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ABSTRACT. By employing the Fourier transform to derive key a priori esti-
mates for the temporal gradient of the chemical signal, we establish the ex-
istence of global solutions and hydrodynamic limit of a chemotactic kinetic
model with internal states and temporal gradient in one dimension, which is
a system of two transport equations coupled to a parabolic equation proposed
in [4].

1. Introduction. The mathematical models of chemotaxis were generally con-
structed at two scales of interest: population (macroscopic) or cellular (microscopic)
scale. The prototype of the population-based chemotaxis model was proposed by
Keller-Segel in the 1970s [17] to describe the aggregation of cellular slime molds
Dictyostelium discoideum in response to the chemical cyclic adenosine monophos-
phate (cAMP). The first microscopic description of chemotaxis model was due to
Patlak [21] where the kinetic theory was used to express the chemotactic velocity in
term of the average of the velocities and run times of individual cells. This approach
was essentially developed in [28, 1, 19] using a velocity-jump process assuming that
cells run with some velocity and at random instants of time they changes velocities
(directions) according to a Poisson process with the intensity A\. The governing
evolution equation for the simplest version of this process reads

%p(t, z,v) +v - Vp(t,x,v) = =Ap(t,z,v) + /\/ K[S](v',v)p(t,z,v")dv’,  (1.1)
1%

where p(t, z,v) denotes the density of particles at position 2 € RN (N > 1), moving
with velocity v € V at time ¢ > 0 [19] and V is a symmetric compact set in RV,
Here A is called the turning frequency and 1/ is a measure of the mean run length
between velocity jumps. The kernel function K[S](v',v) is the density distribution
function of a velocity jump from v’ to v if a jump occurs, which is a function of the
chemical concentration S(¢,xz). Generally speaking both turning frequency A and
turning kernel may also depend on internal or external variables.

The microscopic models of chemotaxis can incorporate the individual cell proper-
ties and pass them to the macroscopic models via appropriate spatial/
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temporal scalings. When the kernel function K[S] depends on the chemical con-
centration or its spatial derivative and S(¢, x) satisfies some appropriate dynamical
equation, the kinetic system (1.1) has been extensively studied in the literature
with focuses on the global well-posedness (cf. [3, 6, 14, 13]) and macroscopic limits
(see [20, 7, 30, 27, 22] for formal derivation and [3, 14, 13, 16, 18, 5] for rigorous
justification). In this paper, we consider following kinetic equation with internal
dynamics proposed in [19]

%-ﬁ-qu—i—Vg-(np) = —)\(S)p(t,x,v,f)—&-/v AS)K[S](v',v)p(t, x, v, E)dv’, (1.2)
where £ € Z C R™(m > 1) denotes the internal variable which evolves according to
the equation

dg
= = 16 St z(1))
with n(-,.5) : Z — R being a function describing the signal transduction and S(¢, z)
denoting the concentration of chemical signal and x(¢) is the cell moving path.
Here the internal dynamics of cells is included through £ and the chemical signal is
incorporated into the turning frequency. The kernel function is a non-negative and
satisfies the normalization condition

/ K[S](v",v)dv = 1. (1.3)
%
To write (1.2) in a compact form, we introduce a notation

T[S)(v',v) = AS)K[S)(v', v) (1.4)

which is called the turning kernel. Then equation (1.2) can be rewritten as a
compact form

% +v-Vp+Ve(np) = /V(T[S]p’ — T*[S]p)dv’, (1.5)

where the abbreviation p’ = p(t, z, v, £), T[S] = T[S](v',v), T*[S] = T[S](v,v’) and
the intensity A of the Poisson process is thus given by from (1.3)-(1.4)

A(S) = /V T [S)dv.

Then (1.5) becomes an equation same as the one considered in paper [4], where the
turning kernel T'[S] is assumed to be independent of £ (i.e. ¢ has no influence on
cell movement). When T'[S] replies on the internal variable &, there are some results
available as follows. When the signal response function 7 has some stiffness, the
macroscopic equation of Keller-Segel type as a parabolic limit of (1.5) was derived in
[22] and the global existence of solutions of (1.5) coupled to an elliptic equation for
the chemical signal S was proved in [18]. The formal macroscopic limit of (1.5) with
certain specific internal dynamics was previously derived in [7, 8]. In this paper, we
shall consider another approach illustrated in [4] by considering the averaging effect
of internal dynamics to derive the dynamics of internal variable instead of a given
dynamics as recalled above, and investigate the global existence of solutions to the
resulting equations. To make our presentation self-contained, we shall briefly recall
some derivations shown in [4] below.
Define f and p as

f(t,a:,v)z/zp(t,x,v,g)dﬁ, p(t,x)z/vf(t,x,v)dv.
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That is f is the position-velocity density of cells and p is the total density of cells
over all velocities. Then the average value of the internal variables is defined by

//gpm v, &)dédo.

Here we assume the boundary condition p(t,z,v,£) = 0 for £ € 9Z where 07
denotes the boundary of Z, and two moment closure assumptions

/ / fvpdfdv—z/ vfdv, / /npdfdv—pn z,5). (1.6)

The first closure assumption in (1.6) means that the variables v and £ are uncorre-
lated (namely the internal variable £ has no influence on cell movement) and it can
be fulfilled, say, for p(t,z,v,&) = f(t,x,v)p(t, x,€). The second closure assumption
in (1.6) depends on the form of n(z,.S) (an example will be discussed in section 2).
Upon an integration of (1.5), the following equations are obtained

fotv Vf= / SIf — T*[S]f)dv, (1.7)

(pz)e +V - <z/vvfdv> = pij(z,9). (1.8)

More detailed explanations of (1.6) and derivation of (1.7)-(1.8) are referred to [4].
We remark here that (1.7) is weakly coupled to (1.8) in the sense that S depends on
the internal variable z (see (2.9) in section 2). A typical form of the turning kernel
T depending on spatial-temporal gradient of the chemical signal is (cf. [4])

T[S] = (St +v-VS), (1.9)

where ¢ : R — R is a smooth monotonically decreasing function.
For given chemical concentration S(t,z), when the turning kernel function in
(1.9) satisfies

0<a<p<p (1.10)

with two constants «, 8 > 0, the hydrodynamic limit of equations (1.7)-(1.8) was
derived in [4]. When (1.7) is coupled to a reaction-diffusion equation for S

7S, =AS+p—§ (1.11)

with 7 = {0, 1}, and the turning kernel 7S] depends on S; implicitly (meaning that
the bound of T[S] does not depend on |S;|), the global existence and parabolic limit
of solutions were obtained in a series of works [13, 14, 15] for z € R¥(1 < N < 3).
When ¢ in (1.9) satisfies ¢ € C1(R) N L>(R) and ¢’ < 0, the global existence and
numerical simulation of solutions were investigated in [29], and the so-called flux-
limited Keller-Segel model was formally derived in [26] and justified in [23] where the
global dynamics of the resulting flux-limited Keller-Segel model was also studied.
However, when T'[S] explicitly depends on |S;| (i.e. the bound of T'[S] depends on
|S¢]), the only result available so far is the global existence of solutions to (1.7)
coupled with (1.11) with 7 = 0 in R established in [6]. For the kinetic chemotaxis
model with internal state and turning kernel explicitly depending on the temporal
gradient S, no results seem to be available as we know. The purpose of this paper
is two folds: (1) establish the existence of global solutions of the model (1.7)-(1.8) in
R with a more general turning kernel explicitly depending on the temporal gradient
Sy where S satisfies a reaction-diffusion equation derived in [4] (see section 2); (2)
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relax the condition (1.10) imposed in [4] and rigorously derive the hydrodynamic
limit of (1.7)-(1.8).

The rest of this paper is organized as follows. In section 2, we briefly recall
the derivation of the equation for the chemical concentration S shown in [4, 7]
and state our main results. In section 3, we present some preliminary results. In
section 4, we show the local and global existence of solutions. Finally we discuss
the hydrodynamic limit of the model in section 5.

2. Model review and main results. To complete the statement of our problem,
we briefly review the function 7(z, S) and dynamical equation for the chemical signal
S derived in [4, 7]. Then we propose the condition on the turning kernel T'[S] and
state our main result.

In general the dynamics of the chemical concentration S follows a reaction-
diffusion equation

oS
where ¢(S, z, p) describes the production and degradation of the chemical signal in
dependence on the cell density and the internal state of the cells.
For internal dynamics, we employ the model studied in [4, 7, 8]. This model
assumes that the internal states £ = (&1, &2) satisfies a Cartoon model
d g(S(ta)— (6 +&) d&  g(S(ta) — &

s =

dr Te dr Ta

(2.2)

where 7, and 7, are respective excitation and adaptation time scales in the signal
transduction, and the production of the chemical signal is triggered by the first
internal variable. Then the reaction term ¢(S, z, p) takes the form

¢(Sazap) = pw — \II(S)v (23)

where w denotes the concentration of the first state & and the function —¥(S)
models the degradation of S, which has the form after rescaling (see [4])

U(S) = S(1 + ). (2.4)

In general it is reasonable (e.g. see [7]) to assume that 7. << 7, in (2.2) due to the
fast excitation and slow adaptation of signaling process. Effectively we may assume
that 7. = 0. Then from the first equation of (2.2), we have that

51 :g(S) _527

which implies that the concentration of the first internal variable can be represented
by the concentration of the second internal variable. Therefore we focus on the
second internal chemical & and hence z =~ &. Consequently from the moment
closure assumption (1.6) and internal dynamic equation (2.2), we deduce that

_ g(S(t,x)) — =
and the concentration w of the first state variable &; is chosen as

w = (9(5) — 2)+

where the notation ¢; denotes the positive part of q. The function g > 0 describes
the mechanism of signal transduction and we assume that

g € C*(]0,00)) and g is bounded for any S > 0. (2.6)

(2.5)
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Typically ¢(S) vanishes at zero, is monotone increasing and saturates for large S.
A suitable representation of g should depend on the fraction of receptors occupied.

A prototypical form is
S
S)=9o
g( ) <KD + S)

with some continuous function ®, where Kp denotes the dissociation rate for the
chemical signal [2]. A typical choice (e.g. see [4]) is that ® = identity, i.e., g(S) =
ﬁ. In general the turning kernel depends on S, S; and V.S and hence denoted
by T[S, St, VS]. For brevity, in what follows, we use the short form T'[S] to denote
T[S, S, VS] if there is no confusion caused. Without loss of generality we assume
7, = 1 in the sequel.

Then substituting (2.3) and (2.5) into (2.1) and coupling the resulting equation
with (1.7)-(1.8) lead to the following one-dimensional system

fovfo = [ @Sl -TIs)a 2.7
(p2)e + (2§)e = pg(S) — pz, (2.8)
for (x,v) € R x V, where V C R is a bounded interval and
Jjt,z) = / vf(t,x,v)dv (2.10)
v

denotes the cell density flux. To complete the statement of the problem, we impose
the following initial conditions

fli=o = fo, zlt=0 = 20, S|t=0 = So- (2.11)
Due to the biological relevance, we assume fy, zg, Sy are all non-negative. The main
result of this paper is the global existence of solutions to the one-dimensional system
(2.7)-(2.11), where the turning kernel fulfills the following structural assumption:

(H) The turning kernel T[S] is a Lipschitz continuous function satisfying the
growth condition

0<T[S] < Co(1+ [|Sllwroom) + [ISell Lo ) (2.12)
with some constant Cy > 0.

The assumption (H) entails that the boundedness of turning kernel depends on the
magnitude of S, S, and St, instead of being uniformly bounded as assumed in (1.10)
and in [23]. A typical example is T[S] = A\g + o (S + vS,) with positive constant
Ao and non-zero constant o, see [10].

The main result of this paper is the global existence of solutions of (2.7)- (2.11),
which is stated in the following theorem.

Theorem 2.1. Let the structure condition (H) and assumption (2.6) hold. Assume
that fo € L'NL®(R x V), 29 € L>®(R) and Sy € W?>(R). Then the system (2.7)-
(2.11) has a global solution (f,z,S) satisfying for all 1 <p < o0

f € L>™([0,00); LP(R x V)), (2.13)
z € L*([0,00); L (R)), (2.14)
S € L*=([0,00); W3°(R)) N C([0, 00); LP(R)) (2.15)

such that
12l oo ) + 18]l Loe @) + [[Sllwram < C, 1< g < o0
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holds for some constant C > 0 independent of t.

The key to prove the global existence of solutions of (2.7)-(2.11) is to derive a
priori estimates of S, and S; so that the bound of T[S] assumed in (2.6) can be
controlled. However this is a very challenging issue since there is no general theory
or method to estimate the spatial or temporal gradient of solutions for parabolic
equations. The main new contribution of this paper is to employ the Fourier trans-
form to derive a priori estimates of S, and S; in one dimension (see Lemma 3.6
and Lemma 3.7) which enable us to derive the global existence of solutions by using
a Gronwall inequality with logarithmic nonlinearity (see Lemma 3.2). The results
in Lemma 3.6 and Lemma 3.7 can only be ensured in R while remain open in the
multi-dimensional space R (N > 2).

The second result of this paper is to extend the result of hydrodynamic limits
of (2.7) established in [4] under the restrictive condition (1.10) to a more general
turning kernel T'[S] which is allowed to be unbounded. The details are presented in
section 5.

3. Preliminary results. In this section, we introduce and prove some preliminary
results. In what follows, we use C' to denote a positive generic constant which can
change from one line to another. By I'(t,z) we denote the fundamental solution of
the differential operator 9; — A, + 1 in RN(N > 1)

ta) = — e (22 4 (3.1)
T (4mt)N/2 P\ ' '
Lemma 3.1. Let 1 <p < +o0 and I'(t,z) be defined in (3.1). Then it holds that
*° 1 k—2
ML (t, )| Lo (rov)dt if = > 14 ——.
| 1T anqanyt < 4o, i 2> 14 2

Proof. First recall a basic result (cf. [23]): for any 1 < p < oo, 0 <[,k < oo, there
is a constant C such that for any ¢ > 0 it holds that

k

19105 (¢, Moy < Cetezo 27175, (3.2)
Then we immediately have
[ 1 Olargeydi < € [ G
0 0
Clearly the above integral is bounded if %(% -1)— % > —1, i.e., % >14+ % The
proof is completed. O

Next we present a generalized Gronwall’s type inequality for later use based on
an inequality in [14, Lemma 4]. Throughout the paper, we use the notation ¢ to
denote the positive part of ¢, namely ¢4 =01if ¢ <0 and ¢4 = ¢ if ¢ > 0.

Lemma 3.2. Let a(t) and b(t) be positive functions. If the function y(t) > 0 is

differentiable in t and satisfies

y(t) < y(0) +/0 [a(7)y(7)(Iny(7))+ + b(7)y(T)]dr, (3-3)

then the following inequality holds
exp(fcf a(s)ds)

o(t) < {(1+y(0))exp (/Ot[a(T)—i—b(T)]e_fJ a(S)deT)]
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Proof. First note that for y > 0, it holds that y(Iny)y < (1 + y)In(1 + y). Then
one has from (3.3) that

y(t) < y(0) +/0 [a(T)(1 +y) In(1 +y) + b(7)(1 + y)]dT.

Let X (t) = y(0) + [ [a()(1+y) In(1+y) +b(r)(1+y)]dr. Then we get y(t) < X(t)
and
jﬁ“ 1) = a(t)(1 -+ y) (1 +3) +b(1)(1 +9)

<a(t)(1+X)In(1+X)+0(t)(1+ X).

Define w(t) = 1 + X(t). The above inequality becomes ‘fi—’f < a()wlnw + b(t)w
which gives by using the result of [14, Lemma 4]

w(t) < {w(O) exp ( /O t b(r)e” f‘;a(s)dsdT)]

Hence the facts w(0) =1+ X(0) =1+ y(0) and y(t) < X(¢) < w(t) complete the
proof. O

exp(fot a(s)ds)

In the following, we show that for any (¢,z) € [0,00) X R, it holds that n = zp €
L([0,00); LH(R)).

Lemma 3.3. Let fo € LY(Rx V) and z9 € L°(R). Then the solution z of equation
(2.8) satisfies that

@)@y = o)l L@ < Ce™ (1 +1). (3.4)
Proof. Integrating equation (2.8) with respect to z gives

%/}Rn(t,x)dx:/Rp(t,x)g(S(um))d;v—/]Rn(t,;v)dx.

Using the boundedness of g, we deduce that
d
- n(t,x)dx+/n<t,x)dx < Cloll - (3.5)
R
Integrating equation (2.7) with respect to v over V gives the conservation of cell
density
pt + jz =0, (3.6)
which immediately implies that
o)1) = llpollLr @y = [[follr rxv)- (3.7)
Substituting (3.6) into (3.5) and applying the Gronwall’s inequality, one deduces
that
()1 @) = llzp) |21 @) < Ce (lpoll L1 @)t + ol (r)),
which implies (3.4) due to the fact ng = 29po € L'(R) along with (3.7) and the
condition in Lemma 3.3. O

With the equation (3.6), we can write the equation (2.8) as
pz+ jze = p(g(S) — 2). (3.8)
Recalling that j(t,z) = [, vf(t,x,v)dv and p(t,z) = [, f(t,x,v)dv, we see that

\%| < C(V) for some constant C'(V') depending on the measure of V. Because of
the biological relevance, we are only interested in the case that f,z and S are all



34 ZHI-AN WANG

nonnegative. If there is a point (¢g, zo) such that p(tg, z¢) = 0, then f(tg,zg,v) =0
for every v € V since p(to,xo) fv (to,xo,v)dv denotes the total cell density at
point (tg, o). As a result, j(to,zo) = [}, vf(to, o, v)dv = 0 and the equation (3.8)
is satisfied in the solution space indicated in Theorem 2.1. Therefore we only need
to condider the case p(t,x) > 0 and consequently we can rewrite (3.8) as

zt + %zw =g(S) — 2. (3.9)

Then we have the following result for the solution of equation (3.9).
Lemma 3.4. Let zg € L>®(R). Then the solution z of equation (3.9) satisfies
2] Lo ry < C(1+€7"). (3.10)

Proof. First we rewrite the equation (3.9) as follows
N
Z 4+ =Zy; = e'g(9) (3.11)
p

where Z = e'z. Then the characteristic equation of the hyperbolic equation (3.11)
is
dr  j(t,x)

dat p(t,x) = At 2).

which satisfies 0 < A(¢,2) < C(V) as argued above. Hence along backward charac-
teristics starting at (¢, z), we have that for any 0 <7 <t

x(tit,x) = —/ A(r,x(7))dr. (3.12)

Then integrating the equation (3.9) along the characteristic curve (3.12), one has
that

Z(t,x) = 2z9(x(0)) +/0 e g(S(r,x(7)))dr.

Noting that g(S(¢,x)) is bounded for any S(¢,x), we have

t
12t Mz ®) < lzollLoe®) + C/ e'dr = ||z L (m) + C(e" = 1).
0
This indicates that
12(t, )l Lo ®) < € " (l|20llLoe®) + Ce" = 1)) < e |20/ Loem) + C
which completes the proof. O

The following Lemma gives a priori estimates for the LP-norm (1 < p < 00) of
S(t,x).

Lemma 3.5. Let fo € LY(R x V), Sy € LP(R)(1 < p < 00) and zg € L®(R). Then
there exists a constant C such that the solution S of equation (2.9) satisfies the
following properties

1S lLrr) < C(A 4+ lpollLr @) + [|Sollrmy), 1 <p < oo, (3.13)
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Proof. Then by the Duhamel’s principle, the solution of (2.9) can be implicitly
represented as

S(t, x)
=A?wﬂw@wwﬂmwﬂw%—lH&H@MF&MS@M)
—/0 ['(s,-)* S*(t —s,-)ds +T(t,-) * So(x)

Notice that fot ['(s,-)*S?(t—s, )ds > 0. Then by Jensen’s inequality and convolution
inequality, it follows from (3.14) that

IS e ) S/O IT(s,-) % (9(S( = 5,))p(t = s,°)l| Lr(m)ds

+/0 [T (s, ')HLP(R)HZp(t - S, ')HLl(R)dS + [T, ’)”Ll(R)HSOHLP(]R)
t
< C/O ITCs, Lo (ot = s, )@y + 11200 = s, )l L1 ®))ds
HITE ) @) 1Soll oy,
where we have used the boundedness of g assumed in (2.6). It can be easily checked
that Orgai(t(l 4+t —s)e”=%) = 1. Then for any p with p € [1,00], we have from
(3.7), Lemma 3.3 and Lemma 3.1 with N = 1 that

(3.15)

t
/0 T (s, ) o) (1ot = s, ) 1wy + lzp(t — s, )1 (w))ds
t
< c/ 1T (s, Morm[L 4+ (L4 ¢ — s)eE)]ds (3.16)
0

t
SC/HNMmemém.
0

Moreover, it is straightforward to verify from (3.2) that

1 —ty —22 —t
(IT(¢, ')||L1(]R) = W@ lle” ||L1(]R) <Ce *<C. (3.17)
Then the inequality (3.13) follows from (3.15), (3.16) and (3.17). O

In the above proof of Lemma 3.5, we only use the boundedness of ¢ in the
assumption (2.6). By the global boundedness of S shown in Lemma 3.5, ¢’ is
bounded due to g € C! as assumed in (2.6). Therefore hereafter we shall use the
boundedness of ¢’ directly.

Below we derive some a priori L°°-estimates on the gradient S, and Sy, which
play key roles in the subsequent analysis.

Lemma 3.6. Let fo € L'(R x V), Sy € WL(R) and zy € L®(R). Let (f,z,5)
satisfy (2.7)-(2.9). Then there exists a constant Cy depending on | zo|| = ®) and
lpoll 1AL ) such that the solution S of (2.9) satisfies

1Sz () | o (r) < Co(1 4 (Int) 4 + (lnoiugt [p($) L2 ®))+)- (3.18)
Proof. First note that the solution S(¢,z) can be expressed by (3.14). To derive

the L>° bound for S, (t,z), we first estimate [|€S(t, £l 1 (r)y whereby ~ denotes the
Fourier transform with frequency &, and then use the Fourier transform inequality



36 ZHI-AN WANG

12 (t, M poe gy < 18t )i @) = €St )|l 11 (ry to obtain (3.18). To this end, we
take the Fourier transform on both side of (3.14) and get

—

/ P(s,£)(gp)(t — 5.€)ds — / P(s,6)(p)(t — 5,€)ds
0 0

1 -~ —
—/ [(s,€)S2(t — 5,&)ds +T % S,
L 70 N N
= 51+ 5 + 53+ 854.
Noting that [|€9(t, &)l @) = 16051 + Sz + S5 + 9) (1) |1y < Tiy 165:(6 )l L1 ey

we next estimate [|€.5;(t, Ol w) fori =1,2,3,4. We first estimate ||§5’1(t7§)|\L1(R)
for which we apply the idea of [15] and split the integral into two parts as follows

1681 () o ey < / 1€E (5, €)(@P) (t — 5. €)1y dls = / / . (3.20)

where 7 is between 0 and ¢ and will be appropriately determined later. Note that
the Fourier transform of the Green function T is T'(s, &) = exp(—s(4¢2 4 1)). Then
for 0 < s < r, we apply Holder inequality, Plancherel’s identity and boundedness of
g to deduce that

S(t,€)
(3.19)

/ €8 (5, )@P)(t — 5,612y ds
/ 105, €) L) 15(E — 5, )l 2y ds

< Cllgllze=(w) bup lo(s, )||L2(R)/ 553/ s
0
<Cr1/4osup Hp( )HL2(R)7

(3.21)

where we have used the inequality

[€0(s,€) || 12 (=) = [|€ exp(—s(4€% + 1))|| p2r) < Ce™*s™3/4,

which can be derived directly by the simple calculations. For 0 < r < s < t, we use
the mass conservation of p from (3.6) and boundedness of g from (2.6) to infer that

[ I€EE Gt - 5.8l wyds

< |60, )|y 9B — 5, )| o< (r) s (3.22)
r t

< CHPOHLl(R)/ e s ds

< Cllpollrmy(Int —Inr)

where we have used the fact that [|gpllz~m®) < llgpllor@) < llgllzem)llplleim <
Cllpllzr(r)- Then the combination of (3.21) and (3.22) leads to

1691 (8, )L @y < C(FH/* S lo(s; )l L2y + lpollLr @) (Int —1Inr)).  (3.23)
Now choosing r = min{¢, ( sup ||p(s,-)||r2®))~*} in (3.23), we have
0<s<t
€812 sy < OO+ lpollzaay 1+ () +(n sup ls)aae)a]) (3:29

Thus the L' estimate for £S5y (¢, €) is completed.
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Performing the same procedure as above (replacing g by z), we have the L!
bound for £Sy(t, €) as follows

l€a(t.Mirgy < OO+ (nt)y +(in sup p(o)]2ge)+).

where Lemma 3.3 and Lemma 3.4 have been used.
Moreover, using the Plancherel’s identity and inequality (3.13), we have

N

1550t M < / 105, €) 12y |52t — 5,€) 2 e ds

< / €85, )2y IS — 5, €)[2s)
C(1+ [|Soll sy + llpoll 1 (w) )?

where we have used the fact fot €0 (s, )|l 2my < C’fot e%s73/4ds < oco. In addition,
from (3.2), we have ||['(Z,-)|[z1r) < C for some constant C' > 0. Then with the
convolution inequality, the following inequality holds

10284l Loe ) = I * OxSoll oo r) < T, )l L1 (w) - 10250l Lo (r)

(3.25)

N

IN

3.26
< CJ9uSollL=m)- (3.26)
Finally, we derive the L* norm of S, as follows
[1Sellze@m < ZHa Si(t)|| Lo @) + 10254(t) || Lo (r)
< Z 1028l 1 (&) + 102 S4() | L= (=) (3.27)
l§1 )
< Z [1€5:(t, Ol (r) + 10254 (t) |- ()
=1

Then the substitution of (3.24)-(3.26) into (3.27) gives inequality (3.18) and hence
completes the proof of Lemma 4.1. O
The next Lemma gives the a priori L°°-estimate for the temporal gradient S;.

Lemma 3.7. Let fo € LN LR x V), Sop € W2*°(R) and z9p € L>®(R). Let
(f,2,8) satisfy (2.7)-(2.9). Then the solution S of (2.9) satisfies that

1St oo my < C(1 + (Int)y + (In sup [|p(s)]|z2r))+)- (3.28)
0<s<t

Proof. The idea used in the proof of Lemma 3.6 will be partially applied here.
First we set © = Sy and differentiate equation (2.9) with respect to ¢ to obtain an
equation for ¥

oo . .0 N
T —Av—v—l—af(S,z,p)—QSv,

where F (S, z, p) = (9(S) — z)p. Then by the Duhamel’s principle we have

o(t,x) =T(t,-) x 0o (-) — 2/0 (s, ) % (S0)(t — s)ds

t (3.29)
+ /0 D(s, ) * F(t —s,-)ds

=0+ I+
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Next we employ a similar argument as in the proof of Lemma 3.6 for S, to estimate

0. First from the equation (2.9), one has that S¢(0) = 99 = Sozz + (9(S0) — 20)po —

So — 5§ Then [T oo r) < C(L+[[Sollw2. (=) + llpoll L (r) + [I2000]| L= (R)) by the

boundedness of g. Therefore the convolution inequality yields the following estimate
(11l L) < T 22 ®) 100l o< r)

N (3.30)
< Ce™ (1 + [|Sollw2®) + lpoll o= (®) + 2000l Lo ®) )

where we have used the fact ||[(¢)||1:®) = e~" which is obtained in Lemma 3.1.
For I5, we use the convolution inequality again and (3.13) to get

t t
112]| Lo () S/O ||F(5)||L1(R)|\S||LW(R)||”5||L<>0(R)d5SC/O e”°||0]| o (ryds, (3.31)

where C' depends on ||Sol| - (r), ||pol| 1 (r) Which can be seen from (3.13) directly.
Next we prove the boundedness of I3 using the Fourier transform inequality
113 L= (r) < [|13]|z1(r)- To this end, we write I3 in the form

fs = /0 L(s, ) * (9(S)pe(t — s,))ds — /0 D(s, ) = (zp)e(t — s,-)ds
+/0 [(s,-) * (¢'(S)pd(t — s,-))ds (3.32)
= My + M + Mg.

Since ||Is]| oo < Z?:I | M| oo m)y < Z?:I ||Z\/4\i||L1(R), it suffices to estimate

||]\//_TZ-||L1(R) for ¢ = 1,2,3. From the equation (2.7), we have p, = —j,, where
j(t,x) = [, vf(t,x,v)dv denoting the density flux. Then it follows that

—

g%(t—&f) = _gaw(t_sf) (t_sv) #(t—s )
= —j(t—s,)* (i&5(t = s,))
= —i [pa(t—s.E—y)j(t—s.y)dy (3-33)

—i€(g % )(t — 5,€)
In addition, from the Plancherel’s identity, using the positivity of f, we can deduce
that

GO 2@y = 17 2

<(/ (/Vvf(a:mv>dv>2df)1/2<C<V>||p<t>||Lz<R> (334

where we have used the compactness of domain V.
Observing that

TrAT. / 168 (s, €) @A) (t — 5.€) |1y s (3.35)

we use exactly the same method as estimating (3.20), and employ Hélder inequality,
Plancherel’s inequality and the boundedness of g to (3.35). After some calculations,
we have

[Millpee@®y < I[|Millpi(r) 430
< C(L+lpollLrw (1 + (Int)4 + (lﬂoiugt ()l 22))).  (3-36)
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To estimate Ma, we first notice from the equation (2.8) that

8%2::) - a(aaj) 09(S) — 2 = i€2j(t,€) + pg(S)(t, €) — Zp(t, ).

Then it follows from the convolution identity involving the Fourier transform that
Waliey < [ 168, )55~ e
/ B0, pa(S)(t — 5, €)l1212yds (3.37)
+ [ 1. 00 - 5. 1sie

Note that one has ||j| 1 r) < CllpllLr @) < Cllpollpr®) from (2.10) and (3.6). Fur-
thermore HZ/\j”Loo(]R) < [|zjl|2(r)- Then applying inequality (3.4), (3.10) and (3.34),
and using the same approach as estimating (3.20), we end up with the following
inequality

/||£r 75t — 5,6l Ly ds
<O+ (nt)s + (I sup p()]lz2m)).
0<s<t

(3.38)

Noticing that ||T(t, t, )L w) < Ct~1/2e~t, one has
/ 1805, €)pg(3) (¢ — ,€) [ 12 x s

< su t—s, - T dr
< sup G =)o / I8, e (3.39)
< C sup lgp(t = s, )|l
0<s<t
< CllpollLr @®)-
Similarly, we can deduce from (3.10) that
¢
/ IT(s,€)zp(t — 5,1 @yds < Cllpoll L1 (z)- (3.40)
0
Then the substitution of (3.38), (3.39) and (3.40) into (3.37) yields
[ Mzl Lo ry < [IM2]lLrr) < C(1+ (Int) 4 + (1HOS<1{12t lp(s)l[2@y)+)- (3.41)

To finish the proof, it remains to estimate M3 for which we have

([ M3] o () /Ilg )pllLr @) IT (s, )l Lo @) 0]l oo dis

< C\IpoHLl(R)/O ¢8| e sy ds.

Plugging (3.36), (3.41) and (3.42) into (3.32) and combining the resulting inequality
with (3.30) and (3.31), we end up with the following inequality from (3.29)

ollze@ < €U+ (Int)y +(In sup io(s)lr2)+)

(3.42)

t
+C/ (e7° + sil/2e’s)||17||Lm(R)ds,
0

where C' > 0 is a constant depending on initial data.
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Note that fot(e*SJrs*l/Qe*S)ds < [ (e s 2e7%)ds = 14 /7/2 and § = S;.
Then the application of Gronwall’s inequality into the above inequality gives (3.28)
due to S; = 9. The proof of Lemma 3.7 is completed. O

4. Global existence. The proof of global existence of solutions to (2.7)-(2.9) con-
sists of a local existence theorem and the a priori estimates. We first prove the
local existence of solutions.

4.1. Local existence. The local existence theorem is given below.

Lemma 4.1 (Local existence). Let fo € L' N L®(R x V),2p € L®(R),Sy €
W2°°(R). Let the hypothesis (H) hold. Then there exists a positive constant Ty such
that (2.7)-(2.9) has a unique solution satisfying f € L>([0,Tp); L* N L>®(R x V)),
S € L*([0,Tp); W2>°(R)) with z € L>=([0,Tp); L (R)).

Proof. From the results given in Lemma 3.4, the local solution z can be obtained
by the fixed point theorem directly irrespective of the properties of f and S due
to the uniform boundedness of g and %. Therefore we only consider the equations
for f and S. The proof consists of the following three steps. For convenience, we
denote for some T > 0

X(T)=L>([0,T); L=(R x V), [fllx= sup [[f(t - )lze@xv)
0<t<T

and
Y(T) = L=([0,T); WH(R)), [|S]ly = S 1S(E, wree w)-

Step 1. Given a function 6 € X (T') with o(¢, x) fv (t,x,v)dv, we consider the
following equation

St :Swm—S-i-g(S)—SZ—ZQ, S‘t:() :SO. (41)

For convenience, we denote h(S) = g(S) —S2. Then by Duhamel principle, one can
write the solution of (4.1) as

S(t,z) =T(t,-) *So() —l—/o D(r, )« [R(S(Et—T,")) — (z0)(t — T,-)]dT. (4.2)

Next we define an operator 77 : ) — ) such that
t
TilS) =Lt # S0 + [ D) [B(S(e = 7)) = (o)t = 7. )dr
0

and show that 71 has a unique fixed point. Indeed for any S, S € Y with S(0,-) =
S(0,-) = Sy, we have

t
Th[S] - Th[S] = / L(r,) * [A(S(t —7,-)) = h(S(t — 7,-))]dT. (4.3)
0
By the convolution inequality, we have the following estimates
IT(r, ) * {A(S(t = 7,-)) = h(S(t = 7,))}ly

=, I(T(7, ) + 8T (7, ) * [A(S(t =7, ) = h(S(t = 7,))]l| oo ) (4.4)

< sup (IIF(T, Mwra@l[h(S(E —T,-)) = h(
0<r<t

Note that
h(S) = h(S) = g(5) — 5% = (9(5) = 5%) = [¢/(§) — (S + 9)|(S - 9) (4.5)

U
—~
~
|
q
-
=~

3
=
N—
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where ¢ is between S and S. Therefore it follows from Lemma 3.5 and (2.6) that
11(S) = A(S) | Ly < CIIS = Sl w)- (4.6)
From (3.2), one has that ||(7,-)[lw1.1 ) < Ce (1 + t~2) and hence

t
/ IT(7, Mwrawydr < C(1—e " +1t2).
0
This alongside (4.3)-(4.6) gives
IT1[S] = TalSlly < Cm(t)|IS — S|y

where m(t) = 1 — et + 2. By choosing T small with 0 < ¢ < T such that
Cm(t) < 1, we conclude that 7; is a contraction mapping on Y(T") and hence has
a unique fixed point S € Y(T). This implies that the problem (4.1) has a unique
solution S € Y(T) if T is small, which further satisfies the following estimates in
view of Lemma 3.6 and Lemma 3.7

192 (Ol @) + 15Ol @) < C(1+ (nt)y + (In sup le(s)llz2w)+)

4.7
SC(+t+ sup flo(s)|lzzm) < C(1+1) (4.0
0<s<t

where we have used the fact (Ins)y < In(1 +s) < s for s > 0 and lollLzmy <

C(V)||0]|L2rxv) by the Holder inequality due to the definition o(t,z) = [,, 6(t,z,v)
dv for 0 € X(T).

Next we proceed to explore the continuous dependence of S on 6. For this
purpose, we choose another (¢, z,v) € X(T) with §(t,z) = fv 0(t, z,v)dv, and by
S we denote the solution of (4.1) with g replaced by g. Then it follows from (4.1)
and (4.2) that

S—8= / (St—1,-),0t—1,")) = h(S(t—7,-),0(t —7,-))}dr (4.8)
where A(s, 0) = g(S) — S? — zo. The convolution inequality yields that
IT(7, ) * (h(S, 0) — h(S, 2))lly
= Ssup ”(F(Ta ) + Ff(T’ )) * (h(Sa Q) - h(S, g))”LW(R)

0<7<t (4.9)
< sup (I0()lwsao (45, 0) = K5 2) 1= w)).
Note that
h(S, 0) — (S, 0) = (9(S) — 2)p — 8% = (9(5) — 2)a + 57
619) = e=0) +1(5) s~ S+5)(S=5)
(9(8) =2)(e—0) + g (O)(S=Sa—(S+5)(S-5)
(9(S) = 2)(e—2) = (S+5 =g (0)a)(S - 5)

S. Therefore it follows from Lemma 3.4, Lemma 3.5 and

o,

where ( is between S an
(2.6) that

| (B(S, 0) — (S, o) llLem < C(1+ e )|le— OllLoe ) + 1S — SHLOO(R))- (4.11)

Note again fot IT(7, )wrr@ydr < C(1 —e™t + t2) from (3.2). Then we get from
(4.8)-(4.11)

IS = Slly < Cm(®)([10 - 0l|lx + IS — Sly) (4.12)
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where m(t) = 1 — e~ + ¢2 as above and the inequality ||p — 0l oo r) < C|6 — 0| x
has been used. Taking T' > 0 small enough with 0 < ¢t < T such that Cm/(t) < 1,
we have from (4.12) that

15 = 8lly < 1ol = fl = 61010 - Ol (4.13)

Step 2. Let S € Y(T) be the fixed point of (4.1) satisfying (4.7) obtained in Step
1. We consider the following problem

ft+v-wa:/V(T[S]f’—T*[S]f)dv’, Fleco = fo. (4.14)

Using the backward characteristic starting at (¢, z), the characteristic curve for any
0 <7 <tis given by
X(rit,z) =z —v(t — 7).
Then we can rewrite (4.14) along the characteristic curve as
e = X0+ [ [ {1186 X1 X0,
= T[S(r, X ()| f (1, X (7), v) }dv'dr.
Next we define an operator 75 : X — X such that

Talf] =fo(X(0))
—|—/ /(T[w(T,X(T))}f(T,X(T),U’) — T*w(r, X (7)) f (7, X (7),v))dv dr.

Then for any f, f € X(T) with fo = fo, we have
/ [ TS XX (7)) = Forn X ()0
—/0 /VT*[S(nX(T))](f(T,X(T),v) - f(T,X(T),U))dv’dT.

By the hypothesis (H) along with (4.7), one deduces for any 0 < ¢ < T that
1721 = Tl flllx <2Co(1+ sup [S(T)]|wr<m)
0<r<T

F1156(8) | 2 x) / /V If = Flledv'dr

< 20|Vt +BIf = flix,
where Lemma 3.5 has been used. Now let T > 0 small with 0 < ¢t < T such that
0<t(l+1t) < ﬁl‘/\ Then 73 is a contraction mapping on X' (T") and hence has a
unique fixed point f € X (7).
Now we investigate the continuous dependence of f on S. To this end, we
replace S by S € Y(T) in (4.14) with Sy = Sy, which gives another unique solution
f € X(T) by the above argument. Then

/ / SN f + (T*[S] — T*[S]) f]dv'dr

" /0 /V TSI = F) = T[8)(F — F))dv/dr.
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From the assumption (H) and (4.7), it follows that
1f = Flla <2LVIE(Lfllx + 1 Fll2)l1S = Sy
+2CIVIEA + ¢+ [ISlly + SIS = fllx,
where L is a Lipschitz constant. If we let T' > 0 small enough with 0 < ¢ < T such

that t(1+¢ + [[S[ly + [|S]ly) < g7y, then

2L|V[t(|If |l + 11.f]l)

—|lw — @[y = £2(t)]|S — S|ly. (4.15)
L=2|VIt(1+t+ Sy + [ISlly)

||f—f||x <

Step 3. From the procedures shown above, we get a map ¢ : X(T) — Y(T) in
Step 1 and another map ¢y : Y(T') — X(T) for small T > 0 in Step 2. Now we
define a map ® = ¢y 0 ¢ : X(T') — X (T') such that &(0) = f. Given two functions
01,05 € X, we denote S; = ¢1(0;) and f1 = ¢2(S;) for ¢ = 1,2. Then using (4.15)
and (4.13), we get

[@(01) — P(02) [l < [[92(S1) — p2(S2)llx < [[f1 — fallx < L (B)l2()[|01 — O2

where ¢1(t) are ¢2(t) can be made arbitrarily small if ¢ is small enough. Hence for
T > 0 sufficiently small with 0 < t < T, ® is a contraction mapping and hence
has a unique fixed point which yields a unique solution f € X'(7T"). Furthermore we
can get f € L'(R x V) directly by integrating (2.7). Using this f, we get a unique
solution S € Y(T) from the S-equation as shown in Step 1. To finish the proof, it
remains only to show S, € L*°([0,7); L°(R)). Indeed from Lemma 3.7, one has
Sy € L>([0,T); L*(R)). Note that (2.9) gives Sy = St — g(S) + zp + S(1 + 9),
which along with the fact that S, ¢, S and zp are bounded for any ¢ € [0,T") shown
above entails that Sy, € L*([0,T); L>°(R)). This completes the proof of Lemma
4.1. O

4.2. Proof of Theorem 2.1. By the continuity argument, to obtain the global
existence, it suffices to derive a priori bound for the solution. Note that (2.14) is
a direct consequence of (3.10). Then it remains to show (2.13) and (2.15). To this
end, we integrate (2.7) along the characteristic curve and use the assumption (2.6)
along with the hypothesis (H) to have that

ft,z,0) = fo(sr:—vtv)—/Ot/VT*[S(t—T,a:—UT)]f(t—T,w—myv)dv’dT

TSt —7,2— — 7,2 — v, )dv'd

+/O/V [(f T, —on)|f(t — 7,2 —vr,v")dv'dr

< fo(m—vt,v)—l—/ /T[S(t—r,x—vr)](t—T,x—UT,U’)dv’dT.
0o Jv

Using the hypothesis (H), we have

f(t,:r,v) Sfo(l’:’t}t,l})
+C’/O {(1+S(t7’,9§UT)|+|Sm(tT,SC’UT)| (4.16)

+|Si(t — T, — vT)\) / ft =72 —wr, ’Ul)d’l)l}dT.
v
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Taking the p-th power of (4.16) and integrating the result with respect to z and v,
together with the compactness of V', we end up with

If Ol Le@xvy < [ follLe@mxvy

¢ (4.17)
+ C/O (L+ IS (M) lw e @xvy + 1St Lo @)L (T) Lo Rxvy dT-

Using Lemma 3.6 and Lemma 3.7, and taking p = 2, we get for all t > 0
t
£ ()2 @xvy < I follL2@xvy +C/ I f(T)lL2@xvdr
0
+C/ (1+(In7) ++(1H02up o) L2®xv))+) - 1f(T)l2@xvydr
< ol + € [ 1 lzzeiris
0

t
+C/O a(r)(In sup [|f(s)llL2@xv))+I1f (Tl L2@xv)dr

0<s<Tt

where the fact ||p(t)|L2@xvy < C(V)|If(t)|lz2rxv) has been used and a(r) =
14 (In7)4. Setting

y(r) = sup [[f(s)llLz2rxv)
0<s<Tt

we obtain from the above inequality that

0) <ol + € [ Tt my()s -+l
Then applying the Gronwall’s inequality in Lemma 3.2, we obtain
£ (D)2 ®xvy < Ca(t) (4.18)

where Cl (t) — [(1 + ||f0HL2(]R><V)) exp (f(:[l + a(T)]ef foT a(s)dsdT)]exp(fol a(s)ds) is
bounded for any 0 < ¢t <T < co. It is evident from (3.18) and (4.18) that there is
another constant Cs(t) bounded for any 0 < ¢ < T < oo such that

1S ()|l Lo ) < Caft) (4.19)

which, along with Lemma 3.5, indicates that S € L*([0,7]; WH>(R)) for any
0 <t <T < oo. Then applying (4.18) and (4.19) into (4.17) with the Gronwall’s
inequality, we obtain the following inequality

[fO)lr@xv) < Cs(t), 1<p<oo (4.20)
which implies (2.13). Furthermore the application of Lemma 3.7 indicates that
S € L=([0, T}; L= (R)).

By the standard argument of temporal regularity for parabolic equations (e.g., see
[25]), we have S € C([0,T]; L*=(R)).
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Next we derive S, € LP(R) for any 1 < p < oo and any ¢ > 0. In fact from
(3.14), it holds that

t
182 (lr@ < ITalt ) * Soll Lo + / ITa(s) * (9(S) — 2)pll oo ayds
t
+/ ITa(s) * 8|l 1o ey ds
0
t
< a1 Soll o + / ICa()]| o o 17l gy s

t
+ / 1T ()1 o ey 1512y s

Then [|S;(t)||Lr(r) < 00 for 1 < p < 0o and any ¢ > 0 due to Lemma 3.1, (3.7) and
(3.13).

To finish the proof, it remains to derive the L> estimates for 925. Indeed using
the equation (2.9), the second spatial derivative of external signal can be expressed
as

Sez =S¢ —g(S) +2zp+S(1+9).
Then it is easy to see that Sy, € L*°([0,T]; L*°(R)) for any 0 < T' < oo by (3.13),
(3.28), (4.18) and (4.20). Combining the above results with Lemma 3.4, we finish
the proof of Theorem 2.1. O

5. Hydrodynamic Limits. The model (2.7)-(2.9) studied in the present paper in-
cludes the internal state z, which impacts the turning kernel T'[S] implicitly through
affecting the chemical signal S. In this section, we shall extend the hydrodynamic
limit of the model to a more general turning kernel than that in [4].

We start with reformulating the equation (2.7) as follows

where
Q) = ~NS)W)f(0) + /V T(S]f(o')de!, A[S](v) = /V T*(S)(' v)de/

where we have used the abbreviated notation f(v) := f(t,z,v) and f(v') := f(t,z,v").
We assume that the turning rate A[S](v) has a lower bound A; and an upper
bound As:
0 < A1 < A[S](v) < Ag. (5.2)
We remark that the assumption (5.2) is more general than (1.10) made in [4].
Particularly in our assumption, the turning kernel T'[S] can be a Dirac delta function
of velocity v which is unbounded. This extension is of importance in applications.
For instance, in case of mesenchymal motion [11, 12], cell motion is highly guided
by fibre orientation, and the fibre distribution is a Dirac delta distribution when
fibres are totally aligned. For bacteria motion using a “run-and-tumble” strategy
based on a velocity-jump process, the jumps are instantaneous and consequently the
turning kernel 7' can be given by a Dirac distribution (see [9]). In such scenario,
measurable solutions may be considered [12]. However the aim of this section is to
carry out the hyperbolic limits under the generalized assumption (5.2) with an idea
of [24] where the crucial element is to study the invertibility of the operator @ in a
suitable space L} (V) - a weighted L' space defined by

) ={1: [ 1Sl < oo},
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Noticing that L!'(V) = L(V) under the assumption (5.2), we have the following
results for the null space N(Q) of the operator @ (see Theorem 1 in [24]).

Lemma 5.1. The following two conclusions have only one true

(1) N(Q) ={0};
(2) There is a unique positive function F(v) such that Q(F) = 0, fv F(v)dv =1
and N(Q) = {aF : a € R}. O

The second conclusion of Lemma 5.1 implies that the kernel of the turning oper-

ator () is one dimensional and spanned by the equilibrium distribution F'(v). Fur-
thermore, we have the following result for the invertibility of @ (see [24, Theorem

2]).

Lemma 5.2. For any function ¢ € L*(V'), the problem Q(f) = ¢ has a solution if
and only if [i, ¢(v)dv =0 and the solution is unique in L"°(V'), where

LYO(V) = {f e L (V): /V fv)dv = 0}.

We now substitute the hyperbolic scaling T = ez, ¢ = et into (5.1), where ¢ is a
small parameter. Dropping the bars for convenience, we obtain

edfe +ev-Vaufe =Q(f:), (5.3)
with initial data
f(0,2,v) = fr(x,v). (5.4)
For simplicity, we assume here that Q(f7(z,v)) = 0 to avoid a problem of initial
layers (see [4] for the discussion on the initial layer problem).
We expand f. in terms of € : f. = fO +ef! +--- satisfying
fot=0)= fr.
Substituting this expansion into (5.3) and equating the same order term of ¢, we
find
e QU =0 (5.5)
bt O+ v VaufP = Q). (5.6)
Note that we look for nonzero leading order term. Then from (5.5) and Lemma 5.1,
we deduce that fO(t,z,v) = p°(t,2)F(t, z,v) with p° = fv f°(v)dv. By equation
(5.6) and Lemma 5.2, we get

ap° 0
— +V-(0p°)=0, o= [ vF(v)dv (5.7)
ot v

satisfying the initial condition

POt = 0) = /V Fi(v)dv, (5.8)

Then we have the following result analogous to the one in [4] but with weaker
assumption than (1.10) made in [4].

Theorem 5.1. Let assumption (5.2) hold. Let f. and p° be the solutions of problem
(5.8)-(5.4) and (5.7)-(5.8) for any (z,v) € RN x V(N > 1), respectively. Let F
be the equilibrium distribution spanning the kernel of the turning operator Q. Then
f-(t,x,v) — p°(t,x)F(t,x,v) as € — 0 such that for any 0 <t < T it holds that

[ fe(t, ) = p0<t, F (-, ')”LI(RNXV) < Cre,
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where Cp is a constant depending on T .

Proof. The proof is in the same spirit of [24] and hence will be sketched only. We
first derive from equations (5.7) and (5.8) that

Ofo+v-Vufoe LM(V).
Noting that f; = p°(t = 0)F(t = 0) and f°(t = 0) = f;, we derive that the residue
re = f. — fO —ef! is the solution of the problem
1
Ore +v-Vare = EQ(fE) — (O ft +v-Vaufh),

r-(0) = ef1(0).

Integrating (5.9) along the characteristic curve, we get

(5.9)

1 t
re(t,z,v) =r. (0,2 — vt,v) — - / Q(f-(t — s,z —vs,v))ds
0

t
—6/ (OpfH(t — s, —vs,v) +v -V fH(t — 5,2 — vs,v))ds.
0

Since V is compact in R and fV Q(f-)dv = 0, we derive from above inequality
that

7 (t, -, M pr @y vy =€l F 0, ) pr @y < vy
t
+5/ ||atf1 +U'vxfl(t—S,',')”Ll(RNxv)dS.
0
It then follows that
||T€(t7 ) ) - fo(t> ) ')HLl(RNxV) < (Cl + CQT)57

where
¢y = ||f1(07 E ')||L1(]RN><V) + sup ”fl(t’ " ')HLl(RNXV)’
0<t<T

Cy = sup ||8tf1+U'v$f1<t_3,',')|‘Ll(RNxv).
0<t<T

To finish the proof, it remains to show that
Lo oV ft € ([0, T); LY (RN x V).

which was shown in [24, section 5]. Hence we omit the details and complete the
proof. O
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