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Abstract

This paper is concerned with the nonlinear stability of traveling wave solutions for a conserved system of
parabolic equations derived from a singular chemotaxis model describing the initiation of tumor angiogen-
esis. When the initial datum is a continuous small perturbation with zero integral from the spatially shifted
traveling wave, the asymptotic stability of the large-amplitude (strong) traveling waves has been established
in a series of works [29,34,35] by the second author with his collaborators. In this paper, we shall show that
similar stability results indeed hold true for large and discontinuous initial data (i.e. the initial perturbation
from the traveling wave could be discontinuous and has large oscillations) such as Riemann data with large
jumps. To the best of our knowledge, this paper provides a first result on the asymptotic stability of large-
amplitude traveling waves with large initial perturbation for a system of conservation laws, although similar
results have been available for the scalar equations (cf. [8,42]). We also extend existing results to the initial
data with lower regularity.
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1. Introduction

It is well known that chemotaxis, the movement of organism towards higher concentration of
chemical substance, can produce rich wave patterns in different circumstances, such as travel-
ing band of bacterial toward the oxygen [2], the outward propagation of concentric ring waves
by E. coli [4], the spiral wave patterns during the aggregation of Dictyostelium discoideum [9]
and the migration of Myxococcus xanthus in the early stage of starvation-induced fruiting body
development [55]. The mathematical study of chemotactic traveling waves was started by Keller
and Segel in their seminal paper [22] wherein the following model
ur = [Duy — xu(lnc)yly,

{c,:scxx—uc’” (.

was proposed to describe the propagation of traveling bands of chemotactic bacteria observed in
the celebrated experiment of Adler [2], where u(x, ¢) denotes the bacterial density and c(x, t)
the oxygen concentration. D > 0 and ¢ > 0 are bacterial and chemical diffusion coefficients,
respectively, x > 0 is the chemotactic coefficient and m > 0 is the oxygen consumption rate.

When 0 <m < 1, Keller and Segel [22] managed to use the model (1.1) with ¢ = 0 to interpret
the traveling bands observed in the experiment of [2], followed with a serious of works for
the case ¢ > 0 (cf. [21,37,41,44,47]). When m > 1, the model (1.1) does not admit traveling
wave solutions (e.g., see [47,53]). In the borderline case m = 1, the model (1.1) with ¢ > 0 was
first used by Rosen [45,46] to describe the chemotactic movement of motile aerobic bacterial
toward oxygen, and later was employed to describe the directed movement of endothelial cells
toward the signaling molecule vascular endothelial growth factor (VEGF) during the initiation
of angiogenesis (cf. [6,7,24,25]).

While the existence of traveling wave solutions of the Keller—Segel model (1.1) with ¢ > 0
and m > 0 has been well established (see a review paper [53]), the stability of traveling wave
solutions still remains as a very challenging question due to the singularity caused by the loga-
rithmic sensitivity Inc whose mathematical derivation and biological relevance have been later
presented in [20,43]. For the case 0 <m < 1, expect some instability result [41] and classifica-
tion of essential spectrum (cf. [38,39]) based on spectral analysis, no stability results on traveling
wave solutions are available so far. However, in the case m = 1, the stability of traveling wave
solutions to (1.1) with small ¢ > 0 (or € = 0) has been gradually obtained (cf. [26,29,31-35])
by the (weighted) energy estimates. The success of these results heavily reply on the following
Cole—Hope type transformation (cf. [23,34])

v=—(nc), = —-=,
C

which converts (1.1) with m = 1 into a parabolic system of conservation laws without singularity

Uy — x(uv)y = Duyy, (12)
v+ (602 — 1)y = V. '

The transformation (1.2) significantly clears the obstruction caused by the logarithmic singular-
ity in the original Keller—Segel system (1.1). Consequently a great deal of interesting results have
been carried out for the transformed system (1.2) from various perspectives. For the global dy-
namics of classical solutions and nonlinear stability of traveling wave solutions of (1.2), we refer
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readers to [3,7,10,19,26-28,30-33,57] for e =0, and [5,28,29,34,35,40,49] for ¢ > 0. The diffu-
sion limit and boundary layer problem of (1.2) as ¢ — 0 were investigated in [17,18,28,49,54].
In addition, the well-posedness of system (1.1) has been studied recently in [56] by a different
transformation v = In ¢ in a bounded domain with Neumann boundary conditions.

The main purpose of this paper will be to establish the stability of large-amplitude traveling
waves of (1.2) with large and discontinuous initial data in R:

(u,v)(x,0) = (ug, vo)(x) > (u+,v+), as x — oo (1.3)

where u4 > 0 since u represents the density of biological species. Our work is motivated in the
following ways. In one dimensional whole space R, the nonlinear asymptotic stability of large-
amplitude traveling wave solutions to (1.2) has been established in [29,34,35] when the initial
datum (ug, vg) € H'(R) is a small perturbation around the background traveling waves. However
the numerical simulations in [29,35] have illustrated that traveling waves are still asymptotically
stable under large initial perturbations, but rigorous justification still remains open. Though the
nonlinear stability of traveling wave solutions of the scalar (viscous) conservation laws under
large initial perturbations has been established (cf. [8,42]), no results have been available for a
system of conservation laws as far as we know. In this paper, we shall fully exploit the peculiar
structure of the system (1.2) and establish the nonlinear stability of traveling waves of (1.2) with
initial data (uq, vg) € L2(R) which allows large oscillations and discontinuity such as Riemann
initial data with arbitrarily large jumps. Hence our present work will not only provide a first
result for the asymptotic stability of large-amplitude traveling waves with large initial perturba-
tion for a system of conservation laws, but also extend previous results with lower regularity on
initial data. The problem of global dynamics with discontinuous data is an important topic of
PDEs arising from fluid mechanics and gas dynamics. Hoff with his collaborators [11-15] has
developed a series of important results in this topic (see [16,58] for further development). Some
ideas in these works will be employed to establish our results.

We remark that this paper will be focused on the transformed chemotaxis system (1.2) only.
The transfer of the results from (1.2) to the original Keller—Segel system (1.1) with m = 1 has
been standard (cf. [29,35] for details) and hence will not be detailed in this paper for brevity.

The rest of paper is organized as follows. In section 2, the existence and properties of traveling
wave solutions of (1.2) in the whole space R will be studied first. Then we state our main results.
In section 3, we show the nonlinear stability of traveling wave solutions of (1.2)—(1.3) and prove
our main results.

2. Statement of main results
In this section, we shall state our main results on the asymptotic stability of traveling wave

solutions of the Cauchy problem (1.2)—(1.3). We depart with the existence of traveling wave
solutions of (1.2), which is a non-constant special solution (U, V) € C*°(R) in the form of

(u,v)(x,t) = (U, V)(2), z=x — st,

which, upon a substitution onto (1.2), satisfies

—sU' — x(UV) =DU”,

2.1
—sV/ 4+ (eV2-U) =¢V”, @D
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where ' = diz and s is called the wave speed. The traveling wave profile (U, V) satisfies the
following asymptotic conditions at far field from (1.3)

U(£oo) =u4, V(£o0) =v4.

Integrating (2.1) in moving coordinate z over R with the above asymptotic conditions yields

DU’ = —sU — xUV + o,
) (2.2)
eV =—sV +eV>—U + 02,
where
Q1 =SU_ + XU_V_ =SUy + XUV,
) ) (2.3)
02=sv_ —e(v-)"+u_=svy — (V)" +uq.

The wave speed s is uniquely determined by the Rankine—Hugoniot condition (cf. [S1])

—s(uy —u_) — x(yvy —u_v_)=0,
—s(vy —v_) +[e(vp)? —uy —e(_)2+u_1=0.

The traveling wave solution (U, V) exists for any asymptotic states vy € R and u4 > 0 (cf. [34]).
However it has been shown in [35] that v4 = u4 = 0 was the only biologically meaningful case
for which the results of transformed system (1.2) can be converted to the original chemotaxis
system (1.1). In this paper, we shall consider this meaningful case only which, along with (2.3),
gives rise to o1 = 02 =0 and

{s +xv-=0, (2.4)

u_=(x+ &)v2.
Then the existence of traveling wave solutions of (1.2) is given below (cf. [29]).

Proposition 2.1. Let ¢ > 0 and uy = vy = 0. Then the system (2.1) admits a unique (up to a
translation) monotone traveling wave solution (U, V)(x — st) satisfying

U <0, V>0,
and
vii=<c,
where the wave speed s = —xv_ and C > 0 is a constant independent of ¢.

Our main purpose is to exploit the nonlinear asymptotic stability of traveling wave solutions to
the Cauchy problem (1.2)—(1.3) with discontinuous initial data having large oscillations. Roughly
speaking, the stability means that the solution of (1.2)—(1.3) approaches the traveling wave solu-
tion (U, V)(x — st), properly translated by an amount x, i.e.,
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sup |(u,v)(x,t) — (U, V)(x +x9 —st)| = 0, as t — 400,
xeR

where x( satisfies an identity derived from the “conservation of mass” principle (cf. [51])

+00

uo(x) —U(x) B Uy —U_
f <vo(x) - V(x))dx = %o <v+ _ U_) +Bri(u—,vo),

with r1 (u_, v_) denoting the first right eigenvector of the Jacobian matrix of (1.2) in the absence
of viscous terms evaluated at (u_, v_). The coefficient B yields the diffusion wave in general.
Both B and x( are uniquely determined by the initial data (i, vg). For the stability of small-
amplitude shock waves of conservation laws with diffusion wave (i.e. 8 # 0), we refer to [36,52]
for details. In the present paper, we will not consider the diffusion wave by assuming g = 0,
but consider the stability of large-amplitude waves with large discontinuous data. Then by the
conservation property of (1.2), we derive that

i ulx,t) —Ux + xg — st) dr — i uo(x) — U(x 4+ xo) d

/ v(x, 1) — V(x + xo — 51) x‘/ vo(x) = V(x +x0) )"

i (x) — U(x) +°°U(O: Ux +x0)

_ uox) —Ux x)—Ux +xo
‘/(z)o(x)—voc))d”/<V(x)—V<x+xo>>dx @3)

o0

+
_ ug(x) — U(x) Uy —u_
B / (U()()C)—V(x) )dx_x()(v_,_—v_)’

This, along with 8 = 0, implies the zero integral of the initial perturbation

+00
uog(x) — U(x + x0) (0
/ (vo(x) — V(x + x0) >dx - (0) (2.6)

Then we employ the technique of taking anti-derivative to decompose the solution of (1.2)—(1.3)
as

(u,v)(x, 1) = (U, V)(x +x0 — 51) + (), ) (x, 7). 2.7)

That is
(@x,0), ¥(x,1) = /(u(y,t)—U(y+XO—St),v(y,t)—V(y +x0 — s1))dy

for (x,t) € R x R4. The asymptotic states of the perturbation function (¢, ¥) are given from
(2.5) as
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¢(Fo0,t) =Y (F+oo,t) =0, forall ¢t > 0.

The initial perturbation (¢g, ¥)(x) = (¢ (x, 0), ¥ (x, 0)) is thus given by

(¢0, Yo)(x) = / (uo(y) = U(y +x0), vo(y) — V(y +x0))dy, (2.8)

with (g, ¥o)(F£00) =0 due to (2.6).

In the proof of our main results, we find that in the energy estimates (see the proof of
Lemma 3.3) there is a singularity caused by u4 = 0 (i.e. vacuum). To resolve this singularity,
we invoke the ideas of works [19,29] to introduce an unbounded weight function and apply the
weighted energy estimates, where the weight function w(z) is defined by

w(z) =1+ e, with A= % >0, zeR. (2.9)

It has been shown in [29] that there exist two constants C, > C; > 0 such that
1
Ciw(z) < —— < Cw(z) forall z e R. (2.10)
U(z)

To state our main result, we introduce some notations for the convenience of statement.

Notations. In what follows, C denotes a generic positive constant which may vary in the
context. H*(R) denotes the usual k-th order Sobolev space on R with norm || f|| HKR) =
(Zl;=0 fR EX f |2dx)1/ 2 and Hfj) (R) denotes the weighted Sobolev space of measurable functions

£ so that /wd] f € L2(R) for 0 < j < k with norm || 1| g ) 1= (5 fo w(@)[8] f2dx)!/2.
For simplicity, we denote || - | := | - ll 2> Il - e := Il - Wgecey and [+ e 1= I - | g ey Fur-
thermore we use || - ||, to denote || - ||L%).

Then our main results are stated in the following theorem.
Theorem 2.2 (Stability of traveling waves). Let uy = vy =0 and (U, V)(x — st) be a traveling
wave solution of (2.1) obtained in Proposition 2.1. Assume that there exists a constant xqo such
that the initial perturbation from the spatially shifted traveling waves with shift xo is of zero

mass, namely ¢g(00) = Yy(0c0) = 0, where (¢o, Vo) (x) is defined in (2.8). If € > 0 is small, then
there exists a constant 1 > 0, such that if

loll2, + Ivoll® + lluo — U3, + llvo — VI3, <. (2.11)
the Cauchy problem (1.2)—(1.3) has a global solution (u, v)(x, t) satisfying

u(x, 1) — U(x — st) eL®([0, 00); L2) N L*([0, 00); HY),
v(x,1) — V(x —s1) eL°([0, 00); L2) N L*([0, 00); H))

and the following asymptotic stability:
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sup |(u, v)(x,t) — (U, V)(x +x0 —st)| > 0 as t — oo.
xeR

Remark 2.1 (Relaxation on initial data). The above nonlinear stability results hold true regard-
less of the size of amplitude of wave profiles and initial perturbations. In particular, either of the
initial oscillations ||ug — Upl| L and |[vg — V|| L can be arbitrarily large in Theorem 2.2, which
is a substantial improvement of previous works (cf. [19,29,30,32-34]). From the initial condi-
tion (2.11), we see that the initial datum (ug, vo) is allowed to be discontinuous. In particular,
it could be piecewise constant with arbitrarily large jump discontinuities such as Riemann data.
The property of large oscillation and discontinuity on the initial data brings various difficulties
to the analysis and make the present work distinct from the existing ones.

Remark 2.2 (New ingredient in the proof). The proofs of Theorem 2.2 differs from those in the
existing literatures (cf. [19,29,30,32-34]) in the following two ways. First in the existing results,
the initial perturbation has small oscillation (i.e. [|ug — U || and ||luvgp — V|| Lo are small) which
was essentially used to estimate higher-order nonlinear terms. In our present paper, we have to
devise some new refined estimates to estimates these terms (see the proof of Lemma 3.6). Second,
the initial data (ug — U,v9 — V) € sz(R) considered presently has lower regularity than those
in the existing works wherein (g — U,vg — V) € Hul} (R). The old ideas on the second-order
estimates reply heavily on this higher regularity but fail in our present work. In this paper, we
invoke the idea of Hoff [14] on the Navier—Stokes equations by introducing a time-dependent
weight function combined with the parabolic smoothing effect to gain the desired second-order
estimates (see the proof of Lemma 3.7).

3. Proof of Theorem 2.2
3.1. Reformulation of the problem

Substituting (2.7) into (1.2), using (2.1) and integrating the system with respect to x, we find
that (¢, ¥)(x, t) satisfies

O =Doyx +x Vo + XUy + xdx¥, t >0, xeR 3.1
Vr = ey — 28V + ¢y — 92, '
with initial perturbation
(90, Yo)(x) = / (wo(y) = U(y +x0), vo(y) — V(y +x0))dy,
and
do(x) € Hy (R), Yo(x) € LA(R), Yox(x) € LL(R). (3.2)
We denote

mo = llgoll7 ,, + Vol + [ Vox 15, (3.3)
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For the reformulated problem (3.1)—(3.2), we have the following results.

Theorem 3.1. If ¢ > 0 is small, then there exists a constant n > 0, such that if mg <, the
problem (3.1)—(3.2) has a global strong solution (¢, V) satisfying for any 0 < T < o0

T
oI o + IV 1T + el +/ (||¢x||%,w F Yl + el el + snw”n%u) dt<C, (34
0
[ o (1002 4 100 P 4 1001+ 1)

R
(3.5)

T
+//a(||¢xt||2+s||1/fx,||2+e||¢m||2+sz||wxxx||2)dxdtsc,
0 R

where o0 = o (t) = min{1, t} and C is a positive constant independent of t and &. Moreover, it
follows that

sup |px(x, 1), Yx(x, )| >0 as t — oo. (3.6)
xeR

In view of (2.7), Theorem 2.2 is a consequence of Theorem 3.1. We now outline the main
procedures for the proof of Theorem 3.1. First, we mollify the (coarse) initial data (¢, Vo) as
follows:

oS =i w0, v =j o,

where j is the standard mollifying kernel of width § (e.g. see [1]). Then we consider the follow-
ing augmented system

¢S =D’ + x VS + xUyS + x2y8, t >0, x eR,

Y = eyl —26VYl + 40 —e(¥))?, G
with smooth initial perturbation functions (qbg, wg ) which satisfies
Yo () € LXR), ¥, (x) € Hy(R), ¢f(x) € Hp(R), (3.8)
and
IB3I1T o + 11 + 1WG 13 < ldollT o + 10l + 1o 13, = mo. (3.9)

where we have used (3.3) and the following properties:

19k 1w < N0kb0llu» 10kY0 Il < 0k ol for every k=0, 1, 8 > 0. (3.10)
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Next, by standard approaches, we prove the local existence of solutions to the system (3.7)
with initial data (¢8, ng ) satisfying (3.8)—(3.9). Then by the continuation argument, the global
existence of (¢‘3, w5 ) follows from the a priori estimates. Finally, we show that the limit of
(¢3, xp‘s) as 6 — 0 is a global strong solution of the Cauchy problem (3.1)—(3.2), and thus Theo-
rem 3.1 is proved.

Lemma 3.2 (Local existence). Assume that (¢g, 1/}8) € HI% (R). Then there exist a time Ty =
Ty (||¢8||H%(R), |Wg||H,%(R)> > 0 such that the system (3.7) has a unique solution (¢°, ¥°®)
C((0, To), Hi (R)).

3.2. A priori estimates

In this subsection, we shall employ the technique of a priori assumption to derive the a priori
estimates for the smooth solutions of (3.7)—(3.8). To this end, we first assume that the solution
(¢3, xp‘s) satisfies for any ¢ € [0, T'] that

162113, + 1Y 12 + 192113, < 2k0. 3.11)

where « is a positive constant. Then we derive the a priori estimates to obtain global solutions.
Finally, we show the obtained global solutions in turn satisfy the above a priori assumption and
close our argument.

We depart with the L2-estimate of (¢°, /%). The main procedures for the proof are similar
to those in the existing works (cf. [29]). For clarity and completeness, we present some details
below.

Lemma 3.3 (L2-estimates). Let the conditions of Theorem 3.1 hold and (¢°, ¥®) be a smooth
solution of (3.7)—(3.8) satisfying (3.11). Then there exists a constant C > 0 independent of t, ¢
and § such that

T T T
1% 12, + w2112 + /nabﬁn%vdt - e/nx/f;?nzdr <Cmg+ cKo/||1//£ 112 dr. (3.12)
0 0 0

Proof. Multiplying the first and second equation of (3.7) by ¢®/U and x?, respectively, and
adding the resulting equalities, we obtain

1(<¢5)2) CRN <i> N (xoﬁ)z)
2\ U /, 2 \Uu)/, 2 ),

_ D§’¢d, x Vol N X P2y (3.13)
Y U U

+x (°v°) +

—2xeVYiyt — xe(yD)2yl + xeyl vl

Noting that
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@21\ s@)? (1

> (o), (@),

o8 _ (¢8¢§> INCARY ( 1 ) _<¢5¢;§) AR
v \u ), U “\v), \v ), U v

VPl 1 (V@) @) (V
U _2( U ) 2 <U)

—2xeVYPoYd = — xe(V*)D)y + xe Ve (¥®)?,

xeV Wl =xe(lyd), — xe(¥d)?,

we get from (3.13) that

1 ((¢%? 52 D(¢>;Z>2 2, <¢ 52 (s+xV
5( +x<¢))t+ 0 xe(Wd)? + < o )

U

D9} xV(¢°)
=(xo*v’ + ——+ — xeV ) + xeyly’® (3.14)
U 2U .
DU’ d}  x¢* ¢y
e S A xe Ve () — xe ()Y
U U
A direct calculation along with b é/ £ = —5 — xV due to (2.2) gives
s+xVY _xVe G+xVUs _xVe  DUZ (3.15)
u ), U U? U U3’ '

Substituting (3.15) into (3.14) and integrating the resulting equation over R x [0, T'], we have
that

532 r §\2 l
%f<(U) +X(¢’8)2>dx+D//(¢5) dxdt+xeff(1/f§§)2dxd’
0 R 0 R
T 7 5y2
/ dxdt+2// UiOD frar
2 E
0 0 R
(@))? [ [ [P
(S i) | [ | [ £
5 0 R 0 R

T T
—Xe//(w)‘f)zw‘sdxdt+x8//Vx(w‘s)zdxdt (3.16)
0 R 0 R

+

X

%\

l\)l'd
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=J+ N+ L+ I3+ s

We proceed to estimate J; (i =0, ---,3). We first have from (2.10) and (3.9) that

Jo = € (18313, + 19317 = Cmo.

For Jp, by the Cauchy—Schwarz inequality, we have the following estimate:

z 5\2 I 20 48\2
53—fo(¢") Bfo(d))dxdt.
4 U 3
0

0

For J,, by the Cauchy—Schwarz inequality and the Sobolev inequality || f ||%OC <2Il£Ifxll, we
derive from (3.11) and [|¢°||; < C||¢? |1, that

5\2 2 z N2 (21,612
n<? / / @) ear + 2 / / @)W )yx) dxd
0 R

8\2 8\2
b /("5*) axdr + 2L / I ||Loo/ W e
8 U D
R 0
T

2
9% 1112 II/(I/I) dxdt

Similarly, we have

T
) 5\2
Js 5)(8/ v ||Loo/<wx> dxdi
0 R

T
<Vaxe / TAHIAHE / (P dxdr
0 R

T
1
SZK(fxsf/(wf)zdxdt
R

T
X f f (0 dxd,
0 R
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provided that k¢ < 11_6' Substituting the above estimates of Jy — J3 into (3.16), we obtain that

U

T T
Vi (9%)? D UZ(¢°)?
b [ [ B v 2 [ [ 2 dnan (3.17)
0 R 0 R

T T 52
5\2 (Yy)
<Cmgy+2xe Vi(®)“dxdt + Cko dxdt.
0 R 0 R

%\

8§32 7 5\2
(ﬁﬁ-x(‘ﬁé)z)dx—i—%//%dxdt—i-xe
R

S—

/ (%) dxdt
R

Next, we need to estimate fOT fR V, (¥%)2dxdt. Multiplying the first equation of (3.7) by V¢° /U
and the second one by x V%, and then adding the results to get

1 (V(¢?)? (@°)?* (sV XV (r®)? sx Ve(y0)?
z( U >,+ 2 (7>x+( 2 )f 2

_DVe'L,  x Ve
U U

—2xe VAPt — xe VD)0 + xeVyl v,

et (19

+x (Voo y®) — xVeg®y® + i

A direct calculation leads to

Vel w»%;i) AT a<z>
U _< u ), U s vu),’

Ve 1 (VI @) (V2
U ‘2( U )f 2 (U)

—2xeV2Ylyt = — xe (VWD + xe (VA ()2,

xeVyl Ul =xe(Vulyd), — xeV(¥d)? — xeViydyl.

Substituting the above equalities into (3.18) and integrating the resultant equation over R x
[0, T'], we have
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T
1 [ (V@®? 5o V(g)?
3 [ (F5 vt ave [ [0 avar
R 0 R

T T T
+ xe / / V() 2dxdt + % / / V(W) 2dxdt — xe / / (V) (v*)dxdt
0 R 0 R 0 R

1 ; v2 ; 1% ;
— Eff(qa@)z (XT)xdxdt—Df/qs%ﬁ <U>xdxdz—xffvx¢“w5dxdt
0 R 0 R 0 R

T . .
+x// Ve ;&%d dt — 8//V(‘/’g)z‘ﬁsdxdf—XS//inlfawgdxdt.
0 R 0 s

R
(3.19)

By a direct computation, we have

sV V2 1 Ve (V —v_ V.,V  DVU?
(—) +<X—> =[—(S+XV)V} X ) 2NV DVUL
X X U X

U U U U U3

where we have used the fact that s = —yv_and s+ xV = — Dl(]]" due to (2.2) and (2.4). Thus,

1 ; 1% 1 ; V2
s\2 (S s\2 [ X
—5//@) <7)dedt—§//(¢) (—U )xdxdt
0 R 0 R
T
——1//@3)2[1(” V)V] dxdt
) TS
0 R

T

T
x/f”v Sgyanar -4 [ [
0 R

0

T
2 2
‘Szdxdt—B//VU @) fra
2
0

and

T T T
L[ [viwivasar—xe [ [ eviawdiandi=x [ [ (5 +2e1v1) Ve Raxar.
0 R 0 R 0 R

By the Cauchy—Schwarz inequality, we have
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T
\%
848
D / / (5) Pl dxdr
x
0 R
T
VU,
— o2
0 R

>

SIRS

) ¢’ pldxdt

T 5\2 5\2 T 2 20 48\2
52// ww>+wwg> +gffcwm> WMW))MW
2 U U 2 U3

0 R 0 R
T T T

X / / VP yldxds < f / / ' (¢%)2dxdt + % / / vV, (v 2dxdt,
0 R 0 0 R

and

T T
—X,S//Vxl//‘sl//)‘jdxdtf %f/((lﬁf)2+VX2(w5)2)dxdt.
0 R 0 R

Similar to the estimates of J, and J3, we have from |V| < —v_ that

T T

Vglpdy? D ()2 [ (¥8)?
X[/ 1 ddt<§// ddt+Co// xdxdt
0 R

0 0

and

T T
sx//V(xp;f)zwdxdtS%X//(wj)zdxdt.
0 0 R

R

Substituting the above estimates into (3.19), we get from 0 < U < u_,v_ <V <0,
Vi >0, |Vy| < C that

T T
X// +28|V|>V W )zdxdt—i—x// Vs (V YoV = V) 82 aar
0 R 0

R

1 V(¢°)? V(gd)?
55/< Z, XV = v ) ) dx
R

T
(ﬂﬂ D m%ffvww

0 R
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T

2 48\2 2
+D|V|//U(¢)dd+<8+";"'+3|v|)/f(¢x) dxdt

0

T T T
—l—ex(l+|V|)//(w§)2dxdt+%IVXI//Vx(wS)zddeCKO//( dxdt,
0 R 0 R 0

which, along with (3.17), implies that

T
/ Ve (¥)2dxdt + Cko / / Wy dxdt
R 0

Then choosing & small enough such that Ce < g, we have

T
X//(%+28|V|> Ve (%) 2dxdt <Cmg + Ce
0 R

St~

T

[
f f Ve (¥*)2dxdt < Cmo + Crq / / v,
0 R

0 R

which, combined with (3.17), gives that

- b r (o) ;
(5 +xwi?)ave [ [ s e [ [whiasa
5 0 R 0 R
T

832
§Cm0+CKO/‘/%dxdt.

0 R

This completes the proof of Lemma 3.3 by using (2.10). O

Next we shall derive the a priori estimates of the first order derivatives of (¢%, ¥°). To this
end, we first derive some estimates that will be used later.

Lemma 3.4. Under the conditions of Theorem 3.1, the solution of (3.7) satisfies forany 0 < T <
oo that

T T T
/ / Uw)2dxdt < Cmo + Cr / 192 12.de + Cio / 16, 12.d, (3.20)
0 R 0 0

where C is a positive constant independent of t, € and §.

Proof. Multiplying the first equation of (3.7) by wf, we get

XUWD? =2y — DS v — x Vil — xgd (w2 (3.21)
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Integrating (3.21) over R x [0, T'], using the second equation of (3.7) and following results
B = @YD = "9 = @YD — ¢ [evl, — 26V + 0l — (D]
= (@YD) —e@ Y2 )x + eyl +2e(VPPyYd), —2eVPiyYl — (¢°¢0).
+ (@) +e@ (W) — el (YD),
—Dg} ¥l = Dyl [—vds + vl — 26V — (WD)
1
=L{—5m@9»+ew€ng—aw@ﬁ—avwb%x—mawbz
_28 83
3«mn4,

we obtain that

T T T
g / (W) dx + x / / U(y®)?dxdt + De / / (¥ )2dxdt 4 De / / V(o) dxdt
R 0 R 0 R 0 R
00 T
= g/(ng)zdx+/¢51/f;§dx—/¢3w3xdx+e/f¢§wﬁxdxdr
0 R R 0 R

T T T
—2¢ f / Volyldxdr + / / (¢%)*dxdt — ¢ / f % (Wo)2dxdt
0 0 R 0 R

R

T T
x| [votwiarar—y [ [ ohuiaar. (3.22)
0 R 0 R

By the Cauchy—Schwarz inequality and the fact ¢ and V are bounded, we have the following
estimates:

/www—/%%ﬂajfwm%4—/@ﬁd+ /w“m+ /wfd

T T

sff@mﬁwwo—/fwm%wﬂ- /f@fwm
0 R 0
T T

2gf/v¢ Yidxdt < CS[/((]ﬁx 2dxdt+Cs/ (W8 2dxdt,

0 0
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T

8\2 2
(€+X)//¢(w ) dxdt < %//U(W )zdxdt+C//Md dt,

0 0

and

T T T V 512
Xffvw/f dxdt < %//U(I//)‘?)zdxdt—l-Cf/ @O ja.
0 0 R 0

Substituting the above estimates into (3.22), we have

T T

T
g/(l//)‘?)zdx+X/fU(I//)‘E)zdxdt+Ds//(wﬁx)2dxdt+D8f/Vx(l//)‘f)zdxdt
R 0 R

0 R 0 R

D+1
<

5ﬂu+%/@®%»+%/w%%x+§/h@ﬁw
R R
T T T
D¢ ) 542 2
7//(%) dxdt+C//( Ydxdt + Ce / dxdt
0 R 0 0

T . ) 2
—i—Cs//(l”fj)zdxdt—i—%f/U(wg)zdxdt+C// (¢x) eds
0 R 0 R ) )

T(&Mwﬂ
+C[/ X TXC dxdt. (3.23)

0

For the last term on the right-hand side of the above inequality, by the Sobolev inequality
||f||%OO <21 fell, (3.11) and (3.12), we have from 1 < %’ that

T(&ﬂﬁﬁ ; (¥8)? [
c//—ivi—mmsc/MMh/‘g mmsCm[wmwﬁwt
0 R 0 R 0
T T
—c (#%)? (@
< Cko + Ckop dedt + Cko U dxdt (3.24)
0 R 0

T T P
5Cm0+CK0/||w§||%}dt+CKO// ("5;]*) dxdt.
0 R
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From the fact V, >0, |V|<C, 1 < “7’, (3.12), (3.23) and (3.24), we have that

T T
/ (W8 dx + f / Uy dxdt + ¢ f / (W8 )?dxdt
R 0 R 0 R

A §\2
<C f (W) dx + / @) %dx | + ¢ f (¢%)2dx +C / / ("55) dxdt
R R 0 R

R

. . (3.25)

8\2 (11,612
+C8//(1//£)2dxdt+C//dedt
R R

0 0

T T
512 (@22
5Cmo+c/<0/||1//x||wdz+c;<0// Z‘ dxdt.
0 0 R

This immediately leads to (3.20) and completes the proof. O
Lemma 3.5. Under the conditions of Theorem 3.1, the solution of (3.7) satisfies for any 0 < T <
00 that

T

T
f w(yd)2dx + f f w(y?dxdi + ¢ / / w(y? Ydxdr
0 R R

" 0 (3.26)

T T T
< Cmo + Ckyo / 12112 dt + / g2 N2,dt + e / Iyl 1de |,
0 0 0

where C is a positive constant independent of t, € and 8.

Proof. Note that U is monotone decreasing in (—o0, 00) and hence 0 =u; < U(0) < U(2) <

u_. From (2.9), we see that 1 < w(z) < 2 for all z € (—o0, 0]. Then we have U (z) > Tw(z)

U@
for all z € (—o0, 0]. This means U (z) > %w(z) hold for all x € (—o0, st]. Then from (3.25),

it follows that

st T st T st
/ w(y®)dx + / / w(y)’dxdt + ¢ / / w(y? ) dxdt (3.27)
—00 0 —oo 0 —o0

T T
< Cmo + Cko / w2112 dt + Cro / S, 112 dt.
0 0

Now, we multiply the second equation of (3.31) by ¢*? wﬁ and obtain that
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MYyt =eerylyl 26t (V) wl + el — et (WD) v,

which gives

A §\2
(%) + (% + 28Vx) e“(%‘?)z + Sekz(wﬁx)z
t

=e(e™ PPl )y —ere® Yyl —2e Ve yYlyl 4 tyled, — 2eet (Y2l

Integrating the above equation over R x [0, T'], we get

T T
AZ 5\2 A
/ %dﬂr f / <%+2svx> () 2dxdt + e / / (Yl ) 2dxdt
R 0 R 0 R
T T
exx(ng)z 22,1818 Az 8.8
= fdx —ek ey dxdt 4 2¢ Ve iy dxdt
R 0 R 0 R (328)
T T
+//e“¢;§¢ﬁxdxdt —2sffe“(1/fj)21pfxdxdt
0 R 0 R
eAX( 2
:/#dx—l—Rﬁ-Rz—i-RmLRé;.
R
By the Cauchy—Schwarz inequality, we have
T T
R < 2 / / Al )dxde +e)® / / (Y 2dxdr,
0 R 0 R
T

% / / (Y8 )2dxdr + dev? / / 2 (yd)2dxdt

and

T T
A 2
53 < % / / (W) 2dxdr + = / / e (¢%)2dxdtr.
S
0 R 0 R

Using the Sobolev and Cauchy—Schwarz inequalities, (3.11) and the fact e*? < w <

due to
—'CU
(2.10), we have from (3.12) that 1
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T
2// )»Z(wxx)dedt_i_é‘_g// }\.Z(w )4dxdt
0
T
%f/ Az(wxx)2dxdt+4gf||¢ ||Lo<>f AZ(I// )dedt
0 R
T
= / / ¢ (Yo dxdi + Ce / AN A
0
T
= / / ¢ (Yry,) dxdt + Cicoe / 1212 + Croe / AR
0
T
2// )»Z(wxx)dedl—i-Cmo—i-CK()/”w || dt_i_CKOg/”w ||2df.
0

Substituting the estimates of R; — R4 into (3.28) and choosing ¢ > 0 is small enough such that

e < m, we have from (3.9) and (3.12) that

T T
/ (W) 2dx + / / (Y 2dxdr 4 ¢ / / e (Y ) 2dxdt
0 R 0

R R
T

T T
<C | W&, 1% 4 mo + Ko / w2112 dr + / / w(@®)?dxdt + koe / Iy, |1Pdt (3.29)
0 0 R 0

<Cmo+ Cro / 192 12.di + Croe / 12, 1P,
0 0

where we have used ¢** < w and V, > 0. Recalling that w =1 + €M, we have e*? > % in
z € [0, 00) (i.e. x € [st, 00)). Then, it follows from (3.29) that

00 T oo T oo
/ w () dx + / / w(y)?dxdt + ¢ / / w(?d )?dxdt
st 0 st 0 st

T T
~Cmo + Crg / 192 12.dt + Cioe / 12, 12,
0 0

which, in combination with (3.27) gives
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T T
/ w(yd)dx + f / w(y?dxdi + ¢ / / wy?, ) dxdt
R 0 R 0 R
T T T
812 § 12 § 12
<Cmo + Cro / 1W21%dt + Creg [ 162, 12%,dt + Crcoe f 12, 1dr.
0 0 0

This completes the proof. O

Lemma 3.6 (H'-estimates). Assume the conditions of Theorem 3.1 hold and let (¢°, ¥°) be a
smooth solution of (3.7) satisfying (3.11). Then it holds that

T

16° 1% . + 12117 + ||w;§||i,+/ (N80 o+ 120, + el w21 + e, 1) di < Cmo, (3.30)
0

where C is a positive constant independent of t, € and §.
Proof. Differentiating (3.7) with respect to x yields

@2, =D¢S .+ x VPl 4+ xVidd + x Uy, + xUs¥® + x(¢290),,

3.31)
vl = eyl —2e(VYd), + %, —e((¥2))s.

Multiplying the first equation of (3.31) by ¢>§§ /U and the second by x wf and adding these equal-
ities, we obtain

P9, 5.5 DO @) Vel xVi(gd)? 5.8
T—i_xwxth_ U + U + U +X(¢x¢x)x
xUx@2yd  x(@2yd) gl
+ U + U

+xeWd Wl = 2xe (V) — xe((WP) vl

Simple calculations give us that

il [ (9D)? @)% /s
_< )t+ <_)x’

U 2U 2 U
DY by _<D¢;2x¢;§> _ D@’ <D<¢;§>2 ( 1 ) ) L D < 1 )
u \ U ), U 2 \U/,/, 2 \U/,’

PAL R _<x V<¢ﬁ>2> @) (ﬂ)
v \ 20 ), 2 uj,’
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’

U U?

G (x(¢>;§)2w;§) AT A UNCAR
U U B

—2xe(Vydpl == 2xe (VWD?) +2xeVilyl,,

2
—xe(()) eyl = — (%(1/4?)3) .

Thus we get from above equalities that

1 ((¢)? 522 D(@#2)? 5 \2
2 (T + x @) )t + — +xe(Wyy)

D¢l 92 D(¢d)? ( 1 ) RPAACAN x(¢§§)2¢§>
U 2 v/, .

2U U
5 5 52 2XE 503 (¢§)2[<2> _<S+XV>}
+-<X8w”¢u 2xeV(yy) 3 W) >x+- 5 v) . U ).

xVe@D)?  xUdSyd  x@yled,  xUc(@d)?y?
Ty T u T U + U2

= (mﬁ vl +
(3.32)

+2 an w”

By using (2.1) and the fact that u = 0, it can be checked that

D s+ xV 2u 4
— + U, =0. 3.33
(U)Xx ( U )x U3 (5 +xve)- (333)

Integrating (3.32) over R x [0, T'] and using (3.33), we obtain

T

T
S\2 5 2
%/C%L+ﬂﬁ9>u+0//@%wa+w//W%VWﬁ
R

0 R 0 R

T T
(@),)? Vi (9?)? Ucpdr?
= 2/( U + (I/fox ) XO// ———dx dt+XO/HZ.7U dxdt 3.34)

R

T T s
5.8 48 8248
U,
_X/f¢xwl)}¢xxdxdt+xf/ (¢ ) wxdxdt+2X8//Vw§¢)§dedt
- o 0 R
I+l +h+L+ L+

For Iy, we have from (2.10) and (3.9) that
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lo=C (I3 + 1313) = Cmo.
For I1, by |Vy| < C and (3.12), we have

T

5y2
< //(¢) dxdt<Cmo+Clco/||1/f I5,dt.

0

Using the Cauchy—Schwarz inequality and (3.12), we can estimate I, as

T
n=c [ [iodpdiaxar

0 R
T

(¢2)? [
§C//%dxdt+C//U(1ﬂj§)2dxdt
0 R

0 R
T

T
5Cm0+cl<0/||¢,§||§,dt+c//U(¢f§)2dxdt,
0 R

(=}

Ux s+xV
U

where in the first inequality we have used the fact H— < 7, due to (2.2). Simi-

larly, we have

U
U

T T
2//( )ddt+C//|x dxdt,
2 U

0 R 0 R
/()dedt
R
T

8.1.812
/ dxdt—f—C/ 3] dxdt
U U
R

0 R

I A

St— . O —

C

/\

<C

T

5112 [ g2yl |?
gcm0+cfc0/||¢x||wdt+c// £ dxdr,
0 0 R

and
T T
5% / W3 )2dxdt + Ce f f V2 dxdt
0 0

R R
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T T

XE

57//(¢§x)2dxdr+cm0+C/<0/||1/f§||i,dt.
0 R 0

Substituting the above estimates into (3.34) to get

T

T
5y2 8 )2
f<(¢5) +x(1/f§§)2) dx—i—D//%dxdtdl—XS/'/(‘/fﬁx)zdxdt
R R 0 R

0

(3.35)
T T T
52 5\2 A
5Cmo+CK0/||1px||wdt+C//U(l//x) dxdt+C// xe dxdt.
0 0 R 0 R
We have from (3.24) and (3.35) that
T T
82 8§ \2
/ (—(‘p;}) +x(w;§)2) dx + D / / (‘1’;}‘) dxdt + xe / W2 ,) dxdt
R 0 R R (3.36)

/
T T T 5 \2
5Cm0+cfco/||1pj||2wdz+C//U(¢;§)2dxdt+c;<o// ("52‘;) dxdt.
0 0 R 0 R

Then substituting (3.20) into (3.36) and choosing k¢ small enough such that Ckg < %, we have

572 r 5 \2 L
/(—(d’é) +(t/f§§)2) dx+f/%dxdt+8//(w§x>2dxdf
0 R 0 R

® (3.37)

T
<Cmo + cKo/nwj 112 dr.
0

It follows from (3.12), (3.26) and (3.37) that

T

16°1% oy + 11T + 1211, +/ (N80 o+ 1202, + el w205 + el 1) de

0

T T T
< Cmg+ Cko /nwﬁufudt+f||¢ﬁx||2wdr+sf||wﬁx||2dr ,
0 0 0

where C is independent of ¢ and ¢. Choosing Ckgy < L. we have
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T

16° 1% oy + 11T + 192115, +/ (19213 0+ W20, + 9215 + 192,117, ) i < Cmo.
0

Thus, the proof of Lemma 3.6 is completed. O

Now, taking m sufficiently small such that Cmg < «p, we have from (3.30) that

T

16° 13 .+ 11T + 1215, +/ (N80 o+ 1202 + el + e, 12 ) d < ko,
0

which closes the a priori assumption (3.11).

Next, we derive appropriate estimates for the second order derivative of (¢°, ¥%). Since we
plan to use the limit of the mollified function (¢°, ¥%) as § — 0 to obtain the solution (¢, 1)
of our target system (3.1)—(3.2), the estimates of the second order derivative of (@, ¥%) need
to be independent of §. If we employ the similar energy estimates method for H !-estimates
in Lemma 3.6, we shall encounter the term fR(|<;S(‘§”|2 + |1//gxx|2)dx which is out of control
since the boundedness of initial data (¢(’§, wg ) is assumed up to H'(R) only, see (3.8)—(3.10).
Indeed in general the bound of fR(|¢>gml2 + |1ﬂng|2)dx is of order % given that H'(R)-norm
is bounded (see [48, Lemma 1.2]). Hence we have to find an idea to avoid the estimates of
second-order derivative of (¢8, wg ) to attain the uniform boundedness of second-order estimates
in §. Inspired by the brilliant idea of Hoff [13,14] of treating discontinuous data, we introduce
a weight function o = o (t) = min{l, ¢} to resolve this obstacle. The price paid by this idea is
that the solution behavior sufficiently close to time ¢t = 0 is unclear. However this is sufficient to
study the large-time behavior as we seek in this paper.

Lemma 3.7 (H?2-estimates). Let the conditions of Theorem 3.1 hold, and let (¢°, ¥®) be a smooth
solution of (3.7) satisfying (3.11). Then it holds that

[0 (10212 102 P 4 12 P + e )

R
T (3.38)
b [ [ (8307 el P+ 08 P + 2102, dxdr < C.
0 R
where 0 = o (t) = min{l, t} and C is a positive constant independent of t, ¢ and .
Proof. We differentiate (3.7) with respect to ¢ to get
O = Dty — xSVl + XV, — xsUsW3 + x U, + x 9%, V2 + X G vs. 339)

l/ft(sz = 81/’)?)“ +2es wa)é - zng)ét + ¢)8ct - 8((¢£)2)l'

Multiplying the first equation of (3.39) by mpt‘s and the second by mpf and adding these equali-
ties, we obtain
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U¢t8t¢f + GI//;Stwta
=Do¢d ,d} + ool Yl + xo¢d (—sVidd + V@S, —sUS + ¢2,90) (3.40)
+ xoUYLP! + xo @2y, + oyl QesVeyd — 26Vl + @2, — 26y iyd)).

Integrating (3.40) over R x [0, 7] and rearranging the resulting equation, we get

T T
%/a <(¢f)2+(wf)2) dx+D//a(¢;§,)2dxdt+ef/a(¢;§,)2dxdt
R 0 R 0 R
a(T) T
/ /((¢,)2+(w,) )dxdt+x//a¢, (—sVie@2 + Ve, —sUY + ¢, 98) dxdr
0 R 0 R
T T
+//a (2esVoyd =26Vl + @2, — 2ey? llfx,)dxdt—i—x//GUl/f (pldxdr
0 R 0
T
b [ [asiouddxar
0 R
=K1+ Ky + K3z + K4+ K5, (341
where we have used the fact that
T o(T)
: / f o (@9 + W?) dndi = 5 f f (@02 + wH)?) dxar.
0 0 R

Because ¢, |V| and |U| are all bounded, we get from (3.7), (3.30) and (3.24) that
T

T T
[ [@iraxar=c [ [ (6202 +v2@0r + vwd?)axar+c [ [@hwiiasar
R

0 R 0 0 R

<C

S t~—

/ (@’ >2+<¢§§>2+<w£)2)dxdt+c
R

IA
a

(3.42)

and
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T T T
/ f W)2dxdt <C / / (ez(wﬁx)2+v2(w§)2+(¢§)2) dxdt + Ce? / / Wy dxdr
0 R 0 R 0 R

T T
<C / / e(wxx)2+(¢x)2+(1/fx dxdt + Ce / / (W)*dxdt
0 R 0 R

<C, (3.43)
where we have used the following estimate

T

T T
Ce f / (WY dxdr <Ce / 1921312, lde < Croe f 12,
0 0

0 R

T T
<Croe / 192, 12d1 + Crcoe / 192 1P
0 0

<C.

Then, K can be bounded as

T
ki< [ [ (@) +@i7)anar <c.
0 R

By the Cauchy—Schwarz inequality, |U,| < % |U| < C, |Vi| <C, |V| <C and (3.30), we
have
T T
D
gffowxazdxdwc/o(@) W+ [ (16717 + 16217 + 131 )
0 0
T T
D
§/fa(qs;it)zdxdt+C/a(qsf)z(wj)%lwrc
0 R 0
and

D
8

S~

T
/ o(¢x[)2dxdt+2 / / o (¥8 ) dxdt
R 0

T T
¢ [o (1P + 1wiiR) e+ s o Pwdiar
0 0
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T T T
%//a(% ) dxdt + Z//o(wﬁ,)zdxdz+Ce/a(1p;3)2(¢;§)2dz+c.
0 R 0 R

0

For K4, using the integration by parts and Cauchy—Schwarz inequality, (3.30), (3.42) and (3.43),
we have from |U,| < C, |U| < C that

T
K4 =X//0Uw§t¢fdxdt
0 R
T T
818 8 16
—X//ant¢x,dxdt—X//onw,qﬁtdxdt
0 R 0 R

oo|@

T
[owirazairc [o (162 + 10217 ar
0

R

oo|@

St O —

/ o (¢°)?dxdr + C.
R

Since ¢, |V| and |V,| are all bounded, we get by the second equation of (3.31), the Cauchy—
Schwarz inequality and (3.30) that

T

Ks=x / / oLyl dxdr
0 R
T
— / / 0020 (hy = 26(VUD. + 8, — e(WD)D) ) ddr
0 R
T T ,
582//G(I/f;zxx)zdxdl‘+C//g(q}l‘s)z(qbﬁ)dedt+C82//0V2(1/j )2dth
0 R 0 R )
T T ;
ree / ovitoasac [ [owlasa e / o (U3, Vdwar
0 0 R 0

T

T T
<e? / / o (Yl )dxdt+C / / o (92)*(¢°)dxdt + Ce? / / o (U WS )2dxdr + C.
0 0 R

0

Substituting the estimates of K1 — K5 into (3.41), one has
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T T
[o (@@ +wd)ax+n [ [a@iyiaxare [ [owsyasar
R 0 R 0 R

T T T
<C+C / o (@) (d)dt +C / / o (@2)*(¢2)*dxdt + Ce / oY) ()t
0 0 R 0 (3.44)
T T
+Cé? / / o (U WS ) 2dxdr + & / / o (W2 )2dxdt
0 R 0 R

=C+ K¢+ K7+ Kg + K9 + K.

By Sobolev inequality ||f||%oo <2l £ fxll, 3.30), (3.42), we have

T
ko= [ [owhrwiyasar
0 R
T
=c [oleili / (W) dxdr
R

0
T

<c / o 16 116°, Idt
0
T T

/o||¢§§,||2dt+Cfo||¢?||2dt

0 0

<

&

=

&[T

T
fa||¢;§,||2dt+c
0
and
T
k= [ [owhdiand
0 R
T

<c / AN / (@) 2dxdi
R

0

~

< C/allfﬁfllllqﬁﬁtlldt
0
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T

D 2

=7 ollgs,I*dr +C.
0

Using Sobolev inequality, (3.30), (3.43), we have

=Ce / / o (W) (y) dxdr

T
< C8/0||¢f||%m/(¢£)2dth
0 R
T
< Ce f LA IR LL
0
T T
< Z/a||1/r;§,||2dt+C/Olll/ffﬂzdf
0 0
T
< Zfanwf,wtw

0

and

T
Ko = Cé? / / o (P2 (yl ) dxdt
0

<ce / o1l [ od)idar
0 R
T

2 s s
=Ce¢ /Ulllﬂxxlllllﬂxmlldt
0
T T

2
&
<% [orviuiiar+ce [l

0 0
T

&2 5 2
sZ/onwmn di +C.
0

where we have used the smallness of €.

(3.45)
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T
We are left to estimate the term &2 / o ||1//j§xx ||2dt. Indeed multiplying the second equation

0
of (3.31) by —smﬁg” and integrating the result over R x [0, T'], we get by |V| < C, |V,| < C,
o <1, Cauchy-Schwarz inequality, (3.30) and (3.45) that

T

g f o (¥ )2dx + & / / o (. ) 2dxdt

R 0 R
o (T)

N ™

T
/G(I//gx)dedt+282//0(Vw§)x¢§XXdth’
0 R

0 R

T T
—¢ f f o’ Y dxdt + & / f o (W) dxdt
0 R 0 R

T T T
I 82
=5 / / (W )2dxdt + T / / o (Yo, )dxdt + Ce? / / o V2(y®) dxdt
0 R 0 R 0 R
T T T
+Cé? / / o Vil )2dxdt + C / / o (¢° ) ?dxdt + Ce? / / o (W2 (y? )2 dxdt
0 R 0 R 0 R
’ T T
< g—/fa(zp )zdxdt+C82//0(1ﬂ6)2(1//5 Y2dxdt + C
_— 4 XXX X XX
0 R 0 R
T
=< 5 o( xxx) dxdt + C,
0 R
which leads to
T
€ / o (8 )2dx + &2 / / o (Yl )dxdr < C. (3.46)
R 0

It follows from (3.45) and (3.46) that

K9+ K19 <C.

Substituting the estimates of K¢ — K¢ into (3.44), we have
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/ ((d),) + (%> dx+D//a(¢ ,)zdxdt+8//o(wx,)2dxdt<c (3.47)

R

which, combined with (3.7), (3.30) and (3.24) gives

o f (#},)%dx < Co / (@2 + V2D +U2(w)?) dx + Co f @) (¥))dx
R R

R

<co [ (@) + @+ iP)dx+c (348)

R

<C.
It follows from the Sobolev inequality, (3.30), (3.31) and (3.46)—(3.48) that

T

8[/0(¢)‘§Xx)2dxdt

0 R
T
<Ce [ [o (@027 + V2L + V2D + U202 + UR(WD?) dxdr
0 R

T

T
Ce / / o (9% )2 (W) dxdt + Ce / / o (9> (W2 ) dxdr
0

s (3.49)

T
<C+Ce [ ol I NIve, Idi + Ce f o192 1601160 1t
0

<C+Ce¢

(1212 + 12, 17) ar

O\.-N] o\ﬂ =

§C7

where we have used the fact that ¢, |U|, |V, |Ux| and | V4| are all bounded. By (3.46), (3.47) and
(3.49), we have

[0 (@02 + @2+ @2+ ewio?)dx

R

T
[ [o (@0 + o2 4 o020 + 20, ) dxdr <.
0 R



H. Peng, Z.-A. Wang / J. Differential Equations 265 (2018) 2577-2613 2609

Thus, the proof of Lemma 3.7 is completed. O
Finally, we turn to prove Theorem 3.1.
3.3. Proof of Theorem 3.1

To prove Theorem 3.1, we shall invoke the Aubin-Lions—Simon lemma (cf. [50]). For conve-
nience, we state it below.

Lemma 3.8 (Aubin—Lions—Simon lemma). Let Xo, X and X be three Banach spaces with Xo C

X C X;. Suppose that X is compactly embedded in X and that X is continuously embedded in
X1. For1 < p,q <00, let

W={feL’(0,T]; X))o, f € LI([0, T1; X1)}.
(i) If p < 0o, then the embedding of W into L ([0, T1; X) is compact (that is W is relatively
compactin LP ([0, T]; X)),
(ii) If p = 00 and q > 1, then the embedding of W into C([0, T1; X) is compact.

Next we prove Theorem 3.1. It first follows from (3.30) and (3.38) that

%12, + 19213 + w213
T

+ / (N80 o+ W20, + el w20 + el I ) dr < €.
0
[0 (10217 + 1021+ 102 1? +ely ) (350
R

T
b [ [ (18207 + eIy + 102 P + 2102, dace < C.
0 R

On the other hand, by (3.39) and (3.50), one has

T T
f o’ / (@%)2dxdr <C f o> f (@507 + @02 + @3 + WD + (W)?) dds
R 0 R

0

T T
+C/02/(¢ﬁt)2(¢f)2dxdt+C/a2/(¢f)2(1ﬂft)2dxdt (3.51)
0 R 0 R

T
§C/02/(¢§xt)2dxdt+c.
0 R
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Similarly, we have

T T
/ o? / (¥2)2dxdt <C / o? / (W8 )ldxdt +C. (3.52)
0 R 0 R

It follows from (3.42), (3.43), (3.50), (3.51) and (3.52) that

@°, %) € L®([0,00), H'(R)), (¢f,97) € L*([0, 0), L*(R)),

(@2, 92) € L®((0,00), H'(R)), (¢2,,¥2,) € L*((0, 0), L*(R)),
(@2, ¥2,) € L*((0,00), H'(R)), (83, ¥2y,) € L*((0,00), H'(R)),
@2, ¥) € L*((0,00), H'(R)), (¢}, ¥})) € L*((0,00), H™'(R)).

(3.53)

By (3.53) and the Aubin-Lions—Simon lemma, we can extract a subsequence, still denoted by
((;5‘S , w’s), such that the following convergence hold as § — 0

(@, YO (1) = (@, ¥)(:, 1) strongly in C([0, 00), C(R)),

(@3, YD) (1) = (@, Y2, 1) strongly in C((0, 00), C(R)),

(@2, U2 1) = (bax, Yiax) (-, 1) strongly in L2((0, 00), LA(R),
@7, YD), 1) = (br, Y1) (-, 1) strongly in L2((0, 00), L2(R)).

Thus, it is easy to show that the limit function (¢, ¥) is indeed a strong solution of the system
(3.7)—(3.8) and inherits all the bounds of (3.50) which yield (3.4) and (3.5).

To complete the proof of Theorem 3.1, it remains to prove (3.6). From o =1 fort > 1, (3.4)
and (3.5), we have

/ (Hpal + Ibae 12 + 1|2 + el i < €,
1

which implies that

||¢X('vt)a WX(', t)” — O as t — oQ.

Hence, for all x € R, ¢ > 1, it follows that

Pi(x,1) =2 / Gxrx (v, )y

1/2 1/2

<2 / o2dy / 02 dy
R

R



H. Peng, Z.-A. Wang / J. Differential Equations 265 (2018) 2577-2613 2611

172 1/2

_2 / ¢2dy / o dy
R

R
=Cllgx(, )] > 0 as t — oo,
where we have used (3.5) and o () =1 for ¢ > 1. Thus,

sup |¢y(x, )| — 0 as t — oo.
xeR

The same procedure applied to ¥, leads to

sup |¥(x,1)] — 0 as t — oo.
xeR

Hence (3.6) is proved and the proof of Theorem 3.1 is completed.
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