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Abstract

This paper is devoted to studying a reaction-diffusion-chemotaxis model with a
volume-filling effect in a bounded domain with Neumann boundary conditions.
We first establish the global existence of classical solutions bounded uniformly
in time. Then applying the asymptotic analysis and bifurcation theory, we
obtain both the local and global structure of steady states bifurcating from
the homogeneous steady states in one dimension by treating the chemotactic
coefficient as a bifurcation parameter. Moveover we find the stability criterion
of the bifurcating steady states and give a sufficient condition for the stability
of steady states with small amplitude. The pattern formation of the model
is numerically shown and the stability criterion is verified by our numerical
simulations.
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(Some figures may appear in colour only in the online journal)

1. Introduction

The mathematical modeling of chemotaxis was started from the pioneering works of Patlak in
1953 [19] and Keller and Segel in 1970 [14, 13]. Since then, various chemotaxis models based
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on the Keller-Segel model have been proposed to describe the chemotactic aggregation process.
Many of these works treat the cells as point masses and hence the formation of cell aggregation
was interpreted as a finite-time blow-up of cell density [9,10]. To take into account cell sizes, a
so-called volume-filling chemotaxis was proposed in [18] so that arbitrarily high cell densities
can be precluded by setting an impassable threshold value for cell density. This idea was further
developed in [25, 24] for generic cell types. A generalized form of volume-filling chemotaxis
model of [18,25] reads

u, =V-(dwu)Vu — xh(u)Vv) + pu(1 —u/u;), x€Q,t>0,

v, =Av—v+u, xeN, t>0, (1)
Vu-v=Vv-v=0, xe€d, t>0, ’
u(x,0) =up(x), v(x, 0) = vo(x), x e,

where the cell density-dependent diffusion coefficient d(u) and the chemotactic sensitivity
function & (u) are of the form

dw) =D —uw)™®, h@) =u(l —u)?, uelo, ), (1.2)

with constants D > 0, «, 8 € R, and v denotes the outward normal vector of 9€2. The number
11in (1.2) is defined as crowding capacity, the maximal cell numbers that can be accommodated
in an unit volume of space. The cell has a logistic growth with growth rate u > 0 and carrying
capacity u, with 0 < u,. < 1 (see details in [25]), and x > O is called the chemotactic
coefficient. The detailed derivation of (1.1)—(1.2) can be found in [24,27]. The striking and
interesting feature of the model (1.1)—(1.2) is the possible singularity or degeneracy at where
u attains the threshold value 1 in either the diffusion coefficient or the chemotactic sensitivity
or both. Therefore whether the solution u attains 1 is the foremost theoretical question. When
the cell growth is neglected (i.e. u = 0), the results of [27,26] showed thatif « + 8 > 1 or
a =0, 8 = 1, the solution u satisfies 0 < u < 1 for any (x, ) € R x (0, co) with initial data
(uo, vo) satisfying

(g, vo) € W) and 0 < up(x) < 1, vo(x) =0, x € Q. (1.3)

In other regimes of parameters « and B, the singularity or degeneracy (meaning u attains 1)
may happen in either finite or infinite time, except for a borderline case « > 0, + 8 = 1
which still remains unknown (see [27]).

The existence of non-constant steady states of (1.1) with u > O for « + 8 > 1 has been
established by the authors in [17] by the degree theory. The purpose of this paper is to use
the global bifurcation theorem to find the local and global structures of non-constant steady
states of (1.1) with u > 0 bifurcating from the constant steady state, and then find the stability
criterion of the bifurcating steady states. Since the singularity may occur when o + 8 < 1
(except for « = 0, B = 1), we restrict our attention in this paper to the case

a+B>1,a peR. (1.4)

While for the case « = 0, 8 = 1, many results are available. First without cell growth (u = 0),
the existence of steady states of chemotaxis system (1.1) was rigorously established in [23]
in one dimension via the global bifurcation theorem in [22] while a detailed local bifurcation
analysis was performed previously in [20]. The global existence of classical solutions have
been obtained in [28, 29] for © > 0 and the convergence of solutions to equilibria with
u = 0 was studied in [12]. The pattern formation of (1.1) was numerically investigated
in [18,25] for both © = 0 and & > 0. It was found that the model (1.1) with cell growth
(u > 0) appears to typically exhibit merging and emerging chaotic patterns in contrast to single
merging aggregation patterns for 4 = 0. Then an important question arise as whether or not
the volume-filling chemotaxis model for 1 > 0 can develop stationary patterns. This question
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was first confirmed analytically in [16] by the degree theory, which differs from the bifurcation
approach used in [23,20] where u = 0 and the cell mass conservation is essentially used.
More delicate analysis of local dynamics of the aggregation patterns was performed recently
in [15].

The paper is organized as follows. In section 2, we establish the global existence of
classical solutions to (1.1)—(1.3) and show that the solution is bounded below and above by
constants. In section 3, the local and global bifurcation analysis will be performed to examine
the structure of bifurcating steady states. The analysis on the stability of bifurcating steady
states with small amplitude will be given in section 4. Finally in section 5, we shall show
numerical simulations of bifurcating patterns and verify our analytical results numerically.

2. Existence of global solutions

We first introduce some notations used in the paper for readers’ convenience. In the sequel,
we denote the measure of the set A by |A|; let WP (Q,RY) form > 1, 1 < p < +00 be
Sobolev space of R¥-valued functions with norm || - ||, ,. When p = 2, W"3(Q, RV)
is written as H™(€2). Let LP(2)(1 < p < o00) denote the usual Lebesgue space in a

bounded domain 2 C R" with norm || fllzr@ = (fQ |f(x)|”dx>l/p forl < p < >

and || f |l = esssup|f(x)|. When p € (n,+o0), W'P(Q,R?) — C(R, R?) which is
the space of Rz-value):iegontinuous functions.

In this section, we shall show that the parabolic system (1.1)—(1.3) has an invariant region

X={u,v):0<u<1,0<v <1} 2.1

for any initial values u( and vy fulfilling (1.3). This is a consequence of the following theorem.

Theorem 2.1. Let (ug, vo) fulfill (1.3), and a and B satisfy (1.4). Then the problem (1.1)—(1.3)
with (1.4) has a global classical solution (u, v). Moreover, there exists a constant § > 0 such
that
O0<Lu(x,t)y<1-46, 0<v(x,t)<1-4, forall (x,1) € Q x (0, 0). 2.2)
For the case of no cell growth (4 = 0), the existence of the global in-time solutions was
proved in [27,26]. In this section we study the case for & > 0. In order to prove theorem 2.1,
we shall first show the existence of local solutions, then verify (u, v) is uniformly bounded in
t. In particular, one needs to show that u(x, t) is separated from 1 for any ¢ > 0.

Lemma 2.2 (Local existence). Suppose that (ug, vo) satisfies (1.3). There exists a positive
constant Ty depending on initial data (u, vo) such that the initial-boundary problem (1.1)
with (1.2) has a unique maximal solution (u, v) defined on Q x [0, Ty) satisfying

(u,v) € C(Q x [0, Ty): R*) N C*'(Q x (0, Ty): R?)
with 0 < u, v < 1. Furthermore if Ty < oo, then
rl}nTlo sup [lu(x, Hll =@ = 1. 2.3)

Proof. We shall apply the abstract theory developed by Amann [4] to prove this lemma. Let
o = (u, v) € R%. Then the system (1.1) with (1.2) can be reformulated as

w; =V -(Alw)Vo) +G(w), x e

9
Mo, x €9Q, (2.4)
v

(0, ) = (uo, vo), xeqQ,
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where

A) = (D(l —u)™* —xu(l — u)5>  Glo) = (uu(l —u/ue) ) .

0 1 uU—v
Since the given initial conditions (1.3) satisfy 0 < ug < 1 — §p for some 0 < §yp < 1, itis
clear that the matrix A(w) are positively definite at # = 0. Hence the system (2.4) is normally
parabolic and local existence of solution follows from [3, theorem 7.3], i.e. there exists a
T, > 0 such that the unique solution (u, v) € C(Q x [0, Tp); RH) N CH2(Q x (0, Tp); R?) with
u < 1 —§ exists. Next we apply the maximum principle to prove that u, v > 0. To this end,
we write the first equation of (1.1) as

_ _ —a _ —1l—a _ _ B
u; =D —u) " *Au+[Da(l —u) Vu—x(1 —u)’Vu 2.5)

+xBu(l — )’ 'VulVu — xu(l —w)? Av+ pu((l — u/u.).

Then the strong maximum principle applied to (2.5) with the Neumann boundary condition
asserts that u > O for all (x, t) € Q x (0, Tp) due to ug £ 0. Similarly we have v > 0 for any
(x,1) € Q x (0, Tp) by the strong maximum principle applied to the second equation of (1.1).
Next we prove that v = 1 — § is an upper solution of the v equation. Define an operator T
by Tv = ‘3—': — Av —u+v. Then Tv = —u + 1 — §y > 0. By the comparison principle, we
have 0 < v(x,t) <v <1 —4gforall (x,1) € 2 x [0, T). Finally the assertion (2.3) follows
from [2, theorem 5.2] since A(w) is an upper triangular matrix. The proof of lemma 2.2 is
completed. ]

To extend the local solutions to global ones in time, a priori estimates u(x,t) < 1 for
all + > 0 is needed. Due to the possible singularity/degeneracy in the diffusion, maximum
principle can not be used to achieve such a goal. Here we adopt the idea of [27,7] by deriving
that || ﬁ L < oo for all + > 0 using the Moser iteration. To this end, we need to establish

the L? estimates for ﬁ with p > 1. Before embarking on this, we first present a result on the
cell mass M = fQ u(x, t)dx, which enables us to employ the procedure of [27] to derive the
L estimate of .

Lemma 2.3. Let (u, v)(x, t) be a non-negative solution of (1.1)—(1.2) with 0 < u. < 1. Then
it holds that

M = |lu(-, )l < || forall z > 0.

Proof. Integrating the first equation of (1.1) and using the Neumann boundary condition, we
have

d
—/ udx =M/ u(l —u/uc.)dx.
dr Jo Q

Noticingthatu(1—u/u.) = %u(uc—u),onecanreadilyderivesthatu(l—u/uc) < —u+ti,
for all u > 0, which leads to

d
—/ udx+,uf udx < pu Q.
dt Jo Q

Then integration of above inequality yields

/udx ge’”</ uodx—uc|52|)+uc|52|.
Q Q
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Then we have

u:|2|, if / updx < u |2
/udx < &
= /uodx, if/uodx > u.|Q.
Q Q
That is [, udx < max{|lugllLi ), uc|R2l}. Since 0 < ug < 1, we have [, uodx < [
Moreover u.|2| < |2] due to 0 < u. < 1. Then the proof is completed. O

Lemma 2.4. Assume o and B satisfy (1.4) and (ug, vo) satisfies (1.3). Let (u, v) be a solution
of (1.1)—(1.2) suchthat0 < u < 1in Q2 x (0, T) and v € L®((0, T); C'(RQ)) satisfies g—'lj =0
on 32 and |Vv| < K in Q2 x (0, T) with some constant K > 0. Then, for any p > 1, there
exists a constant C(K, p) > 0 such that

/(1 —u) P(x,)dx < C(K, p), forallt € (0, T). (2.6)
Q

Proof. Let w(x, t) = 1 —u(x, t) and then multiple the first equation of (1.1) by w ="~ (p > 1)
and integrate it over 2. Applying Green’s formula and the Neumann boundary condition, we
have

wPdx + (p+ l)D/ w™P7Y Vw ?dx

dt o
=—(p+1)y / uw PPV yvwdx +u/ u(l —u/u)w P 'dx 2.7
Q Q
<(p+ l)x/ uw P~ | Vovw|dx +M/ u(l —uju)w P 'dx.
Q Q
Lete = £,a = w3 |Vw|, b = w3~ u|Vv|. Then Young’s inequality ab < 2— %
and the fact 0<u < 1lyield
(p+1)X/ uw PP | Vovw|dx
Q (2.8)

+1)D +1)x2K?
AL / WPV + L DK / w P22y
2 Q 2D Q
From p > 1 it follows that p < p+ 1 < 2p. By (2.7) and (2.8), we have

d D
w’pdx+p—/ w P27V |*dx
2 Jo

dr (2.9)
2K2
< PX wPrer2h=2 gy +,u/ u(l —u/u)w P dx.
D Jq Q
Since [, w‘p_2_°‘|Vw|2dx (p+a)2 Jo IVw™ 2" |2dx, the inequality (2.9) is equivalent to
d -
— | wrdx+ ——— / Vw2 2dx
dt ( +a) (2.10)
2K2
< L/ w P22y +pr/ u(l —u/u)w P 1dx
D Q Q
forall t € (0, T'). To proceed, we let p > 1 to be sufficiently large to fulfill
—a—28+2 1
Pt s e and p =~ @.11)
p+o 2 2
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By the lemma 2.3, we have M = fQ udx < |Q2|. Hence, for any a € (1, 8y " \e have
Hu(, 1) > %H < % and hence

1
Hu(-,t) <aM/|R2}| > a- |$2|, forall r € (0, 7). (2.12)
a

By (2.12) and (2.11), it is easy to check that

pra pra —1
{(1 —w % < —auc)_T” > 27 1Q|, forall 1 € (0, T).
a

Then we can follow the proof of [27, lemma 5.1] with (2.11) to find constants c3, ¢4 > 0 such
that

pa

d D 1 v
S wrdr <o L2 —/ wPdx — 1 2.13)
dr Q (P +O{)2 C4 JQ

+[,L/ u(l —uju)yw P dx
Q

for all + € (0, T). For brevity, we omit the details here. The last term in (2.13) can be
estimated as

,u/ u(l —u/u)yw P ldx < ,u/ u(l —u/u)w P 1dx (2.14)
Q H{u<uc}l

< puc(1 —u) PN QL

Therefore there exists a constant ¢s5 > 0 such that

pra

d ’p /1 ;
S wr<ea- L2 —/ wPdx —1) . (2.15)
dr Jo (p+a)? \a Jo

By the comparison argument of ordinary differential equations, it follows from (2.15) that

d 2e5\ 7%
R gmax{/g(l —up)", ey [(%) +1” (2.16)

for t € (0, T). The proof is completed. 0

We continue to carry out the L™ estimate of w~! by applying a variant of the Moser-
Alikakos iterative developed in [1].

Lemma 2.5. Let the assumptions in lemma 2.4 hold. Then there exists a constant C(K) such
that
1

— < C(K). 2.17)
1—u

Proof. The proof of this lemma is similar to lemma 4.2 in [27]. Here we just sketch the
different parts and leave out the similar parts for brevity. We first construct a recursive
sequence {pilren by fixing po > 1 such that py > % and pp > 4+ B — 1) — «a. Set
Pr = 2pk—1 — «, k > 1. It is clear that { py }re is strictly increasing and there are constants

o1 and o such that 012%F < py < 0,2F, forall k > 0. Let

_ 2prk—a—2B+2) _, 4l+B—1)
B Prta - Pkt

, k> 1.

qk

2644
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Then by the monotonicity of {p;}ren, We have 1 < gr < 2, k > 1. Furthermore,

~ 5 - 2 2 ; .
set gy = pk’:z, k > 1, wehave 1 < ¢ < # < ﬁ, k > 1, and it follows that

2po 2n : .
T < e Our goal is to derive upper bounds for

Ak:max{l, [w‘pk(x,t)dx}, k>0,
Q

where w(x, 1) =1 — u(x, t). To this end, we recall (2.10), which results in

d

- w—f’kdx+b1/ IVw ™ Pdx
dr Jo Q

(2.18)

< bzp,%/ w P22y +u/ u(l —u/u)w P 'dx
Q Q

for by € (0,1],b, > Oand all ¢t € (0, T), b; and b,, and b3, b4 used later, may depend on K
but not on ¢, T or k. We note that (2.19) corresponds to (4.21) in [27]. Henceforward using
the same technique as in [27], we obtain

pre

q e
3 | W< —bs < f kadx) Y2k g2
o Q (2.19)

+u/ u(l —u/u)w P 'dx
Q

for b3, by > Oandallt € (0, T). Note that the last term in (2.19) is bounded. Since A;_; > 1,
then exists a constant bs > 0 such that the last term in (2.19) can be bounded by bs A,%_l . Then

Pt

Pk
w P dx < —bs ( / w—Pkdx> +[bs + b2 PR AT (2.20)
Q

di Jo

Then integrating (2.20) leads to

Pk

b 2(n+2)k +b Pt
/ w~ P dx < max /(1 — ug) Prdx, ¥A,%_,
Q Q bs

by which, we have, for all k > 1,

},te(O,T)

A < max {1, / (1 = up)~Prdx, bkAi(_llﬂsk)}
Q

with §; = |p;fa| and some constant b > 1 independent of k. Whereafter, the same argument

in the proof of [27, lemma 4.2] yields (2.17) by noting that Ay is finite from lemma 2.4. The
proof is completed. U

We are now in a position to prove theorem 2.1.

Proof of theorem 2.1. Since 0 < u# < 1 and Vuy is bounded, the parabolic regularity applied to
the second equation of (1.1) asserts that there exists K > O such that |Vv| < K in Q2 x (0, Tiax)
(see [30, proposition 1] for details). By lemma 2.5, we have

sup  Ao(T) < o0.
TE(OVTI'I]‘JX)

Then the results in theorem 2.1 immediately follow from lemmas 2.2 and 2.5. |
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3. Bifurcation analysis

System (1.1)—(1.2) has two constant steady states O = (0, 0) and @ = (u., u.). By a routine
linearized stability analysis, we find that O is always unstable, and @ is globally stable provided
the parameter x satisfies

mHde) + 2/ pndue) gt

< =
h(uc)

Furthermore, when x > x., @ is locally unstable. The existence of non-constant steady state
system of (1.1)—(1.2) with (1.4) is established under certain conditions in [17]. In this section,
we shall choose x as a bifurcation parameter and fix the rest of parameters to explore the
structure of non-constant steady states of (1.1) bifurcating from the constant steady state @ in
one dimensional. Before proceeding, we present some properties about the negative Laplace
operator —A. Let

0=)\.]<)\.2<)\.3<"' (32)
be the eigenvalues of the operator —A on 2 with the homogeneous Neumann boundary
condition, E(A;) be the eigenspace corresponding to A; in H'(Q,R?), {¢; : j =
1,---,dim E(A;)} be an orthonormal basis of E(};), and X;; = {eg;; : ¢ € R?}. Let
X = H'(2, R?). Then we have

Xe- 3.1

dimE(A;)

Xi= @ xi. X=éxi. (3.3)
j=1 i=1

Moreover, it is well-known that the following eigenvalue problem

—¢"(x) = rp(x), x € (0,0,
{(p’(x) =0, x=0,1. 3.4
has a sequence of simple eigenvalues with corresponding eigenfunctions given by
1 j=0
e . 2 i — ’ ’
rj=(j/D)7, @j(x) {cos(njx/l), =0 (3.5)
where j =0, 1,2, - --. Clearly this set of eigenfunctions constitutes an orthonormal basis in

L*(0,1).
In one dimension, we let Q2 = (0, /) with [ > 0. Then a steady state of (1.1) is a positive
solution (u(x), v(x)) to the elliptic system:

—(d@)u) + x (h)v') = pu(l —u/u.), x € (0,1),
—v"'=u—v, x €(0,]), 3.6)
W Q)=u'()=0, v0)=v(1)=0,

where ' = %. Next we shall use x as the bifurcation parameter and apply the bifurcation
theory to study the local and global structures of solutions to (3.6) in X define in (2.1). Finally
based on the solution structure, we shall explore the stability of bifurcating steady states and

find the stability conditions. Hereafter, (1.4) is assumed without mention anymore.

3.1. Local bifurcation

The standard bifurcation technique and asymptotic analysis method will be used to obtain
bifurcation points and a precise description for the structure of positive solutions of (3.6) near
the bifurcation points. We first define a Banach space X by

X ={(u,v):u,veC*0,I]),u =v=0atx =0, I} 3.7)

2646
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equipped with the usual C2-norm, and Hilbert space Y by Y = L2(0, I) x L*(0, [) with the inner
product (w1, w2)y = (U1, u2) 20,1y + (V1, v2) 1200 for w1 = (w1, v1) € ¥, w2 = (u2, 12) € Y.

Define the map H: (0, 00) x X — Y by

d@u'Y + x(h(u)v") + pu(l —u/u.)
vV +u—v. '

H(X,w)Z(

Then the solutions of (3.6) are just zeros of this map. Therefore, (3.6) is equivalent to

H(x,®) =0forall x > 0.

Next we shall perform the asymptotic analysis for the non-constant solution w*(x) =
(u*(x), v*(x)) of (3.6) bifurcating from @ with small amplitude. For this purpose, we assume

o0
X=X+ e x
k=1

(3.8)

where 0 < ¢ <« 1. Then let u*(x) and v*(x) have expansions as power series in € as follows:

oo
u* =u.+ E 8kuk
k=1

o0
v =u.+ E efup.
k=1

(3.9)

Substituting (3.8) and (3.9) into (3.6) and equating the O (¢e) and 0(£?) terms, respectively,

we get two systems

dueui + (xoh(ue) — wuy — xoh(u)vy =0, x € (0,1),
v/ +u; —v; =0, xe(0,1),

u} (0) =ui(l) =0,

v (0) =v[(1) =0

and
d(uouy + (xoh(ue) — pwuz — xoh(ue)va = Fi, x € (0,1),
vé’+u2—v2 =0, X € (0,1),
up(0) = us(l) =0,
v5(0) = vy(1) =0,
where

! N/ ! N/ 4 /’L
Fi = —d' (o) (nu) + xoh' () (o) + xih@o)vy +-=uf.

Then we substitute the second equation of (3.10) into the first one, and obtain
d(uu| — puy — xoh(u)vy =0, x € (0,1),
vi+u; —v; =0, xe(0,1),
ui (0) =uj (1) =0,
v1(0) = vi()) =0,

which has a matrix form of

d? d?
—u+ d(“c‘)@ _XOh(uc)@ <M1) o
d? o
1 e )\
dx?

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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We can solve (3.14) directly and get non-constant solutions as

{m =c(Nyj, a(j)=1+2; >0, (3.15)
V1 = ¢j,
as long as o is given by
+dw)r;) (1 +X; i
XO:(M (u)hj) ( J)défX] i=1,2,-- (3.16)

hjhuc) .

where (A, ¢;) is given by (3.5). Here we note that the solution given in (3.15) is unique up

to a constant multiple for any positive integer j, and this constant can be absorbed into ¢ in

(3.9). In addition, the uniqueness of solution indicates that x; # X(lf for any integer k # j.
Let us set

: +du)r;) (1 +X; .
Xmin:miznx({zmin (M (e) j)( J)’j:1’27-~- =X({0
JEL* j

J )»jh(u,;)

for a positive integer jo. That is, jjo is the wave mode minimizing xJ such that x;’ is the
bifurcation value. For convenience, we shall call jj the principle wave mode. Hence the first
bifurcation will occur when the parameter y crosses the bifurcation value x;, . If the bifurcation
is stable, it will then yield the pattern solution (u*, v*) given in (3.9) and (3.15). Then we have
the following local bifurcation theorem which can also be proved by verifying the conditions
given in [8].

Theorem 3.1. If Xd %+ Xé‘ for any positive integer k # j, then Xé is a bifurcation value of
the equation H(x, w) = 0 with respect to the curve (x,®), x > 0. Furthermore, there is
a one-parameter family of non-trivial solutions I'(¢) = (x(¢), u*(¢), v*(¢)) of (3.6) for |¢|
sufficiently small, where x (¢), u(e) and v(e) are continuous functions such that y (0) = x({
and

u*(e) = uc+ec1(j)oj +o(e), vi(e) =u.+e@; +o(e).
The zero-point set of H(x, w) constitutes two curves (X, ®) and T (&) in a neighborhood
of the bifurcation point (x;, @).

Remark 3.1. The bifurcation value X({ has the following properties.

(i) When p = 0 (i.e. no cell growth), then

i due)

XO = — = -

h(uc) uc(l — uc)a+/3

which attains the minimum at j = j, = 1. That is, the bifurcation occurs at the first wave
mode j = jo = 1. '

(ii) If the interval length / is sufficiently small, then A ; will be large and x attains the minimal

value also at j = jo = 1. This can be seen from the fact
j_ (@or+p) (1+4))  dae)
0 h(ue)k; h(ue) ™

(iii) By a simple computation, we have, for some positive integer jo,

(I+4)) (I+x;), foreachj=1,2,---

foreach j =1,2,---. (3.17)

Xmin P Xes
where ‘=" holds if and only if

1

. ro]t! s
jo = — and is an integer. (3.18)
duc)| m
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Here . is defined in (3.1). Therefore we find that the first bifurcation value yy;, is greater
than the critical value x.. They coincide only if the mode j, at which X(f attains minimum is
given by (3.18).

Theorem 3.1 implies that (xg, @) is a bifurcation point with respect to the trivial branch
(x, @), and there are infinity such bifurcation points. Let C denote the closure of the non-
constant solution set of H(x,w) = 0, and I'; the connected component of C U {(xg, @)} to
which {( x({ , @)} belongs. In a neighborhood of the bifurcation point ( X(f , @) the curve T'; is
formulated by the eigenfunction ¢;. Obviously ¢; has j zero points in the interval (0, /). Thus
the non-constant solutions in I'; are called mode j steady states.

Theorem 3.1 provides the detail information of the bifurcating curve I'; near the bifurcation
point. In order to understand its global structure, the global bifurcation theory and the Leray-
Schauder degree for compact operators will be applied.

3.2. Global bifurcation

This subsection is to investigating the global nature of the curve of non-constant solutions I" (¢)
in the x — (u, v) plane. We first introduce the standard abstract bifurcation theorem from [5, 6]
for readers’ convenience. Let X be a Banach space and let 7 : R x X — X be a compact,
continuously differentiable operator such that 7 (a, 0) = 0. Assume that T can be written as

T(@,U)=K(@a)U+W(a,U), (3.19)
where K (a) is a linear compact operator and the Fréchet derivative Wy (a, 0) = 0. Regarding
a as a bifurcation parameter, we will undertake a global bifurcation analysis for the equation

U=T(,U). (3.20)
We suppose that / — K : X — X is a bijection. Then the Leray-Schauder degree
deg(I — K, B,0) = (—1)?, where B is a ball centered at 0 in X and p is the sum of the
algebraic multiplicities of the eigenvalues of K that are larger than 1. If xj is an isolated fixed
point of the operator 7" and B is a ball centered at x( such that xy is the unique fixed point of
T in B, the index of T at x is defined as

index(T, xo) = deg(I — T, B, xp).

Moreover, if xq is a fixed point of 7 and I — T'(x) is invertible, then xq is an isolated
fixed point of 7" and

index(T, x9) = deg(I — T, B, xo) = deg(I — T'(xo), B, 0),
where B and B are sufficiently small.

We now state the result on the global bifurcation for the operator 7' defined by (3.19).
Lemma 3.2. (Theorem 3.2 in [5]) Let ag be such that I — K (a) is invertible if 0 < |a —ag| < €
for € > 0. Assume that index(T (a, -), 0) is constant on (ag — €, ag) and on (ay, ap + €);
moreover, if ag — € < a; < ay < a < ap + €, then index(T (ay, -), 0) # index(T (ay, -), 0).
Then there exists a continuum C in the a-U plane of solutions of (3.20) such that one of the
following alternatives is true

(i) C joins (ay, 0) to (a,0) where I — K (a) is not invertible.

@ii) Cjoins (ap,0) tocoin R x X
This theorem is essentially the same as [21, theorem 1.3]. In order to conveniently apply
lemma 3.2 to the system (3.6), we first rewrite (3.6) as

—u" = f(u,v), xe€(0,])
—v" =g(u,v), xe€(0,10) 3.21)
u =v =0, x=0,1,
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where g(u, v) = u — v and
fu,v)=a(l —uw) u'|* + %(1 —w)*Txu(l —u)’ (u —v)
—x(A — w1 —u — Bu)u'v' + pu(l — u/uo)).

Then, letit = u — u., v = v — u.. (3.21) becomes
" = fou+ fivo+ fo(1,0), xe€(0,10)

0" =u -7, x €(0,1) (3.22)
w=v=0, x=0,1,
where f; is higher-order terms of i and v, and
/ xh(ue) — p , xh(uc)
= crUe) = —F77—"—>» = cyUe) = ——F——- 3.23
fo= fu(uc,uc) 401 fi= folue, ue) 01 (3.23)

The constant solution (u.., u.) of (3.6) is transformed to the zero solution O = (0, 0) of (3.22).
2

Let G, and G denote the inverse of the operators fy — 4 and 1 — dd? with homogeneous

Neumann boundary condition, respectively. Set

dx?
U=(@u,v), KOOU = <2fon(b7) + 1G5 (v), G(ﬂ)), and W(x, U) = (G, (f2(i1, 9)),0) .

Then the boundary value problem (3.22) is equivalent to the equation

U=K@U+ Wi 0 2 160, Koo = (M T (324

in X defined in (3.7). Clearly K (x) is a compact linear operator on X for any given x > O,
and W(x, U) = o(J|U||) for U near zero uniformly on closed x sub-intervals of (0, co) and
is also a compact operator on X. ‘

For a fixed integer j, the matrix K (x;) has the following property which plays a crucial
role in the proof of the results of the global bifurcation:

Lemma 3.3. Suppose that (1.4) holds. Ifx({ #* X(’)‘ for any integer k # j. Then 1 is an
eigenvalue ofK(Xd) with algebraic multiplicity one.

Proof. Assume that U = (¢, V), and ¢ = Y 2 aigi, ¥ = Y oo bigi. Let

(K(X({) - 1) W =0,

which leads to

d? ; &
—u+du)— —xlh -
n+du )dx2 X0 (uc)dx2 oo
a2 B
1 1+ —
dx?

This system is same as (3.14) with xo = X({. Hence from (3.15)—(3.16) and the paragraph
following (3.16), we know that 1 is an eigenvalue of K ( X({) with the unique eigenfunction

v = (1 4—1A/ ) @; which indicates dim ker (K ( X(')j )—1I) = 1. Next we shall show the eigenvalue 1
issimple. Since the algebraic multiplicity of the eigenvalue 1 is the dimension of the generalized
null space | 7=, ker(K (xg)—1)', itis sufficient to verify ker(K (xg)—I)NR(K (x3)—1) = {0}.

Denote K ( X({ ) by K. Let K* be the adjoint of K. We now compute ker(K* — I). Assume
(¢, ) € ker(K* — I), we have from (3.24) that

:ZfdGmnG(w = 0.

3.25
i Gylp) =1, G2
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i u i_ Ly
where f = ;o5 + 1+ 4 and fif = —(1+ ) 705 —

of G, and G, (3.25) can be rewritten in the form of

—1l¢" = foo+ fut,
- //=f1]§0—fojws

1 — A;. According to the definition

(3.26)

where
fo=2f 1 = . fo = =2 = £)-
Againset g = Y 2 aipi, ¥ = Y oy bigi. By (3.26), we have

; '<b,- Y ’ fi —ri — fy

By a straightforward calculation, we find det L; = 0 if and only if / = j and

(5 )
R 7

Therefore, ker(K* — I) is spanned by (f “j;jk" ) @;. Thus it is easy to check that the
1

unique element W in ker(K — I) does not belong to (ker(K* — I))* = R(K — I), and hence
ker(K — I)N R(K — I') = {0}. Therefore the algebraic multiplicity of the eigenvalue 1 is one.
Thus, the lemma is proved. |

We are now in a position to present the result on global bifurcation for the system (3.6).

Theorem 3.4. If X({ * xé‘ for any integer k # j. Then the projection of the bifurcation curve
T} onto the x-axis is the infinity interval (xg , 00). Moreover, if X > Xmin and x # xé‘ for any
positive integer k, then (3.6) has at least one non-constant positive solution.

Proof. We only need to verify all the conditions of lemma 3.2. By lemma 3.3 and its proof, we
know that, if 0 < x # Xé and x lies in a small neighborhood of Xé , then the linear operator
I — K(x) : X — X is abijection and thus O is an isolated solution of (3.24) for this fixed
x. We now compute index (7' (x, .), O) so that we can apply lemma 3.2. The index of this
isolated zero fixed point of T'(x, .) is given by

index (T(x,.), 0) = deg (I — K(x), B, 0) = (=1)?,

where B is a sufficiently small ball centered at O, and y is the sum of the algebraic multiplicities
of the eigenvalues of K () that are large than 1. We shall verify that

index (T(X({ —o), 0) £ index (T(X({ +o), 0) (3.27)

for € > O sufficiently small. Indeed, if t is an eigenvalue of K () with eigenfunction (¢, 1),
then we have

{—ﬂp” = 2 —1)fop + f1V,
—t" =@ — 1.

Applying ¢ = > ;2 a;p; and ¥ = Y 2 b;g;, we have

i 2 —1)fo—Th; fi a\ o _,
: 1 —a+a )\ )T
i=0
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It is obvious that the set of eigenvalues of K (y) is composed of all t’s that satisfy the
characteristic equation
(fo+ 21 +2)T> =2fo(1+2)T — fi =0,i =0,1,2,- - . (3.28)
Taking x = X({, if 7 = 1 solves (3.28), then by (3.28) and (3.23) we have
i (u+dudr) (I+x)
X0 h(uc)d Xo:
It follows from the assumption in theorem 3.4 that j = i. Therefore, without counting
the eigenvalues corresponding to i = j in (3.28), K (x) has the same number of eigenvalues

large than 1 for all x close to xg, and they have the same multiplicities. For i = j, (3.28) has
the following two roots:

fo =
fg +'Aj

It is evident that 7,(x) < 1 always holds for x sufficiently close to X({ . So the change of
71(x) with the variable x plays a critical role in our results.

By the quadratic equation (3.28), we can readily show that 7;(x) is an increasing function
of x and crosses 1 as y passes through x({ . Thus we have

rl(x({)zlandtz(xg)z < 1.

rl(x({ —¢€) < 1and rl(x({+e) > 1.

Then the matrix K ( x({ + €) has exactly one more eigenvalue that is larger than 1 than
K (X({ — €) does. Using a similar argument as that in lemma 3.3, we can show that this
eigenvalue has algebraic multiplicity one. So (3.27) is satisfied.

Now lemma 3.2 applied to T'(x, -) asserts that I'; either meets oo in R x X or meets
( Xé‘, ) for some k # j, X(])( > 0. Since the solutions (u, v) of (3.6) are bounded by constants
independent of y which was verified in [17], we can prove the first alternative must occur by
applying a reflective and periodic extension method exactly same as in [11] and any solution
on the curve I'; must be positive. The proof of theorem 3.4 is completed. ]

The theorem above shows that the bifurcation curve I'; emanating from (g, @) must join
with co; however, we do not know whether it is possible that I"; meets some bifurcation points
and then reaches oo; Moreover the existence of non-constant solutions for xy = X(’f is still not
provided by our theorem.

4. Stability of bifurcation steady states

, o2
( Xd , @) by analyzing the sign of the principal eigenvalue of linearized operator around (ujf, vj).
To this end, we need to obtain the formula for x; in (3.8). We first consider the adjoint system
of the homogeneous system associated with (3.11):

This section is devoted to studying the stability of the steady state (u ) bifurcating from

d(u)uy + (xoh(ue) — W)Uz + 0, =0,
Uy — xoh(uc)uy — vy =0,
— — 4.1
0,(0) = @y (1) = 0, @
7(0) = (1) = 0.

Solving (4.1), we obtain a nonzero solution
ur = c2(j)e;, 02(1)2—% <0, 42)
Uy = ¢j,
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where ¢; is defined as in (3.5) for j = 1,2, - -. Then the solvability condition for (3.11)
yields the solvability equation for y; as follows:

1
/ ﬁzFldx =0.
0

Substituting (3.12) into the above equation gives rise to
xi=xl =0, forall j =1,2,---.
In view of x; = O for each j, F| in (3.12) can be simplified to

- i+ (d/(uc)cl)w' — XJH A + 2L01>cl cos(2y/A;x).
. it o VA

F =

2u,

By this, we can find a particular solution (u5, v;) of (3.11) in the form of
{Mz = a1(j) +ax(j) cos(2\/A;x), 4.3)

vy = az(j) +as(j) cos(2,/A;x), '

where
a1(j) = a3(j) = —ci2uc; ar(j) = (1 +41;)as(j);

<d’(uc)kj + %) A — il u)erh,
as(j) = - . 4.4)
j
4h(uc) xorj — (,u +4d(uc))»j) (l +4)»j)

Due to x; = 0, we proceed to compute x,. Again we substitute (3.8) and (3.9) into (3.6) and
equate the O (&%) terms. Then we obtain

d(u)us + (xoh(ue) — ) uz — xoh(uc)vs = Fa,
vy +uz —v3 =0,

uy(0) = uy(l) =0, (43)
v3(0) = v4(1) =0,
where
! 4 1 '
F=— I:d’(uc)(uluz +usu) +d (uL.)(Eu%u’I)]
/ / / " 1 2.7 '
+ xo | B (ue)(uivy +uzvy) +h (uc)(zulvl) 4.6)
+ 1 [P vl + 1 () uyvp)]
2
+ x2h(uo)v] + —Muluz.
U,
Similarly, by the solvability condition for (4.5), we have fol u, Frdx = 0 which gives
i
/ Fapdx = 0. @.7)
0

Then substituting (4.6) into (4.7) leads to
J

. J— : 1
x= X0 [h’(uc) <a1(j) - “2;] ) 4 c1<j>a4(j>) + gh’%uac%(j)]
11 ua)
)‘jo c
1 c1(j)
2

1
a1 () +a2(j)) + gd”(uc)Cf(j)] .

d'(uo) 2ar(j) + az(j))] .
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From the above computation results, we know that when the parameter x given by (3.8)
is in the neighborhood of xg for each j = 1,2, ---, the corresponding bifurcating solution
(u*, v*) has a formula (3.9) with (11, v) and (u2, v2) given in (3.15) and (4.3), respectively.
In order to show the relationship between the solution (1*, v*) and its bifurcation location X({ s
we relabel (u*, v*) as (uj, v;f), ie.

J

v*

J

W=, +euy+uUy+- -,
=u.+ev +&% v+,

Now we give some basic terminologies, @ = (u., u.) is called the base term of the non-constant
steady state (u*, vj.‘) whose shape and amplitude are primarily determined by the leading term
(u1, v1) when ¢ is small, i.e. ||ujf —u.|| &~ ¢ is the amplitude of response which is the change in
the cell density from the base term. Note that this leading term has the wave mode j, see (3.15)
and (3.5). Therefore we also refer to j as the principal wave mode of the solution (u7, v7).
Now applying the conventional perturbation method to linearize equation (3.6), we set

u :u}*.+¢ep’,
v = vj +ne’

and obtain the linearized equation of (3.6) as follows:

A" — xhu$n" — xh' @Hus'n' + Ri¢/ + Rog = po, x € (0, 1),

n"+¢—n=pn xe1D),
¢ =¢'1)=0, “9)
n'0) =n'(l) =0,

where

Ry = 2d' whu?' — x ' (ue) Wy

and
Ry = d”(u;‘»)uj/2 +d' Whui” — xh"@hHui' vy — xh' @vi" + p( = 2u’/u,).
Set
P =po+epi+eprt--,
¢ =do+epi+eipr+---,
n=mno+em +eint-,
and

Wi =uc+eur+uy+ -,
vj:uc+ev1+£2v2+~~-,

— ) J 2.7
X=Xy tEX] +E X3 +---.

Substituting them into (4.8), we obtain a system by equating the O (1) terms as follows:

d(ue)dy + (xgh(ue) — do — xgh(ue)no = pogo + poxyh(u)no, x € (0,1),

ny +@o — no = pono, x € (0,1), 49)

#,(0) = ¢y (1) =0,

15(0) = ny(1) = 0.
It is well known that the sign of py determines the stability of the stationary solution (u}, v7).
Observing the space decomposition (3.3), we use —A,, (¢, 10) to replace (¢, 1¢) in (4.9) and
the existence of non-zero solution (¢, 1), we get an equation for p :

08+ ([@Whpy + hpy + 1+ 1) pg+ A =0, (4.10)
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where
A = (d W) + 1) (14 D) = X R @A = (U)X = x3)

and x({ is given by (3.16). Obviously, when j # jj in the above formula, there exists a
positive integer m = jp such that A < 0. As such, equation (4.10) has a positive root pg > 0.
Therefore, we can conclude an important result on the stability of the solution (u7, v}).

Proposition 4.1 (Stability criterion). When the wave mode j # jo, the steady state (u}, v})
in (3.9) is unstable. In other words, if(ujf, v;f) is stable, then j = jj.

The above result gives a necessary condition for the stability of the non-constant steady states.
Next we shall derive a sufficient condition for the stability of the steady state (ujfo, vjo) with
principle wave mode jo. It is straightforward to check that the principal eigenvalue for (4.9)

is po = 0 with eigenvector

(¢0, o) = (L +2;)9j, ¢jy)-
To determine the stability of (ujﬂ, vjfﬂ), we need further to find p;. Thus, by the similar
computation of obtaining equation (4.9), but now equating the O(¢e) terms gives a system
of pi:
dug] + (1) = 1) ¢1 = xhwom = pio+ pixg o + G,

ny + 1 —m = pino, 4.11)
#1(0) = ¢ () =0,
n1(0) =n () =0,

where
i ’ ’ 2“’
G = xg"h'(ue) [urny + Uid’o]/ —d'(ue) [urp) + M1¢0]/ + M—M1¢0-

It follows from the solvability condition for the equation (4.11) that
1

fol[Pl¢() + PlX({Oh(Mc)flo + Gludx +/0 p1nov2dx =0,
where (i3, v;) is given in (4.2) with j = jj. By this, we have

fé Gudx
- fol (¢otiy + x{*h(uc)noita + 1oT2)dx '

Through a direct computation, we obtain the values of the denominator and the numerator for
p1, respectively, as follows:

p1 =

1
L L .
| @t o syt s = 51 (erGres G+ 0 hatuorea i + 1)
0

l 2(j
= —= (]CI(—]O)-I‘)\,JO) <0
2\ xg"h2(ue)

4.12)

and

1
/ G]ﬁzdx =0.
0

Hence p; = 0. For our purpose, we need to compute p,. Firstly simplify G; as
12 . / . 0 1./ . 12 .
G = £-cl(jo) + [24' et (o)js = 2 W woer (i, + -l (io) | os (2/2x)-
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Figure 1. Numerical simulation of the bifurcating solution component u of the
chemotaxis system (1.1) in a one dimensional interval / = (0, 20) with parameter
values: D=1, u=u., =050 =-0.2,8 =1.3, x = 14(jo = 5); the initial value is
setas: ug = vyg = u.+r where r is a 1% random small perturbation of the homogeneous
steady state (u., u.). The red color represents the high value of u and other colors (blue
and yellow) represents the low value of u.

Then, we can find a particular solution (¢;, ;) for (4.11) as
{gbl = ay + a cos(2,/Aj,x),
M = az +ascos(2,/A;,x),
where
a; =2a;(jo), i =1,2,3,4,

with a; (o), i = 1,2, 3,4, as defined in (4.4). We again need to use the same computation as
obtaining equation (4.9), but now equating the O (¢?) terms to create a system for p,:

Ay + (1) = 1) 62 = 1 hwons = pao + o2 h(w)no + G,

ny + @2 — N2 = pano, (4.13)
#1(0) = ¢ () =0,
n1(0) =) =0,

where

Go = Xi"h'(ue) [Vidy + Voo + urn +uang] — d' (ue) [uidy + usgpo + w1 +uagy]
j0 7.1 1 ’ ' ’ 1 '
+ x0°h" (ue) |:u1v§¢0 + Eu%n0:| —d"(u.) [ulu’lqbo + 5u%¢6:|
1 ’ 2/1“
+ x5 h(u)ng + u—(u1¢1 +u2¢h).
By applying the solvability condition of (4.13), we have

_ f(j Ggﬂzdx
fé (potiz + x3"h(ue)nottz + 1ovz)dx

P2 = (4.14)
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Figure 2. Illustration of evolutionarily unstable bifurcating solution component u of the
chemotaxis system (1.1) in / = (0, 20), where x = 48(jo = 18) and other parameters
are same as those in figure 1. The initial value is set as: uy = vp = u. +r where r is a
1% random small perturbation of the homogeneous steady state (u., u.). The red color
represents the high value of « and other colors represent the lower value of u as shown
in the color bar.

A tedious computation leads to
I
3
/ Gzﬁzdx = ——lCz)\.j()@
0 2
with
Jo | 3,7 az 1 ” 2
O =y [Aw)|a — D) +cras | + §h (ue)cy

1 ucy 1
- [A_jo u Qa; +ax) + gd”(uc)c?]

1 : 3
+ [gh(uc)xzm - Ed (Mc)Claz] .

Noting the expression (4.8) of X2j°, we can simplify © as

2 .
0O = ci(a — a)d'(u.) — gh(uc)xff-
By (4.13), the denominator of (4.14) is negative. Therefore, the stability of non-constant steady
state (“70’ v;fo) actually depends on the sign of ®. In particular, if ® < 0, then the numerator of
(4.14) is negative since ¢, < 0 and hence p» < 0. This implies the stability of small-amplitude
steady state (ujo, v;‘o). Therefore, we can draw the following conclusion.

Theorem 4.2 (Stability). Let jo > 0 be a positive integer such that X({O = Xmin- Then, the
small-amplitude steady-state (uj.o, v;‘o) is stable provided that

0 <0. (4.15)
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Figure 3. Numerical simulation of transition of unstable bifurcating solutions to stable
solutions for the chemotaxis system (1.1) in [ = (0, 20), where parameter values are
D=1L,pu=u.=05a=028=1, x =12.6714(j, = 5); the initial value is set
as: up = vy9 = u. +r where r is a 1% random small perturbation of the homogeneous
steady state (u., u.) = (0.5, 0.5). The red color represents the high value of u and other
colors represent the lower value of u as shown in the color bar.

We should note that it is unclear whether the condition (4.15) is necessary for the stability of
small-amplitude steady state (“;w v;fo). This leave an open question for the future study.

5. Simulation and conclusion

In this paper, we establish the global existence of classical solutions of the volume-filling
chemotaxis system (1.1)—(1.3) subject to (1.4). Furthermore, we investigate the local and
global structure of steady states bifurcating from the homogeneous steady state (u., u.) via the
asymptotic analysis and global bifurcation theory. Based on the local structure of solutions,
we find a stability criterion and a sufficient condition for the stability of bifurcating steady
states with small amplitude.

Next we shall show the numerical simulation in an interval / = [0, 20] to illustrate the
possible bifurcating patterns for the system (1.1)—(1.3) and verify the stability criterion given in
proposition 4.1. The model is solved with MATLAB pde solver based on the finite difference
scheme. For brevity, we only show the numerical result for the solution component u. We
start from the case where the wave mode of bifurcating pattern is exactly the principle wave
mode jo. With the parameter values chosen in figure 1 where the condition (1.4) is satisfied,
we can calculate from (3.16) that the principle wave mode jy = 5. By theorem 3.1, we know
that the analytical approximation of the non-constant solution component u bifurcating from
the homogenous steady states (u., u.) = (0.5, 0.5) is given by

W5(e) = 0.5+ &(1 + As)gs + o(e) = 0.5+ 8(1 + (%)2) cos (%) +o(e)
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for some small ¢ > 0, whose graph has 5 zeros with the horizontal line # = 0.5 in the x-u
plane, see a plot in figure 1(b) with ¢ = 0.3. By proposition 4.1, if the bifurcating solution
of (1.1) is stable, then its wave mode must be j = jo = 5. This is perfectly verified by the
numerical simulation shown in figure 1, where we see the stable steady state bifurcating from
the homogeneous field (yellow area in figure 1(a)) has exactly five interactions with the basal
line u = u,. = 0.5 (see the plot of profile of u at r = 800 in figure 1(b)). The stability criterion
in proposition 4.1 is further confirmed by the simulation in figure 2 for a different scenario,
where yx is chosen such that principle wave mode jo = 18 and other parameter values are same
as those in figure 1. The result of proposition 4.1 asserts that only the bifurcating solution with
wave mode 18 could be stable. From the numerical simulation, we can see that the bifurcation
solution from the homogenous field has only 10 wave mode (see the plot of upper panel of
figure 2(b)) and hence it is unstable, as seen in figure 2(a) where the aggregation pattern with
mode j = 10is bifurcated again followed with more bifurcations. In figure 3, we show another
scenario where the bifurcating solution is initially unstable but evolutionarily stable. With the
parameter values chosen, we have the principle wave mode jy = 5. The numerical simulation
shows that the initial bifurcating solution has wave mode j = 6 (see the plot of profile of u at
time ¢ = 150) which is unstable by proposition 4.1. As we see from figure 3(a), this unstable
solution transits to a stable one with j = jy = 5 at time + = 280 approximately by merging
half of a peak into the boundary (see the plot of profile of u in figure 3(b)). This again supports
the stability criterion given in proposition 4.1.
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