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Abstract

A parabolic—elliptic model of chemotaxis which takes into account volume-
filling effects is considered under the assumption that there is an a priori
threshold for the cell density. For a wide range of nonlinear diffusion operators
including singular and degenerate ones it is proved that if the taxis force is
strong enough with respect to diffusion and the initial data are chosen properly
then there exists a classical solution which reaches the threshold at the maximal
time of its existence, no matter whether the latter is finite or infinite. Moreover,
we prove that the threshold may even be reached in finite time provided the
diffusion of cells is non-degenerate.

Mathematics Subject Classification: 35K55, 35K65, 34B15, 34C25, 92C17

(Some figures may appear in colour only in the online journal)

1. Introduction

This paper is concerned with processes of singularity formation in a parabolic—elliptic model of
chemotaxis which takes into account volume-filling effects. In this class of models arbitrarily
high densities of biological cells are precluded due to the finite size of cells and volume
limitations. The density of cells is then assumed to be a priori bounded by the threshold
corresponding to the tight packing state. This concept was first developed by Painter and
Hillen [19] with a further investigation by Wang and Hillen [24] (cf also [9, 29] for a broader
survey on volume-filling effects in chemotaxis models).
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More precisely, we let u denote the cell density and v represent the concentration of
chemoattractant. Then adopting the well-accepted assumption that chemicals diffuse much
faster than cells [13], we shall consider the parabolic—elliptic problem

u; =V -{Dw)Vu — uh(u)Vu}, xeQ,t>0,
0=Av—m+u, xe, t>0,
v(x,t)dx =0, xeQ,t>0,
42 3 (1.1)
A, X €, 1> 0,
ov av
u(x,0) = up(x), x e,

where 2 C R” is a bounded domain with smooth boundary, % denotes differentiation with
respect to the outward normal vector field on 92, and

m = m(uy) = g := L/ up(x) dx. (1.2)
12| Jo

Here the cell flux consists of diffusive flux corresponding to the collective diffusion (in the
terminology of [7]) of cells, and chemotactic flux (taxis) which is due to the motion of cells
towards the concentration gradient of chemoattractant.

Guided by various approaches to incorporating volume-filling effects [9,29] it seems
reasonable to assume that the parameter functions in (1.1) exhibit a power-type behaviour near
the threshold density, the latter being normalized so as to be at u = 1. We therefore have in
mind functional choices of the form

D) >~ (1 —u)™“, u

12

1 (1.3)
and
h(w) ~ (1 — u)P, ux~l, (1.4)

with certain constants « and S.

A chemotaxis model with singular diffusion (or superdiffusion) was recently derived
in [17] as a macroscopic limit of microscopic cellular Potts model, where u is interpreted as a
volume fraction, and this particular model corresponds to @« = 2 and 8 = 0. On the other hand,
in the model investigated in [24] some fast diffusion appears in the sense that « = 1 — r and
B = r for some r € (0, 1). We moreover refer the reader to [3] where the parabolic—elliptic
model of chemotaxis with linear diffusion « = 0 and 8 = 1 as well as the case where D (u)
degenerates at u = 0 and u = 1 are studied both in the whole space R"” and on bounded
domains.

Singularity formation. The particular focus of this work is on the question whether it may
occur that solutions approach the threshold value # = 1 during evolution, which might
be interpreted as cell aggregation in the sense of reaching the tight packing state. Here a
considerable history indicates that in the analysis of chemotaxis models, detecting singularity
formation seems much more delicate than proving its absence.

This observation already applies to the so-called minimal chemotaxis model which was
introduced by Patlak [20] and Keller and Segel [14]. A parabolic—elliptic version thereof can
formally be obtained upon setting D(#) = const and 2(u) = x = const in (1.1), whereas
apart from that in the full parabolic—parabolic minimal model the second equation becomes

vy, =Av+u—v. (1.5)

Again, the most appealing feature of this minimal model is its ability to describe spontaneous
singularity formation, which in this case corresponds to the occurrence of solutions blowing
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up with respect to the norm in L*°(2). Indeed, such unbounded solutions are known to exist
in both parabolic—parabolic and parabolic—elliptic cases, provided that either n = 2 and the
initial mass m(up) of cells or the chemosensitivity constant x is big enough, or if n > 3;
on the other hand, if n > 2 and the initial data are appropriately small then the solution
remains bounded for all times. While the literature addressing the latter bounded solutions
is rather comprehensive [9], there is less knowledge on possible blow-up mechanisms, and
the mathematical techniques are much more sophisticated [8, 12,27], some of these being
restricted to parabolic—elliptic simplifications only [2, 13, 18,28, 10, 11].

Accordingly, previous work on chemotaxis systems with nonlinear ingredients as specified
in (1.3), (1.4) concentrates on identifying assumptions, essentially on the parameters, which
rule out a singularity formation in the sense that u remains bounded away from the value 1. For
instance, in the recent paper [30] the parabolic—parabolic system corresponding to (1.1) with
the second equation in (1.1) replaced by (1.5) is investigated with functions D and % satisfying

D) > Kp(1—u)™™ forallu e (1—-6,1) (x> 0) (1.6)
and
h(w) >0 and h(u) < K,(1 —u)? forallu e (1 -6,1) (B=0) (1.7)

with constants § € (0, 1), Kp > Oand K;, > 0. Generalizing a result from [1] where existence
of global solutions to the model in [17] is shown, it is proved in [30] that under the assumption

a+p =1 (1.8)
solutions exist globally whenever the unique local-in-time classical solution satisfies
sup (1= u D) Mlzr@) < +00 (1.9)

1€[0,T1N[0, Tinax)
for some p > « and any T > 0. Without imposing the latter condition on the solution itself,
it is shown there that a slightly stronger condition than (1.8), namely

o
Yip>1, (1.10)

implies the existence of a unique global classical solution.

All such solutions satisfy

sup Jlu(-, )|l o) < 1
1€[0,T]

forany 7 > 0, and if 8 > 2 then this inequality even holds with T = +00 . The case of 8 = 0
was previously studied in [5] and the existence of classical global solutions was proved there
for @ > 2, which is in agreement with (1.10).

The only available result which indicates the possibility of reaching the threshold 1 by
a solution of the chemotaxis model with density threshold is contained in [16], where in the
spatially one-dimensional case the existence of a stationary solution attaining the value u = 1
is proved, provided that the diffusion of cells is degenerate at u = 1, that is, when ¢ < 0
in (1.3).

Main results. Let us state the hypotheses on the data that we will use in the following, as well
as the main results. The functions D and & are assumed to belong to CZ([0, 1)) and to satisfy

D) >0 forall u € [0, 1). (1.11)
In our main theorem we require 2 := Bz(0) C R” to be the ball in R”, centred at the origin,
with radius R > 0, and the initial data 0 # uy € C°(2) are supposed to be radially symmetric
with respect to x = 0. Moreover, we assume that

0 <uplx) <1 forall x € Q, (1.12)

and that accordingly the constant m given by (1.2) satisfies 0 < m < 1.



3282 Z-A Wang et al

Our goal is to make sure that if chemotactic flux (taxis) in (1.1) is sufficiently strong as
compared with diffusion, then a singularity formation will occur if the initial data are chosen
properly. Here, similar to the case when both D(u) and h(u) are defined and positive for all
u > 01in [4,22,26], it turns out that in this respect the ratio of h and D is the crucial quantity,
as commented in [23]. In fact, the validity of the lower estimate

h(u)
D(u)
is sufficient to allow for solutions approaching the singular value 1 in finite or infinite time, as
stated in the first part of the following main theorem. The second part of the theorem ensures
that indeed finite-time singularity formation can be achieved under the additional hypothesis
(1.15) asserting that diffusion in (1.1) is non-degenerate:

Theorem 1.1. Suppose that Q C R" is a ball with radius R and (1.11) holds. Then
(i) For any & € (0, 1) there exists c = c(R, ,n,m) > 0 with the following property.
If (1.13) holds with some
Chp 2 €, (1.14)

then there exist radially symmetric initial data uy € C*(Q) fulfilling (1.12) such that the
problem (1.1) has a unique cl_assical solution (u, v) in Q x (0, T) for some T € (0, o]
which satisfies 0 < u < 1in Q x [0, T) and

> cpp(1 — ) forallu € (0,1) withsome X € (0,1) and ¢;,p >0 (1.13)

luC, OliL=@ — 1 ast S T.
(ii) If in addition to (1.13) we assume that
D) > cp forall u € [0,1) withsomecp > 0, (1.15)

then the above conclusion holds with some T < o0.

It is worth underlining that for our prototype problem obtained upon the choices D(u) =
(1 —u)=® and h(u) = ¢;p(1 — u)?, the condition (1.13) is equivalent to the contradiction of
(1.8) with A = a + B.

Indeed, in this framework the assumption (1.13) is critical: in the forthcoming paper [25],
it will be shown that if in (1.3) and (1.4) we have « + 8 > 1, then solutions exist globally and
remain bounded away from # = 1, uniformly for all times; in the critical case ¢ + 8 = 1,
solutions exist globally if in addition o < O.

It may also be noticed that in the case of singular (fast) diffusion (i.e. « € (0, 1)) on one
hand the existence of global weak solutions may be proved in a similar way as that in ([30])
and on the other hand theorem 1.1 may be applied to show that there are global-in-time weak
solutions which do attain the value 1, provided that (1.13) and (1.15) hold. We furthermore
refer to remark 3.2 for detailed formulae which exhibit how the constant ¢ in (1.14) depends
on the space dimension .

There is a number of questions that have to be left open in this work. For instance, it
would be interesting to see whether, given A € (0, 1), one can find a critical value of ¢;,p > 0
in (1.13) such that singular solutions occur only above this threshold, and that possibly all
solutions remain bounded away from u = 1 at least when (1 — u) ™" - Z((L;)) is small throughout
(0, 1). As mentioned before, the question of criticality of the value A = 1 will be addressed
in [25], but in the borderline case when « + 8 = 1 it is not clear whether singularities may
occur at least for large initial data.

Evidently, this work concentrates on the simplest conceivable setting in respect of the
structure of the PDE system as well as the geometry of solutions. Accordingly, some natural
next steps consist of possible extensions to both the nonradial framework and the case of
corresponding parabolic—parabolic Keller—Segel systems.
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2. Local existence and uniqueness

Lemma 2.1. Suppose that ug € W' (Q) satisfies (1.12), and that m is given by (1.2). Then
there exists Tmax € (0, 00] and a uniquely determined pair of functions (u, v), each belonging
10 CO(2 X [0, Tmax)) N CEH(Q x (0, Tmax)) such that (u, v) solves (1.1) in the classical sense
in 2 x (0, Tmax) with 0 < u < 1. Moreover, we have the following dichotomy:

Either Ty, = 00, or limsup [[u(:, )L~ = 1. 2.1
I\Tmax

Proof. The proof is based on rather routine arguments and therefore we may confine ourselves
with presenting a sketch only. Let M = ||ug||z~@) and n € (0,1 — M) . We define a set

XT:=[weCO(Qx[O,T])‘O<w<M+n<land
1
—/ w(x, 1) dx = m forall € (0, T)]
2] Jo

and a mapping ® : X7 +— X7 such that given i € X7, ®(i1) = u where u is a L>-weak
solution to

u = V- (D(@)Vu — uh(@) Vo), xeQ, 1eT),

9

3—” —0, x€dQ, te(0,T), 2.2)
V

u(x,0) = up(x), x e,

with v defined to be the solution of

—Av=-m+u, xe, te(0,7),

5 2.3
a_vzo, x €3, t€(0,T), e
Vv

along with the condition

/ v(x,t)dx =0 foranyr € [0, T]. 2.4
Q

Next using the Schauder fixed point theorem one can show that for T = T small enough ®
has a fixed point # and then the classical regularity theories of elliptic [6, theorem 8.34] and
parabolic equations [15, theorem V1.1] ensure that a pair (u , v) which solves (1.1) in a weak
sense is more regular. Indeed by elliptic regularity theory, for any ¢ € (0, Tp]

v(-,1) € C*(Q)
for some y € (0, 1) and it is easy to check that in fact

v e CH* I x [1, Ty)) forall T € (0, Tp).
Parabolic regularity theory [15, theorem V.6.1] thus entails

ue CHrII(Q x [1, Tol) forall T € (0, Tp).
The solution may be prolonged in the interval [0, Tin.x), and either T, = 00 or Thax < 00,
where in the latter case necessarily

lu(-, Dl — 1 when t = Tpax.

The uniqueness of solutions to problem (1.1) follows easily from the fact that the solutions
are L*>°-bounded functions and D and & are locally Lipschitz. Finally the non-negativity of
u follows from the classical maximum principle if we rewrite the first equation in (1.1) in the
non-divergence form. g
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Remark 2.1. The above uniqueness statement entails that the assumed radial symmetry of
ug is inherited by both solution components u and v. Accordingly, without any danger of
confusion we may write ug = uo(r) and u = u(r, t) whenever this appears to be convenient
in the following.

3. Radial monotonicity

Let us first make sure by means of a comparison argument that (downward) radial monotonicity
of the initial data is inherited by the solution of (1.1).

Lemma 3.1. Suppose that Q@ = Bg(0) for some R > 0, that uy = uo(r) belongs to C*(Q)
and satisfies (1.12), and that m is given by (1.2). Then if

up(r) <0 forallr € (0,R) and uo (R) =0, 3.1
the solution u = u(r, t) of (1.1) satisfies
u,(r,t) <0 forallr € (O,R) and 1t € (0, Tax). 3.2)

Proof. Let T € (0, Tiax). Then since 0 < u < 1in Q x [0, T, from (1.11) and our regularity
assumptions on D and /& we see that there exist positive constants ¢y, ¢, and c3 such that

D(u) > ¢ inQ2x (0,7) (3.3)
and

ID'(u)| < ¢ and ID"(u)| < ¢ inQx(0,T) 3.4
as well as
IS@)| < e, 1S (W) < e and 18" ()] < ez inQx(0,7), (3.5)
where

S(&) :==$&h(&), £e€[0, D).
We now fix « > 0 large fulfilling

m+1m n-—1 K
(3+—+ )-C3<— (3.6)
n n 2
and define
L) =e ™ u.(r, 1), rel0,R], t [0, T].

Then in view of standard parabolic regularity theory ([15]), (3.1) ensures that ¢ belongs to
C°([0, R] x [0, TT) N C>'((0, R) x (0, T)) and satisfies

¢(r,0 <0 forallr € [0,R] and ¢(0,¢) =¢(R,t) =0 forallt € [0, T]. 3.7
To complete our choice of parameters, we finally pick § > 0 small enough such that
2e“TRS < ¢ (3.8)
and
T 8% 4 mTqu"TRS < g (3.9)

Let us now assume that ¢, s 0 in (0, R) x (0, T). Then since ¢ is continuous, we can find
to € [0, T) and rg € [0, R] such that

0< max  ¢(rt) =¢(ro, to) <8, (3.10)
(r,t)€[0,R]x[0,10]
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where (3.7) implies that actually #, > 0 and 0 < r < R. Hence, at (ro, #p) we have
=0, & <0 and & =0. (3.1

On the other hand, from (1.1) we easily derive, dropping the argument u in D(u), S(u) etc,
that

’.2 n
u; = Du, + D'u; +

Du, —mS +uS — %rS/ur + rn]—_ls/Uu, in (0, R) x (0, T)
holds with

U(r,t) = /0 0" u(p, t)dp, rel0,R], t [0, T].
A straightforward differentiation yields

-1 1
{t — D{rr+A(r,t)§,+D”eZ“§3+{n—D’— ﬂrS//_'__lS//U} ‘CKICZ
r n r—
—1 +1 -1
- D+S—us/+2us/—”—s/u}-g
r n r’

+ { k-
in (0, R) x (0, T), where

n—1 m 1
D——rS+
r n rn-l

A(r, t) :=2D'u, + S'U, re(0,R), te,T).

Therefore, (3.11) says that at (r, ) = (rg, o) we have

1 1
o<y [P p Mgy — gyl e?
r n rrn-l

n—1 n+1m , n—1_
+[—/<— _ D+S——S+2uS——SU}-§,
r n r
that is,
— -1 1
K+ D <D+ {"—D/ sy —ls“U} eie
r r n r"-
(n+1)m

/ ’ n—1 ’
+{S— S+2uS——SU}.
n r'
Since 0 < u(r,t) < landhence 0 < U(r,t) <  for all (r,t) € (0, R) x (0, T), in view of

(3.3)—(3.5) and (3.10) this entails that at (r, t) = gro, ty),
n—1
)

-1
K+ " «<T's

m R
clgczez"T82+{ C2+—RC3+C3~—}-C
n n

(n+1)m n—1
+ {C3+—C3+2C3+ C3}. (.12)
n n

Now (3.8) ensures that

n—1
2

n—1
cerefTs <

-1 forallr € (0, R),
,

whence (3.12) implies

n+1)m n-—1
+—+ }-03,

m+1
K <o s+ T kT RS + {3 . _

n

which clearly contradicts (3.9) and (3.6). Therefore, we must have ¢, = 0in (0, R) x (0, T)
and thus conclude that u, < 01in (0, R) X (0, Thax), because T € (0, Tiax) Was arbitrary. U
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3.1. Transformation to a scalar parabolic equation

Following [13], we let

z2(s, 1) :==n- / "' —u(p, 1)) dp, s €[0,R"], t €0, Tmax)- (3.13)
0

Lemma 3.1 implies
0<z@s,t) <(I—m)s foralls € (0, R"] and ¢ € [0, Tha). (3.14)

1
(s, 0) =1 —u(sr, 1) and 25, 8) = ——snu,(sn, 1), (3.15)
n

Since 0 < u < 1, we infer that
0<z, <1 in (0, R") x (0, Tyax)- (3.16)
Next we compute
7 = —nsl_']’tD(u)u, +ns1_%uh(u)v,.
It is easy to check that
P ), =m—u
implies
nslf%v,(s%, t)y=(m—1)s +z(s,1),
and therefore it follows that
2 =n’" D = 27 — (1 =m)s —2) - (1 —2,) -h(1 —2,)  in (0, R") X (0, Tynax)-
For convenience in notation, in the following we shall write
Dy(§) :=D(1—=$) and hi(§) :==h(1—§) for§ € (0, 1],

and thus see that the function z defined by (3.13) satisfies the scalar degenerate parabolic
problem

2 =020 D12z — (1= m)s —2), s € (0, R, 1 € (0, Tmax) - (1 — 25) - h1(z5),

z(0,1) =0, Z(R",t) = (1 —m)R", t € (0, Thax),
2(s,0) = zo(s), s € (0, R"),
3.17)
where
z0(s) :==n / p" (1 = uo(p)) dp, s € [0, R"]. (3.18)
0
Clearly, both u and u( can be reconstructed from z and z via (3.15) and (3.18) according to
u@r,t) =1—z,(", 1), r € [0, R], t €0, Thax), and
up(r) =1 —zo5(r"), r €10, R]. (3.19)

As an immediate consequence of (3.15) and lemma 3.1, we state the following assertion on
conservation of convexity.

Corollary 3.2. If R > 0 and ug = uo(r) and m satisfy (1.12) and (1.2), and if
Z0ss(8) =0 forall s € (0, R") aswell as  zoe(R™) =0,
then the solution z of (3.17) determined by (3.13) has the property
Zss(s,2) 20 foralls € (0, R") and ¢ € (0, Tyax)-
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3.2. Time monotone solutions

We now again use the maximum principle to construct initial data for which the function z
defined by (3.13) decreases with time and lies below the steady state s — Z.(s) := (1 — m)s
of (3.17) corresponding to the constant equilibrium of (1.1). As we shall see below, our
construction is possible only when cy,p is suitably large. But we do not know if a similar
statement on instability of Z. from below is valid also for small ¢;,p.

Lemma 3.3. Assume that (1.11) and (1.13) hold, and that m € (0, 1). Suppose that
Qhtl 22
R2m(1 —m)*~

Then there exists €y > 0 with the following property: whenever ¢ € (0, &), the relations

ChD > (3.20)
. TS
Zo(s) := (1 —m)s — eR" - sin o s € [0, R"], 3.21)

and (3.19) define a radial function uy € C*®(Bg(0)) such that (1.12) holds and the number
m(ug) in (1.2) satisfies m(ug) = m, and such that for the corresponding solution z of (3.17)
in (0, R™") x (0, Tnax) given by (3.13) we have

% <0 in (0, R") x (0, Tiax)- (3.22)

Proof. With ¢;p and A € (0, 1) taken from (1.13), we assume (3.20) and define

. { 1l—-m m (3.23)
= min ,— - .

&0 2r  27wn

Then for & € (0, &o], writing ¢ (s) := sin &3, s € [0, R"], we have
o (l=—m m

leR"ps(s)| < me < min — 3} forall s € (0, R") (3.24)

and
72
¥ss(8) = —ﬁ(p(é‘) forall s € (0, R™). (3.25)

Hence, by (3.24) the function z defined by (3.21) satisfies zos(s) > 177'" and I’Tms < z0(s) <
(1 —m)s for all s € (0, R™), and moreover (3.24) guarantees that

1 —zp5(s)=1—(1—m)+eR" p;(s) > % forall s € (0, R"). (3.26)
Consequently, for
_2 hl(ZOS‘)
Azg 1= 25 z00 — (1 —m)s — 20) - (1 = 200) - .,
( D1 (zo5)
in view of (1.13) we have
_2 hl(ZOs)
-AZO = - l’l2 -eR" - Sz 5§0ss - ER”(p : (1 - ZOs) .
D1 (zos)
h(zos
< —n?-gR" -sz_%%s —¢eR"'g - . 1Gos)
2 Di(zos)
2 n 2-2 n m A
< —n”-eR" -5 g —€R (p'E'ChD'Z()X
= —n? - gR" -szf%fpss — mCZhD -eR" - (1 —m — sR”gos)'\
— nleR'sE. { _ O MD 2k () gy gR"%)*} (3.27)
@ 2n?
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forall s € (0, R"). Now estimating s~2*» > R~2"*2 and using (3.25) and (3.24), we obtain

S MOD 2k (1) < T MR e (L2
10 2n? S R 2n? 2
2
T mc 1 —m\*
R 2n?m? 2

<0 forall s € (0, R")
according to (3.20). Thereupon, (3.27) entails that
Azg <0 in (0, R"),

so that z; < 0 holds initially, that is, in (0, R") x {0}. Hence, a well-known comparison
argument (cf [21, chapter 52] for details) implies that (3.22) holds. O

3.3. Nonexistence of small regular steady states for c,p large enough

We proceed to exclude the existence of steady states of (3.17) which lie below the initial data
considered in lemma 3.3, again provided that c;,p is large.

Lemma 3.4. Suppose that (1.11) and (1.13) are valid, and let ¢ > 0. Assume that for some
6 € (0, 1) we have

n2(1 = sm)'=*

A 3.28
D = sl — ) R2m (3.28)
where
s 2
Cr = / o i sinwo do (3.29)
0

with = % Then the stationary problem

0 =n’s>"1 D{(Z) Zss — (1 —m)s — Z) - (1 = Z,) - hy(Z,), s € (0, R"), (3.30)

Z(0)=0, Z(R")=(1—-mR", '

does not possess any positive nondecreasing classical solution Z € C°([0, R"]) N C2((0, R"™)
which satisfies

Z(s) < (1 —m)s —eR" -sin % forall s € [0, R"]. (3.31)

Proof. Given ¢ > 0, we fix any § € (0, 1) and assume that (3.28) holds. We note that u < m
because m € (0, 1) and § € (0, 1), so that ¢; is positive. Note that (3.28) may be rewritten in
the form

ot (1 =8m)'"™ < ¢ic,R? (3.32)

Sm 1—A ’ '
where ¢ = ";1—28 Now suppose that Z is a classical solution of (3.30) satisfying (3.31).
Then thanks to the nonnegativity of Z, from the mean-value theorem we infer that there exists
S, € [WR", R"] such that

Z(R") —Z(uR" _ _Z(R") _1-m

Z.(s.) = < -
s(s4) R" — iR A—mrR"  1—pu

=1—-4m. (3.33)
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In particular, considering the initial-value problem for the ODE in (3.30) with given initial
data for Z; at s, with 0 < Z(s,) < 1, we gain from (3.33) upon a uniqueness argument that
Zs(s) # 1forall s € (0, R") and hence

Zi(s) <1 for all s € (0, R"). (3.34)
Accordingly, using (3.31), (3.30) and (1.13) we see that Z satisfies
1 5.2 hi(Zy)
Zo = —s 2a((1— -7)-0=2) —=2
=gy (A= ms = 2) - (1= 2 o
1 hy(Zs
s Loer st an ™ -z, &)
n? R" Dy(Zy)

n —242 . TS A n
> cR"-s " . sin o (1-2zy)Zz; for all s € (0, R"). (3.35)
Now since Z is positive in (0, R") and Z(0) = 0, there must exist a sequence of numbers
S \¢ 0 such that Z;(s;) > 0, which in conjunction with the convexity of Z, as asserted by
(3.35) and (3.34), implies that actually Z; > 0in (0, R"). Therefore, the inequality (3.35) can
be integrated so as to yield

Sk

R
=clR2-f o sinrodo forall s € (s¢, R") (3.36)
sg R

for each k € N, where

OE) = /Sd—” Ee0 1) (337)
= va—mn b '

defines a nonnegative increasing function ® € C'([0, 1)) due to the fact that A < 1.

We next evaluate (3.36) at s = s, and let k — o0 to conclude that

m s,R"
e . el .
c1R2-/ o i sino do <c1R2~/ o i sinwo do
0 0

SR
. 242 .
=c/R* - lim sup/ o *isinmo do
S

k—o00 kR
< D (Zs(s4))
< O(1 —8m) (3.38)

by (3.33) and the monotonicity and nonnegativity of ®. However, since 1 — n > dm for all
n < 1—6m, (3.37) shows that

1 Zmdn 1 1 _—
O —-8m) < — - —=——— (1 =8m) "
sm J n” m 1-2
Hence, in light of the definition (3.29) and (3.32), (3.38) turns into the inequality
clch2 <O —6m) < clcsz,

which is false. This contradiction rules out the existence of such a solution Z. U

Remark 3.1. It is worth pointing out that lemmas 3.3 and 3.4 essentially depend on the sign in
front of the cross-diffusion term. The results seem to be invalid for the case of chemorepulsive
interaction which corresponds to the case where the sign in front of the cross-diffusion term is
negative.
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The next statement essentially says that all possible limits of z(-, ) as t — oo must either
be positive steady states of (3.17), or vanish in some subinterval of (0, R"), provided that c¢;,p
is large enough and the initial data are chosen as in (3.21).

Lemma 3.5. Assume that (1.11) and (1.13) hold, that m € (0, 1) and that (3.20) is valid. With
&o as provided by lemma 3.3, let ¢ € (0, e9] and suppose that zo and u are defined through
(3.21) and (3.19), respectively. Let zo and ug be defined through (3.21) and (3.19), respectively.
Moreover, assume that the corresponding solution (u, v) be global in time. Then the solution
z of (3.17) defined by (3.13) satisfies

z(-,t) > Z in C°([0, R"]) ast — 00,

where Z € C°([0, R"]) is some nondecreasing nonnegative function. If moreover Z > 0 in
(0, R™), then Z € C*((0, R™)) is a classical solution of (3.30) and strictly increases on (0, R™).

Proof. From lemma 3.3 we know that
Z(s,t) ;= lim z(s, 1), s € [0, R"]
11— 00
defines a nonnegative function Z which clearly satisfies Z(0) = 0 and Z(R") = (1 — m)R".
Since 0 < z; < 11in (0, R") x (0, 00), we furthermore have
2(,1) > Z in C°([0, R"]) (3.39)

as t — oo. We thus know that Z is continuous, nondecreasing and nonnegative, so that it
remains to verify the claimed properties of Z in the case when Z > 0 in (0, R"). In order to
achieve this, we first observe that

T R R R -
/ / |z:| = / 20 —/ 2, T) < / 20 forall T > 0,
o Jo 0 0 0

which implies that f0°° fOR |z:|] < oo, and hence we can pick a sequence of times #;, — 00
along which

2( 1) = 0 in L'((0, R")). (3.40)
Next, using (3.16) we infer from (3.17) that
1
=5 far (A =ms—2) (= 2) MG in 0, R x 0,00, (41
n2s*"5 Dy(zy)
so that using z, < 0 and corollary 3.2 we easily arrive at the two-sided inequality
1 e hi(zs)
ngmg_.s2+”_ l_mS—Z~1—ZS-
n? (A=ms=2)-A=z)- 53
1 _94+2 hl(zs) .
<= -5 (1-m)- in (0, R") x (0,00),  (3.42
p ( ) Diz) ( ) x (0, 00) (3.42)

because by (3.14) we have 0 < z(s,t) < (1 —m)s in (0, R") x (0, c0). In order to turn
this into an estimate for z in Clzoc((O, R™]), we fix any 5o € (0, R") and then infer from the

mean-value theorem that for each ¢ > 0 there exists s(¢) € (0, sg) such that
Z(S(), t) - Z(Ov t) _ Z(S()v t)

Z5(s(8), 1) =
S0 S0
Since 7, > 0 and z(-, t) > Z, this shows that
Z(s) n
zs(s, 1) > — foralls € (O,R") and ¢t >0, (3.43)
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and thus the positivity of Z in (0, R"] in conjunction with (3.42) and the boundedness of ;’)—‘]
on (0, 1] asserts that for all 5o € (0, R") there exists ¢ (sg) such that

|Z5s (s, 1) < c1(s0) forall s € (sg, R") and t > 0. (3.44)
By the Arzeld-Ascoli theorem, (3.39) can therefore be improved so as to read
z2(1t) = Z in C°([0, R"]) N C}L.((0, R"]) ast — 0o. (3.45)

Now multiplying (3.41) by an arbitrary ¢ € C3°((0, R")) and integrating by parts with respect
tos € (0, R™) yields

R" 1 R" 1
—/ Zs‘ﬂsz—z'/ 273—'&.1’”
0 n 0 s 7nDi(zy)

1 R hi(zs)
_ . st (] — —(1=27). .
t— /0 s (A=m)s—z)-(1—z) D) v

for all > 0. According to (3.45), we may evaluate this at t = #; and let k — oo to infer that

R" R
_/ Zoy = / A(s) - ¥ for all € C3°((0, R™)),
0 0

where
| hi(Zs(s))
A(s) = — s 2 (1 =m)s — Z(s)) - (1 = Zs(s)) » ——",
()= s (1 =m)s = Z(s)) - ( &) 5z @)
Since A is locally Lipschitz continuous in (0, R"] due to (3.45), (3.43) and (3.44), standard
elliptic regularity theory ([6]) ensures that Z belongs to C2((0, R")) and satisfies Z,, = A

classically in (0, R™). O

s € (0, R").

3.4. Proof of theorem 1.1 (i)

We are now in the position to prove that (1.13) and the mere parabolicity assumption (1.11)
are sufficient to guarantee that a singularity formation occurs at least in infinite time for some
initial data, provided that ¢ is large enough.

Proof of theorem 1.1 (i). Let gy be as provided by lemma 3.3 and fix some ¢ € (0, &]
and § € (0, 1) in lemma 3.4. We then assume that ¢, p satisfies the hypothesis (3.20) from
lemma 3.3 as well as assumption (3.28) of lemma 3.4. That is
2)\+1n2n2 n2(1 _ Sm)l—)\
R2m(1 —m)*” R2med(1 — 1) }
We assume also that zy and u( are defined via (3.21) and (3.19), respectively. It can then
easily be checked that u( is smooth on Q = Bg(0) and satisfies (1.12), and lemma 3.3 says that
the corresponding solution z of (3.17) defined by (3.13) satisfies z; < 01in 2 X (0, Tiax)- Now
if Thax < 00, the claim immediately results from (2.1), whereas in the case Tp,x = 00 we may
apply lemma 3.5 to infer that z(-, t) — Z in C°([0, R"]) as t — oo for some nonnegative Z
which is either positive on (0, R"] or vanishes in [0, s¢] for some sy > 0. However, lemma 3.4
says that the former alternative is impossible. This means that z(-, t) — 0 uniformly in (0, s)
and thus u(-,t) — 1in Ll(Bs(;/n (0)) as t — oo. O

(3.46)

chD>c=maX{

Remark 3.2.

(1) By a simple comparison argument, the same conclusion holds if zq is replaced by any
smooth positive function Zo which only satisfies the weaker conditions 7z, < zo and
0 < Zos < 1in [0, R"] as well as Zo(R") = (1 — m)R", where z; is the function given
by (3.21).
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(2) When n = 2, it is easy to calculate that R’m = %fﬂ up(x)dx. If n = 3, then
R*m = % fQ uo(x) dx. Accordingly, our sufficient conditions for singularity formation

read
M1y 253 an?(l = sm)' = i
cpp = ¢ = max s n=2,
(1 —m)* fQ up(x)dx &5(1 — 1) fQ ug(x) dx
2230273 R 47 Rn*(1 — sm)' = .
Cc,p = ¢ = max , if n =3.
3(1 —m)* [quo(x)dx’ 3e8(1 — 1) [o uo(x)dx

Hence the critical value of chemosensitivity c¢;p is inverse to the initial cell mass, which
means that chemosensitivity needs to be large if the cell initial mass is small so that the
solution reaches the singular value. In the three-dimensional space, this indicates that the
solution is more likely to reach the singular value when the domain is small.

4. Finite-time blow-up for non-degenerate diffusion

Our next goal is to show that under the non-degeneracy condition (1.15) the singularity
formation asserted by theorem 1.1(i) in fact already occurs within finite time. To achieve
this, we first prove the following statement on locally uniform positivity of global solutions of
(3.17) in that case.

Lemma 4.1. Assume that D and h meet the requirements (1.15) and (1.13). Suppose that
m € (0, 1), R > 0and that z is a global classical solution of (3.17) satisfying 0 < z; < 1 and
z¢ < 0, for which in addition there exists ¢ > 0 such that

z2(s,t) < (1 —m)s — ¢ sin % foralls € (0O,R") and >0. (4.1)
Then
tlim z(s,t) > 0 forall s € (0, R"]. 4.2)
—00

Proof. If (4.2) is false then since z, < 0, we can find sy € (0, R") such that

z(sg, 1) = 0 ast — oo. “4.3)
We claim that then there exists 7 > 0 such that

25, T)=0  foralls e [0, %] 4.4)

which will be incompatible with the global existence assumption and thereby prove the lemma.
To see this, let us first note that in view of (4.1) there exists ¢; € (0, 1 — m) such that

72(s,) (1 —m —cy)s foralls € (0,59) and ¢ > 0. 4.5)
With ¢;,p > 0and A € (0, 1) asin (1.13) and ¢, > 0 small enough fulfilling
(A+B)* > (A" + BY) forallA >0 and B >0, (4.6)

we can then choose k > 0 small enough such that

(3(1 —8)\)S§k)ﬁ <o (4.7)

and
CiC2Cppm
-2

n

k < (4.8)

2
n=s,
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Next we proceed to construct a supersolution z which satisfies (4.4). To this end we define a
function ¥ : [0, so] — R by setting

. S0
0 f e[o, —],
Is 2

Y(s) = 1 s 2\ T 4.9)
(1 — )u)k - 2 5o . S0
(T> /;] <a _Z> 1fs€<§,so].
Observe that for s € (%", so] we have
(A =Nk\TE 5 sg\TE
v =(—5=)" (-2 (4.10)

and

(LETST R S P A
Vs (5) 2 - 073 §
= = ks,

Yr(s) ((1—2x)k> =3 <52 B %) e
whence it follows that ¥ € C2([0, so]) and

Yy = ksyr} in [0, so]. 4.11)
We next let yp := 1 —m — ¢y > 0 and ¢3 := (sp) and pick y > 0 small such that

Yy < ci1ccppmcep, 4.12)

with ¢p taken from (1.15). Finally, since z(sg, t) — 0 as ¢t — oo by our assumption (4.3), we
can find 7y > 0 such that

z(s0, 1) < ¥ (sp) forall t > 1. (4.13)

With these parameters fixed henceforth, we let y = y(#) denote the solution of the initial-value
problem

4.14
y(to) = yo, @19

that is, we define

{y/ =—yy,  1e,T),

=

v ==y =ne -] el T,

where
1-2
T :=t+ —yo
y(d—=2)

denotes the extinction time of y. Then

Z(s, 1) ;==Y (s) +y(@) - s, s €10, s0l, 7 € [t9, T
satisfies

Z2(s,00) =Y (s)+yo-s=yo-s=0—m—cy)-s = z(s, tp) for all s € (0, 59) (4.15)
by (4.5) and, clearly,

200,1) =0 > z(0,1) forallt € (), T) (4.16)
as well as

Z(s0. 1) = ¥ (so) + y(1) - 5o = ¥ (s0) = z(s0, 1) forallz € (10, T) (4.17)
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according to (4.13). In order to derive an appropriate parabolic inequality for Z, let us first note
that since y decreases, we have

Zs(s, 1) = Y (s) + y(1) < ¥ (s) + yo,
and therefore (4.10) and (4.7) ensure that
28, ) < Ys@o)+yo<cr+y=1—m forall s € (0, s59) and r € (to, T).
Consequently, in

PZ =% — 3> D@ + (1 —m)s —2) - (1 = Z9) - hi(Zy)
=1L+ 5L+,

using (4.5) we can estimate

I = cimshi(Zy) in (0, so) x (t0, T).
Since evidently Z;; > 0, we moreover have

2-2 - .

L>—n’s; "Di(Z)Z  in(0,50) x (o, T),

so that (4.11) entails that
_ 2-2 _ = _
PZ =7 —n’sy "Di(Z)Zss + cimshi (Zy)

2-2 _ _
=y -s—n%sy "-k-Di3)-sYl+cimshi(y)

_ 1 2-2 hl(zv)
=SD1(ZS)'{ — -y —n’sy "kyl +om- — }
Dl(Zs) 0 ’ Dl(Zs)
=sD(z5) - J(s,1) in (0, so) x (1, T) (4.18)
with
, 2-2 h1(zs)
J(s, 1) 1= ——— -y —nsy "kyt+em - —=22, s€(0,50), teT).
D\ () o D\ (Z,)
Here, using (1.15) and (1.13) and again the fact that y decreases, we see that
L 5222 A
J 2 — -y —n'sy "ky; +cicpm(Ys +y)
Cp
1 _2
> — .y —nlsy kYl +cicacom(l+yY)in(0,50) x (o, T)
(9))

because of (4.6). Thus, recalling (4.14) we obtain

_2
J > Y Y= ”233 "kyl + creacipmyl + creacppm - y* in (0, so) x (f, T),
¢p

so that (4.8) and (4.12) ensure that J is positive in (0, so) x (ty, T), whence (4.18) entails
that Pz > 0in (0, s9) x (fo, T). Since obviously Pz = 0 in (0, s9) X (fy, T), from this and
(4.15)—(4.17) we conclude upon a comparison argument based on [28, theorem 4.1 on p 1055]
that z < 7 in [0, so] X [fo, T]. This in particular implies (4.4) and thereby completes the
proof. |
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4.1. Proof of theorem 1.1 (ii)

Now our final statement is an almost trivial consequence.

Proof of theorem 1.1 (ii). Choosing R, ¢;p, zo and u( in the same way as in the proof
of theorem 1.1, we claim that for the corresponding solutions # and z of (1.1) and (3.17),
respectively, we have Ti,x = 0o. Then in view of lemma 4.1, lemma 3.5 now says that z(-, t)
decreases to a positive solution Z of (3.30) satisfying (3.31). However, lemma 3.4 asserts
nonexistence of such an equilibrium. Therefore Ti,,x < 00, and hence (2.1) completes the
proof. g

5. Numerical simulation

This section is devoted to numerically illustrating that the solution # of model (1.1) may reach
the singular value 1 in either finite time or infinite time for suitable initial data and parameter
values. It is helpful to remark that for the solution component u to reach the value 1 it is
necessary and sufficient that the transformed variable z reaches zero. Recall that for given
parameters satisfying the inequalities (3.20) and (3.28), and for initial data z; fulfilling (3.21),
we know that the solution z reaches zero in finite time if the diffusion D(u) satisfies (1.13),
(1.15), and that it reaches zero in either finite time or infinite time for D(u) satisfying (1.13)
only. Let us first specify some appropriate initial data u which result in a singular solution.
For simplicity, we only explore the numerical solutions in space dimension n = 1 and assume
Q = (=R, R), R > 0. Then from (3.21) and (3.19), we derive that the initial condition for
u(x,r)is

TX
uog(x) = m +¢ecos R x € [—R, R], 5.1

which satisfies the Neumann boundary condition and mass conservation (1.2). For the purpose
of numerical computation, using (1.1) we also compute

R? X

vo(x) = ——5€C0s —, x € [—R, R]. 5.2)

b4 R
With these initial conditions, we implement the finite element based computing package
COMSOL multiphysics to perform the numerical computations, choosing the domain size
R = 20.

Figure 1 illustrates the process of solution u of model (1.1) approaching the singular value
one, where D(u) satisfies conditions (1.13) and (1.15), and the parameter values are chosen
to satisfy the inequalities (3.20) and (3.28). Figure 1(a) shows the dynamics of the solution u
approaching one when time increases. Figure 1(b) plots the time evolution of the maximum
of solution u for different values of chemosensitivity c;p, and shows that the solution u# with
larger chemosensitivity approaches u = 1 faster.

Figure 2 shows the numerical simulation of solution u to (1.1) with singular diffusion,
where D (u) and h(u) fulfil the condition (1.13). For illustration, we choose D(u) = (1 —u)™®
and A(u) = cyp(1 —u)? with0 < a, B < 1 and @ + B = A < 1. In this case, the diffusion
D(u) > 1 increases with respect to the cell density u with a growth rate parameter «. By
theorem 1.1 (ii), the solution u will reach the singular value one in finite time. The numerical
simulation in figure 2(b) shows that the maximum of solution u grows monotonically and
indeed approaches u = 1.
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Solution u at different time steps Time evolution of maximum u for different chemosensitivity
1.05 T T T T T T 1 T T T T
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(a) Space x (b) Time t

Figure 1. (a) Numerical simulation of the solution u approaching singular value one in finite time
for the model (1.1) with D(u) = 1, h(u) = chp(l — u)?. Here t represents the time step and
parameter values are m = 0.89,& = 0.1, ¢,p = 100, 8 = 0.6, R = 20. (b) The plot of time
evolution of maximum value of solution u for different values of chemosensitivity ¢,p. Other
parameter are the same as those in (a).

Solution u at different time steps Time evolution of maximum solution u

1.05 1
0999
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09981
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i i =0 ; 0.996
.“(:n' ook ,’ == t=1000 K \‘ i ‘5 0.095 -
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(a) Space x (b) Time t
Figure 2. (a) Numerical illustration of the evolution of solution u to model (1.1) with singular
diffusion, where D(u) = (1 — u)~® and h(u) = ¢;p(1 —u)? withe, B > Oanda +8 = A < 1.
The parameter values are m = 0.89, ¢ = 0.1, ¢yp = 100, = 0.2, B = 0.6, R = 20 and ¢ denotes
the time step. (b) The plot of the time evolution of maximum value of solution, where the parameter
values are the same as those in (a).
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