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It is well-known that solutions to deterministic nonlocal aggregation-diffusion models
may blow up in two or higher dimensions. Various mechanisms hence have been pro-
posed to “regularize” the deterministic aggregation-diffusion equations in a manner that
allows pattern formation without blow-up. However, stochastic effect has not been ever
considered among other things. In this work, we consider a nonlocal aggregation-diffusion
model with multiplicative noise and establish the local existence and uniqueness of strong
solutions on R%(d > 2). If the noise is non-autonomous and linear, we establish the global
existence and large-time behavior of strong solutions with decay properties by combin-
ing the Moser-Alikakos iteration technique and some decay estimates of Girsanov type
processes. If the noise is nonlinear and strong enough, we show that blow-up can be pre-
vented. As such, our results assert that certain multiplicative noise can also regularize
the aggregation-diffusion model.
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tence; Large-time behavior.
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1. Introduction

Aggregation-diffusion equations via nonlocal interactions are ubiquitous in the mod-
eling of various biological processes/phenomena from microscopic to macroscopic
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levels. Among a large class of equations, the following nonlocal aggregation-diffusion
equation has recently received extensive attention:

% — Au™ 4 xdiv(uVG xu) =0, xcR? t>0, (1.1)
where m > 1 is the diffusion parameter, x € R is the aggregation coefficient, u(t, z)
represents the density of species (cells) at position z € R? (d > 2) at time ¢, and
G : R? — R is an interaction kernel. The equation (LI can be derived as the
continuum limit of many particle system [7, 47] and has a range of applications
arising in physics and biology depending on the choice of interaction kernel and
diffusion parameter m > 1, such as self-organization of chemotactic movement
[5L 361 [49], biological swarm [12] 57], cancer invasion [21],26], and so on (see a survey
article [I3]). While the linear random motion is indicated by m = 1, the nonlinear
degenerate diffusion with m > 1 describes the repulsion between species to account
for the over-crowding effect. When the interaction kernel G is a Newtonian or Bessel
potential, equation ([II) is well-known as the Keller-Segel chemotaxis model, for
which many interesting results have been available. Among other things, the most
prominent feature of the Keller-Segel model is that there is a critical mass in
the critical regime m = 2 — 2/d such that the solution to (II]) may blow up in
finite time for super-critical mass and exist globally for sub-critical mass. This was
established first for the case m = 1 in [6 20, 45, 46], and later extended to any
m > 0 (see [53] [ [3l B8] for subcritical case m > 2 — 2/d, [4l 53] for critical case
m =2 —2/d, and [53] [3, 4] for super-critical case m < 2 — 2/d). Moreover, various
modifications/mechanisms have been proposed to “regularize” the equation (L))
with m = 1 in a manner that allows pattern formation but without blow-up (see a
survey article [31]).

As is well-known, an additional logistic term, as one of the mechanisms shown
in [31], has been shown to being able to regularize the (I.1I) in the literature (cf. [48]
58, 59]). However, in a fluctuating or noisy environment, an additional stochastic
process may be more appropriate to capture the reality (cf. [43]). The purpose of
this paper is to consider the aggregation-diffusion model (IT]) with a multiplicative
noise and investigate whether this randomness can affect the global dynamics of
the system such as global well-posededness/blow-up and asymptotic behavior of
solutions. For simplicity we consider m = 1 in this paper and for definiteness we
assume G is the Bessel kernel, i.e., G is the Green function of the Helmholtz operator
I — A (namely (I — A)~'u = G % u). Then, we consider the following stochastic
aggregation-diffusion model

du — Audt + xdiv(uVG *u)dt = o(t,u)dW, z€R? (d>2), t>0, (1.2)

where W is a cylindrical Wiener process which will be specified in next section and
o(t,u) dW accounts for the noise arising from the fluctuating or noisy environment.
To simplify notations, we define a linear differential operator Q(-) with order —1
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and the nonlocal nonlinear term F'(u) as follows:
Qu) =VGxu=V({I - A1y,
{F(u) =div(uQ(u)) = (Q(u) - V)u + udivQ(u).
Then ([L2]) can be reformulated as

(1.3)

du — Audt + xF(u)dt = o(t,u)dW, xR (d>2), t>0.

In contrast to abundant results available to its deterministic counterpart, the
stochastic aggregation-diffusion model ([2)) has not been studied and basic ques-
tions like well-posedness (even local well-posedness) and large-time behavior of
solutions are still unknown. Hence it would be of interest to establish some analyt-
ical results for the stochastic aggregation-diffusion models. Therefore, the first goal
of this paper is to

e Establish local existence and uniqueness of strong solutions to the following
stochastic aggregation-diffusion model:

du — Audt + xF(u)dt = o(t,u)dW, x€R? t>0, (1.4)
1.
u(w,0,2) = up(w, z) € H®,

where w belongs to some sample space ). The relevant results are stated in
Theorem 211

On the other hand, what kind of effects that the noise may bring is a question
worthwhile to study. For example, it is known that the well-posedness of linear
stochastic transport equation with noise can be established under weaker hypothe-
ses than its deterministic counterpart (cf. [22] 23]). For stochastic Euler equations,
certain noise may prevent coalescence of vortices (singularity) in two-dimensional
space [24]. With a focus on (L2)), it is natural to study how the noise affects its
global dynamics. As shown in [39, 28], the linear noise o (t,u)dW = fudW, where
8 € R\{0} and W is a standard 1-D Brownian motion, is a dissipative factor for
many SPDEs. Motivated by these works, we consider the global dynamics of (L2)
with non-autonomous linear multiplicative noise, namely o(t,u)dW = S(t)udW.
Therefore, our second goal is set to

e Establish the global boundedness and large-time behavior of strong solutions to
the following stochastic aggregation-diffusion model with non-autonomous linear
noise:

du — Audt + xF(u)dt = B(t)udW, ze€RY t>0

1.5
u(w,0,z) = uo(w, z) € H?, (15)

where W is a standard 1-D Brownian motion. The detailed results for (LH) are
stated in Theorem [22] (d = 2, s > 4) and Theorem 23] (d > 2,s > % +3).
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We outline here that linear noise can bring some “regularization” effects on
the aggregation-diffusion model as stated in Theorems and Without noise,
it is well-known that the solution to (LH) may blow up in two dimensions with
a critical mass and three (or higher) dimensions for small mass (cf. [19, 42| [45]).
In Theorem 22, if the initial data is small in L' sense, then L® norm of the
solution decays exponentially almost surely. In Theorem 2.3 a linear large noise
can guarantee exponential decay of H® norm with high probability.

However, the above results hold true either with some smallness conditions on
initial data (Theorem [Z2]) or with probability (Theorem [Z3)). Tt is therefore very
natural to ask when global solvability holds without smallness condition on initial
data or with probability one. Theorems and indicate that linear noise is
not enough. Our final goal in this paper is to find out such noise structure. The
mathematical interest of finding such noise is important because it is helpful to
understand the mechanisms which stabilize the equation, and this is the first step
as searching for the real correct and physical noise which provides regularization
effect.

As we will see in (b) in Theorem [ZT] below, for the solution to (L4, its H*-
norm blows up if and only if its H”-norm blows up, where v € (% + 1, s]. This
suggests choosing a noise coefficient involving the H7-norm of w. For convenience,
to be consistent with the proof of Theorem 2.1] in this work we consider the case
that o(t,u) AW = a(1l + ||u| gr)2udW, where a € R\{0}, W is a standard 1-D
Brownian motion, r € (% + 1,5 —2) and p > 0 is a parameter. More precisely, the
third target of this paper is to

e Determine the range of a and p such that the solution to the following problem
exists globally in time:

du — Audt + xF(u) dt = (1 + |lu| g-)°udW, z€R? ¢t>0 (16)

1.6

u(w,0,z) = ug(w, ),

where r € (% + 1,5 —2) and W is a standard 1-D Brownian motion. The result
is stated in Theorem 241

The rest of this paper is organized as follows. In Sec. 2] we introduce some
notations, state our main results and then briefly sketch the proof strategies. In
Sec. [3 we present some basic results that will be frequently used. In Sec. [ we
prove Theorem 211 In Sec. B, we consider the problems (H) and ([IG). We prove
Theorems 2.2l and 23] in Sec. 5.1 and prove Theorem [Z4] in Sec.

2. Main Results

In this section, we shall introduce some notions regarding strong solutions to (L.2]),
recall some results from abstract probability theory and functional analysis, and
then state our main results.
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2.1. Notations and background

Let LP(R%) with d > 1 and 1 < p < oo be the standard Lebesgue space of measur-
able p-integrable defined on R? and let L>°(R?) be the space of essentially bounded
functions. Particularly, L?(R?) has an inner product (f,g)r2 = [g. f - gdz, where
g denotes the complex conjugation of g. The Fourier transform and inverse Fourier

transform of f(z) € L2(R%) are defined by f(£) = Jga f(@)e ¢ de, and f(x) =
ﬁ fRd J?(f)eic”'g d¢, respectively. For any s € R, the operator D* = (I — A)5/2 is
defined by

Dof() = (1 + [€12)*2F(©).

Then, for s > 0, the Sobolev spaces H* on R? with its inner product (-, )gs can
be defined as:

H* = {f € L2 : HfH%{* = (fvf)Hs < +OO}’ (fag)HS = (Dsfvpsg)Lz-

Here, and in the sequel, all the function spaces are defined on R% and we drop R¢
for brevity if there is no ambiguity. It is clear that (I — A)~! is a bounded operator
from H* to H**2.

We denote the commutator between linear operators A and B by [A, B], i.e.,
[A,B] = AB — BA. For a set E, 1g(x) is the indicator function on E, i.e., it is
equal to 1 when x € E, and zero otherwise. We will use < to denote an inequality
that holds up to some constants, which may be different from line to line.

We next briefly recall some background on stochastic analysis which we use
below (see [25] B3] [I8] for more details). Let W be a cylindrical Brownian motion
on a separable Hilbert space U:

W(t) =Y Wit)er, t=>0,

k>1

where {ey }x>1 is a complete orthonormal basis of U, and {Wj, },>1 is a sequence of
independent 1-D Brownian motions on a right-continuous complete filtration prob-
ability space (€2, {Fi}i>0,P). However, the above formal summation is not conver-
gent on U. Therefore, we consider a larger separable Hilbert space Uy such that the
canonical embedding U < Uy is Hilbert—Schmidt. Then we have that for any 7" > 0,
cf. [I8,125,134], W € C([0,T]; Up) P-a.s. From now on, we call § = (Q, P, {F; }+>0, W)
a stochastic basis and let £o(U; X') be the collection of Hilbert—Schmidt operators
from U to some separable Hilbert space X. As in [I8| [50], for X-valued predictable
process G € L? (€ L2 . ([0,00); £2(U; X))), one can define the It6 stochastic inte-
gral

t o0 t
/de ::Z/ Gey, dWy.
0 =170
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Here we remark that the stochastic integral fot G dW is independent of the choice
of the space Uy, cf. [I8, [50]. For example, Uy can be defined as:

oo

t=fr=Sme: Y <ol -3
k=1 k=1

k=1

Moreover, we have that for all almost surely bounded stopping times 7,

(/ GdW,v) :Z/ (Geg,v) x AWy, P-as.
0 X 0

k=1

In particular the Burkholder-Davis-Gundy (BDG) inequality in the present context

reads as
t P T
E( sup / Gdw <CE / IGIZ, w0y dt | » p>1,
tefo,7] [lJo X 0 ’
or in terms of the coefficients,

P
T oo 2
E| sup < CE / > lGelzdt) , p>1.
te[0,T] 0 k=1

2.2. Assumptions and definitions

p
2

o t
Z / Gek de
k=170

P
x
We first prescribe some conditions on the noise coefficient o.

Assumption A;. Assume that o : [0,00) X H® 3 (t,u) — o(t,u) € L3(U; H?) for
uw € H® with s > % + 1 such that o is continuous in (t,u). Furthermore, we assume
the following:

(1) There is an increasing function f(-) : [0,4+00) — [0,+00) such that for any
t>0 and s > %—i—l,

lo (6 wll cosrrsy < Fllullwroe) (1 + [[ullas).

(2) There is an increasing function g(-) : [0,4+00) — [0,+00) such that for any
K>0 cmds>%+1,

sup ot u) = ot )l cowsme) < gUE)u—vl[me.
£20, [[ull s Vvl s <K

Assumption A,. When the non-negativity of solutions is considered, we assume
that there is a C' > 0 such that for any t > 0,

lo(t, 012,22 — 2IVVlZs < Cllvlz., veH"

Assumption Ajz. When ([LH) with non-autonomous linear noise [(t)udW is
considered, we assume that: 5(t) € C([0,00)) and there are 8* and (. such that
0 < B, <B2(t) < B* forallt > 0.
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We remark here that if Assumption Aj is satisfied, then Assumptions A; and A,
are also verified for o(t,u) = (¢)u. This fact will be used in Sec. Bl

Before we formulate our main results, we give the definitions for the strong
solutions to the problem (4.

Definition 2.1 (Strong solutions). Let s > % + 3. Fix a stochastic basis S and
assume o(+,-) : [0,00) X H® > u — o(t,u) € L2(U; H®). Let ug be an H*-valued Fy
measurable random variable. A local strong solution to (I4) is a pair (u, ), where
7T is a stopping time satisfying P{7 > 0} = 1 and (u(t))¢c[o,-] is an F; predictable
process satisfying

P{u e C([0,7]; H*)} =1,

and the following equation holds true almost surely:

tAT tAT
w(t A7) — u(0) +/ (—Au+ yF(u)dt’ = / ot u)dW, t>0, xe R
0 0

Definition 2.2 (Uniqueness). Let S be a fixed stochastic basis. The local solu-
tions to (4] are said to be (pathwise) unique, if any two local solutions (uq, 1)
and (ug, 72) satisfy that P {u1(0,2) = u2(0,2), € R} =1 can imply

P{uy(t, ) = ua(t,2), (t,x) € [0,71 A ) x R} = 1.
Definition 2.3 (Maximal solution). Let the conditions be exactly as in Defini-

tion 2] above. A maximal strong solution to (I4) is a triple (u, {7, }n>1,7*) such
that

(1) For any n € N, (u,7,) is a strong solution;
(2) 7, — 7* increasingly and

sup |lu|lgs >n, on{7" < oo}.
t€[0,75]

If 7% = oo P-a.s., then such a solution is called global.

When it is clear from the context, we just write (u, 7*) instead of (u, {7, }rn>1,7%)
for simplicity.

2.3. Main results and remarks

Theorem 2.1. Let d > 2, x € R\{0} and s > £ + 3. Given a stochastic basis
S = (P {F} >0, W), if uo is an H*-valued Fy measurable random variable such
that E|lug||%. < oo and o(t,u) satisfies Assumption A1, then

(a) There is a unique strong solution (u,7) to (L4) in the sense of Definitions 2.1l
and 22l Moreover, (u,T) satisfies

E

sup ||u(t)||§151 < 00, (2.1)
tel0,7]
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and it can be extended to a maximal solution (u,7*) in the sense of Defini-
tion 231
(b) For ally € (% +1,s], (u,7) satisfies

Ltimsup, - llu(®) | =00} = L{timsup,_ .« u(t)|sv=o0c} P-a:5.  (2.2)
(¢c) If Assumption As is also satisfied and ug > 0 P-a.s., then

P{u>0, tel0,r)} = 1.

Remark 2.1. Now we give a remark to discuss Theorem 2.I] the main difficulties
encountered in the proof and the main strategies we used. We first notice that the
nonlocal term F(-) in [[4 is not monotone (see ([B.6), H**!-norm appears) in the
sense of [50] so that we will not use the Galerkin approximation under a Gelfand
triple developed in [50].

e (Mollifying and cut-off) The starting point of our analysis is to consider (I4]) as
an SDE in H®, which can be achieved by mollifying the equation. Then we have
a sequence of approximation solution {u.} € C([0,T:); H®) for some T, > 0. In
the a priori estimate, since the estimate on E|luc||%. involves E||uc| gr||ucl/%;-
for some r > 4 4 1 (see the estimate for the nonlinear term in Lemma [37]
and Remark [B]), which can not be split. To close the estimates, we will add
a cut-off function Og(|| - ||g-) to cut the H™-norm (see ([@I])). Though the cut-
off technique is insufficient to make the equation global Lipschitz in H?, it still
provides linear growth in H®, and hence T. = oo almost surely. Otherwise we
have to show inf. 7. > 0 P-a.s. However, how to find such a quantitative lower
bound is generally not clear.

e (Convergence of the approximation solutions) To obtain a strong solution, one
needs to take limit in the mollified problem. Our method is different from the
martingale approach (by first establishing martingale solutions and then obtain-
ing strong solution via (pathwise) uniqueness) used in many previous works. For
example, we refer to [I0, I1] for different examples in unbounded domains with
linear growing noise. However, the method used in [I0} [IT] is not applicable in our
case. This is because, firstly, in our case we need a cut-off function Og(|| - | z+) as
mentioned above, and secondly, even though one can actually establish the prob-
abilistic compactness L2(; Hy,, )¢ << " L*(Q; HE %) (cf. Prokhorov’s Theorem

loc

and Skorokhod’s Theorem) and obtain the converging in H:_? (cf. Skorokhod’s

loc

Theorem), we can not pass the limit because || - || g is a global object involving
all z € R? and it can not be controlled by the Hlsozz—topology even in the case

s—2 > r. In this paper, following [41] (see also |2, [54]), we will show that there is
a subsequence of the approximation solutions converging in C([0,T]; H") P-a.s.
directly (see Lemma A3l below). We outline that the convergence holds true on
[0,T], which a priori may look surprising because a sequence of stopping times
is usually needed to estimate nonlinear terms, and as is mentioned above, the
lower bound of such stopping times is difficult to obtain in stochastic setting. To
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take limit in Or(|| - ||#~), we choose r < s — 2. This and the previous condition
r > %+1implythats> %—1-3.

e (Removal of cut-off) For almost surely bounded initial variable ug, one can intro-
duce a stopping time 7 = 7(ug, R) (as in (£IH)) to remove the cut-off. Inspired
by [30, 28], [44], we use a cutting-combining argument to remove all the additional
conditions on ug and guarantee that 7 is positive almost surely. Roughly speak-
ing, the cutting-combining argument is as follows: If {4} is mutually disjoint,
Y rlo, =1 and ugp = >, 1o,up almost surely, and wuy, is the solution to (L4
with initial data 1q, ug, then Zk 1q, uk is a solution to ug.

e (Generalized blow-up criterion) By Definition 23] and (Z2]), one has

1 <o} = Llimsup,_. « [[u(®)|ur=oc}, 7 € (d/2+1,5] P-as.

However, ([2Z2)) is a stronger statement, because the H®*-norm of solution may
also tend to co at 7% = oo, and even in this case ([22)) still holds (due to (ZI4)).
Hence we call it a generalized blow-up criterion to include the case of blow-up at
oo, which can be also viewed as a kind of global existence.

e (Non-negativity) The idea of showing the almost surely non-negativity is to show
that u~ = 0 P-a.s., where u~ is the negative part of u. In the deterministic PDEs,
this can be achieved by showing that ||u~(t)||z2 = 0 for all ¢ > 0. Now, we prove it
by showing that E|ju ||z = 0 for all t > 0. To this end, we need to consider 1t6’s
formula for [|u™||3., where the main difficulty is that the nonlinear functional
|-~ 132 : H* 3 u — [Ju" |32 € R is not C?. To overcome this, motivated by
[T4, [16], [15], we consider smooth C2-approximations of ||u~|| .

Then we consider (L)), where o(t,u)dW = B(t)udW. This particular struc-
ture only requires a single standard 1-D Brownian motion W rather than a cylin-
drical Wiener process W. Hence for (LX), the stochastic basis becomes & =
(Q,P,{Fi}t>0, W), where W is a standard 1-D Brownian motion. Define

t , , t B2’ ,
o(t) = p(w, t) = elo BOVIWE) =[5 252 A - A(w) = sup p(w, 1). (2.3)
t>0

When Assumption Az holds true, we outline that (see (1) in Lemma [3.6] below)
A < oo P-as.

According to Theorem 2], for the maximal solution (u, 7*) to (LX), even though
the H*-norm of u may blow up at 7%, the L°°-norm of v may survive for all the
time. Indeed, in next theorem, we see that noise has decay effect on ||u|| .

Theorem 2.2 (Decay of L>®-norm in R? almost surely). Let d = 2, x > 0,
s >4 and (p, A) be given in Z3). Let Assumption As hold true. Assume g is
an H* N L'-valued Fo measurable random variable satisfying ug > 0 P-a.s. and
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E|lug||%. < oo. If for some large constant C > 0,

1
P <——3=1 24
{1} -1 (2.0
then there is a random variable 0 < K = K (w) < oo P-a.s. such that the solution
u to (LH) satisfies
P{llu®)lze~ < CK max{[luol|Lt, [uollre=}p(t), ¢ >0} = 1. (2:5)

] i S By aw, —f§ S8y, _
That is to say, P{||u(t)||r~ decays with (least) rate elo 032 }=1.

For the H*-norm of u, the next theorem shows that noise can also bring decay
effect with high probability.

Theorem 2.3 (Decay of H®*-norm in R? with high probability). Let x €
R\{0}, d > 2 and s > & + 3. Let Assumption Az hold. If uy is an H*-valued Fy
measurable random variable such that for some large enough C = C(s) > 0,

B
s < ———, R>1, A 2 P-a.s. 2.6
HUOHH = C)\1|X|R, > 1, 1> a.s., ( )

then the mazimal solution (u,7*) to (LH]) satisfies that for any Ao > %,

/A2
ﬂ* _((A1=2)x5—2)y) [t B2ty dt! 1 2
P (lu()| e < —2— oz Jo L t>08>1— (= :
(e < 22e -1 (4
(O1=222-271) 1t 52041 qp/
which means, P{||u(t)||g: decays with (least) rate e” s Jo A )dt} >

L= (B,

Theorem 2.4 (Strong noise prevents blow-up almost surely). Let d > 2,
s> 243 v eR\{0} and ug € H® be an H*-valued Fy-measurable random variable
with Ellug||%. < co. If ¢ and a satisfy

1 1
a e R\{0} ifo> g or o®>>2D|x| ifo= 37 (2.7)

where D is the constant given in LemmaB4l then (L8) has a unique global solution
starting from uyg.

Remark 2.2. We give the following remarks concerning Theorems 2.2, 23] and 2.4]

e In the proof of Theorem [2.2] the Moser-Alikakos iteration technique and decay
estimate of Girsanov type process are used (for the Moser iteration involving
expectation, we refer to [29]). Theorem 22 entails that if the initial mass is small,
then the solution to (3] is bounded globally and decays to zero. In contrast to
the deterministic counterpart of (5], where the decay rate of ||u||pe is only
algebraic (cf. [32]), Theorem shows that the multiplicative noise §(t)udW
brings more dissipation in the sense that ||u|| L~ decays exponentially with (least)
rate efo BE) AWy =[5 = d’

2250073-10
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e The proof of Theorem involves extracting a damping part from the trans-
formation (&) (see (BI4)) and using some estimates for the exit times of Gir-
sanov type process. In Theorem 23] for fixed A\; > 2 and Ay > %, if we let
R > 1,0, > 1 such that 1/R?* is small enough but £, > C\;|x|R is large,
then the H® norm of initial data can be large. Moreover, the H® norm of the
corresponding solution decays exponentially with high probability.

e Theorem 2.4 is proved by using a Lyapunov function log(1 + z?) and the result
means that if the nonlinear noise is strong enough, i.e., (Z7) is satisfied, then the
global existence holds almost surely without any smallness assumption on initial
data. Our approach is motivated by [9] [51].

e Without noise, it is well-known that the solution to (LH) may blow up in two
dimensions with a critical mass and three (or higher) dimensions for small mass
(cf. |19, 42, [45]). The results of Theorems and 24 indicate that large mul-
tiplicative noise can provide some “regularization” effects on the global bound-
edness or decay properties of the solutions (In Theorem 2.2 decay of L° norm
becomes faster; In Theorem 23] H*® norm decays exponentially with high prob-
ability, and in Theorem [Z4] solution exists globally without any kind smallness
conditions on the initial data). For deterministic aggregation-diffusion equations,
different mechanisms have been proposed to ensure the pattern formation with-
out blow-up. Theorems 2.2, and [2.4] show that certain noise can also induce
some dissipation/regularization effects to aggregation-diffusion model.

3. Some Preliminary Results

Now we gather some necessary results from analysis. For any € € (0,1), J. is the

Friedrichs mollifier defined by J. f(z) = je* f(z), where * stands for the convolution,

je(z) = %j(%£) and j(x) is a Schwartz function satisfying 0 < j(¢) < 1 for £ € R?
and j(€) =1 for all £ € RY with |¢| < 1. It is easy to find that (cf. [A1])

I = Jellgeresmmy S €77 1 <s, (3.1)

I Jelleqsmry S OETT), r>s. (32)

In addition, we have the following properties which will be used in the sequel without
further notice:

DSJE = JEDSa (J&‘f?g)Lz = (fa JEg)Lza ||JEUHH° < HU/HH*W

where D* = (I — A)*/? is defined in Sec. 211
We also notice the following estimates:

Lemma 3.1 ([55]). Letd > 1. Let f, g : R? — R? such that g € W' and f € L2
Then for some C' > 0,

1[7e, (g - I fllz2 < ClIVgllize< | £l 22
Lemma 3.2 ([35]). If f,g € HSNWY for s > 0, then

11D, (f - Wlgllze < C(ID* fll 22l Vgl e + IV L= D7 Vgl 2)-
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If f,g € H° N L, then
If9llas < Cs(flla=llgllzoe + 11fllLellgllee)-

Lemma 3.3. Let F(-) be defined in (L3). For any u,v € H*™' with s > ¢ +1 and
5> 4 5, we have

IE@)lzs S llollas (vl s + o]l ge+0), (3-3)

[F(u) = F@)|[as S lullgesllu = vllas + [ollmslu = vlgeen,  (34)
(F(u) = F(v),u = v)p2| S (Jullwree + 0]l s)[lu = vl|72, (3-5)
[(F(u) = Fv),u = 0)m:| < (lullgerr + ollzz)llu = vll.. (3.6)

Proof. Using Lemma[32] H® «— L with noticing that (I — A)~! is bounded from
H? to H*2, we have

[E @)z S 0Qu)[[ =2 S vl |Q) [ =1 + ([0l a2 [|Q(v) [ e
S ollgs (vl + vl g+,
which is B3]). Set w = u — v. Then we have
|F () — F@)lla-
S ldiv(u@(w)) || m- + [|div(wQ(v))l|m
S lull g |Q) | mesr + [wll =1 |Q@) | o1,
which implies ([B4). Similarly, it follows that
|(F(u) = F(v),w) 2|
S (Ve Qw), w) 2| + |(udiv@(w), w) 2|
+[(Vw - Q(v), w) 2] + |(wdivQ(v), w) 2|
S VUl |Q(w) 2 lwllze + [[ull L [[divQ(w)]| L2 [wl| 2
+HdivQ(v) || o< w2
S NullwrsllwllZe + o]l s llwlZe,
which is (H). As for (3.8), we first notice that H* — W° and hence
[divQ(v)[| L~ S VRl S Q)llas S [lvll a1
Then we use Lemma and integration by parts to deduce that
(F(u) - F(v), w)a|
S (D?div(u@(w)), D*w) 2| 4+ [([D?, (Q(v) - V)]w, D*w) 2|
+(Qv) - VD*w, D*w) 2| + [(D* (wdivQ(v)), D*w) 2|
S NuQ(w) | g wlms + ol m 1wl + [lwdivQ ()| [[w] -
S Nl gesllwlzre + ol wl?e,

which yields (3.0). O
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Recall that F(-) is defined in ([3]) and J. is the Friedrichs mollifier in Sec. 3
Then we have

Lemma 3.4. Let s > 6§ > 2+ 1. For all u € H*, there is a constant D = D(s) > 0
such that for all € > 0, we have

|(JoF(u), Jouw) s | < Dl|ull sl
Proof. Using Lemmas B0 and B2 integration by parts, the fact that V(I — A)~!

is bounded from H*® to H*t! and the embedding H® < W%, we obtain that for
some D > 0,

|(D* JF(u), D* Jeu) 2|

= |(D*J[(Q(u) - V)u], D* Jeu) 2 + (D Je[udivQ(w)], D* Jeu) 12|

< |([D*, (Q(u) - V)]u, D* J2u) 12| + [([Je, (Q(w) - V)] D*u, D* Jou) 12|
+((Q(u) - V)D* Jou, D* Jou) | + | (D* Je[udivQ(u)], D Jou) |

SNQ) a1Vl poe [l e + IV Q(w)l| Lo [fullFge + udivQ (w) e lull ar-

< Dlfullgs |ul|Z-

which gives the desired result. O

Remark 3.1. We remark that if u € H*"!, we can omit the mollifier J. in the
proof of Lemma [B.4] to deduce that

|(F(u), w) =] < Dl s [[ull-

However, in applications, sometimes we can only know v € H?®, and hence
(F(u),u)ps is not well-defined because F(u) € H*~! (cf. Lemma [B3)). This means
that we can not apply [to’s formula to ||u(t)[/%. directly (cf. (LI3]) below). In this
case, we need Lemma [B.4] where the constant D does not depend on «.

Now we recall the following lemma (cf. [I5] Lemma 3.1]) which will be used in
the study of the non-negativity of the solutions.

Lemma 3.5 ([15]). Define the following functions:

p(LL') = _1{x<0}$7 K“() = p2<')7

:1:2—%, T < —¢
(@) {0’ "IN k)= = (4
a(x) = and k. (z)=< —z° [z
(L4 2), —e<
1, =<0, E 2€+3), e<xz <0,
0, x>0
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Then the following properties hold:

e r(z) =0 ifx >0 and s(z) =22 if x < 0;
o kL(z) and K. (x) are continuous;
o kL. <0,k >0,k.(x)=0ifx >0

o r.(z) — k(x), KL(x) = —2p(x) and K!(z) — 2a(x) uniformly on R.

Lemma 3.6 ([41]). Let Assumption As hold true and 9(t) € C([0,00)) be a
bounded function. Let

X (1) = et BE AWk -2y s

Then we have the following properties:
(1) Let ¢(t) := fot B2 dt’ and ¢ 1(t) be the inverse function of ¢. If

1 ¢ (t) t
li —_— I dt — = | < —1,
l?iigp V2tloglogt (/0 ) 2)

then lim;_,oo X (t) =0 P-a.s. If

; 1 ¢71(t)19 , ,
liminf ———— t)ydt' — - | > 1,
paty v2tloglogt /0 ) 2

then limy_, oo X (t) = 400 P-a.s.
(2) Let 9(t) = pB*(t) withp < 1 and 7 :=inf{t > 0: X(t) > R} with R > 1, then

1 1-2p
P{TR:"FOO}Zl_(E) :

4. Proof of Theorem [2.7]

For clarity, we complete the proof of Theorem 2] in the following several subsec-
tions/steps.

4.1. Approximation scheme and associated estimates

Now we construct the approximation scheme.

Cut-off. Let s > % +3and r € (% + 1,5 — 2). For any R > 0, we let Op(x) :
[0,00) — [0,1] be a C*° function such that Og(z) =1 for |z| € [0, R] and Or(x) =0
for |z| > 2R. Then we consider the problem by cutting the nonlinearities in (4]
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as follows:

{du + [~ Au+ xOr (||l g ) F(w)]dt = Or(||ul )0 (t, w)dW, >0, 1)
u(w,0,2) = up(w, ) € H®. '

Mollifying. Recall that J. is the Friedrichs mollifier defined in the previous section.
Then we mollify [@T]) and consider the following approximate problem:
du + G1.(u) dt = Go(t,u) dW,
G1c(u) = —J2Au+ xXOr(||ul| gr)J- F(Jou),
Ga(t,u) = Or(|lullar)o(t, u),

u(w,0,x) = up(w, x).

(4.2)

Lemma 4.1. Let y € R\{0}, s > ¢ +3 andr € (% + 1,5 — 2). Fiz a stochastic
basis S and let ug € L*(Q; H®) be an H®-valued Fo measurable random variable.
Assume o satisfies Assumption Ay. Then for any R > 1 and e € (0,1), (£2) admits
a unique solution u. € C([0,00); H®) P-a.s. Moreover, for any T > 0, there is a
constant C' = C(x, R, T, ug) > 0 such that

T
supIE{ sup e (8)]1%- +2/ IV Tt (8) 1% dt} <c
e>0 | teo,1) 0

Proof. Using Assumption A;, (32) and Lemma B3] it is easy to obtain that for
any 7' > 0 and R > 1, there exist 1 = l1(R, ¢, x) and la = l2(R) such that for all
ue C([0,T); HY) with ¢ > £ + 1,

1Gre(@)llere <L+ ullaa),  [1Go(t, w)ll eowssay < l2(L+ (ullma), ¢ € [0,T].

For any R > 1, s > % + 3 and € € (0,1), the above estimate implies that (Z2])
defines an SDE in H?® with linear growth condition. Similarly, we can infer from
Assumption A; and Lemma B3] that for any ¢t > 0, Gy -(u) and Ga(t,u) are locally
Lipschitz in u € H®.

Then the theory of SDE in Hilbert space (see for example [50, Theorem 4.2.4
with Example 4.1.3]) shows that (2] admits a unique solution u. € C([0, 00); H*)
almost surely.

Now we establish the uniform-in-¢ estimate for (£2]). By 1t6’s formula, we have

4
dlfuclFre + 20|V Ieue||3e dt = Ay + ) A dt,
i=2
where

Ay = 20r(||ucl| ) (o (t, ue ) AW, ue) s
As = =2x0p(|luc||a ) (D J [(Q(Jeue) - V)Jeue], Dug) 12
As = =2x0p(Jlue || g+ ) (D° J: [JeuedivQ(Jeue )], Due) 12

Ay = O (luell mo) ot ue) 12, wimre)-

IS
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Let T > 0. Integrating the above equation, taking a supremum for ¢ € [0,7] and
using the BDG inequality yield

T
Empm0%+mfnww@mw
0

tel0,T

< E|luol| % +Z/ E sup |A;(t)|dt

t'€[0,t]

T
+ - IE sup |Juc||%. +Cf2(2R)/ (1 +E sup |u5(t')|§{s> dt.
te(0,7] t’€[0,t]

Since J. is self-adjoint, in the same way as in Lemma [3.4] we derive that
| 2| + [A3] < Clx|Rl|uell7--

Therefore, we arrive at

T T
E/ESWGMWNH%WmdéﬂﬂﬁfES@H%WM%&-
0 t’€[0,t] 0 t’€[0,t]

Similarly, we use H" < W and Assumption A; to deduce that
Al < 6% (llucll ) £ lluell e ) (L + [Jue ] 12)?

Consequently, we find a constant C' = C(x, R) > 0 such that

T
Z/ E sup A )|dt§C’/ <1+]E sup ||us(t’)||§{5> ar.
0 t’

€[0,¢] €[0,¢]

Combining the above estimates, we see that u. satisfies

T
EWWMW%+H/HLWNWMM
te[0,7] 0

t’€[0,t]

T
< 2E||uo |7 +C(X7R)/ <1+]E sup ||us(t')||§fs> dt.
0

Thanks to the Gronwall inequality, we obtain the desired estimate. O

Lemma 4.2. Assume the conditions in Lemma L] hold true. For any T > 0 and
K > 0, we define

Tg:K =inf{t > 0: fJuc(t)||gs > K} AT, Tg:mK = Tg:K A T,,?:K. (4.3)
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Then we have

limsupE  sup ||ue —uyllar =0, K >1. (4.4)

0n<e tefor?,
Proof. For the solutions u. and u, to [@2), we consider the following problem for
Ve = Ue — Uy,
dve p + [G1e(ue) — G,y (uy)]dt = [Ga(t, ue) — Ga(t, uy)|dW, v.,(0) = 0.
We notice that
G1.e(us) = Gipluy)
= — JZAue + I3 Auy + XOR(||ucll ) J-F (Jeue) — XOr(|wn 1) Ty F (yun)
= (J2 = J2) Auc + J2A (uy — ue)
+ X [Or(uecllzr) = Or([lunll )] T F (Jeue)
+ XOr([lugllar)(Je = Jy) [F(Jeue)]
+ XOr([lunll )Ty [F(Jeue) — F(Jyue)]
+ XOr([[un| ) Ty [F (Jyue) — F(Jyuy)]

6
= Ri, (4.5)
and )
Gg(t,ug) — Gz(t,’u,n)
=0r(|lucllar)o(t, ue) — Or([luyllar)o(t, uy)
= [Or(l[uellar) — Or(l|ugllar)] ot ue) + Or(|luglla-)[o(t, ue) — o (t, uy)]

8
= Ri. (4.6)

=7
Then we use It6’s formula with noticing ([@H) and ([@6]) to find that for any ¢ > 0,

t t t
|\v5,n(t)|\§p+2/ (RQ,UE,U)HTdt’:le/ det’+/ Ry dt/, (4.7)
0 0 0
where

Ry =2 [ (Galt, ) = Galt, w0V, 02
0

Ry =2 Z (Rivve,n)Hﬁ

i€{1,3,4,5,6}

8
>R,
=7

Rg =

Lo(U;HT)
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Obviously, integration by parts and the fact that J,, is self-adjoint imply
(R2,ven)ar = _(JZAU&”]?U&U)HT = HVJ”]’UEWH%T >0,
Then (1) yields
t t
loen(®) 3 < |Ri + / |Ro| dt’ + / |Rs] dt’ P-as. (1.8)
0 0
Applying the BDG inequality to (£8) with noticing Assumption A;, we derive

E  sup ”Ua,n(t)H%{T
telo, 7T

e,n, K
1
Tg:n,K 2 3 Tg:n,K
< CE / |ve.nl|%-|RsldE |+ ZE/ |R;| dt
0 — Jo
T T
1 2 Ten, K Ten, K
<lp s el +C]E/ |R3|dt+]E/ Ryl dt.
2 tE[O,T:mK] 0 0

By (43), the mean value theorem for #z(-) and Assumption Aj, we find
IR7ll coquirrry < Cllvenllmr f(lluellare ) (L + [ucl me)-
and
IRsllcoiziry < CgE)venllnr, te(0,7, k] Pas,

where R7 and Rg are given in (A6]) and g is given in Assumption A;. Consequently,
we can find a constant C'(K) > 0 such that

E  sup ”Ua,n(t)H%ﬁ
te[O’TZn,K]

T ‘rg:n)K
< C’(K)/ E  sup oo, ()5 dt+2IE/ | R| dt. (4.9)
0 telo,7! , Kl 0

Claim: There is an increasing function ¥ : [0,00) — (0,00) and a function w :
(0,00) x (0,00) — (0, 00) satisfying lim(, ,)—o @(z,y) = 0 such that

|Ra| S (lluellme + llugllaz) (@ (e,n) + Jvem 1 Ze)- (4.10)

To show this, we first notice that J..J, = J,J., which means JZ — J7 = (J. +
Jn)(Je — Jp), and then we have,

(R, vein) e < (T2 = T e prra[ve e

T T e e e L e

< max{e
< max{e® ™ T2 Y lue e + [lvelFe-
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We use the mean value theorem for 0z(-), (BI) and Lemma B3 to derive
((Rs, ven) | < IXWOr(Nuellmr) = Or(llunll )} Je F (Jeue) | |ve,nll e

< C|X|||U87n||§ir||F(JEUE)HHT

< CIxXvellF el (luellzre + el rre-2)

< C|X|||U87n||§ir||ua||§is-
Similarly,

[(Ray ven)mr| < IXIN(Je = Ip)[F(Jeue)]l| r|ve | mr
< Clx| max{e, n}uel7rs |[ve | -

< max{e?, 7 Hluelltre + [[venl7rrs

|(R5vve,n)HT|
< IXINF (Jeue) — F(Jyue) | mrl|ve,q | e

S (uellge-1 ([ Jewe — Jnuellar + [Juell g | Jeue — Jyue || =) || ve |l mr
< max{e, n}|luc |- l[venll e
< max{e®, n*Hlue || + [lvenlFo
and
((Re, ve) 1] < CIXIF (ytae) = F(yton), Jytec — Ty e
< (luellzrs=1 + llugll o) [ve,g 7

Summarizing the above estimates for (R;,ven)p- with ¢ = 1,3,4,5,6, we obtain

E10).
Combining (£9) and {I0), we find a function w : (0,00) x (0,00) — (0,00)
such that lim(, )0 @(x,y) = 0 and

E  sup |lvey ()l

tG[O,Tg:n’K]

T
< C(K.x) / E  sup oo (®)le dt + CE)Tw(e, ),
0

t’G[O,TEt’TI)K]
which, together with Gronwall’s inequality, implies

E  sup  |vey(O)|7 < C(K, T, x)w(e,n),

tG[O,‘rgjnyK]
and hence ([£4) holds. m|
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We first let € = €,, be countable set in Lemma 3] to guarantee that for all n, u.
can be defined on the same set 2 with P{Q} = 1. Then we can find a subsequence
converging almost surely. Precisely, we have

Lemma 4.3. Let x € R\{0}, s > $+3,r € ($+1,5—2), T > 0 and {uc} be given
in Lemma Il There is a countable subsequence of {u.} (still denoted as {u.}),
and an {Fi}i>0 progressive measurable H®-valued process w such that

u. =% u in c(j0,T;; H") P-a.s., (4.11)
and for some C = C(T) > 0,

T
]E{ sup [[u() % +2/0 V()| dt} <c (4.12)

t€[0,T7]

Proof. Recall [@3)). For any € > 0, by using Lemmas [l and [£21 and Chebyshev’s
inequality, we see that

IP{ sup |Jue — uyl|gr > e}
t€[0,T]

:P{({T‘Zn’K < T}U{T‘Zn’K =THnN { sup ||ue — uy| gr > 6}}

t€[0,T7]

<SP{rlx <T}+P{r] x <T} —HP’{ sup e — uy| g > e}

tE[O,T:mK]
2C(R, T, u
§¥+P sup  |Jue — upl|ar > €.
K te[o"’—ej:n,K]

Now (@A) clearly forces

2C(R, T, UO)

7 , K>1.

lim supP ¢ sup |Jue — upl|ar >€p <
e=0p<e t€[0,T)

Letting K — oo, we see that u. converges in probability in C'([0, T]; H"). Therefore,

up to a further subsequence, [@IT) holds true. (£I2)) comes from Lemma L] @11
and Fatou’s lemma. O

4.2. Solving the cut-off problem
With the help of Lemma 3] we can obtain the existence of a solution to (ZI]).

Proposition 4.1. Let y € R\{0}, s > 2+3 and r € (4+1,5—2). Fiz a stochastic
basis S and let ug € L?(Q; H®) be Fo measurable. Assume o satisfies Assump-
tion Ay. For any R > 1 and T > 0, @) has a solution u € L?(Q; C([0,T]; H?)).
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Proof. Since for each € € (0,1), u. is {F;}+>0 progressive measurable, so is u. By
Lemma 3, we can send e — 0 in (£2) to conclude that u solves [II). Due to
(£12), we only need to prove that v € C([0,T]; H®) almost surely. We first notice
that Lemma means u € C([0,T]; H") N L>(0,T; H®) almost surely. Since H*
is dense in H", we know that (cf. [56, page 263, Lemma 1.4]) u € Cy([0,T]; H?),
where C,, ([0, T]; H®) is the space of weakly continuous functions with values in H*.
Therefore, we only need to prove the continuity of [0,7] 3 t — ||u(t)] ms.

In order to use It6’s formula in a Hilbert space, we recall the mollifier J. defined
in Sec. Bl and then we consider It6’s formula for || J.u(t)||%. rather than ||u(t)|%.
(cf. Remark B]). Then we arrive at

A Leu(t) e + 201V Teull - dt = 20l ) (Jeor(t, ) AW, Jow)
= 2xOr(||u| ) (J F (), Jou) s dt

+ 0% ([ull m) | J-o(t, u) |2, ey dE. - (4.13)
By @12,

t
TN = inf{t >0 flu®)||g + 2/ [ Vu(t)|?, dt’ > N} N2, o Pas.
0

Then we only need to prove the continuity up to time 7% := 75 AT for each N > 1.
For any [ta,t1] C [0,T] with ¢t; — ¢t < 1, we use Lemma [34] Assumption A; and
the above estimate to find

E[|H. (t ATE) — Ho(t2 ATH)['] < C(N, T)[t1 — t?,

where H.(t) = |Jou(®)|}. + 2 [ [|J-Vu(t')||3. dt’. Using Fatow’s lemma, for
H(t) = [Ju(®)||%. +2 fot [Vu(t)||%. dt’, we arrive at

E[|H(ty A5 — H(ts ATH)[T] < C(N, T)t1 — to]*.

This and Kolmogorov’s continuity theorem ensure the continuity of ¢t — H(t). By
EI2), t— 2 fot [Vu(t')||%. dt’ is continuous almost surely, and hence

t
u(t)||3. = H(t) — 2/ Vu(t)||%. dt’ € C([0,7%];R), N >1 P-as.
0

We finish the proof. O

4.3. Solving the original problem

Now we are going to prove (a) in Theorem 2.1l We first consider the uniqueness for
the original problem (4] since we need similar estimate later.

Lemma 4.4. Let x € R\{0}, s > %+ 3 and let Assumption A; be veri-
fied. Suppose that uy is an H?-valued Fy measurable random wvariable satisfying
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Ellug|%. < oo. If (u1,m) and (u2,m2) are two local solutions to (LA) such that
P{u1(0) = uz(0) =up(xz)} =1, then

P{ul(tvx) = u2(t,$), (t,I) € [077-1 A 7-2] X ]Rd} =1
Proof. We first define the stopping time
=Tk AT, 7k =inf{t>0: |lui(t)|ms + |ue®)||ms > K}, T>0. (4.14)
Let w = u1 — us. We have
dw + [—Aw + x(F(u1) — F(ug2))|dt = [o(t,u1) — o(t, uz)]dW.

Then we use It0’s formula and neglect the positive term fg [Vwl|3, dt’ on the left
hand side of the resulting equation to find that

ool < 2|( [ o) = ot paw.u)

+2]x] / [(F(ur) — Flus), w)g2|dt

t
4 / o, un) — ot ua) |2, 0., Y
0

t t
= B+ / B dt’ + / Bs dt’.
0 0

Taking a supremum over ¢ € [0, 7] and using Assumption A;, the BDG inequality,
(@I4) and the Cauchy—Schwarz inequality yield a constant C' = C(K) > 0 such
that

E sup [w(t)]?-
tG[O,‘rg]

> R s
<CE ([ ot = ot on ol +3E | 1B
TT
K
scf(K)E( sup_[lul- [ |w||%2dt) +ZE / |Bifdt
0

tG[O,Tg]

—_

T
< =-E sup ||wHL2+C/ E sup |w(t ||L2dt+2/ sup |B;(t')|dt.

T2 e tefo,rL] telo, TK]
Using Lemma B3], Assumption A; and ([@I4), we get
Z]E/ Bidt < c/ sup [w(t)Padt, C=C(K, ).
t'ef0,7L]
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As a result, we find that for some C' = C(K, x),
T
E sw [u®)f-<C [ E sup fult)]sd
tef0, 7] 0 t'efo,7k]

Hence E supycpo -7] lw(t)||2. = 0. For i = 1,2, since (u;, 7;) are local solutions, we
have

P{liminfT% > T ATy /\T} =1.
K—oo
Therefore, sending K, T — oo and using the monotone convergence theorem yield

E SUPyc (0,7, nry) [w(t)]|72 = 0, which is the desired uniqueness. O

According to Proposition LTl and Lemma [£4] to prove (a) in Theorem 2] we
only need to remove the cut-off function. The method used here is inspired by the

works [30} [41].
Proof of (a) in Theorem 21l For ug(w,z) € L*(Q; H®) with s > £ + 3, we
consider

Qp = {k’—lg HUOHH* <k’}, k>1.

Since E|jug|%}. < oo, we have

’U,O(LU, I) - Z uO,k(wvx) = Z UO(wvx)lk—lgquHHs <k P-a.s.
E>1 E>1

On account of Proposition 1] we let ux, r be the global strong solution to the
cut-off problem () with initial value ug  and cut-off function 6z(-). Define

TR := inf {t >0: sup |lugr(t)]5 > lluorl3: + 2}. (4.15)
t’€[0,1]

Then for any R > 0 and k € N, we have P{7, p > 0} = 1. Assign R = Ry, > Vk? + 2
to be discrete for each k > 1 and then denote (uk, %) = (uk,R,, Th.R, ). Obviously,
P{r; > 0, Yk > 1} = 1. Then it follows from the inequality || - ||z~ < || - || zz= that

P{lluel 7 < lluells < lluoxllfs +2 < R, t€[0,7], k>1} =1.

From this and the definition of r(-), we see that (ug,7x) is the strong solution to
([C4) with initial value ug ;. As a result, we find that

1o, up(t A1) — Lo, uok

t/\lgzk‘l')C if/\lgk‘l';C
= / ]_Qk [Auk — XF(uk)]dt/ + / ]_QkO'(t, Uk)dW
0 0

Besides, since 1o, 0(t,ur) = o(t, 1o, ur) — loco(t,0), and [lo(t,0)||z,@w;ms) < o0
(cf. Assumption A;), we have

t/\leTk t/\lﬂk Tk
/ lgka'(t,uk)dw = / O'(t, lgkuk)dw.
0 0
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Similarly, 1q, [Aur — xF(ur)] = [A(1q,ur) — xF(1a,ur)], and hence

1o, up(t A1) — Lo, uok

t/\leTk t/\lﬂka
= / [A(]_Qk’lj,k) — XF(]_Qkuk)]dtl + / O’(t, lgkuk)dW,
0 0

which implies that (1q, uk, 1o, 7%) is a solution to (I4]) with initial data ug . Since
QN Qe =0 for k # k" and (J,,~, Q is a set of full measure, we see that

U= E 1o, ug, 7= E 1o, 7

E>1 E>1
is a strong solution to (L)) corresponding to the initial condition ug. Besides, using

@13, we have

sup [l = > o, sup [ukllz. < 2luollF + 4.

te[0,7] k>1 te[0,7x]
Taking expectation gives rise to ([ZII). Uniqueness comes from Lemma 4l The
extension from a local solution to the maximal solution can be obtained as in
[28, 8], here we omit the details. O

4.4. Generalized blow-up criterion

Now we prove (b) in Theorem 2l The key part in the proof is to analyze the
explosion time of ||u(t)| = and that of ||u(t)|| g-. It is motivated by the recent work
for the stochastic Euler equation [I7], see also [2] [54].

Proof of (b) in Theorem 2.3 Let (u,7) be the strong solution to (4] guaran-
teed by (a) in Theorem 271l Recall that v € (£ + 1, s]. Define

7= lm 7y, T = Inf{t >0 [Ju(t)||gs > m},
m—0o0
and
To = lim 7o, 7o, :=1inf{t>0: ||u(t)| g > n}.
n—oo

To prove (b) in Theorem 2.1, we only need to show
T1 = T2 P-a.s. (416)

Since H® — H7, it is easy to see 71, < T2 < T2 P-a.s. Therefore, we have 71 < 79
P-a.s. Now we prove the converse inequality. We first notice that for all n, k > 1,

{ sup ||u(t)||Hs <OO} C U{Tg,n/\k‘ST17m}C{T27n/\k§7'1}.

tE[O,Tgyn/\k?] m>1

If we can show

P sup  u(t)|lgs <oop =1, n, k=1, (4.17)
tE[O,TQJL/\k]
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then for all n,k > 1, P{mo , ANk <71} =1 and

P{ro <m} =P ({mn<n}p =P [ {maAk<m}p=1 (418)

n>1 n,k>1

Since (AIR) requires the assumption (EIT), the proof is completed by proving
(EIT). As is mentioned in Proposition FLT] (see also Remark B1), we will first con-
sider Itd’s formula for || J.u||%. instead of ||u||%.. Then for any ¢ > 0, we have

t 3 t
thﬁrww®%ﬁﬂ/W%WW%M:h+Z/Lﬂﬂ
0 =0

where

t

Ly :=2 (/ Jeo (' u)dW, JEU) ,
0 Hs

Loy : 72)((J5F(u), Jeu)

HS?

LB = HJEU(t/? U)H%Z(U;Hs)'

It follows from the properties of J;, the BDG inequality, H” < W1> and Assump-
tion A; that

te[0,72,n AK] te[0,72,n AK]

1 k:
E ( sup ILl(t)l> <5E  sup | Jeul|Zs +Cf2(n)/ (1 + Efjul|7. )dt.
0
We use Lemma [3.4] to find
7—2,71/\k 7—2,71/\k k
B[ kel <O [ e ulfye e < Clln [ Elulfy. d
Similarly, Assumption A; yields
Tz)n/\k k
E/ \Laldt < Cf2(n)/ (1 + Ellull%.)dt.
0 0

Therefore, we combine the above estimates to find

E  sup [ Jeu(t)|F
tG[O,TQ,n/\k]

t'€[0,tAT2, 5]

k
< QEHUOH%IS + C/ (1 +E  sup |u(t’)||%15> dt,
0

where C' depends on x and n. Notice that the right hand side of the above estimate
does not depend on ¢ and J. tends to u for all v € C([0,T]; H®) with any T > 0.
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We send € — 0 to find

E sup lu(t)l
tE[O,Tgyn/\k?]

k
< 2F||ug |3 + C/ (1 +E  sup ||u(t’)|§{> dt. (4.19)
0

t/e[o,t/\Tgyn,]

Therefore, ({17 comes from the above inequality and the Gronwall inequality. The
proof is completed. O

4.5. Non-negativity of solutions
Proof of (c) in Theorem [2.1] Let
=inf{t > 0:||ul|gs > N}, N >1.
Then (a) in Theorem 21l implies limy_,o, 7v = 7* P-a.s. Hence it suffices to prove
P{u(t ATy) >0, t>0 =1 N>1. (4.20)

We recall the definitions of &, k. and p in Lemma 3.5 and then define the nonlinear
functional:

O LS f= 0 (f) R, O (f(2)) := / ke(f(z))da.

Rd

Using It6’s formula (see Theorem 2.10 in [25]) for ®.(u) yields that for all £ > 0,

<I>8(u(t N TN))

_@g(u(o)H/Ot (W (), D), dt’fx/

+ </0t o(t',u) AW, KL ) / Z ’( wlo(t, w)]*y;),v;) 2 4t

where {y;} is a complete orthonormal basis of L?. Then we arrive at

t

(/{’ (u), F(u))L2 dt’

€

Ed. (u(t A 7n)) — Ed.(u(0))

— e [ . 19 8 [ (e, )

+38 [ - (R ot ot ] 5).1) 0

We notice that V(1;,<oyu) = Vu when u < 0 (see Lemma 7.6 in [27]) and Assump-
tion As implies o(¢,0) = 0 (hence y/a(u)o(t,u) = o(t,—p(u)) with a(-) being
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given in Lemma [3.5]). Thanks to Lemma [35] one can send € — 0 to find (see also
[14, Proposition 3.4])

Ellp(u(t A mv))lI72 — Ellp(uo)ll7
t/\TN

tATN
_9E ), [Vul),, dt’ + 2xE / (p(u), F(u)) = At
0 0

tANTN OO
+E/ Yot )y, ;) . dt
0 j:1

tATN tATN
—-2x [ V(- mmaWam/ (p(w), F(w)) 2 dt
0 0

tATN
2
+E [ ot —p) 00 0.
0
It is easily seen from (L3]) that

[E (@)l < [[Qu)lL2[IVullpee + [l L2 [[div@Q(u)] Lo

Hence we use the fact V(1,<0yu) = Vu for u < 0 again and the above estimate to
obtain

[(p(u), F(u) 2] = |(Lgu<oyu, F(u)) 2] < CN|p(u)Z2; ¢ €[0,tATy], N >1.

Combining Assumption A, and the above observation, we have

t
Ellp(u(t Aw))ll72 < C(XJV)/ Ellp(u(t’ A7n)||72dt', N >1,
0
which implies that for all N > 1,
Ellp(u(t Aw))lI7 =0, t€[0,00).

Hence (£20) holds true. The proof is completed. m|

5. Regularization Effect of Multiplicative Noise
5.1. Non-autonomous linear case

Now we consider (LH]). This case covers the linear noise case fu dW in [39, 28]. We
introduce the following Girsanov type transform:

_ 1
p(w,t)

Then we have the following results for z:

z(w, t) := u(w,t), @(w,t) is given in (3. (5.1)

Proposition 5.1. Let s > % + 3 and Assumption As be verified. If ug(w,x) is an
H*-valued Fy measurable random variable with Eljug||%;. < oo, then (LH) admits
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a unique mazimal solution (u,7*). For t € [0,7"), z defined by ([EI)) solves the
following problem almost surely,

2 — Az + xpF(2) =0, 2(w,0,2) = up(w,z), =€RI t>0, (5.2)

where F(-) is given by [L3). Moreover, z € C([0,7*); H*) N CY([0,7*); H*~?)P-a.s.
Furthermore, if ug > 0 P-a.s., then z > 0 P-a.s. and ||z||p1 = |Juol|p1 P-a.s.

Proof. Since (3(t) satisfies Assumption Aj, o(t,u) = [(t)u satisfies Assump-
tions Ay and As. Consequently, (a) in Theorem 2] implies that (LH) has a
unique maximal solution (u,7*). Direct computation with It6’s formula yields
d% = — (t)édW + ﬁQ(t)édt. Then (EJ) and the fact z(0) = wo imply (&2).
The regularity of u (and hence the regularity of z) comes from (a) in Theorem 211
If ug > 0 P-a.s., then (c) in Theorem[Z Tl gives that z > 0 P-a.s. and the conservation
of ||z]|p1 comes from (2. O

5.1.1. Decay of L>-norm in R? almost surely

Proof of Theorem Keep in mind that s > 4, 2(0) = up € H® — C? and
ug > 0 P-a.s. Then, for a.e. w € Q, by following the proof of [52, Theorem 1.1] (see
also [40]) with noticing that A = A(w) = sup,~( p(w,t) < oo P-a.s., one has that

z€C([0,7);Cpu(R?), =2(t)>0, te[0,7) P-as,
where

7= lim 7,, Tp:=1inf{t>0:|z||z~ >n}, (5.3)

n—oo

and Cp y is the space of bounded uniformly continuous functions (see [52) (1.5)]).
Besides, we notice that z and b = (I — A) ™!z satisfy

2z — Az + xpdiv(zVb) =0, z€R? >0,

—Ab=2z—b, reR2 >0, (5.4)
2(w,0,x) = ug(w, ),

which means that b > 0 on [0,7*) P-a.s. Even though 7 < oo may occur (the
H*-norm of u may blow up), we will show that 7* = co P-a.s.
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Step 1: The estimate of ||z||L» for 1 < p < oco. We multiply the first equation
of [B4) by 2P~! (1 < p < 0o) with noticing z,b > 0 to find that

1d
e Pq
p dt Rd i *
= / P Az de — ch(t)/ 2P~ div(2Vb) dx
R4 Rd
=—(p- 1)/ P2V Pdz + x(p — 1)g0(t)/ (zP"'Vz - Vb) dz
R4 Rd
4(p—1 » -1
= —# |Vz§|2dx+xp—g0(t)/ 2P(z —b) dx
p R4 P Rd
4(p—1 —1
_ (p . ) |VZ§|2 dz —+ Xp—sﬁ(t)/ ZIH’l dI’, te [07%\;*) P-a.s. (55)
p R4 P Rd

When d = 2, we use the Gagliardo-Nirenberg-Sobolev inequality to find that

p+1

o0) [ 2o = GOl F e

p+1
< Co)IVz 2 [| 712

1\? . 2
= Cy(t) (p_—l— ) (/ z2|Vzp/2|dx)
p R2

p+1 2
< V22|72 g2y C (T) Alluol| 1 (r2) P-a.s.

Using the above estimate and (G.5]), one has, almost surely, for ¢ € [0,7*) and
1 < p < oo that

d

— [ ZPdz < (p—1)| V2P|
at Jge

—4 +1\?
e <p—) A||uO||L1]. (5.6)
p p

If ([24) holds true, then

4 P 2
P < — | —— 2<p<4;=1
{|UO|L1 = XCpA <p+ 1) ) SP > } ’

which together with (56]) gives that

d
]P’{—/ ZPdr <0, 2<p<A4, tG[O,?*)}l,
dt Jpe

That is to say,
IP’{HzHLp <JupllLr, 2<p<4, te [0,7'*)} =1 (5.7)
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For a.e. w € Q and for 1 < p < oo, using (B.71), the Gagliardo-Nirenberg interpola-
tion inequality and Young’s inequality, we have

[, de < alal s

r P
< Clluol2]122 [ 2]V 22| L2

C?|Juol|F-px-A 2
—LZII I%» +X—HV22HL2

IN

Combining the above estimate and (5.3)), we have almost surely that for ¢ € [0,7")
and 1 < p < o0,

d
dt

4(p—1
< fM/ |Vz§|2dx+x(p71)<p(t)/ 2Pl Ay
p R4 R2

2P dx

2(p—1 »
<222 [ (9t P+ Ol Aot — eI
R

Let M;(w) = C?|lug||32x*A%. As A(w) < oo almost surely and E|ug|%. < oo, we
have 0 < M;(w) < oo almost surely. Then for a.e. w € Q, ¢t € [0,7%) and 1 < p < o0,
one derives

d 2(p—1 P
— [ ZPdx+ M/ |Vz2|?de < Mip(p — 1)/ 2P dux. (5.8)
dt R2 P R2 R2

On account of the Gronwall inequality and the above inequality, we see that for
any 1 < p < o0,
/ 2P da < |Jugl? ,eM PPVt ¢ € [0,7) P-as.
R2
However, this L? bound depends on t. Now we need to establish a uniform-in-
time L°° estimate for z.

Step 2: Estimating ||z||p-: the Moser-Alikakos iteration. We will extend
the well-known Moser-Alikakos iteration technique (see [I]) to this non-autonomous
random system to obtain the (pathwise) uniform-in-time L estimate for z.

To this end, we let

Then, almost surely, we can infer from (5.8)) that for all ¢ € [0,7*) and k > 1,

d -1
— 20 dg + 22k / |Vz%=12 dz < Mlai/ 2% dx. (5.9)
dt R2 Qg R2 R2
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Using the Gagliardo-Nirenberg interpolation inequality and Young’s inequality, we

arrive at
[ do = s < Ol 92

1
<O (I + eV ) e >0

2% dz and then use the above estimate

Therefore, we add both sides of (5.9]) by € /
R2

to find that for £ > 1,
d
[ mdr 2
ATl
< (Myai +¢€)(Ce | |Vz*-1]2dz) 4+ (Mia} +¢) (C’E|z“’€1 |%1> P-a.s.
R2

ap — 1
|Vz%-12de +¢ [ 2% dx
ag R2 R2

Remember that M; < oo almost surely. For a.e. w € © and for each k > 1, we pick

up ¢ = ex(w) > 0 sufficiently small such that
-1
(Mya2 + e,)Cep < 22— = (5.10)
ar
Let
C
= (Mya? —
¢ = (Myay +€k)4€k7
and then we have
d 2
— z% da + sk/ z% da < ¢ sup / z%=1dx | , k>1P-as.,
dt Jre R2 te[0,7+) Jr?
which gives us
d 2
— (ea’“t/ 24k dx) < efkley sup / 241 dg k>1P-a.s.
de R? tef0,7) JR?
Then, almost surely we have that for all k£ > 1,
2
/ 2% (t) de < max / ugt dx, O | sup / Z%=1dz , (5.11)
R2 R2 te[0,7*) JRR2
where
CL 2
0p := —=(M —. 12
(e (Maj; +€k)4€% (5.12)
Moreover, we let
I :=max{|Juo||r1, [|[wollo=}, Ag:= sup / z% dax.
te[0,7*) JR2

It follows from (G.I0) that for a.c. w € Q and for each k > 1, e is of order .
k
Hence 0, > 1. Then (EII) now reads as Ay < max{I%, 0,47 |}, k > 1 P-as,
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from which we obtain recursively
Ap < max{I%, 5 max{I"1 &, 1 A7 ,}?}
= max{I* max{6x ", 5x07_1 A}_5}}
= max{0p I, 0popt 1 AL 5}

< max{dxoyt | 1%, 0,051 1037 o A® 5}

IN

< max{0p0pt | - Og" TN GOt - 6y RO T AGR )
< 0oty - §yF 280 I Poas.

By (EI2) and the fact that ) is of order % almost surely, we can find a random
k
variable 1 < My = Ms(w) < oo such that

5
P{—’g < M forallkZl}:l,

a
and

1 aj Ak—2 %k-—1

1 1 a1
Aph SOt Oy 0™ 0 T

k 1 .
< TT((Mza)7)1 = My ™3 935t w57 1 < 21501, P-as.
i=1

Sending k — oo, we finally conclude that

SEup : lz(E) || L < CMymax{||uol|z1, [|uo|lL~} P-a.s. (5.13)
te[0,7*

According to the definition of 7* in (&3)),

limsup ||z(t)|| L~ = 0o on {75 < oo}.

t—T*

However, we notice that the right hand side of (EI3]) does not depend on 7*.
Therefore, the L°°-norm of z will survive for all the time. That is,

SlipHZ(f)HLw < CMymax{||uollpt, [[uolz=} P-a.s.
t>0

Step 3: Completing the proof. By (5.1), we have

’ 2 4 !’
u(t)| e < CMsmax{||uo| g1, [[uo|| o yelo FEVWer =[5 =241 5 g peas,

which gives (Z3]). Then the decay of ||u||=~ comes from (1) in Lemma The
proof is completed. O
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5.1.2. Decay of H® norm in R® with high probability

Proof of Theorem Using similar estimates as we obtain (LI9), we can
conclude that there is a constant C' = C(s) such that for a.e. w € Q,

d .. .
SO < Clde@I=Oll 220, 9(t) s given in @),

’ 2 ! ’
For w(t) := e~ Jo AWy (1) = e~ fo gt e z(t), we infer from the above estimate
that

[w®)l s < Clxlp@Ow@)|ge—zw@)][as, — (5.14)

where (t) := elo B AWy por any R > 1, we fix R, let A\; > 2 and then define

71 := inf {t >0: ) [|Jw) || ge—2 = |Ju®)] gs—2 > C?)\l(|t>)<| } (5.15)

d B2(t)
&Hw(t)”HS + 5

Thanks to ([2.6) and R > 1, we have P{r; > 0} =1, and

d (M —2)8%(t)

g lv@lae + == lw®lla: <0, t€[0,n] P-as.
Let Ao > /\21’\_12. The above inequality and w = e~ Jo BE) AW,y imply that for a.e.
weNfortel0n]

u(®)| s = [Jw(t)] s elo BE) AW

(a1=2)82%(t’
< [[wo|| s B AW =iy CLEREE g

_ ol AW S ar IR gy o
Define the stopping time
t ’ ot B2 4
Ty := inf {t > 0 : elo PV AWy —fg S dth R}.

Notice that P{m > 0} = 1. From (&I0]), we have

O Qa2 -20) e g2y gy
t s < R—— 2X1 A2 0

Ju(@llme < Ry rme”
< ﬁ* o ((>\1*22A)f\§272>\1) fot B2(t') at’
~ Oy
< b te 0,71 A P 5.17
= C>\1|X|’ E[ , Tl 7'2) -a.S. ( . )

Combining (5I7) and (5I5]), we find that
]P{Tl Z 7'2} =1.

Therefore, it follows from (B.I7) that

(A1 —2)Ag— ) rt ’ ’
P{”“(t)”H < o et LB o an g > O} > P{mp = +o0}.
CAilx|
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Then we apply (2) in Lemma B0 with 9(t) = (3 — )\1—2)52@) to find that

2/ X2
]ID{T2:+OO}>1—( ) ,

which completes the proof.

= =

5.2. Nonlinear case
Proof of Theorem [Z4L Let s > 4 + 3 and 7 € (4 + 1,5 — 2). Let

h(u) == a(l + ||ul| gr)°u.
By mean value theorem for (1 + )¢ with o > %, we have that for any u,v € H?,

[h(u) = h(v)l[ s < lalg(lullm: + [|v]la-)

for some increasing function g : [0, 00)

|U — U”Hs
[0,00). By using the above locally Lips-
chitz property of h(-) and following the steps as in Sec. [ with slight modification,
one can obtain a unique maximal solution (u,7*) to (L) in H* such that
L{timsup, .« [u(®)] =00} = L{limsup, . [[u(t)]| za=occ}

q € [r, s] P-as. (5.18)
Then we apply It6’s formula to [u(t)||%.-2 to find

dl[ul|Fe—z = 20(1 + [|u]| z7)8||ul|Fe—2 AW — 2(VD* 20, VD ?u) 2 dt

—2x(D* 2 F(u), D* 2u) 2 dt + &2 (1 + |Jul g) || ul| 3.2 dt.
Following [9, 51], [54], we will use the Lyapunov function log(1 + z?) to establish

global existence. Applying Itd’s formula to log(1 + ||ul|3,._.) and neglecting the
2
positive term IVully oo

Tz, oo the left hand side of the equation, we find
HsS—2

dlog(1 + [|ul|%s-2)
2a(1 + JJullar)? 1o )
< lwl|?e s dW — — 93 (F(u), u) o2 dt
1+||u||§{siz H e
+7a21+ UHT2gu257 dt
1+ Jull%. (14 Nuller) 2]l o2

1
Ay (O Nl el de
Hs—2
Let

T = Inf{t > 0 : [|u(t)]| gs-2 > m}.
Using Lemma [3.4], we find that there is a D > 0 such that for any ¢ > 0,

Elog(1 + [[u(t A 7n)[|%)
tATm
< Elog(1 + [uol/e-2) + E M(|Jullgr, [|ul zs) dt',
0

2250073-34



Stochastic aggregation-diffusion equations

where
B 2D|x|zy? + (1 + x)%y?  2a2(1 + z)%ey*
- 1+y? L+y?)?

M(z,y) :

Since ¢ and « satisfy (Z7), it is straightforward to see that there are constants
Ky, Ky > 0 such that for all 0 < z < y < o0,

a?Ky(1 + x)2ey*

M(x,y) + < Kj. 5.19
R (TR () R o1
Indeed, this is because
2|x|Dxy? + o?(1 + x)?2y> B 202 (1 + z)%ey* a?Ko(1 + x)?ey?
L4y (1+y2)? (1+92)*(1 +log(1 +32))
2|x|Dx 274 Ko
< a?(1 o AT 41— .
<ol ta) <a2(1 2 T A2 (Tt loa(l + 22)
When (Z7) is satisfied,
. 2|x|Dx 22 K,
1 — +1— 0
;Eiﬁ(wa+xvf+ T+a77 ' (L+logl+a%)) ="

which means (5I9]) holds true. Consequently, we arrive at
Elog(1 + [[u(t A 7n)[|3:—2) — Elog(1 + [[uol/7.~2)

a?(1+ [Juflar ).

dt’,
L+ [lufle—2)?(1 +log (L + [|lullF. =)

tATm
< Klt—E/ K,
0 (

which means for some constant C' = C(ug, K1, K2,t) > 0,

/tArm (1 + [Jullar)?elul|fe -2
. (14 JJul%.-2)? (1 +log(1 + [[ull%.-2))

Therefore, for any T > 0, it follows from the BDG inequality that

dtl S C(Uo,Kl,KQ,t). (520)

E sup  log(l+ Jull3es) — Elog(1 + Juol%es)
te0,TATy)

1
SCE</T“ha%1+nmma%qus2&>2
0

(1 HU'HHS*Q)
TNATm
0

1
<-E sup (1+log(l+ |lull3.-2)) + KT
te0,TATy)

a?(1+ [Jufl )l .

K — Ky
(1+ [ul|3.-2)? (1 +log(1 + [ull?.-2))

dt

a?(L+ [Juflmr)* el
L JJully.—2)? (1 + log (1 + [|ullF.-2))

TNAT,
+ C(KQ)E/ ( dt.
0
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Thus we use (5.20) to obtain

E  sup log(1+ ||ul|%.2)
te[0,TATm]

< 2E(1 + log(1 + [|uo||Fye—2)) + KaT

a®(L+ flufl ) |ullf.

det
T+ [l 2)? (L + log(1 + [l )

TNATm
+C(K)E /0 :

S C(u07K17K27T)'

Let 7 := lim,, .o Ts. From the above estimate, one can follow the non-explosion
text (cf. 9l page 125]. See also [37, [54]) that P{7. = oo} = 1. Hence ||u| gs—2 exists
globally. By ([&I8), u exists globally in H*. O
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