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Abstract This paper is concerned with the well-posedness and large-time behavior of a two-dimensional PDE-
ODE hybrid chemotaxis system describing the initiation of tumor angiogenesis. We first transform the system
via a Cole-Hopf type transformation into a parabolic-hyperbolic system and then show that the solution to the
transformed system converges to a constant equilibrium state as time tends to infinity. Finally we reverse the
Cole-Hopf transformation and obtain the relevant results for the pre-transformed PDE-ODE hybrid system.
In contrast to the existing related results, where continuous initial data is imposed, we are able to prove the
asymptotic stability for discontinuous initial data with large oscillations. The key ingredient in our proof is
the use of the so-called “effective viscous flux”, which enables us to obtain the desired energy estimates and
regularity. The technique of the “effective viscous flux” turns out to be a very useful tool to study chemotaxis
systems with initial data having low regularity and was rarely (if not) used in the literature for chemotaxis

models.
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1 Introduction
In this paper, we study the following PDE-ODE hybrid chemotaxis model:

u =Au—V-((uVine),

ct = —puc

(1.1)

which was proposed in [28] to describe the interaction between the signaling molecule vascular endothe-
lial growth factor (VEGF) and vascular endothelial cells during the initiation of tumor angiogenesis (see
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also [5,6]). Here, u(x,t) denotes the density of vascular endothelial cells and c¢(x,t) means the concen-
tration of the VEGF. This parameter £ > 0 indicates the chemotactic coefficient measuring the strength
of chemotaxis and g is the degradation rate of the chemical VEGF. Here, chemical diffusion is ignored
because it is far less important than its interaction with endothelial cells (see [28]). On the other hand,
this system can also be regarded as a special form of the famous Keller-Segel system proposed in the
seminal paper [25] describing the propagation of traveling wave bands formed by bacterial chemotaxis
observed in Adler’s experiments [2].

The distinguishing feature of the model (1.1) is twofold: (i) the first equation of (1.1) contains a
logarithmic sensitivity function In ¢ which is singular at ¢ = 0 but is a very meaningful sensitivity repre-
sentation (see [24,40]); (ii) the second equation of (1.1) is an ODE and hence lacks a spatial structure.
Either of these features is the source of challenges for mathematical analysis and numerical computations.
To overcome these obstacles, a Cole-Hopf type transformation

1Ve

v= —iV(lnc) T (1.2)

has been introduced in [27,46], which transforms the system (1.1) into a parabolic-hyperbolic system

{ut —xV - (uv) = Au, (1.3)

vt—Vu:(),

where x = p€ > 0, v is a gradient vector and curlv = 0. Apparently the transformed system (1.3) is
much more manipulable mathematically than the original system (1.1) since the singularity vanishes and
the quantity v possesses a spatial structure through u. In this paper, we consider the well-posedness and
asymptotic behavior of solutions to (1.3) with the initial data

(u,v)(z,0) = (up,vo)(z), x¢€R? (1.4)
subject to the following asymptotic states:
(u,v)(£o0,t) = (u,0), (1.5)

where (4,0) with @ > 0 is a constant ground state of (1.3). Then we reverse the Cole-Hopf transfor-
mation (1.2) and get the well-posedness and asymptotic behavior of solutions to the original PDE-ODE
chemotaxis system (1.1).

A lot of interesting works have been carried out for the transformed system (1.3). Firstly, the one-
dimensional problem was extensively studied from various aspects such as the traveling wave solutions
[22, 32, 34, 35, 39, 41, 45], and global dynamics of solutions in R [12,30,37,49] or in bounded intervals
(19,31, 33,48]. For the multidimensional whole space R?, the nonlinear stability of the planar traveling
wave was recently established in [3]. When the initial data is close to the constant equilibrium (,0),
the system (1.3) has achieved numerous results. First, the blowup criteria of classical solutions were
established in [8,29] and the large-time behavior of solutions was obtained in [29], if (ug — @, vo) €
H*(R?) for s > % + 1 and [|(uo — @, vo)| = x = is small. Later, in the Chemin-Lerner space framework ,

Hao [13] obtained the global existence of mild solutions in the critical Besov space BQ_ 1% X (32% )¢ with
minimal regularity. The global well-posedness of strong solutions to (1.3) in R was established in [7], if
[[(wo — @, vo)||2x g is small. If the initial data has a higher regularity such that |[(uo — @, vo)||g2x g1
is small, the algebraic decay of solutions was further derived in [7]. Wang et al. [47] established the
global existence and time decay rates of solutions to (1.3) in R? for d = 2,3 if (ug — @,v9) € H?(RY)
and ||(ug — @, vo)||g1x g1 is small. Recently, Wang et al. [44] established the small energy solution in
R? (d = 2,3). In the high-dimensional bounded domain Q C R? (d = 2,3), under Neumann boundary
conditions, the global existence and exponential decay rates of solutions were obtained in [33,42] for small
data, and the local existence of classical solutions in two dimensions with Dirichlet boundary conditions
was given in [20]. When the Laplace operator in (1.3) was modified to a fractional Laplace operator, the
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global existence of solutions to (1.3) in a torus with periodic boundary conditions in some dissipation
states was established in [10,11].

In the above-mentioned results, all solutions obtained to (1.3) are classical thanks to the high regularity
and smallness of the H® (s > 1)-norm on the initial data. The goal of this paper is to exploit the parabolic-
hyperbolic system (1.3) with rougher initial data which is allowed to be discontinuous and possess large
amplitude. Specifically we consider the initial data (ug,vg) in some appropriate LP space and allow
|luo — @|| Lo + ||vo||Le to be arbitrarily large. The low regularity of the initial data and large amplitude
bring us many new difficulties in analysis compared with the existing works (see [7,29,47]). In particular,
the integrability of Vv, which plays a crucial role in the analysis of [7,29,47], can be easily attained
therein but appears to be unattainable for our less regular initial data due to the hyperbolic effect of the
second equation. Hence one can only expect to examine LP-integrability for v and hence obtain weak
solutions instead of strong (classical) solutions. The key idea of gaining LP-integrability of v developed
in this paper is to rewrite the first equation of (1.3) as 4; = V - F inspired by the works [15,36] on the
Navier-Stokes equations, where F' is the so-called “effective viscous flux” defined by

F = Vu+ xuv. (1.6)
Then we rewrite the second equation of (1.3) as
vy =—xuv +F

and try to attain the regularity of v through F whose regularity is easier than v to obtain. We remark
that the dynamics of PDEs with discontinuous data has been an important topic arising from fluid
mechanics and gas dynamics in order to understand how the discontinuity evolves in the fluid. For this,
Hoff with his collaborators has developed some nice ideas and obtained a series of important results in
this aspect (see [14-18]). We refer to [4, 21,26, 38] and the references therein for further development
on the discontinuous data problem. However in our current work the “effective viscous flux” F exists in
its divergence form (i.e., V - F), which is different from that used in the Navier-Stokes equations where
the “effective viscous flux” exists in its gradient form and the LP-norm of VF can be achieved directly
(see [15-18,36]). This implies that besides the estimate of V - F, we have to estimate for the curl of F
(denoted by V-F) in order to get the estimates for VF and hence the regularity for F, which is a key
difference from the Navier-Stokes equation. The “effective viscous flux” technique appears to be a very
powerful tool to study chemotaxis systems with low regular initial data and was rarely (if not) used in
the literature.

Since the dependence of solutions on y and @ is not the interest of this paper, we henceforth assume
x = @ = 1 throughout the paper for simplicity without further clarification.

To state our results, we first introduce the definition of weak solutions to (1.3)—(1.5).

Definition 1.1 (Weak solutions). We say that (u,v) is a weak solution to (1.3)—(1.5), if (u,v) is
suitably integrable and satisfies for all test functions ¥ € C§°(R? x [0,00)) that

/ uoWodx + / / (u¥y — Vu - V) dedt = / / uwv - VWdxdt
R2 0o Jr2 o Jr2

/ v Wod +/ / (v, — u¥,,)dxdt =0,
R? 0o Jr2
where j = 1,2 and ¥o(x) = ¥(z,0).

Then our main results in this paper are given as follows.

and

Theorem 1.2. Let 4 < pg < 0o and the initial data satisfy

ug — 1€ L2(R?), wy € L*(R?)NLP(R?), wup =0, V4 -wy=0, (1.7)
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where V+ = (82, 1) denotes the curl operator. Then for any constant M > 0 with ||vol|pror2) < M,
there exists a constant € > 0 depending on M, such that if
2 2
luo — U722y + lvollz2(r2) = 00 <€,

then the Cauchy problem (1.3)—(1.5) has a global weak solution (u,v)(z,t) satisfying

u—1e L¥([0,00); L*(R*)) N C((0,00); C(R?)), Vu e L*([0,00); L*(R?)), (1)
v € L™([0,00); L*(R?) N LP°(R?)) N C([0, 00), H(R?)) '
and the following asymptotic convergence:
|u(z,t) = 1| Lerr2) = 0,  [Jv(2,)|[1r2(r2) =0 as t — oo, (1.9)

where 2 < p; < 00 and 2 < py < pg < 0.

Remark 1.3. The above results hold true regardless of the strength of initial perturbation from the
constant ground state (1,0), namely the amplitude ||ug — 1|z + ||vo||z= can be arbitrarily large. The
initial conditions (1.7) imply that the initial data of the Cauchy problem (1.3)—(1.5) could be discontinu-
ous (such as piecewise constant with arbitrarily large jump discontinuities), which brings great challenges
to the analysis. Moreover, the condition V+ - vy = 0 is a natural consequence of the Cole-Hopf transfor-
mation (1.2).

To prove Theorem 1.2, we first mollify the initial data with a mollifying parameter 6 and obtain the
global smooth solution (u’,v°) depending on the mollifying parameter §. Then we pass to the limit as
d — 0 and obtain a weak solution to (1.3)—(1.5). The core of the proof is to derive the global a priori
estimates independent of the mollifying parameter . In this connection, the approaches and estimates
developed in previous works [29,47] for small-amplitude and continuous initial data are not adequate
for our current problem. In this paper, we introduce the so-called “effective viscous flux” technique and
make a full use of the structure of (1.3) to obtain the desired uniform-in-0 estimates.

Converting the results from v to ¢ by reversing the Cole-Hopf transformation (1.2), we get the results
for the original chemotaxis model (1.1).

Theorem 1.4. Let 4 < pg < oo and the initial data satisfy
ug — 1 € L*(R?), wup(x) =0, Vine € L*(R?) N LP(R?).

Then for any constant M > 0 with ||V In col| pro 2y < M, there exists a constant € > 0 depending on M,
such that if
luo = 1172 (rey + [V Incol|72(rey <e,

the Cauchy problem (1.3)—(1.5) has a global weak solution (u,c)(x,t) satisfying
u—1e 1%([0,00 I2(R),  Vu e L3([0,00); I*(R?)),
u—1¢€ 0((0,00); C(R?)), Vlnee C([0,00), H ' (R?)),
Vine € L%([0, 00); L*(R?) N LP°(R?)) N L4(]0, 00); L*(R?))
and

lu—1er g2y = 0, [[VIne|pra@mey =0 as t— oo,

where 2 < p; < 00 and 2 < py < pg < 0.
Furthermore, if co € L>®(R?), ¢y > 0, then there exists a positive constant C' independent of t such
that the solution has the following decay rates in time:

el Lo r2y < Ce™ . (1.10)

The rest of this paper is organized as follows. In Section 2, we collect some elementary facts and
inequalities that will be used in later analysis. Section 3 is devoted to deriving the a priori estimates on
smooth solutions. Then we prove Theorem 1.2 in Section 4. Finally we prove Theorem 1.4 in Section 5.
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2 Preliminaries

In this section, we recall and prove some basic results that will be used later. Before embarking on this,
we first introduce some notations used throughout this paper.

Notations. In what follows, C' denotes a generic positive constant which may vary in the context.
e H*(R?) denotes the usual k-th order Sobolev space on R? with the norm

k ' 1/2
1 Fllge o = (Z / |a;f|2dx) .
j=0 "R

For simplicity, we denote | - || := || - |22y and || - ||k := || - || s (r2), and furthermore L?(R?) will be
abbreviated as L? without confusion.
e We denote the curl operator by
V-t = (9, —0y). (2.1)

e For simplicity we set
0o = [luo — 1[I + JJwoll*. (2.2)

Since 6y will be assumed to be small in this paper, we assume that 8y < 1 without loss of generality in
the sequel.

We start with the local existence and blowup criterion of smooth solutions to the Cauchy problem
(1.3)—(1.5) established in [8,29].
Lemma 2.1 (See [29]). Let s > £+ 1 and (ug — 1,v9) € H*(RY). Then there exists a small-time
T. = T(|luo — Ul ms, [|voll gs(ray) > 0 such that the Cauchy problem (1.3)-(1.5) admits a unique solution
(u—1,v) € L=((0,T.], H*(RY)).
Lemma 2.2 (See [8]). Lets > 241 and (ug— 1,v0) € H*(R?). Let (u,v) be the unique local solution
in Lemma 2.1 with the mazimal lifespan Ty, > 0. If

T. 2q
/ ||v||z;(de) < oo with d < q< oo, (2.3)
0

then the solution can be extended beyond T, > 0.

Next, we introduce a change of variable @ = u — 1. Thus, the problem (1.3)—(1.4) turns into

uy — Au =V - (aw)+ V- v,
vy, — Vi =0, (2.4)
(@, v)(z,0) = (up — 1,v0)(z).

Then the “effective viscous flux” F defined in (1.6) can be written as
F=Vau+ (a+1)v. (2.5)
By the first equation of (2.4), it is easy to see that
V-F = iy. (2.6)

Then F has the following useful estimate.

Lemma 2.3. Let (@,v) be a smooth solution to (2.4). Then there exists a positive constant C such
that

IVF (L < Cllaelzr + IV=a - vlle), (2.7)

where p > 1.
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Proof.  First we recall the following inequality (see [23, Lemma 2.4(1)]):
IVF|Lr < C(IV -Fllze + [VE - Flizs). (2.8)
It then follows from (2.1) and (2.5) that

VH. F=V!.Vi+ V. (aw) + Vv
=Vt (i) + Vv
=(a+ 1)Vt v+ Vv, (2.9)
where in the second equality we have used the fact that V-V = 0. Operating V- on the second equation

of (2.4) and integrating the result over (0,t), we have from V+ - vy = 0 that V! - v = 0, which updates
(2.9) as V*+ - F = V1@ - v. This together with (2.6) and (2.8) gives

IVF|z» < Cllte|zr + C||V* - v| 1o

Thus, the proof of Lemma 2.3 is completed. O

The following Gagliardo-Nirenberg inequality will be frequently used in this paper.
Lemma 2.4 (See [9]). Letl1<q,r<oo and0<a <1 such that

1 1 1 1
S=al-—2)+(1-a)-.
p a(q 2)+( a)r

Then, for any u € WHP(R?) N L"(R?), there exists a positive constant C depending only on q,r and n
such that the following inequality holds:

lullzoee) < CIVulbagen ullsriee:- (2.10)

3 The a prior: estimates for approximate solutions

In this section, we derive some a priori estimates for the approximate solutions, by constructing approx-
imate solutions based upon the following mollified initial data:

~ 5L~ 4 )
uO:j * Ug, 'UO:j * Vo,

where iy = up — 1 and j° is the standard mollifying kernel of width & (see, e.g., [1]). Then we consider
the following approximate system:

@) — A’ =V - (@°v°) + V- 00, 51)
v) — Vi’ =0 '
with the smooth initial data (@), v3) which satisfies
(a5, vy) € H*(R?) (3:2)
and
1% + w51 < llo]l® + wol® = bo. (3.3)

By Lemma 2.1, we can obtain the local existence of solutions to the approximate system (3.1) with
the initial data (u),v) satisfying (3.2)(3.3). Next, we shall show in a sequence of lemmas that these
approximate solutions satisfy some global a priori estimates, independent of the mollifying parameter §.
These estimates will then be applied in Section 4 to obtain solutions to Theorem 1.2 as the limits of these
approximate solutions.
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For the sake of simplicity, we still use (%, v) to represent the approximate solution (@’,v?) in this
section. Let T' > 0 be a fixed time and (@, v) be the smooth solution to (3.1) on R? x (0,7]. We set
o = o(t) = min{1, ¢t} and define

T
Ay(T) = tsup}(llfél\z +lvl?) +/O V]|t

)

T
Ay(T) = S[up](UIIVﬂIIZ+02||ﬂt||2+02||vt||2)+/ (ollaell® + o Ve |*)dt, (3.4)
tel0,T 0

T
A3(T) 2 sup [ofld + / o[ 4adt.
0

t€[0,T

Next, we shall employ the technique of the a priori assumption to derive the a priori estimates for the
smooth solutions to (3.1)—(3.3), i.e., we first assume that the smooth solution (&, v) satisfies that for any
te€0,T7],

, A3(T) <260°,  sup |[vreo < 6M, (3.5)
t€[0,T]

Ol

A(T) <200, As(T) <20

where M and 6y are from Theorem 1.2, and 7 is defined as
A Do—4 1
) 26(0,>. 3.6
"= 2m -2 “\»2 30
Then we will derive the a priori estimates to obtain global solutions. Finally, we show that the obtained

global solutions satisfy the above a priori assumption and close our argument.
We depart with the L2-estimate of (&, v).

Lemma 3.1.  Let the conditions of Theorem 1.2 hold and (u,v) be a smooth solution to (3.1)—(3.3)
satisfying (3.5). Then it holds that

T
_ _ 30
1)1 + v +/0 IVal*dt < 70- (3.7)

Proof.  Multiplying the first equation of (3.1) by @ and the second by v, adding the results and inte-
grating by parts over R?, we have

1d,, . . o S
ia(HuHQ + H'v||2) + HVUH2 = / V - (awv)adr = —/ woVudz. (3.8)
R2 R2

For the term on the right-hand side of (3.8), we use (2.10), the Holder’s inequality and the Cauchy-
Schwarz inequality to estimate it as

1
—/ iwVide < ||iv| + |Vl
2 4
. 1o~
<lallZallvlzs + ZlIval®
- . 1o
< Clalvafllolz: + 4 IIval®
- 1o
< Cllal ol + 5 val?,
which therefore updates (3.8) as
d, . . -
S (all? + [lol®) + 1val® < Clalol..
Integrating the above result over [0,¢] and using (2.2), (3.4) and (3.5), we have
T T
- - ~ - 4
]l + [lv]|? +/ IVal*dt < llaoll* + [lvoll* + C/ [al|?[|v]| 7t
0 0

< |ldioll* + [|voll* + CAL(T)As(T)
0

<o+ COT™ < 5
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provided that C6J° < 3. This yields (3.7) and completes the proof of Lemma 3.1. O

1
5.
Lemma 3.2.  Let the conditions of Theorem 1.2 hold and (a,v) be a smooth solution to (3.1)—(3.3)
satisfying (3.5). Then it holds that

T T 1
0HV11||2+02||12t||2+02||vt||2+/ o\|at||2dt+/ 02| Vi |2dt < 02, (3.9)
0 0

where 0 = o(t) = min{1,¢}.
Proof.  We divide our proof into two steps.

Step 1.  We first multiply the first equation of (3.1) by cu; and integrate the resulting equation over
R? x [0,T] to get

T
SolvalP + / o[ s] Pt

1 oM
= f/ IVa || dt — / / wvViudrdt — / / vViugdrdt, (3.10)
2 0 R2 R2

where we have used the fact that

1 T 1 o(T)
f/ o1l|Va|2dt = f/ Va2t
2 0 2 0

For the first term on the right-hand side of (3.10), we have from (3.7)

1 G‘(T) 1 T
5/ |Vial2dt < 5/ |Vid2dt < Coy. (3.11)
0 0

For the second term on the right-hand side of (3.10), we have from (2.10), the Cauchy-Schwarz inequality,
(3.5) and (3.7) that

/ / v Vigdadt < / 2||VUtH2dt+C/ || v || *dt
R2

<A/ 02||V11t“2dt+0/ a2 o] 2. dt
0 0
T T
<[ PIValPaeC [l |Vl ol
0 0
T T T
gA/ 02||Vﬂt\|2dt+0/ |\vau2dt+c/ a2 [[v ][4 dt
0 0 0
T
< )\/ o?|| Vi ||2dt + COy + OOy ™
0
T
< A/ o?|| Vi ||2dt + Cby, (3.12)
0

where A > 0 is a constant to be determined later. For the last term on the right-hand side of (3.10), we

T T a(T)
—/ O'/ vVidrdt = —/ (O’/ UVfwlx) dt+/ / vVaudxdt
0 R2 0 R2 ¢ 0 R2

T
+/ 0'/ ’UtV’[Ldl'dt = .[1 + IQ + Ig. (313)
R2

have
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By the Cauchy-Schwarz inequality and (3.7), we have from 0 < o < 1 that

I — ﬂ,/ oVids < 7|Vl + ollol? < FI 7l + 26
RQ

o(T)
I :/ / vVudzdt
0 R2

1 o) ) 1 o )
< 7/ IVal2dt + 7/ o||2dt
2 0 2 0

| 1 2
<5 [ IvalPdes 5 su ol
2 Jo 2 tefo,1)
< 260,
and

T T T
I :/ 0/ vtVﬂdxdt:/ o |Vﬂ|2dmdt</ / |Va|*dedt < 26y,
0 R2 0 R2 0 R2

where we have used the second equation of (3.1). Substituting (3.10) with (3.11)—(3.13) and the above
estimates for I; (i = 1,2, 3), we have

T T
a||va||2+4/ oHﬁt||2dt<4)\/ o?||Viig||2dt + Chy. (3.14)
0 0

Step 2.  Next, we need to obtain the estimate of fOT 02|V, ||?dt. To this end, we differentiate (3.1)
with respect to time t to get

{’LNLtt - A'[Lt =V (’EL”D)t + V- Uy, (315)

V¢t — Vﬂt =0.

Multiplying the first equation of (3.15) by 024 and the second by o?v;, adding the results followed by
an integration over R? x [0, ], we have

2 2 T
g - g ~
Sl + Sl + [ ot
0

o(T) o(T) T
:/ a\|at||2dt+/ UHth2dt—/ 0—2/ (i), Vg dadt
0 0 0 R2

T T T T
</ a|\ﬂtH2dt+/ o||Vﬂ||2dt7/ 02/ ﬂvtVﬁtdzdtf/ 02/ o Vigddt
0 0 0 R2 0 R2
T T T
<090+/ a||ﬂt||2dt—/ 02/ aVﬂVﬂtd:pdt—/ 0—2/ Gy vVigdadt, (3.16)
0 0 R2 0 R2

where we have used the second equation of (3.1) and (3.7). For the third term on the right-hand of the
above inequality, we estimate it by the Cauchy-Schwarz inequality, (2.10) and (3.7) as

T 1 T T
/ 02/ aV@V&tdxdtgf/ 02||Vat||2dt+/ o?||aval|?dt
0 R2 4 0 0
1 T 2 ~ 2 T 2117112 ~ 112
< q oo IVadlde+ | ofllallzal[Valz.de
0 0
e 2 ~ 12 T 20~ ~ ~ 112
S| oot IValtdt+C | offaflivVall|Valz.dt
0 0

1 T T T
< 1/ 02||Vﬂt||2dt+0/ 02|\VﬂH2dt+C/ o?|\all?| Va1 .dt
0 0 0

1 T T
<cao+i/ 02\\Vﬂt||2dt+090/ o?|| V|7 adt. (3.17)
0 0
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Furthermore, we have from (2.10) and (2.5) that

IVl s < |[F — v — o] s
< [|F s + [law]| s + [|v]| s

< C(IF|Z V|2 + [[all < vl s + [|v]l £s)

< CUFIFIVE(E + [l Vallivlo + [olle).

Thus, by (3.5) and (3.18), we have

T T
/ ||V padt < C/ *(IFIIVEI + [l 7 | ValLallvlzs + lvllz:)dt
0 0

T T
<CA3(T)+C/ 02||FH2||VFII2dt+C/ o[l IVl Za ol adt
0 0

=: Cago + Iy + Is.

(3.18)

(3.19)

To control I, we need to estimate ||F| and [|[VF| first. By (2.10), (2.5) and the Cauchy-Schwarz

inequality, we have from (3.4), (3.5) and (3.7) that

IF| < |[Va + av + v

IV + [|av]| + ||v]|

IVal| + l[all s vl o + [[o]

IVal| + Clla) 2 | Va2 v] s + [lv]
|

|Vl + Cllaf [v]|7: + [lv]

INCINCINCIN N

no+1
2

<|IVal + o, +coz
< ||Vl + co3,

where we have used the assumption that 6y < 1 and the fact that ng > 0.
By (2.7) and Holder’s inequality, we have

IVF|| < Cliae]l + ClIV*a- vl < Cllae]| + C|Valpa]|v] s

Then by (3.4), (3.5), (3.20), (3.21) and the Cauchy-Schwarz inequality, we estimate I as

T
Iy < C/O o (IIVall* + 0o)o (lel|* + [[Vall7a|v]|7)dt

T
<C(A2(T)+90)/0 o(|le|® + IVl Zs ol 7s)dt

1 T 1 T 1 T
<ceg/0 o||11t||2dt+0902/0 02\\va||§4dt+ceg/o |v||7adt

1 1 T 1
< COF As(T) + COF / 2| Val[L.di + COF Ay (T)
0
1 T 1

< 0y +CO2 / o?||\Vil|t.dt + oz

0

1 1 T

< COF +C03 / 2|V, dt.

0

Furthermore, we use (2.10), (3.5) and (3.7) to estimate I5 as

T
I — c/ 02|11 24 ||V t| 2. 0] 4 ot
0

(3.20)

(3.21)

(3.22)
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1 T

T
1/ a2||va||i4dt+CA§(T)/ o2 |4 adt
0 0

N

1 T ~ T R ~
Z/0 a2||vU||§4dt+CA§(T)/O o?|lal? |Vl dt

N

1 T
f/ 2| ValL.dt + CA2(T)A2(T)
0

N

4
1 T 2w (14 2(1+n0)
< 1 o ||Vl Ladt + Cy

0
1

T
<3 / 2|Vl dt + Co. (3.23)
0

Substituting (3.19) with (3.22) and (3.23) and choosing 6y small enough such that 090% < 1, we get
from (3.6) that

T 1
/ 2| Vil|udt < COI° + COF < OO, (3.24)
0
By (3.17) and (3.24), we get

T T
1
/ o? / aVaVigdrdt| < COT 4+ = / o? ||V ||2dt
0 R2 4 0

1 T
< Chy + 1/ o?|| V|| *dt. (3.25)
0

So far we have finished estimating the third term on the right-hand side of (3.16). Next, we proceed
to estimate the last term on the right-hand side of (3.16). To this end, we use the Cauchy-Schwarz
inequality, (2.10) and (3.5) to get
T 1 /T T
/ 02/ aoVigdrdt < 7/ 02||Vat||2dt+/ o? || ||*dt
0 R2 4 Jo 0

1 (T r
< / o2 |V |2dt + / 02 ]2 0] 2.t
0 0

1 T 2 2 r 2 2
<! / 02|V |[2dt + C / 02 | Ve [[0] 2 ot
0 0

T T
<5 | Ivatac [ ool
0 0
T T
< 5/ o?|| Vi ||2dt + 0030/ o? ||| 2dt. (3.26)
0 0
Substituting (3.16) with (3.25) and (3.26), we get from 0 < 0 < 1 and 6y < 1 that
T T
il + ool + [ o |ValPde < C [ o+ Coo
0 0
which, along with (3.14), immediately leads to
T T
o?|a|)? + o?|ve|)? +/ o? || Vi ||*dt < CA/ o?||Va ||2dt + C6y.
0 0

Choosing A small enough such that CA < %, we have

T
ol + ol + [ 0¥ V| < Coo
0
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which, together with (3.14), gives
T T
a||Vﬂ||2+02||ﬂt||2+02||vt||2+/ a\|ﬂt||2dt+/ o?|| Vi ||2dt < Cb. (3.27)
0 0
1
Taking 6y small enough such that C6} < 1, we have from (3.27) that
T T N
oIl + 0%l + ol + [ ollde+ [ oV < 65
0 0

Thus, the proof of Lemma 3.2 is completed. O

Next, we derive the a priori estimate of ||v||pa. For this, we first derive some estimates that will be
used later.

Lemma 3.3.  Let the conditions of Theorem 1.2 hold and (4,v) be a smooth solution to (3.1)—(3.3)
satisfying (3.5). Then it holds that

ol@]| 7 < Cho.
Furthermore, for any t € (o(T),T), it holds that

(3.28)

i, t) < <.
ale1) <

Proof. By the Gagliardo-Nirenberg inequality (2.10), we have from (3.7) and (3.9) that

o~ =

oMald~ < Co'llil 2]Vl
< Co'lal| vl Va3
< Cot [lal| (o | Vall)o? | Vill3
< Cot A (T) A (T)o” | Vi3
094 2| Va3 (3.29)

With (2.10), (3.6), (3.7) and (3.18), we have the following estimates:

- 1 1 s s
[Vallps < CUFIZIVE(Z + |l 2. IVl zalvlzs + llv]lize)

1 1 i
<SIVEI+CIF + 5[Vl s + Clallzslvl s + Cloll s

N

1 1 N U S
SIVEI + CIF|| + 5l[Valzs + Cllal= [ Val|= [ 0|74 + Cllv] 4

N

1 1, i _
SIVEI+CIF| + SVl + ClIVal + Cllaf[lv] s + Cloll s

N

SIVEI + CIF| + Vil s + OVl + CAF(T)As(T) + CAL(T)
< SIVFI + CIE| + 5[Vallze + OVl + C8F ™ + cogt
< SIVFI + CIF| + Vil + OVl + 06" (3.30)
Then by (3.5), (3.20) and (3.21), one has
IF| < ClIval + col (3.31)
and

IVF| < C|la|| + CO,* |V pa- (3.32)
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Substituting (3.30) with (3.31) and (3.32), we get
|Vl <CO3 + ClIVall + Cllaul + 8" |Vl s + Coy (3.33)
Choosing 6y small enough such that CG(:TO < 1, using (3.6) and (3.33), we end up with
IVl| s < OOt + C|Val| + O], (3.34)
which, along with (3.32) and 6y < 1, yields
IVE| < C8,* + Cllad| + C|[ V. (3.35)
Then by the fact that 0 < o < 1, (3.6), (3.9) and (3.34), it holds that

no
o?||Vill2. < Co02 + Co?| Vil + Co? |2

< OO + CA(T)

no 1
< 0O +CO;
<o (3.36)

With (3.36), (3.29) is updated as

3+2n9

41114 : 2
o )| < CO, * < CHf.

Choosing 6y small enough such that C9§ < 47 and using the fact o(t) = 1 for t € (o(T),T], we have

sup (e, 0] < ¢, (3.37)
te[o(T),T)
which implies
1 1
1 S w(x,t) < 1 for t € (o(T),T).
Thus, the proof of Lemma 3.3 is completed. O

Lemma 3.4. Let the conditions of Theorem 1.2 hold and (G,v) be a smooth solution to (3.1)—(3.3)
satisfying (3.5). Then it holds that

t
sup / 'v4dx+/ / vidzdt < 607°,
t€[0,7] JR2 0 JR2

A _po—4
where Mo = m

Proof.  First, it follows from v; = V& and (2.5) that
vi+ (0+1)v=F. (3.38)

Multiplying (3.38) by |v|?v and integrating the resulting equality over R?, one has

1</ 'v4dx> +/ (11+1)'v4dx:/ F|v|*vdz. (3.39)
4 RQ t RQ RQ

Integrating the above equality over [o(T'),T] and using (3.28), we have

1 3 (T 1 T
7/ 'v4dx+f/ / videdt < sup (/ v4da:> +/ / |F||v|dxdt. (3.40)
4 Jre 4 Jor) Jr2 tej0,0(1)] \4 Jr2 o(T) JR2
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By the interpolation inequality and (3.5), for any 2 < p < pg, we have
(po—p) Po(p—2) (pg—p) (p—2)
lollze < ol 7555 o] 70— < O30~ MFHG=S

which implies that
o= (3.41)

(po—4)

[oll1s < COZP ™ MToo=D < C(M)OE™ > < C(M)O.

We need to further estimate the last term in (3.40). By Young’s inequality, we have

T 1 /7 T
/ IF||vPdzdt < 7/ / 'u4dxdt+0/ P,
o(T) JR2 4 Jo(ry Jr2 o(T) JR2
which updates (3.40) as
L 4 e 4 1 4 ’ 4
— [ vidz+ - vidxdt < sup — [ vidz | +C |F|*dzdt
4 JRr2 2 Jo(r) Jr2 te(0,0(1)] \4 Jr2 o(T) JR?
. (3.42)
< C(M)G™ + C / |F|*dxdt,
o(T) JR2

where we have used (3.41). By the Gagliardo-Nirenberg inequality (2.10), one has

T T
[ IFlac<c [ ERIvER
o(T) o(T)

(T
T
<o s [F?) / IVF|2dt. (3.43)
o(T)<t<T o(T)
It follows from (3.9) and (3.20) that
sup |[F2<C sup oVl + Cly < COF + Chy < CHZ, (3.44)
o(T)<I<T o(T)<t<
where the fact that o(t) =1 for ¢t > o(T") has been used. By (3.9) and (3.21), we have
T T T
[ vERa<c [ ofalasc [ ol alfol
o (T) o(T) o(T)
. T
<CHE + C’/ o|Vi||34v|34dt. (3.45)
o(T
Then with (3.24), the Cauchy-Schwarz inequality and (3.5), we get
T T T
c/ o Vil o] 2edt < c/ 0—2\\va\|§4dt+c/ lol[4.dt < Com,
o(T) a(T) o(T)
which, along with (3.45) gives
T
/ |VF||2dt <CO;°.
o(T)
This together with (3.43) and (3.44) leads to
T 1y
/ |F|3.dt < COZ™. (3.46)
o(T)

Substituting (3.42) with (3.46) yields

T 1
/ vidr + / / videdt < C(M)G™ + CoZ ™.
] JR? o(T) JR2

sup
telo(T),T
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For 0 < t < o(T), we have from (3.41) that

o(T)
sup / vide + / / videdt <2 sup / vtde < C(M)gy™.
t€[0,0(T)] JR? R2 t€[0,0(T)] JR?

Coupling the above two inequalities together, we arrive at

t 1
sup / vidzx +/ / videdt < C(M)OE™ +Co ™™ < 6, (3.47)
tel0,7] Jr2 0 Jr2
provided that C’(M)OS’”O < % and CQO% < % This completes the proof of Lemma 3.4. O

Lemma 3.5. Let the conditions of Theorem 1.2 hold and (@,v) be a smooth solution to (3.1)—(3.3)
satisfying (3.5). Then it holds that

sup ||v]|Lro < 3M. (3.48)
te[0,T]

Proof.  Multiplying (3.38) by |v|P°=2v (4 < pp < o) and integrating the resulting equality over R?
one has

1
< |v|p°d:c) +/ (i + 1)|v|Podx :/ F|v[Po~2vdz. (3.49)
R? ¢ JRr2 R?

bo

For t € [0,0(T)], it is known that u = @ + 1 > 0. Then Holder’s inequality yields that L (||'v||Lp0) <

[ F | oo |0][2% *, which hence leads to

([vllzeo); < (¥ zeo-

Integrating the above equality over [0,0(T")], we have

o(T)
sup  ||v||Lro < ||vol| Lro —|—/ IF|| Lro dt. (3.50)
t€[0,0(T)] 0

The last term in (3.50) can be estimated by the Gagliardo-Nirenberg inequality (2.10) as

o(T) or o2
| It < [ EIE v R at (3.51)
0 0
By (3.9) and (3.31), one gets

sup o} |[F| <Co? |Vil| + Cotég < Cb5. (3.52)
t€[0,0(T)]

It then follows from (3.6), (3.7), (3.9), (3.21) and (3.24) that
T T T
/ o||VF|?dt < C/ a||at||2dt+c/ ol|Va|3a|vl|7.dt
0 0 0

T T
<C / ollas]?dt + C / (o2 [Vallts + o]l L.)dt
0 0
< COZ + 0O < OO, (3.53)

Substituting (3.51) with (3.52)—(3.53) and using (3.9) with Holder’s inequality, we end up with

o(T) o L,
/ HFHLmdtsc/ |B|7 [VF| 5 dt
0 0

o(T) 1 2 po—2 1
</ (02 |F[) 7o (o VF[?) 20 o2 dt
0
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1

<O€ U/ ( )(O'”CF” )201’ ag 21dt
= 0
0

1 pe(T) s /o) B2
< COF </ a||VF|2dt> ’ (/ g‘éxri%dt) ’
0 0

1+m9(Po=2) o(T) P ng‘;2
<Cf, </ tpo+2dt>
0
po—2
< Ch,"™
which, along with (3.50), gives
-2 3M
sup ||'U||LPO S M+0904p0 S 7 (354)

te[0,0(T)]

po—2

provided that C,"° < .

Next, consider the estimate of |v||zro for ¢ € [o(T),T]. Indeed integrating (3.49) over [o(T),T] and
using 4 > —i, we have

1 T 1 T
— |v|p°dx+§/ / |lv|Podxdt < sup ( |vp°dx> +/ / |F||v|Po~ dxdt. (3.55)
Po JRr2 4 o(T) JR? t€[0,0(T)] \P0 JR2 a(T) JR2

We proceed to estimate the last term in (3.55). By Young’s inequality

1

r

1

9

r 1
ab<eal + (eq) " ar™ 0", a,b>0, €>0, ¢r>0, -+
q
we see that

T T po—1 T
1 1 (2pg—2
/ /|F||v|p0’1dxdt<f/ /|vp°dxdt+(po> / /|F|p°d:cdt,
o(T) JR? 2 o(T) JR? Po Po o(T) JR2

which updates (3.55) as

T
/|v|P°dx+@/ /|v|p°dxdt
R? 4 Jory Jr2

2p0 -9 po—1 T
< sup ( v|p°dw) + ( ) / |F|Podxdt. (3.56)
] R2 Po o

te[0,0(T) (T) JR?

On the other hand, from (2.10), (2.6) and (3.43), one has
T

T T
/(T)llFi%dtéC /(T)||F||2||VF||P°2dt<c sup ||FJ2[VE[Pot /

| VF|2dt. (3.57)
telo(T),T) a(T)

Then we have from (3.52) and (3.53) that

1
sup [[F|* < sup (o] F[I*) < Cg
t€[o(T),T] t€[o(T), 1]

and
T T
/ HVF||2dt:/ o|VF|?dt < Co)°,
o(T) o(T)

where the fact that o(t) = 1 for t € [0(T), T] has been used. By (3.6), (3.9) and (3.35), we get

sup  |VE| < OO + Collin] + Co |Vl < €O, + 08 < o,
telo(T),T]

[\J‘c
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which implies
4 no(po—4)
sup ||[VF|P°™* < Ch, *
te[o(T),T]

Substituting (3.57) with the above inequalities, we have from (3.6) that

T no(pg—2)+1 po—2
/ Bl <o = oo (3.58)

It follows from (3.54), (3.56) and (3.58) that

T Po po—1 _
M 2pg — 2 Po—2
sup / vPodx + @/ / VP drdt < (3) _|_C'<p0> 0004
t€o(T),T) JR2 4 Jory) Jr2 2 Po

< (3M)Po (3.59)

Po—2

provided that 904” < % Then, raising the power pio to both sides of (3.59), we obtain that

sup  ||v]|ro < 3M,
te[o(T),T))

which combined with (3.54) yields that

sup ||v]lLro < 3M.

te[0,T]
Thus, the proof of Lemma 3.5 is finished. O
With the help of Lemmas 3.1-3.5, we have
3 1
AU(T) < 50, AoT) <5, As(T) <O sup |Jvflzeo < 3M, (3.60)

t€[0,T]

which closes the a priori assumption (3.5).

4 Proof of Theorem 1.2

In this section, we prove Theorem 1.2 by constructing weak solutions as limits of approximate smooth
solutions. We start with the global-in-time existence of smooth solutions to (3.1).

Proposition 4.1.  Assume that the initial data satisfies (i, v3) € H3(R?) and 6y < €. Then there
exists a unique solution to the system (3.1) such that (@®,v°) € L*°(]0,00), H?).

Proof. By Lemma 2.1, there exists a T, > 0 such that the Cauchy problem (3.1)—(3.3) has a unique
solution on R? x (0,7.]. First, it follows from (1.7), (3.3) and (3.4) that

A1(0) <6, Ax(0)=0, |[v]|lrre < M.
By (3.41), we have
43(0) = |vfll7: < C(M)G™ < 6

provided that C(M)#3™ < 1. Therefore, there exists a T; € (0,T%] such that (3.5) holds for T = T;.
Now, we set

T* = sup{T | (3.5) holds}. (4.1)



286 Peng HY et al. Sci China Math  February 2022 Vol. 65 No.2
Then, T* > T; > 0. Next, we claim that
T* = . (4.2)

Otherwise, if T* < 0o, by the blowup criterion (2.3) with d = 2 and ¢ = 4, we have that if

-~
/0 0?4 < oo, (4.3)

then the solution can be extended beyond T*. From Lemmas 3.1-3.5 and (4.1), we see that (3.60) holds
for T = T™*, which immediately implies (4.3). This means that there exists a 7** > T™* such that

(u—1,v) € L>=([0,T**], H?)

and (3.5) holds for T' = T**, which contradicts (4.1). Hence (4.2) holds. Using (4.2) and the blowup
criterion (2.3) again, we complete the proof of Proposition 4.1. O

Note that Proposition 4.1 holds for any given positive constant ¢ (where Ty, T and T* may depend
on §). We cannot obtain the d-independent estimates of the global solution (u® — 1, v°) in the H3-norm.
However, we can pass to the limit as § — 0 in the proper functional space in which the J-independent
estimates of the solution are obtained, as shown below.

From (3.60), we have the uniform-in-§ estimates as follows:

T
30
sup (Juf =1+ o' )+ [ Par < 2.

t€[0,T)

T T 1
sup (o] Va? | + o2 [ul|® + o2 [[0] 2) + / ol |2t + / o?||Vul|2dt < 0F

t€[0,T] (4.4)
sup o0+ [ 1ot < 0
te[0,T]
sup |0 pro < 3M.
t€[0,T)
On the other hand, by (2.10), (4.4) and (3.36), one has
ollu’ = 1|7: < Cllu’ — 1| ||Vl || < C,  o®||[Vu’[7 < C. (4.5)
Noticing that o = min{1,¢}, we have from (4.4) and (4.5) that
U6 -1le Loo([o’ OO), LZ(RQ))7 (va vud) € LQ([O7 OO), LQ(R2))3
ub =1 € L((0,00), WH(RR)),  uf € L2((0,00), H (R?), (4.6)

v® € L([0, 00); L2(R2) N LP* (R2)) N LA([0, 00); L4 (R2)).

By (4.6) and the Aubin-Lions-Simon lemma (see [43]), we can extract a subsequence, still denoted by
(u%,v°%), such that the following convergence holds as § — 0:

v0(-,t) — v strongly in C([0, 00), H~(R?)),

u® (-, ) = u(-,t) strongly in C((0, 00), C(R?)),
VUl (-, 1) — Vu(-,t) weakly in L?([0,00), L?(R?)).

Thus, the limit function (u,v) is indeed a weak solution to the system (1.3)—(1.5) and inherits all the
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bounds of (4.4) which yield (1.8) and

2 2 r 2 390
sup ([lu — 1|7 + [lv[|") + ; IVulPde < ==,

t€[0,T]

T T 1
sup (o] Vul]2 + o2 [jue? + o||we]|2) + / o ljuedt + / 0|V |t < 67
te[0,7] 0 0

t
sup [follfs + [ [olludt <6,
te[0,T] 0

(4.7)

sup ||v]|Lro < 3M.
te[0,7]

To complete the proof of Theorem 1.2, we only need to prove (1.9). It follows from (4.7) and o =1 for

t > 1 that
/ |Va|?dt < C
1

/1 (IValP).ldt < 2 / V&V dt

<(/ ||va||2dt> (/ 02||Vat||2dt> <cC
1 1

Val| — 0 as t — oo. (4.8)

and

Thus,

Using the Gagliardo-Nirenberg inequality (2.10) and o = 1 for ¢ > 1, we have

~ 50~ ~ ~ 1 ~ ~
supllaf e <Csupo?||al|z:||Valis < Csupallp20® ||V 20®||ValZs,

= =z =

which together with (3.36), (4.7) and (4.8) gives

lu—1l|gee = 0 as t — co. (4.9)
By the interpolation inequality, (4.7) and (4.9), for any 2 < p; < oo, we have

lu—1||pr — 0 as t — oo.

On the other hand, by (3.39), we have from (3.46) and (3.47) that

/ (o]l 5).ldt < c/ /|u+1|’u4dxdt+0/ /|F||v|3da:dt
1
<C/ /v4d:z:dt+0/ / |F||v|>dzdt
1 R2 1 R2
<C/ / v4dxdt+C/ |F|*dxdt
1 R2 1 R2
<C

Combining the above inequality with (3.47), we have
lvllpe = 0 as t — oo,
which together with the interpolation inequality, (3.7) and (3.48) implies
lvl|gee — 0 as t — 00, 2 < py < pp.

Hence (1.9) is proved and the proof of Theorem 1.2 is thus completed.
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5 Proof of Theorem 1.4

In this section, we prove Theorem 1.4. This requires us to transfer the results of the transformed
chemotaxis model (1.3) to the original system (1.1). Noting that the converted system and the original
system have the same quantity u, we only need to prove the result of ¢. We start with the proof of (1.10).
From the equation (1.1), and the Cole-Hopf transformation (1.2), we have

(Inc)y = —u, (5.1)
which together with ¢y > 0 and u > 0 leads to
0 < ¢(zx,t) < ¢(x,0) = co. (5.2)
Integrating (5.1) over [1,¢) and using (5.2), we get
¢
c(z,t) = c(x,1)exp (— (t—1)— / (u— 1)dT)
1
¢
< ¢p exp (— t-1)— / (u— 1)d7>. (5.3)
1

By (3.37), we have

(t - 1)a

S

t
/ [u =1 peedT <
1
which, along with (5.3) yields
||CHL°C < Ce_%(t—l) < Ce_%t.

This completes the proof of Theorem 1.4.
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