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1. Introduction

This paper is concerned with the following reaction—diffusion system with cross-diffusion

ug = A(d(v)u) + 0u*F(v), ref2, t>0,
vy = DAv — u®F(v), rxe N, t>0, (1.1)
gy — 9y _, xedn, t>0, '

u(z,0) = uo(x),v(x,0) = vo(x), =€ 0,

where u(x,t) and v(x,t) denote the concentration of two substances, § > 0,D > 0 and 0 < « < 1 are
constants, d(v) is a density-dependent diffusion coefficient satisfying

d e C3([0,400)), d >0, d'(v) # 0 on [0, 400). (1.2)
The function F(v) satisfies

F(v) € C*(]0,00)), F(0) >0, F(v) > 0in (0,00) and F’(v) > 0 on [0, c0). (1.3)
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When d(v) is constant, the system (1.1) has various applications. For instance, when @ = § = 1, F(v) =
v? (B > 1), the model (1.1) was the well-known isothermal autocatalytic system describing the autocatalytic
chemical reaction of order m +1 (cf. [1-3]). When a = 1 and 6 > 0, equations in (1.1) can be regarded as a
simplest predator-prey system with the trophic function F'(v) (cf. [4]). When 8 > 0, F(v) = €, the model
can describe the exothermic combustion (cf. [5]). The above-mentioned are only partial applications of (1.1)
with constant d(v) and more applications can be found in a survey paper [6]. There are many interesting
analytical results obtained on the global solvability of (1.1) with constant d(v) (see [6]) but many interesting
questions still remain open. When d(v) is non-constant, (1.1) becomes a cross-diffusion system and its global
well-posedness problem was one of the open questions proposed in [6]. As we know, there are no results in the
literature addressing the global solvability of (1.1) with non-constant d(v). The purpose of this paper is to
establish the global existence and asymptotic behavior of classical solutions to (1.1) with d(v) satisfying (1.2)
and F(v) fulfilling (1.3). We remark that the Chapman’s cross-diffusion A(d(v)u) has various applications
in biological modelings which have attracted attentions in mathematical analysis recently, for example the
preytaxis [7,8], density-suppressed motility (cf. [9-11]), chemotaxis [12,13] and competition system [14,15].
The main results of this paper are stated in the following theorem.

Theorem 1.1. Let 2 C R? be a bounded domain with smooth boundary. Assume (ug,vo) € [W1>°(£2)]2

with ug,vo 2 0, d(v) and F(v) satisfy (1.2) and (1.3), respectively. Then the problem (1.1) has a unique global

classical solution (u,v) € [C°(£2 x [0,00)) N C?1 (2 x (0,00))]? satisfying u,v >0 for allt > 0 and
[u( D)l Lo (@) + 1o D)llwree(a) < C,

where C' > 0 is a constant independent of t. Moreover, if F(0) = 0, then the solution (u,v) satisfies:
w(z,t) = us and v(-,t) = 0 in L°°(82), with u, = ﬁ S wodz + % J o vodz.

2. Proof of Theorem 1.1

In the sequel, we shall use ¢, C or C; (i = 1,2,...) to denote a generic positive constant which may vary in
the context. For simplicity, the integration variables x and ¢ will be omitted, for instance fOT /. o [z, t)dxdt
will be abbreviated as fOT Jo f(x,t). We will write || f||zo() as [|f||L». We first present the existence of local
solutions of (1.1), which can be readily proved by the Amann’s theorem [16,17].

Lemma 2.1 (Local Existence). Let 2 C R? be a bounded domain with smooth boundary. Assume (ug,vq) €
[(Whoo(2)]? with ug,ve 2 0 for all x € 2, then there exist a constant Ty,ax € (0,00] and a pair (u,v) of
non-negative functions

(u,v) € [C%(R % [0, Tinaz)) N C*1 (82 % (0, Trnaa))?,

which solves (1.1) in the classical sense in 2 x (0, Tyax). Moreover

if Trnaw < 00, then ||u(-,t)]|pee + |[0(-)||lwico = 00 ast N Thax- (2.1)

Proof. Denote z = (u,v). Then the system (1.1) can be written as

2z =V - (P(2)Vz)+Q(z), ze€ 2, t>0,

2= =0, redn, t>0, (2.2)
z(+,0) = (ug, vo), x € {2,

! [e]
where P(z) = <d(0v) d (Ig)u , Qz) = (fz(,l;%;))) The matrix P(z) is positive definite for the given
initial data, which indicates that system (2.2) is normally parabolic. Then the results of [16, Theorem 7.3]
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give a Ty,qe > 0 such that system (2.2) possesses a unique solution (u,v) € [CO(£2 x [0, Tiaz)) N C*1(02 x
(0, Trnaz))]*-

Next, we will prove that u,v > 0 by the maximum principle. To this end, we rewrite the first equation of
(1.1) as uy = d(v) Au+d' (v)Vv-Vu+0u®F(v). Then by the strong maximum principle, we derive that u > 0
for all (z,t) € 2 X (0, Tmae) due to ug # 0. Similarly, we can show v > 0 for any (z,t) € 2 x (0, Tinasz) by
applying the strong maximum principle to the second equation of system (1.1). Since P(z) is an upper
triangular matrix, we obtain (2.1) by [17, Theorem 5.2] directly. Therefore the proof of Lemma 2.1 is
completed. [

Lemma 2.2. The solution (u,v) of (1.1) satisfies ||v(-,t)||roe < ||vo|lLe and
l[uC Ollpr +0l[oC )l 1 = [luoll Ly + Ollvollpr for allt € (0, Trmaz)- (2.3)

Proof. By the maximum principle applied to the second equation of (1.1), we get ||[v(-,t)||pee < |lvgl|Lee
immediately. Multiplying the second equation (1.1) by 6 and adding the resulting equation to the first
equation of (1.1), we obtain (2.3) directly upon an integration. [J

Lemma 2.3. Let (u,v) be a solution of (1.1). Then there exist constants c¢,C > 0 such that

c< / u < C forallt € (0, Tmax)- (2.4)
Q

Proof. Integrating the first equation in (1.1) over {2 with the boundary conditions, we have

d
= [ w>0 and > :
i Jyrzoma [z [

We multiply the second equation of (1.1) by 6 and add the resulting equation to the first equation of (1.1).
Then integrating the result over {2 by parts along with the boundary conditions, we get % ( /. ou+6 /. P v) =
0, which indicates [,u+0 [,v = [,uo + 6 [, vo. Therefore we obtain (2.4) from the non-negativity of u
and v. O

Second, we aim to derive the bound of « in space-time L? norm by the classical duality-based arguments

(see [18,19]). For convenience, we first introduce some notation. Let Ag denote the self-adjoint operator of
—A defined in the Hilbert space

D(Ap) = {¢ € W2(2) % =0 on 92 and / ¢ = o} :
0

v

By the classical duality-based arguments, we derive the following boundedness of u in space-time L2.
Lemma 2.4. Let (u,v) be a solution of (1.1). Then there exists a constant C' > 0 such that
t+71 N
/ / u? < C for allt € [0, Traz),
t Q
where

1 i T7 — if Tna )
T := min {17 me,H} and Tz i= naz = T az < 00 (2.5)
2 0, if Tp0e = 00.
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Proof. By (1.3) and maximum principle, we derive from the second equation in (1.1) that v < Ky =
[lvo|lLee. It follows from (1.2) that there exist positive constants Cy and Cs such that 0 < Cy < d(v) < Ch.
Multiplying the second equation of (1.1) by 6 and adding the result equation to the first equation of (1.1),
one has

(u+6v — 1 — 00); = —Ao(d(v)u + §Dv — d(v)u — D), (2.6)
where 4 = ﬁf() u. In view of the fact [, (u+ v —u — 60) = 0, we have
1d
5d/|A (u+ Ov — it — 0v)? /A (u+60v—u—0v)[A, (u—i—@v—u—@v)]

:/AO_ (u+0v—1u—0v)(u+6v—u—0v),
e}

—/QAgl(quev—a—%)Ao( (v)u + 0Dv — d(v)u — DY)

—/Q(u—i-ev—ﬂ—%)( (v)u + 0Dv — d(v)u — Dv)

d(v)(u —u)? — ﬂ/ dw)(u—u)—0 | (D+dw))(u—u)(v—"2)
e} 0 7}

,gﬁ/g d(v)(v — ) — 6°D /Q(v — )

—C’l/Q(u—ﬂ)2+C2|!2|ﬂ2+9/(D+d(v))(uﬁ+ﬂv)+0/ d(v) uv—02D/ (v — 1)

< —C’l/(u—u) + G| Q)i + 20(D + C3)| 2| + Co6] Qv — 6 D/ v— 1)
7

IA

< —01/(u—a) —921)/(@—5) es
0 Ie;
where we have used the boundedness of @, v, (2.4) and the fact 0 < C; < d(v) < Cy. Therefore,

_1
i/ \Aoz(u+€v—ﬂ—9ﬂ)|2+201/(u—ﬂ)2+202D/(v—17)2 < 2Cs. (2.7)
dt Jo o Q

1
Applying the Poincaré inequality and the fact [, Ay ? (u+ 6v —u — 0v) = 0, we can find a constant Cy > 0
such that L
/ |Ag 2 (u+ 0v —a — 0v))?
2

_1
§C4/ |VA02(u+Gv—ﬁ—917)|2:C4/ lu+ Ov — @ — 05
2 2

§204/(u—11)2+20492/(v—17)2 §204/(u—ﬂ)2+20492|QH|UO||2L00,
2 2 2

which combined with (2.7) implies there exists a constant Cs > 0 such that
d -1 o 4 -1 o
$/9|A0 2(u+0v—u— 0v)]* + 2—C4/Q|AO 2(u+0v —u — 0v)|?
+ C, / (u—u)? + 292D/ (v—12)* < Cs. (2.8)
2 I7;

By Gronwall’s inequality, we find a constant Cg > 0 such that fQ |4, (u +0v—1u—0v)]* < Cg. Integrating
(2.8) over (t,t + 7), yields a constant C7 > 0 such that ft+T Jo(uw —@)? < C7. Then by Lemma 2.3, we

obtain e
/ /u <2/ / u—u) +2/ /u < Cr + 20?0 < Cs.

This completes the proof of Lemma 2.4.
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Lemma 2.5. Let (u,v) be a solution of (1.1). Then there exists a constant C' > 0 such that

t+71 B
/ Vo2 < C and / / 1402 < C for allt € (0, Tonas), (2.9)
Q t Q
where T and Tyay are defined in (2.5).

Proof. By simple computations, we have

L 2 1 2 ;2
Voul© = — + < —— + — .

Then by the boundedness of v and (1.3), we can find a constant C; > 0 such that

/\Vv| +D/ |Av]? < / 2O‘F2(v)§C1/u2a§C1/u2. (2.10)
2 e}

Using the Gagliardo—Nirenberg inequality (see [11, Lemma 2.5]) and boundedness of v, one has
D
2
/Q Vol de = [ Vol < CollAvllc2[vllz2 + [Iv]I72) < [ AvIIZs + Cs. (2.11)

Substituting (2.11) into (2.10), we get

/|V| +/ |VU‘ + = /|AU| <C1/u2+03. (2.12)
2

Denote y(t) == [, |Vu(-, t)’dz and z(t) = Cy [ u* + Cs, from (2.12) we have
y'(t) +y(t) < 2(t) for all t € (0, Thnaz)-

By Lemma 2.4 and [20, Lemma 3.4], we derive the first inequality in (2.9). Then integrating (2.12) over
(t,t + 7) along with the first inequality in (2.9) and Lemma 2.4, we obtain the second inequality in (2.9).
Therefore, we finish the proof of Lemma 2.5. O

Lemma 2.6. Let (u,v) be a solution of (1.1). There exist constants ¢,C > 0 such that for any p > 2, and
for allt € (0, Tynaz), we have

d
— | uP +ep(p— 1)/ uP2|Vu)® < Cp(p — 1)/ u?|Vul? 4+ Cp(p — 1)/ uP.
dt Jg o Q Q

Proof. By the boundedness of v (see Lemma 2.2), the conditions (1.2) and (1.3), we obtain that there exist
constants C1, Cy, Cs > 0 such that

|d' (v

A
&

0< F(v) < Cy, d(v) > Cs, (2.13)

Multiplying the first equation of (1.1) by uP~! with p > 2, integrating the resulting equation by parts and
using Young’s inequality, we derive

L d | w :/Qup_lA(d(v)u)+9/Qup+a_1F(v)

pdt
Cp—1) / )2 Vul® + (p— 1) / 4 ()P VuVo + C10 / o=t
2 2 2

p—1 =210 (2 p—l/ EACHI / »
— /Qd(v)u |Vul +72 L d) uP|Vol” + C16 Qu,
5

IN

IN
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which along with (2.13), yields

d

—/ C / P2 Vu)? < ( ) / uP|Vo|? +019p/
This completes the proof of Lemma 2.6.

Based on Lemma 2.5 and the Gagliardo—Nirenberg inequality, we will derive the a priori L? estimate of
the solution component wu.

Lemma 2.7. Let (u,v) be a solution of (1.1). Then there exists a constant C > 0 such that

/ u? < C for allt € (0, Traz)-
2

Proof. Let p =2 in Lemma 2.6, we get the following estimate

d
L 01/ Vul? < 02/ 2|Vo|? + 02/ w2 (2.14)
dt Jo 2 2 Q
for some constants C7,Cy > 0. We apply Gagliardo—Nirenberg inequality to derive that
2 . ’
fulls < G (19l Bl + ol ) (2.15)
and we use [11, Lemma 2.5] and (2.9) to derive that
IVol[7a < C3([| A0l 2|Vl 2 + [[Vol72) < Ca([|Av] 2 + 1), (2.16)

where the spatial dimension n = 2 has been used.
Then we use (2.15) and (2.16), we obtain that

2
2 1 1
/Quzlwl < lull 74l Voll7s < Cs <IIVUIIEQIIUI|§2 + |u||L2> (I Av[lz2 +1)

C
sc; IVullZe + Col1 + 1 4u]l + | Avll7) llul 2

&) 1+ || Av|?
se IVullZz + Co {1+ ———— +[|Av][72 | ul7
2C5 2

IN

IN

Ch
EHVU\@ + Cr(1+ [ Av[|7)[|ulF2-

Therefore, o
02/ |Vl < 71|qu||%2 + CoCr (1 + (| 40| 2) [Jull7»-
Q

Substituting the above inequality into (2.14), we derive that there exists a constant Cg > 0 such that
d C
— [ W+ 71/ [Vul® < Cs(1 + ||A'UH%2)/ u?.
dt Jo 2 Jo Q

An application of Lemma 2.4, Lemma 2.5 and uniform Gronwall inequality ([21, P91, Lemma 1.1] gives the
desired result. [

Lemma 2.8. Let (u,v) be a solution of (1.1). For any p > 1, there exists a constant C' > 0 such that
/ |Vol? < C forallt € (0, Trmax)-
0

6
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Proof. Lemma 2.8 is a direct consequence of [22, Lemma 1] and Lemma 2.7. O

Lemma 2.9. Let (u,v) be a solution of (1.1). Then there exists a constant C' > 0 such that

lu||pee < C for allt € (0, Thmaz)-

Proof. By Lemma 2.6, we can find constants C7,Cy > 0 such that for any p > 2

d p p— 1 p 2 2
— [ WP+ [Vuz| < Cop(p—1) | wP|Vv|"+ Copp—1) [ uP. (2.17)
dt Jo p Jao Q Q

As a consequence of Lemma 2.8 and Young’s inequality, there exists C5 > 0 such that

cno <o () ([150)' s [ )’

(Co+1)p(p—1) /Q u? < Cap(p — 1) (/Q u2’°)é ;

which combined with (2.17) gives that

and

d -1 2 2
uf + C’lp / |Vu%| +p(p— 1)/ u? < 2C3p(p — 1) (/ u2p> .
dt Jo P Ja Q 7]

The Gagliardo—Nirenberg inequality and Young’s inequality provide constants Cy,Cs > 0 such that

1 2
2 P p 3 p. 1 P
20 ( / u) — a0uluf 2 < O (||Vu2|zg||u2||;l+u2||L1)
(]
.3 p.i 29
R AG A
Cl D ya
< SL VU s + Oo(1+ 59 (2.18)

Substituting (2.18) into (2.17) and noting 1 + p® < (1 + p)%, we obtain

d 2
& [wspo- [ v <o ([ o)
dt Jo o Q

Then employing a standard Moser iteration (cf. [23]) or a similar argument as in [24] to the above inequality,
the desired result can be obtained. O

Proof of Theorem 1.1. Theorem 1.1 is a consequence of Lemma 2.9, [22, Lemma 1] and the extension
criterion Lemma 2.1. The asymptotic stability result asserted in Theorem 1.1 can be proved by the same
argument as for Theorem 1.2 in [18] and we omit the details here for brevity.
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