < Cat+ 171 forallr > 1.

Using the same argument as in the proof of Lemma 3.7, we readily get (3.49) and
complete the proof. O

With the same arguments for Lemma 3.8, we get the following conclusion with the
omit of proof for simplicity.

Lemma3.9 Let (u, v, w) be the solution of system (1.7) and (u3, w3) be defined by
(1.14). Suppose that the conditions in Lemma 3.5 hold. Then there exists a T» such
that
—u* 0 9] — Wl < ——
lu —u3lire + [lvllpe + lw —w3llLe < 1

holds for all t > T, where C > 0 is a constant independent of t.

Proof of Theorem 1.2. Theorem 1.2 is a direct consequence of Lemmas 3.7-3.9.

4 Summary, simulations and discussions
4.1 Heterogenous prey’s resources

Diffusive Lotka—Volterra competition systems with given spatially homogenous or
heterogeneous resources have been widely studied in the past few decades and many
interesting results/phenomena have been found. The most prominent result (cf. Dock-
ery etal. 1998; Lou 2006) is perhaps the phenomenon “slower diffuser always prevails
(species with slower dispersion rate will wipe out the one with faster dispersion rate in
the competition)” if the resource is spatially heterogeneous without temporal dynam-
ics, which has stimulated much interesting work to investigate its universality (cf.
He and Ni 2016b; Hutson et al. 2001; He et al. 2019; Zhang et al. 2017). However
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whether this distinctive phenomenon exists when the spatially heterogeneous resource
is not given but has temporal dynamics remains unknown. Toward this question, in
this paper, we consider a diffusive Lotka—Volterra competition system (1.7) where
the predators’ resource has temporal dynamics and the diffusion rates of competing
species depend on the prey density. Interestingly our analytical results show that phe-
nomenon “slower diffuser always prevails” no longer appears and the co-existence
steady state will be achieved asymptotically in the case of weak competition regard-
less of the size of dispersal rates of two competing species (see Corollaries 1.3 and
1.4). The results in the present paper, along with those in Hutson et al. (2001), show
that when the resources are temporarily varying no matter whether they are given
functions of time as in Hutson et al. (2001) or have the temporal dynamics as in the
present paper, the dynamics of the competition system will be quite different from
the case where the resources are only spatially varying. This finding may not be that
surprising since no heterogeneity is present in the system (1.7), where in particular
the prey’s resource (i.e. the resource supplied to the prey) is spatially homogeneous.
Since the phenomenon “slower diffuser always prevails” arises when the resource is
heterogenous, a relevant question keen to be elucidated is what will happen if the
prey’s resource is heterogeneous. This motivates us to further consider the following
system

u; = Aldy(w)u) + u(ajw — u — cv), xe, t>0,

vy = A(da(w)v) + v(aaw — bu — v), xe, t>0,

wy =Aw —wu +v)+ pwmx) —w), x €, t>0, “4.1)
opu = dyv = dhw =0, x €0, t>0,

(u, v, w)(x, 0) = (uo, vo, wo)(x), x € Q,

where m (x) represents the prey’s resource. When m(x) is bounded, the global bound-
edness of solutions to (4.1) can be established with similar arguments as in Sect. 2 with
direct modifications. However, the asymptotical behavior of solutions is very hard to
obtain due to the heterogeneity of m(x). Below we shall use numerical simulations
to explore the asymptotic dynamics of solutions to (4.1) and examine the effect of
heterogeneity of the prey’s resource and non-random dispersion (i.e. dj (w) or da(w)
is non-constant) on the competition outcomes.

4.2 Numerical simulations

To investigate the effects of non-random dispersion and the heterogeneity of the prey’s
resource m(x) on the competition outcomes, we set other competition conditions to
be the same, and hence w.l.o.g we assume in the following that

ag=ay=b=c=pu=1.

We shall implement the numerical simulations in an interval 2 = [0, 10] by the Matlab
Pdepe solver based on the finite difference scheme, with the following initial value
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(1o, vo, wo)(x) = (1 + cos(mx), 1 + cos(mx), 1 + cos(mx)). “4.2)

We divide our numerical simulations into three cases: random dispersion (constant
diffusion), non-random dispersion (density-dependent diffusion) and mixed dispersal
strategies, for both the spatially homogeneous (i.e. constant) and heterogenous (i.e.
non-constant) prey’s resource. For the spatially homogeneous prey resource, we shall
simply set m(x) = 1 and for the spatially heterogenous one we set without loss of
generality

m(x) =2+ 2cos(wx/2). “4.3)

Case 1: random dispersion (constant diffusion). We first numerically explore the
asymptotic dynamics of (4.1) with random dispersion only (i.e. both d; (w) and d> (w)
are constant). Without loss of generality, we choose dj(w) = 1 and da(w) = 5 so that
u is the slower diffuser. When the prey’s resource m(x) = 1 is spatially homogeneous,
the numerical simulations of spatial-temporal patterns of the two competing species
and their steady spatial profiles are plotted in Fig. 1, where we see that the spatially
homogeneous co-existence steady state is asymptotically achieved. For the spatially
heterogenous prey’s resource given in (4.3), the corresponding numerical simulation
results are plotted in Fig. 2 where we do observe that the faster diffuser v is asymptot-
ically wiped out and the slower diffuser # wins—namely the slower diffuser prevails.
The numerical simulations shown in Figs. 1 and 2 demonstrate that when both com-
peting species employ the random dispersal strategies, the effect of heterogeneity of

Spatial profile of (uy,w)

(uv,w)

b= rr = 200
e 150

100

0 t Tt s & s 6 7 & s

Fig.1 Numerical simulations of the spatially homogeneous (constant) co-existence state to the system (4.1)
with random dispersion (constant diffusion) and spatially homogenous prey’s resource m(x) = 1, where
di(w)=1,dr(w) =5

Spatial profile of (u,v,w)

(uv,w)

— 300
o> ™
) — 100

Fig.2 Numerical simulations of the phenomenon “slower diffuser prevails” to the system (4.1) with random
dispersion (constant diffusion) and spatially heterogeneous prey’s resource m(x) = 2 4 2 cos(%x), where
di(w)=1,dr(w) =5
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Spatial profile of (u,v,w)

(uv.w)

Fig. 3 Numerical simulations of the spatially homogeneous co-existence state to the system (4.1) with
non-random dispersion and spatially homogeneous prey’s resource m(x) = 1, where d1 (w) and dp (w) are
given in (4.4)

the prey’s resource m(x) on the competition outcomes is similar to the two-component
competition system (1.4).

Case 2: non-random dispersion (density-dependent diffusion). We turn to numer-
ically explore the asymptotic dynamics of (4.1) with non-random dispersion (i.e. both
di(w) and dp(w) are non-constant) to investigate the impact of the heterogeneity of
the prey’s resource m(x) on the competition outcomes. To this end, we set

di(w) = e ' gy (w) = e (4.4)

so that dj(w) < da(w), that is u is the slower diffuser in the competition. We first
look at the spatially homogeneous prey’s resource m(x) = 1 for which the numerical
simulations of spatial-temporal patterns of the two competing species and their steady
spatial profiles are plotted in Fig. 3. Clearly we see that spatially homogeneous co-
existence steady state is asymptotically achieved and the slower diffuser is slightly
disadvantaged indeed in contrast to the numerical results for the random dispersion
shown in Fig. 1. For the spatially heterogeneous prey’s resource m(x) given in (4.3),
the corresponding numerical results are shown in Fig. 4 where we unexpectedly find
that the two competing species u and v reach a spatially heterogeneous co-existence
steady state, that is “slower diffuser always prevails” phenomenon no longer arises.
Apart from this, we find a (weak) segregation phenomenon between the two competing
species u and v in Fig. 4. These numerical observations indicate that the non-random
dispersion will lead to competition outcomes different from the random dispersion .

Case 3: mixed random and non-random dispersions. From the numerical results
shown in the above two cases, one finds that the choice of dispersal strategies is very
important to the competition outcomes. Now we explore what kind of competition
outcomes will be achieved if two species employ mixed dispersal strategies (i.e. one
species uses the random dispersion and the other uses the non-random dispersion). To
this end, we set

di(w) = e, dp(w) is constant,

that is the dispersion of the species u is non-random (density-dependent) while the
dispersion of v is random. The initial condition is given by (4.2). For the spatially
homogeneous prey’s resource m(x), the resulting numerical results are plotted in Fig.
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Spatiotemporal dynamics of u Spatio-temporal dynamics of v Spatial profle of (uy,w)

0 : 0 : !
o0 TP s |
1600 16 1600 16 A‘ \\
1400 14 1400 14 v
1200 P12 1200 12 R

- 1000 1 - 1000/ 1 3 \

800 08 800 08
600 Bos 600 06
P b w oo
200 0.2 200 0.2
% o o K T B E
X

Fig.4 Numerical simulations of the spatially heterogeneous (non-constant) co-existence state to the system
(4.1) with non-random dispersion and spatially heterogeneous m(x) = 2 + 2 COS(%X), where d; (w)(i =
1,2) are given in (4.4)

(uv,w)

Spatial profile of (u,v,w)

(u,v,w)

Fig. 5 Numerical simulations of the spatially homogeneous co-existence state to the system (4.1) with
mixed random and non-random dispersions and the spatially homogeneous prey’s resource m(x) = 1,
where dj (w) = e % dy(w) =5

5 which illustrates that the homogeneous co-existence steady state is asymptotically
achieved. When the prey’s resource m (x) is spatially heterogeneous, the steady spatial
profiles of numerical solutions for different constant dispersal rates d» (w) are shown
in Fig. 6 from which we find that the co-existence steady state is achieved, where the
profile for the species u with non-random dispersion is heterogeneous while the one
for the species v with random dispersion may be heterogeneous (resp. homogeneous)
if its dispersal rate is small (resp. large). In particular, when d, (w) = 5, the diffusion
rate of u is less than the one of v, that is u is the slower diffuser with non-random
dispersion . In this case, the simulation in Fig. 6¢ shows that the slower diffuser u
does not wipe out the faster one v, instead they co-exist. This implies again that the
non-random dispersion is a factor rendering the failure of the phenomenon “slower
diffuser always prevails” in the competition system.

4.3 Biological implications

Based on the above numerical results obtained for the system (4.1), we may speculate
the following biological implications.

First, regarding the prominent phenomenon “‘slower diffuser always prevails”, the
following facts are observed.

(a) When the two competing species employ the random dispersal strategies (i.e.
both di (w) and d, (w) are constant), the prominent phenomenon “slower diffuser
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Steady spatial profile of (u,v,w) Steady spatial profile of (u,v,w) Steady spatial profile of (u,v,w)

(u,v,w)
(u,v,w)

X X x

(@) da(w) = 0.01 (b) da(w) = 0.1 (€) da(w) =5

Fig.6 Numerical simulations of spatially heterogeneous co-existence state to the system (4.1) with mixed
random and non-random dispersions and the spatially heterogeneous prey’s resource m(x) = 242 cos(%x),

where dj (w) = ™% and dp (w) is a constant as shown

always prevails” holds true when the prey’s resource m(x) is spatially heteroge-
neous (see Fig. 2) while the co-existence will be achieved otherwise (see Fig.
D;

(b) Once there is a non-random dispersion employed amongst competing species (i.e.
at least one of diffusion rates d; (w), i = 1, 2, is non-constant), the phenomenon
“slower diffuser always prevails” will fail and instead coexistence will be achieved
regardless of spatial homogeneity or heterogeneity of the prey’s resource m(x)
(see Figs. 3,4, 5, 6).

Second, the effects of dispersal strategy and resource heterogeneity on the slower
diffusers are the following:

(c) Whether the prey’s resource is spatially homogenous or heterogenous, non-
random dispersion seems to be disadvantageous for the slower diffuser in terms
of the total population supported in the space (see Figs. 1, 3 and 5 for the spatially
homogeneous prey source, and see Figs. 2, 4 and 6 for the spatially heterogeneous
prey source, where we find that the slower diffuser with random dispersion has a
larger total population supported than the one with non-random dispersion);

(d) Given that two competing species employ the same dispersal strategies (either
random or non-random dispersion), the resource heterogeneity is advantageous
to the slower diffuser (compare Fig. 1 vs. Fig. 2 and Fig.3 vs. Fig. 4); but this
seems not the case for mixed dispersal strategies (see Figs. 5 and 6).

The observation (a) agrees well with the prominent phenomenon “slower diffuser
always prevails” when the competing species employ the random dispersion strategies.
However the observation (b) suggests this phenomenon may fail with the non-random
dispersion in the competition system. The observations (c) and (d) give possible effects
of the non-random dispersion and heterogeneity of resources on the slower diffuser.
All these numerical observations on the system (4.1) have not been justified analyti-
cally in this paper in particular for the heterogenous prey’s resource m (x), and hence
raise interesting questions to pursue in the future. Finally we remark in the above
simulations, we do not take into account the effect of the total amount of the resource
m(x) on the global dynamics of the system (4.1). It appears from the simulations (not
shown here) that the size of total amount of the resource m (x) will have an impact on
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the asymptotic profiles of (1, v, w), but this has gone beyond the interest of this paper
and hence we do not discuss it here.
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