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Traveling wave (band) behavior driven by chemotaxis was observed experimentally by Adler™”
and was modeled by Keller and Segel.'” For a quasilinear hyperbolic—parabolic system that
arises as a non-diffusive limit of the Keller—Segel model with nonlinear kinetics, we establish
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numerical simulations are performed to show the stability of the traveling waves under various
perturbations.

Keywords: Nonlinear conservation laws; nonlinear stability; chemotaxis; traveling waves; non-
diffusive signals; large amplitude; nonlinear kinetics; energy estimates; Shizuta—Kawashima
condition.

AMS Subject Classification: 35L45, 35L60, 92B05, 92B99, 92C15, 92C17

1. Introduction

Chemotaxis is a process in which cells change their states of movement reacting to the
presence of a chemical substance, approaching chemically favorable environment and
avoiding unfavorable ones. It is a fundamental cellular process which plays essential
roles in embryonic development, immune response, progression of diseases, tissue
homeostasis, wound healing, as well as in finding food, repellent action and forming
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the multicellular body of protozoa.®” The chemotaxis is called attractive (positive) if
the chemotactic movement is toward higher chemical concentration, and repulsive
(negative) if the movement direction is opposite.

The mathematical modeling of chemotaxis dates to Keller and Segel'® from the
macroscopic perspective, and to Patlak®® based on the microscopic (or statistical)
description. The original model in Ref. 13 comprised four strongly coupled partial
differential equations and was proposed to describe the aggregation of cellular slime
molds Dictyostelium discoideum. A simplified formulation, however, also most
extensively studied in the literature,® is the following two strongly coupled parabolic
equations

u =V - (DVu — xuVe(c)),

1.1
T¢; = dAc+ g(u, ), (1.1)

where u(t,z),c(t,z) denote the cell density and the chemical concentration, res-
pectively. D is the diffusivity of cells and d is the diffusion rate of the chemical
substance. 7 > 0 is a relaxation timescale such that 1/7 is the rate towards equili-
brium. The function ®(c) is called the chemotactic potential function describing the
mechanism of signal detection. The function g(u,c) describes the chemical kinetics.
The constant x, often referred to as chemosensitivity, is a measure of the strength of
chemical signals, and x > 0 (< 0) corresponds to attractive (repulsive) chemotaxis.

There are two major limiting cases of the Keller—Segel model (1.1). The first one is
when the chemical substance v relaxes so fast that it reaches its equilibrium instan-
taneously. This means 7 — 0 and gives rise to the following so-called parabolic—elliptic
System

u, = V- (DVu — xuV®(c)),

0 = dAc+ g(u,c). (12)

There were vast results to the model (1.2) on the global existence, blowup behavior
and the stationary solutions. The most relevant results are summarized in a review
article® and textbook.?’

The other limiting case is when the diffusion of the chemical substance is so small
that it is negligible. Then the model becomes a partial differential equation coupled
with an ordinary differential equation (PDE—ODE)

u =V - (DVu — xuVe(c)),

¢ = g(u, ), (13)

where we have assumed 7 =1 without loss of generality. The model (1.3) is
also called the parabolic-degenerate chemotaxis model.” This model had already
been used to study the chemotactic traveling bands of bacteria in Ref. 15 whereby
g(u,¢) = —kuc™ (m > 1) and has received increasing attention recently (see Ref. 33).
A direct application of the above PDE—ODE coupled system (1.3) is the modeling of
haptotaxis where cells move towards immobilized, substratum-bound such as laminin
and fibronectin. It has essential applications in the modeling of cancer invasion,® as
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well as the gliding movement of myxobacteria®” towards slime trails which means a
non-diffusive chemical substance.

The objective of this paper is to study the existence and nonlinear stability of
traveling wave solutions of the chemotaxis model of type (1.3). The experimental
study of traveling wave (band) behavior driven by chemotaxis dates to Adler’s
works.’? The mathematical modeling and analysis of the traveling waves was first
presented by Keller and Segel'® and a flurry of works then followed (see Refs. 9, 23
and references therein). However, the results on stability of traveling wave solutions
of chemotaxis models are much less and there are only few results on linear stab-
ility,?>7 linear instability®® and nonlinear stability.2’

To proceed, we need to specify the potential function ®(v) and kinetic function
g(u,c) in (1.3). For the potential function, we consider a logarithmic representation

®(c) =loge. (1.4)

Although the form of the potential function ®(c) can be generic in principle, it has
been shown early in Refs. 15, 14 and 31 that the singularity at small chemical
concentration c is necessary to reproduce the biologically relevant traveling bands.
Hence a natural choice is (1.4) which has been used throughout most of the studies of
traveling waves of chemotaxis in the literature.”?>?* The logarithmic potential
function (1.4) was first used successfully by Keller and Segel'® to interpret the tra-
veling band behavior of bacteria. It was shown in Ref. 23 that the logarithmic
function (1.4) is also appropriate from the mathematical viewpoint®® although it is
singular at ¢ = 0. Depending on the specific modeling goals, the kinetic function
g(u,c) has a wide variability. When g¢(u, ¢) is linear with respect to u and ¢, the
existence of traveling waves of both microscopic and macroscopic Keller—Segel
chemotaxis models has been discussed in Ref. 23. For other possible forms of the
kinetic function, we refer the readers to Refs. 9 and 10 and references therein. Here we
consider a class of nonlinear kinetic function g(u, ¢)

g(u,c) = 6f(u)c, (1.5)
where 6 € R is a constant and fis a smooth function.

The motivation of considering the kinetic function (1.5) follows from specific
applications. In a chemotactic—haptotactic model of cancer invasion,® and in models
of formation of capillary networks of blood vessels,!”** the basic kinetics for the
extracellular matrix is g(u, ¢) = —uc, which corresponds to f(u) = u, 6 = —1in (1.5).
In the modeling of self-organization of myxobacteria®” and angiogenesis,'® g(u,c) =
Auc — pe where A > 0 and p > 0 which is equivalent to f(u) = Au— p with § =1
n (1.5). In these examples, f(u) is linear. When x < 0,6 > 0 and when f(u) is linear,
the existence and the nonlinear stability of traveling wave solutions of (1.3) have
been recently established in Refs. 36 and 20, respectively.

In this paper, we will consider more general kinetic function g as defined in (1.5)
where f satisfies

flu) =0, f'(u) >0, f"(u)>-p (1.6)
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for all u under considerations, with § being a positive constant which will be given in
Sec. 5, and will extend the parameter space to

x6 < 0.
In summary, we consider the following one-dimensional chemotaxis model

Uy = Duzz - (Xu¢(c)cz)x7
G = 6f(u)ca

where ¢(c) = 1/¢, f satisfies (1.6) and x6 < 0. The kinetic function considered here is
more applicable than that in Refs. 36 and 20. We need to point out that (1.7) with
f(u) = Au — p was the model considered in Refs. 18 and 27 which is now a special
case of (1.7) with (1.6).

To establish the existence and nonlinear stability of traveling wave solutions to
the system (1.7), we convert (1.7), through the transformation

(1.7)

cﬁ:
== 1.8
v=-2, (18)

into an equivalent quasilinear hyperbolic—parabolic system as follows:

Uy — X(U’U)z = Duzm

v+ 6f(u), = 0. (1.9)
Making the following scalings
A=—6y, L=\, &=z, f)zgv, (1.10)
(1.9) becomes the following system of nonlinear conservation laws
uy — (uv), = Duyg,, (111)

Uy — f(u)r =0,
where the tilde has been dropped for convenience. System (1.11) is usually called a
hyperbolic—parabolic system whereby the viscosity matrix is nonnegative-definite.
We prescribe the initial condition for system (1.11) as follows:

(u=,v7) asx — —o0

(4, 0)(2,0) = (g, 05) () — { (1.12)

(ut,vt) asz — 400
with uy(z) > 0 for all z and u* > 0 in the region of biological interest.
The nonlinear stability theory of viscous shock profiles in systems of conservation
laws is important and has been developed in the literature, see Refs. 6, 12, 19, 21, 22,
24 and 34. The small wave strength is generally an assumption for the nonlinear
stability of the wave in the literature. We are able to prove the nonlinear stability of
traveling waves for (1.11) without the smallness condition on wave strengths. More
precisely, we show that, if the initial data (1.12) is a small perturbation of a traveling
wave such that & = 0in (3.1), then the solution to the Cauchy problem (1.11), (1.12)
exists globally and converges to a shifted traveling wave as t — 4+00. We need to
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point out that when f is linear, the nonlinear stability of traveling waves (1.11),
(1.12) has been established by Li and Wang in Ref. 20. In this paper we consider
nonlinear function f(u). As will be seen in the L2-estimates (see Lemma 5.2 and its
proof ), the sign and magnitude of f”(u) are critical. However, when f(u) is linear,
f"(u) = 0 and the estimates will be significantly simplified and there is not any issue
with f”(u). So some techniques and efforts are made here to determine the number (3
in condition (1.6).

The rest of the paper is organized as follows. In Sec. 2, we shall first present some
preliminary results, and then state and prove the existence theorem of viscous shock
waves of system (1.11)—(1.12). In Sec. 3, we state the stability theorem of the viscous
shock waves. In Secs. 4 and 5, we derive the energy estimates and prove the stability
theorem. In Sec. 6, we show numerical simulations to verify our theoretical results.
Finally, we give a brief summary in Sec. 7.

2. Existence of Viscous Shock Profile

In this section, we devote ourselves to establishing the existence of viscous shock
waves of (1.11)—(1.12). It can be verified that system (1.11) fulfills the Shizuta—
Kawashima condition®? which says that any vector in the kernel of viscosity matrix

5=(5 )

is not an eigenvector of the Jacobian matrix

=L o)

Since waves of (1.11)—(1.12) propagate along the characteristics which are dis-
sipative, the stability of viscous shock waves can then be expected.

System (1.11) is hyperbolic when D = 0. Indeed, the eigenvalues of the Jacobian
matrix of (1.11) are

M v) = o~ ST R ), dalwv) = o g/ A (21)
with the corresponding eigenvectors
rl(uv U) = (_)‘l(ua v),f’(u)), r2(ua ’U) = (_)‘Z(Uav)vf/(u))‘ (22)

Clearly A; < 0 < )\, if u > 0. Hence the system (1.11) is strictly hyperbolic if u > 0.
The fact that u remains positive if uy > 0 will be established in Sec. 4. Furthermore, it
can be verified that the characteristic families (A, r;) and (Ay, 1) satisfy

—v — V2 + duf!(u)
2/v? 4+ duf'(u)

_ _v— v+ duf'(u) o, "
VAg 1y = NCETTAC) 2f'(u) +uf"(u)) <0

V)\l ry =

(2f'"(u) +uf"(u)) <0,
(2.3)
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if

f"(u) > —max 2f'(u)

uel u

= _617 (24)

where $; > 0 and [ is a bounded interval containing [min{u®,«~}, max{u™*,u"}]
such that uy € I and 0 ¢ I which will be determined in Sec. 4. Under condition (2.4),
system (1.11) is a genuinely nonlinear hyperbolic system for u € I. We hereafter
assume 0 < 3 < 1 in (1.6), see (5.20).

To study the traveling wave solutions for (1.11), we define the traveling wave
ansatz

(u,v)(x,t):(U,V)(z), zZ=x—sl

where s denotes the traveling wave speed and z is the traveling wave variable.
Substituting the above ansatz into (1.11), one obtains the following system of
differential equations

—-sU, - (UV),=DU,,,
(2.5)
—sV, = f(U).=0
with boundary conditions
(U,V)(2) — (ut,v*) as 2 — Fo0, (2.6)

where we require u* > 0 due to the biological interest.
Integrating system (2.5) with respect to zover (—oo, c0) and using the fact U, — 0
as z — Foo, we have

{S(u+ —uT) = —utvt +uv, (2.7)

s(ut —v7) = —f(u®) + f(u)
which corresponds to the Rankine—Hugonoit jump condition of the following shock
wave

(2.8)

(u,0) = {(“’”)’ z—st<0

(ut,vT), z—st>0

for hyperbolic system (1.11) with D = 0. Canceling v in (2.7), we obtain a quadratic
equation for shock speed s

flu®) = fw7)

=0.
ut —u-

s24+v s—ut

Note that the condition f’(u) > 0 in (1.6) ensures that % > 0. Hence the
above equation gives two solutions for s with opposite signs, where s > 0 corresponds
to the second characteristic field of shocks whereas s < 0 corresponds to the first
characteristic field. In this paper, we restrict our attention to the case of s > 0 and

the analysis can be extended to the case s < 0 without changes. That is, we consider
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the second characteristic family of shock waves with speed

s:—1)2_+;\/(v—)2+4u+w. (2.9)

It is easy to check that the shock speed s defined in (2.9) satisfies the entropy
condition'’
AuTot) <s < X(u",v). (2.10)

Thus shock wave (2.8) for hyperbolic system (1.11) with D =0 is an admissible
shock.

Our first result concerning the existence of traveling wave solutions of (1.11),
namely, the existence of solutions to (2.5)—(2.6), is as follows.

Theorem 2.1. Let (1.6) hold. Then there exists a monotone shock profile
(U,V)(z — st) to system (2.5)—(2.6) with s defined in (2.9), which is unique up to a
translation and satisfies U, < 0 and V, > 0. Moreover, the following relations hold
{sDUZ =Uf(U) = (s* + 2)U + 03,
sV = 01 — f(U)a

where o, and oy are constants defined by

(2.11)

oo =svt + flut)=sv" + flu™), 0= (s> +svH)ut = (s> +sv)u". (2.12)
Proof. From the second equation of (2.5) and (2.6), it follows that
sV+flU) =g (2.13)

with o; being defined in (2.12), which immediately implies the second equation
of (2.11). Then from the first equation of (2.5), one obtains

sDU,, = (=s* — o1 + f(U) + Uf'(U))U.. (2.14)

Introducing U, = W, (2.14) can be written as a first-order ODE system as follows:

{Uz =W, (2.15)
sDW, = W(-s* — o, + f(U) + Uf'(U)), '
from which, one derives that
aw
Integrating (2.16) with respect to U, using (2.6) and W (u*) = U,(u*) = 0 yield
sDW = sDU, = Uf(U) — (s* + 01)U + 05, (2.17)

where o, is a constant as given in (2.12). Equation (2.17) immediately gives the first
equation of (2.11).

We now show that there is a trajectory connecting u~ and u™ with the claimed
monotonicity property: U, < 0. Indeed, we define the right-hand side of (2.17) as a
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new function
hU) = Uf(U) = (s* + 01)U + 05
Then
hu™)=h(u™)=0 (2.18)

and

R'U) =2f"(U)+Uf"(U) >0 (2.19)
provided that assumption (2.4) holds. Thus for U between u~ and u™, h(U) < 0.
Therefore U, = 25 h(U) < 0 for all U between v~ and u ™. Hence u™ < u~. By (2.13),
it is straightforward to verify that V, > 0 and hence v~ < v™. Since h”(U) > 0,
Eq. (2.17) only has two equilibria u™ and «~. Due to the fact that Eq. (2.17) is a first-
order scalar ordinary differential equation of U, the trajectory of (2.17) satisfying
boundary condition (2.6) necessarily connects equilibria ©~ and u™ by the standard

argument (see e.g. Refs. 12 and 16). Indeed the trajectory on the U-W phase plane
has been given by (2.13). The proof is then complete. O

Remark 2.1. Due to U, <0 and V, > 0, it follows that 0 < u* < U <u~ and
v- <V <wv'. Thus (2.11) implies that |U,| and |V.| are bounded for any given
d1ffus1on rate D > 0, and hence 4 T
f’(U) is bounded under assumption (1.6).

and all of its derivatives are bounded. Moreover,

3. Asymptotic Stability of Viscous Shock Waves

The second main result of our paper is the nonlinear stability of traveling wave
solutions obtained in Theorem 2.1. We first define the appropriate initial pertur-
bations. As in Refs. 12, 21, 22 and 34, we write the initial perturbation of traveling
waves of the system (1.11) as

N i) LT () EEE ST N

7). The coeffi-

where r;(u~,v7) is the first eigenvector in (2.2) evaluated at (u=,v
cients zy and « are uniquely determined by the initial data (ug(z),ve(z)). For

stability results of small amplitude waves corresponding to the case « # 0, the reader
is referred to Refs. 22 and 34 and references therein. In this paper, we assume that
a =0 as in Refs. 6 and 12. Now by the conservation laws in (1.11) and (2.5), one
readily derives that

[oCy e )

=[G e Jas
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o A ) Eo A ety
AR 553)“—%(““2‘-)
We decompose the solution (u,v) of (1.11)
(u,0)(,8) = (U, V)(x = st + z0) + (b0, ) (2, 1), (3.2)

where

ola.1) = / "l 1) — Uy + 2o — st))dy,

b t) = / (0l 1) — V(g + 30 — st))dy

forall z € Rand ¢t > 0.
It then holds that

d(£oo,t) =0, (foo,t) =0 forallt> 0.

We further assume without loss of generality that the translation xy = 0, namely,

+o0 _ U
/ (“0(30) (x)>da: - <0> (3.3)
e \vg(z) = V(x) 0
The initial condition of the perturbation (¢, ) is then given by

T

(@ 0)@) = [ (w0 = Usoo = V(o) (3.4)

The asymptotic stability of the traveling wave solutions means that
(¢, ) (2, 1) — 0 as t — co. Before stating our result, we introduce a notation L2,
which denotes the weighted space of measurable function fso that for weight function
w > 0,/wf € L? with norm

Il = ( / w(@)| f(a:)de) "

Then the main result of the asymptotic stability is the following.

Theorem 3.1. Suppose that (1.6) holds. Let (U, V)(x — st) be a viscous shock profile
of (1.11) obtained in Theorem 2.1. Then there exists a constant €y > 0 such that if
llup — Ully + llvo — VL + [(¢0, Yo)ll < €9 and that o =0 in (3.1), then the Cauchy
problem (1.11)—(1.12) has a unique global solution (u,v)(x,t) satisfying u(z,t) >
69 > 0 for allz € R, t > 0 for some 6y > 0, and

(u - U,U - V) € C([O,OO),HI) n LQ([O,OO);Hl).
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Furthermore, the solution has the following asymptotic nonlinear stability

sup |(u,v)(z,t) — (U, V)(x — st)] = 0 ast— +oo. (3.5)

zeR

Remark 3.1. The above nonlinear stability results hold true regardless of the
strengths of the waves, i.e. the wave amplitude |[u™ — u~| + |[vT — v~ | can be large, in
contrast to the previous results related to the nonlinear stability of traveling waves to
hyperbolic—parabolic systems, where various smallness conditions on wave strengths
were imposed (see e.g. Refs. 6, 19, 24, 11, 21, 22 and 38).

Remark 3.2. When the system (1.11) is not genuinely nonlinear hyperbolic, i.e.
when (2.4) does not hold, the nonlinear stability of the traveling waves can be
established by weighted energy methods as in Ref. 19.

4. Reformulation of the Stability Problem

The proof of Theorem 3.1 is based on iterative L? energy estimates due to partial
diffusion in the hyperbolic—parabolic system (1.11). The energy estimate approach
for the nonlinear stability viscous shock profiles was first introduced independently
by Matsumura and Nishihara in Ref. 24 and by Goodman in Ref. 6. It has been
further developed over the years, see Refs. 12, 19, 21, 22 and 34.

In view of (3.2), we seek a solution of the following form

(,0)(z,t) = (U, V)(z = st) + (b, %) (2,1) = (U, V)(2) + (6, ¥.)(2,8)  (4.1)

with (¢,)) in some functional space which will be defined below. For simplicity of
notation, we will omit the bars in (¢,7)) in the rest of the paper.

Substituting (4.1) into (1.11), using (2.5), and integrating the resulting equations
with respect to z, we derive that the perturbation (¢, ) satisfies

{d)t = D¢zz + s¢z + qubz + Vd)z + ¢z’¢z7

4.2
wt = Swz+f,(U)¢z+F(U7 ¢z) ( )

with initial data given by

(0, 9)(2,0) = (0, %0)(2), z€R (4.3)

where (¢07 ¢0) is defined as in (34)’ and F(U7 d)z) = f(U + ¢z) - f(U) - fl(U)¢z
We seek solutions of the reformulated problem (4.2)—(4.3) in the following sol-
ution space
X(0,T) = {(¢(2,1),9(2,1)) : ¢ € C([0,T); H?), ¢ € C([0,T); H?) N CH((0,T); HY),
¢. € L*((0,T); H?),4, € L*((0,T); H')}

with 0 < T < +o0.
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Let
N(®) = sup (6,7l + (- ), (44)

where || - ||, denotes the H? norm for p > 0 and for ¢ > 0.
By the Sobolev embedding theorem, we have

§2£{|¢|’ D1, 1Y, [¥.]} < N(t) (4.5)

for t > 0.
Thus Theorem 3.1 is a consequence of the following theorem.

Theorem 4.1. Let the assumptions of Theorem 3.1 hold. Then there exists a
constant 6; > 0 such that if
N(0) < 61, (4.6)

then the Cauchy problem (4.2)—(4.3) has a unique global solution (¢,1) € X (0, +00)
such that for any t € [0,400), it holds that for some constant C' > 0

o6+ 10l + [ 160, 6l

/ 6., )3 + / (-, )2

< CN¥( (4.7)
where w = |U,|. Moreover, the following asymptotic stability holds
sup |(¢,9.)(2,t)] = 0 as t — 4o0. (4.8)
zeR

With Theorem 4.1, we can immediately show the positivity of u claimed in
Theorem 3.1. In fact, if the initial perturbation (4.3) satisfies (4.6), then by (4.7)
there is a constant C' > 0 such that

|6-(2,1)] < V2N (t) < CN(0) < C6;.
Thus for all x € R and ¢ > 0, it follows from (4.1) that
u(z,t) = (u(z,t) = U(2)) + U(z)

=¢.(zt)+U(z) > —CN(0) + u*

> —Co +ut =06y>0
provided that ¢; is suitably small and u ™ is positive. Moreover, the bounded interval I
in condition (2.4) can be chosen as [6g, u™ + Cé;] so that u(z,t) € I for all x € R and
t>0.

The global existence of (¢,) announced in Theorem 4.1 follows from the local
existence theorem and from the a priori estimates which are given below.

Proposition 4.2. (Local existence) For any 6, > 0, there exists a positive constant
T depending on &y such that if (¢pg,y) € H?> with N(0) < 68,/2, then the
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problem (4.2)—(4.3) has a unique solution (¢,1) € X(0,T) satisfying
N(t) < 2N(0) (4.9)
forany 0 <t<T.

Proposition 4.3. (A priori estimates) Assume that (¢,v) € X(0,T) is a solution
obtained in Proposition 4.2 for a positive constant T. Then there is a positive constant
63 > 0, independent of T, such that if

N(t) < b5

for any 0 <t <T, then the solution (p,v) of (4.2)—(4.3) satisfies (4.7) for any
0<t<T.

With the solution (¢, ) obtained in Theorem 4.1 and traveling wave solution
(U,V) in Lemma 2.1, we have the desired solution of the problem (1.11)—(1.12)
through relation (4.1).

The local existence in Proposition 4.2 can be shown in a standard way (cf. Ref. 26)
and we omit the proof. Theorem 4.1 is a consequence of Propositions 4.2 and 4.3 by
the continuation argument. So it remains to prove Proposition 4.3. The following
section is devoted to the proof of Proposition 4.3 based on iterative L? energy esti-
mates.

5. Energy Estimates

In this section, we derive the a priori estimates for the solutions of system (4.2)—(4.3)
and prove Proposition 4.3. In what follows, we use C to denote a generic constant
which changes from one line to another. An integral lacking limits of integration
means an integral over the whole real line R. For simplicity, we use || - || to denote the
L? norm. We take advantage of the explicit formula (2.11) for U, and V, and avoid the
smallness assumptions on the wave strengths as imposed for hyperbolic—parabolic
systems in the literature (e.g. Refs. 11, 19, 24 and 38). The stability result is a
consequence of the following a priori estimates.

Lemma 5.1. Let f satisfy (1.6) and w = |U,|. Assume (¢g,10y) € H? and let (¢, 1)) be
a solution of (4.2)—(4.3). Then there exists a constant C' > 0 such that

||¢(-,t)|§+IIw(wt)II%+/0t||(¢(~,7),1/1(~,7))|

%;z”d’r
t t
Yy 2d 2\ 2d
+/0 16,712 r+/0 ()2
t
< C(loll2 + ol3) + C / / (18] + 16u] + [6:] + |6.2])| 6,10, |z

t
e / / (6ol + sl + D) (6220,). dzdr
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e / J VB0 + ] + [ocbdedr + © / JUFI+ Paploldzar

e / / (F] + | Foal) | dedr. (5.1)

The proof of Lemma 5.1 consists of a series of energy estimates which are given in
the following subsections.

5.1. L2%-estimate
In this subsection, we shall derive the L? estimates for (¢, ).

Lemma 5.2. Let the assumptions in Lemma 5.1 hold. Then there exist constants

vy > 0 and C > 0 such that the solution (¢,v) of (4.2)—(4.3) satisfies

||¢<-,t)||2+||w(-7t>||2+v@/0 II(¢(-,T),w(-ﬁ))llig,dﬁt/0 l6-(, 7)lI*dr

t t
<ol 1l + [ [ 1oaiasar+ ¢ [ [ipvasar). 62

Proof. Multiplying the first equation of (4.2) by ¢/U and the second by v/ f'(U),
and adding them, we end up with the following equation after integrating the result

w.r.t. 2
1d d)? W ¢z
- S 1 ¢¢zwz Fw
§/<f’(U))Z¢2dZ+/ U dz + ) dz (5.3)
where

-8+ (49),

From (2.5), (2.11), (2.12) and noticing that U, < 0, we derive that
8(2) = —v(2)U. = v(2)|U.],
where
2 - flU
W(z) = 75 Ks + Qlj”) U+ DUZ] . (5.4)
Substituting s in (2.9), U, in (2.11) and (2.12) into (5.4), one derives that

v(2) :%;(s+v’) > 1 <v+\/(v—)2+4u+w) =1y >0,

Us (u=)?2 ut —u-

where the assumption f/(u) > 0 in (1.6) has been used. Hence

6(2) = |- (5.5)
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Substituting (5.5) into (5.3), one has that

%%/(%Z—f—ff/(}Q )dz+D/¢zdz+ 1/0/|U|¢2dz

s [ ) 6., Fy
/f 7| Uy dz +/ dzt | Fgyde (5.6)
1)

Observe that under assumption (1. 6) ( B is bounded but may change sign. Thus
the first term on the right-hand side of (5.6) needs to be estimated. To this end, one

needs to estimate [|U,|¢)?dz. We multiply the first equation of (4.2) by ¢ and the
second equation by ¥U/ f/(U), add them, integrate the result w.r.t. z and notice that

U, < 0, to obtain
dz+ D dz+= | V.¢%d
F(0) )” [ e [ vt

l i ((b? +
U //
/ U Jgudz + 2 / it f PO =V 1 yeg 4 [ ooz

2 dt

Multiplying (5.6) by v~ and noting U € [u ™, u "], we derive that

1d Up? 9 1 _
§§/<¢2 70) )dz+D/¢zdz+§V0u /|UZ|¢2dz

_£ ”(U) 2 ~ - ¢¢z’¢)z > w FQ,Z}
<-2 /f,(U)2|UZ|¢d+ / LLch A /f,(U)dz. (5.8)

Since f(U) > 0 and f is smooth, f’(U) is bounded away from 0 due to the fact
that 0 < 4™ < U < u~. Then one has from (5.7) and (5.8) that

/f f” SO =) ;2

:;jt/@”f'?) )dz

+D/¢2dz+ /V¢2dzf/|U\¢wdzf/¢¢zwzdz

sum [ f"(U)
SR N T(GE

1
U2z + / V.g2d:

/|U|(/)¢dz+ LY /|¢q§zwz|dz+0/|F1/J|dz (5.9)
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which leads to

/f )fN( )|UZ|'(/12dZ

/f \W&w+/wwww+ /w@mw+0/www
(5.10)

where we have used the second equation of (2.5)

.= T OU 1)

S

and the fact that s > 0, see (2.9).
Next we use the Cauchy—Schwarz inequality to estimate

s [ f'(U)+ " =U)f"(U)
/IUz@/)IszZ/ [AGE |U,|p?dz

F1(0)? .
/f )+ (ut — U)f"(U)lUZ|¢ dz. (5.11)

Substituting (5.11) into (5.10), we have that

_é ( O + 3 1O ) Widea

/ U)f"(U)
(e
/

/ |¢¢.1;|dz

-
1
( R Lt

+( /W@%Wz

1 1
—g/< _u+)5+§m1>|Uz|¢2dZ

+ u_++l /|¢S¢zwz|dz+0/\F1/)|dz, (5.12)

where

— I — 3 !
my = max F({U), my= Lin ()

with m; > my > 0,0 <u™ <U <u~ and § > 0 is defined in (1.6).
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We denote
2
mi
M= —m,.
my— (- —u)p 2™
Then
2
M2 M
moy 2
provided that 5 > 0 in (1.6) satisfies
my
0 <——— = f.
<ﬂ_2(u*—u+) &

On the other hand, we derive from (5.6) that

M [ M o0 Yl
?/o JEETE P / <FO+ f’(U))dZ

B M t "(U) ) o
o | | e

2M t t
utvys Jo 0

Substituting (5.15) into (5.12), one has

1 [t s(PU) + (w = U)f"(U)) + 4L f(U)
Z/o / F1(U)?

t t
< C(loll? + Ibol®) + C / / |6.46,|dzdr + C / / \Fi|dzdr.

U, [vp2dzdr

Note that (5.13), (5.14) and (1.6) imply that

S + (w — U (O) + %f”w)

2
> smy —s(u” —ut)f— 4 (2m1 +m>5

140 mo 2

>6,>0

provided that 8 > 0 in (1.6) satisfies

Sm2—50
0 < =
0= s(u= —ut) + (Zi%er)i .
mo 2

for some 0 < 50 < sMy.

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)
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Now assuming that (5.14) and (5.18) hold, then it follows from (5.16) and (5.17)
that

[ [1odrasar < otz + 1l + [ [ 10.0.lasar) ¢ [ [ 1Fotaaar.

(5.19)

Substituting (5.19) back into (5.8), we obtain the desired inequality (5.2).
This completes the proof of Lemma 5.2. O

Regarding the value of parameter 5 > 0 in assumption (1.6), we can now choose
(£ > 0 as follows

B = min{By, B2, B3} > 0, (5.20)
where 3; > 0,3, > 0 and 35 > 0 are given in (2.4), (5.14) and (5.18), respectively.

2. H'-estimates

In this subsection, we shall derive the L2 estimates for the first-order derivatives of
the solution (¢, ).

Lemma 5.3. Let f satisfy (1.6) and the assumptions in Theorem 3.1 hold. Then there
ezists a constant C' > 0 such that the solution (¢,v) of (4.2)—(4.3) satisfies

t t
Yy 2 2\ 2 22\ 2d 2\ 2d
16,012 + lbn(- )] +/0 16, ( ) T+/0 a7 2dr
t
sc(|¢o||%+||wo|%+ [/ |¢zwz|<|¢|+|¢z|+|¢zz|+|¢z|>dzdf)

t
e / / FI) + [9.] + [bos] + 162 ])dzdlr. (5.21)

Proof. Multiplying the first equation of (4.2) by —¢,,/U and the second equation by
—1../f'(U), and adding them, using (2.11), we obtain the following equation after
integrating the result w.r.t. z

Ld [(¢? ? b2
2t <U+f( >d+D/ *

: / f,,;(UU))2|UZ|z/dez— / (ﬁ)ﬂthd’z_ / (%)Zsbt@dz

L [(srortr@ 1o b

/@%wz ds — / Fu = (5.22)

¢Zdz
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Next we estimate the first three terms on the right-hand side of (5.22). For
convenience we denote these terms by

(PO, e (1 Y
s [ vt = [ (5i) s == [ () oo

We first look at I,. In fact, by using the second equation of (4.2) and the Young’s
inequality, one has

—( L )wz— IO) 2 + f"( D+ L ru,

1)) fu)? f'() f(u)?
3s f//(U) 2 4 " 2 f//( )
= _Z f,(U)2|Uz|wz+;f (U)|Uz|¢z f (U) g FU. d)z (523)
Then by (5.23), we have that
// 2 // 2 f//( )
L+l <- /f U o2z + = /f NUJ0%s + s FUb. - (5.24)

Next we estimate the term I3. To this end we use the first equation of (4.2) to have

that
(@) se=-3((7)2) .+ ).~ c+n(g), )
- U(%) G- (%) o

From Remark 2.1, we know that U € [u*,u~] and |U,| is bounded. Thus
condition (1.6) implies that f/(U) and f”(U) are bounded. Then using (2.14) and
the Young’s inequality, we derive that

1 1 U.
-U (U) Z¢zwz = - (U (U) quzw) i - F (bzz'l/)

1 01 — f(U) — Uf/(U) Uz Uz
“1‘(5(8-‘1- P )+F)F¢Z’¢)

1 ¢ZZ
<—(0(5) o) + 3%+ ctwaw + 6

for some C' > 0.
Using the boundedness of V, ( )zs ([1])22 and Young’s inequality, we infer that

Ly [% CYRNCY AT R YA [ 629
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Now we substitute (5.24) and (5.25) into (5.22) to have

th <¢2+ > _/%d

—f/ i |U|w2d+c/|U|w2+¢>

e / o2ldz + C / 16.6.0.]dz + C / Pl + [edz (5.26)

where we have used the boundedness of U, f'(U), f"(U), |U,|, see Remark 2.1.
Next integrating (5.26) and using (5.2), we have

t
||¢z(at)||2+a”¢z(at)“2 +D/ Hqszz(vT)”?dT
0
t
< M (-, 7)|?d
<M [ Il

t
+c(||¢0%+||wo||%+ [/ <|¢|+|¢Z|+|¢>2z|>|¢zwz|dzd7)
0

t
0 [ [ 1RG0+ v dzar (5.27)
0
where
1 max |U,|
a=———/——+—, M=su" =R 5

max f'(u) )

min f'(u)
ut<u<u~

Now we proceed to estimate f0t||¢z(~,7)||2d7'. To this end, we multiply the first
equation of (4.2) by 1, to obtain

¢, = Do, + 6.0, + U + Vo o, + ¢.47. (5.28)

On the other hand, from the second equation of (4.2), we can derive that

b = ($.); — s(d.). — (96.f'(U))., + s, + f'(U)g2. (5.29)
Equating (5.29) with (5.28) yields

U2 = (¢np.), + f({U)p2 — Db, — Vab, — ¢.4p7 — s(d.). — (6. f'(U))...
(5.30)

Since 0 <u™ < U <u~,v- <V <o, we apply the Young’s inequality to deduce
that

ut 4D?
|_D¢zzwz| < Twz +u7+¢zzv
(5.31)

- +1)2
V.l < g2 4 LTI 4
u

|_4
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Inserting (5.31) into (5.30) and integrating the result w.r.t. z and ¢, one has

/ / Pldzdr < — / ¢, pdz — / bot.odz
+C /0 / qﬁfdsz—&—% /0 t / o2 dzdr
+C/Ot/ |¢z|z/;z2dzd7+0/0t/ |Fo,|dzdr.  (5.32)

Applying the Cauchy—Schwarz inequality to — [ ¢,¢dz and employing (5.2), we
conclude that

[ [wasir <c (it + ool + [ [ 16011001+ o.ar
|i€)|22 / / ¢ dzdr +C / / |Fap|dzdr

e / / \Fo.|dzdr. (5.33)

Inserting (5.33) into (5.27), and choosing /8 such that 5 < 8, = ‘SUMJD, we have
0G0l + 17+ [ [ o2sae

§C<||¢o||%+||wo||%+ / / |¢zwz|<|¢+|¢Z|+|¢ZZ|+|¢Z|>dsz)
o t JIFI1+ 0]+ 0 + 1o (5.34)
0

The combination of (5.33) and (5.34) concludes the proof. O

5.3. HZ2-estimates

In this subsection, we shall use the similar arguments as used in the preceding sub-
sections to estimate the second-order derivatives of (¢, ).

Lemma 5.4. Let f satisfy (1.6) and the assumptions in Theorem 3.1 hold. Then the
solution (¢,v) of (4.2)—(4.3) satisfies

t t
s (B2 + )12 + / 6una o7 2 + / (o712
0 0
t
< Cllnll+ 1Wal}) + C [ [ 101+ 1ol + 1] + 10Dl dzdr

t
e / / (6o + [hoa] + 6222 (S:202). | ddr
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t
+O/o /'F“W + (] + (e dedr

+c/0‘/(FI+IFZZ|)|¢Z|dsz+c/Ot/(|FZ|+|FZZ|)|¢ZZ|dsz. (5.35)

Proof. We multiply the first equation of (4.2) by 1/U, differentiate the resulting
equation with respect to z twice. Then we multiply the second equation of (4.2) by
1/f/(U) and then differentiate the result with respect to z twice. We end up with the
following

1 D s 14 1

(ﬁ ¢t> B = <ﬁ ¢zz) . + (ﬁ ¢z) - + wzzz + (ﬁ ¢z> B + (ﬁ (bzwz) Zza
1 _ ¥, F

(f’(U) wf) - S(f'(w)zz Tt <f’(U))zz'

Then multiplying the first equation of (5.36) by ¢.,,, the second equation by ..,
adding them, and integrating the results, we have

%% (¢’fz+¢m)dz+/{(%> ¢>t+2( ) ¢t2}¢zzdz
« i) o2 oo
o 5) e ()
<%¢) otz [ %@%)J’”‘iz
[ (rie) oo+ | (i) oot

= Il +IQ+I3+I4+15+I6 (537)

(5.36)

By integration by parts, it can be readily verified that

n=y [(5) o[ ot

o 1) ) e

e () D)
b=+ (gigm) e+ [ () 2

(5.38)
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Substituting (5.38) into (5.37) yields
% % / <¢U2 + zbiz) dz + D/%d)izdz
- (@) o2 (5) oo
- {Gie) oo o
3 [ () otees [P() + (5) Sote
+ [ (o) ouaes s [ () ooons

Now we estimate the last two terms on the left-hand side of (5.39). By substituting
the first equation of (4.2), one can derive that

(6).00o0) )
(o)) el
fern(2) ) o

~0(g) vt () oo v 2(v(5;) wio)

( )wzaszzw( ) (G62): e (5.40)

Using the second equation of (4.2), we infer that

() o2 e

i, (f(1U)> bt £1(O) (f(lU)> K=
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Y (ﬁ) i (ﬁ) (P W)6)5

1 1
F. 2\ ——=| - F -9.. 5.41
). () move o
Inserting (5.40) and (5.41) into (5.39), we obtain

pa [ (G rn)en [ Lo
)

) 0 ()
(). s
) s [6). ) o
—2 [ (&) (6onter [ (o) oute
5 [ () 2t [ 10 () oot
~2 [ (i) ()6t

o/ <fo)>zz‘””dz‘/ (f’(lm)f Wl

—-2. / (%)Fz/}dz (5.42)

It is worthwhile to note again that U and V as well as their derivatives are bounded.
So we can apply Cauchy—Schwarz inequality to (5.42) to obtain

1d (bz?z 2 1 2
5% (U +wzz)dZ+D/ﬁ¢zzde

2 2 2 S 1 2
< 0/(¢z+¢zz+¢z)dz_z / <f/(U)>Z¢zzdz
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_ / (%)qubzwzqﬁzzdz—Q / (%)Z(qszwz)z@zdz

1
+ [ (o) outzrc [(FI4IRI+ Dot 6.3)

The last term on the right-hand side of (5.43) can be calculated as

1 1 1
<ﬁ Qszwz) Zz¢zz = <ﬁ) zz¢zwz¢zz + (ﬁ) z(¢z¢z)z¢2z

1 1
+ (U (¢zwz)z¢zz> : - E ((bzwz)z(bzzr (544>

Note that (f Tt ) = %\UJ and |U.|, f/(U), f"(U) are bounded. Then substituting
(5.44) into (5.43), integrating the result w.r.t. ¢ and using (1.6), (5.2) and (5.21), we

obtain
t
/ (¢2 +2)dz+ D / / ¢? dzdr
0

t
<C [ (¢} 2 .)dz+ M ? dzd
< /(¢0‘22+¢0,)2+5 /O/wzzm
t
C z V4 zZ zZZ szd
+ /0/<|¢|+|¢|+|¢\+|¢|+|w Dlésb,dedr

t
e / / [(60.).) (sl + |onel e

e / (F| + || + [Fon]) i (5.45)

To complete the proof, we need to estimate fo I @ZJQ dzdr. Toward this end, we
multiply the first equation of (4.2) by ..., to obtain after some computations that

¢thzz = D(‘ézzwzz)z + (Sgbzwzz)z + (Uwzwzz)z + (V()bzwzz)z
+ ((bzwzwzz)z - D(bzzzz/}zz - (‘/;(bz + (8 + V)¢zz)’(/}zz

- U'(/Jzz - Uzwzwzz - ((bzwz)zw,u' (546)

From the second equation of (4.2) one has that

G = ((m/}zzz) (@/’zzz) + 3(¢z¢zz)z - ((Ibzzwz)z
+ 890, — ( ( ( ¢z) ) ((b (f/(U)¢z)z)z

)
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Equating (5.46) with (5.47) and integrating the result w.r.t. z, we end up with

/ Uiz = / iz + 8 / btz — / (U)62de

- / (f/(U))Z¢Z¢ZZdZ - D/¢zzz’¢)zzd'z
- /(szgbz + (5 + V)¢zz)¢zzdz

— [ U= [ (@)t [ 0P
<2 [owndrc [(61+ o r vtz + 22 /abmdz

+ [0t - [ 16 (5.48)

where we have used Cauchy—Schwarz inequality.
Integrating (5.48) with respect to ¢ and using the fact 0 < u™ < U < wu~, and
choosing (3 such that 8 < (,, where (3, is defined in Sec. 5.2 we have

[ o<t [owutz- 2 [oruneie
o /0 t / (624 % +¥2)dz — /0 t / XN

<C(Idoll2 + Ioll3)
t
C z 4 74 4 de
4 /0/<|¢|+|¢|+|¢|+|¢ Dléobldzdr

t
e / / (6ol + [thoa] + 6202 (S220.). | ddr

t
+0 [ [P+ 1Pl dazir
+C’//|F|+| DI..ldzdr, (5.49)

where Cauchy—Schwarz inequality (5.2), (5.20) and (5.45) have been used. Finally
the combination of (5.49) with (5.45) concludes the proof. |

Proof of Proposition 4.3. In fact it only remains to show that the a priori
estimate (4.7) holds. To this end, we need to estimate the cubic nonlinear terms
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n (5.1). Indeed, by applying (4.4), (4.5), the Cauchy—Schwarz inequality, Taylor
theorem and the Sobolev embedding theorems, all of these cubic terms can be
bounded by CN (¢ fo . (-, 7)||3dT + f0t||wz(-,7)||%d7) for some constant C' > 0 and
for t € [0, T]. Then from Lemma 5.1 we have

/n \|de7+/ 16, ||2d7+/ o Pl
CNZ2(0) + CN l (1) 3dr (T 2dT)
< ON2(0) + <t>(/0 16,112 +/0Hw< 2

for ¢ € [0,T] and for some constant C' > 0.
Therefore, by using (4.9) and letting N(t) < 2N(0) < 55 =: 63, we obtain the
following estimate for any ¢ € [0, 7]

/H N2y 42 /Hqﬁz, )li3dr

1 t
+5 [ el < o)
0
which gives the desired estimate (4.7). Thus the proof of Proposition 4.3 is
complete. O

Proof of Theorem 4.1. Due to Proposition 4.3, it only remains to show (4.8).
Indeed from global estimate (4.7), we derive

”(gbz('at)v'wz('at))”l —0 ast— 4oo. (550)

Consequently, for all z € R,

¢E(Z’t) :2[2 (z)z(rbzz(ya t)dy

+o00 1/2 400 1/2
< 2( qbﬁdy) ( ¢§2dy) —0 ast—+oo.  (5.51)

Applying the same argument to 1, leads to, for all z € R,
¥, (z,t) > 0 ast— +oo.

Hence (4.8) is proved.

6. Numerical Verifications

In this section, we will numerically verify the theoretical results obtained in foregoing
sections. Since the numerical scheme is restricted to a finite domain, we consider the
stability of traveling wave solutions under the perturbations that vanish outside the
finite domain to mimic the real situation. The boundary conditions are set as
Dirichlet conditions such that they are compatible with the initial data. We select
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22f 1
2 -
S 18f 1
=
2
o 160 1
©
© 14} 1
5]
1.2F kL 1
1 |
08 ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 50 100 150 200 250 300 350 400
space x
(a)
22f 1

cell density u
>

141 1
1.2 B
1 |
08 ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 50 100 150 200 250 300 350 400
space x
(b)

Fig. 1. The numerical illustration of the evolution of traveling wave solutions for system (1.11). Only
profiles of u are displayed. The wave propagates from the left to the right. (a) A numerical solution u of
(1.11), (6.1) with D = 2, x = 1,6 = 1 and f(u) = u. The curves are plotted at time ¢ equals to 50, 100, 150,
200, 250, 300, 350, 380, 400, 420. (b) A numerical solution of (1.11), (6.1) where D =1,x =1,6 =1 and
f(u) = u?. The curves are plotted at time ¢ equals to 50, 100, 130, 160, 170, 180, 190, 200. The left state u~
and right state u™ of cell density are set as 2 and 1, respectively. A subtle difference observed in these two
figures is that the transition part of traveling wave from the left and right state in (a) is steeper than that in
(b), which shows the fact that shock wave structure is more pronounced as the diffusion constant D
becomes smaller.
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various examples for function f(u) such that condition (1.6) is satisfied. The MATLAB
PDE package is used to perform numerical computations. The domain is set as [0, 400)
and mesh size is 0.2. We only plot the quantity of interest: cell density wu.

The first initial datum is chosen as

) 1
wole) = i) = 1+ o e e =100y

1 (6.1)
(@) = @) = L+ 4 e —100))
The left and right states of the traveling wave solution (U, V) are
(uv™,v7)=(2,1), (uh,v")=(1,2). (6.2)

The amplitude of the wave is not small.

The first example of f(u) satisfying condition (1.6) is chosen to be f(u) = u. For
initial data given in (6.1), the evolution of a traveling wave solution of (1.11) is
plotted in Fig. 1(a). We now perturb the initial data (6.1) in the form of

sin x

~ ((z — 100)/10)2 + 1

(6.3)

so that the perturbation is in H!(R) x H!(R) as required by Theorem 3.1. With the
numerical simulation shown in Fig. 2, we observe that the solution subject to such a
perturbation (6.3) stabilizes to a traveling wave solution.

t=0 t=6 t=50
2. 2.
25|
2 2 2
ERE El B
15 15
1
05| T |
0 50 100 150 200 250 300 850 400 0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400
X X
t=100 t=150 t=300
2 2! 2.
2 2 2
B B Bl
15 15 15
1 1 1
0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400 [ 50 100 150 200 250 300 350 400
X
=350 =380 t=400
2. 2. 2.
El El >
15 15 15
1 1 1
0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400
X X X

Fig. 2. The numerical illustration of the stability of the traveling wave solution u for system (1.11), (6.3)
with f(u) = u satisfying the condition (1.6), where D =2, x = 1,6 = 1.
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The next example of f(u) satisfying condition (1.6) is chosen to be f(u) = u?. For
), Fig. 1(b) shows the evolution of a numerical traveling

the initial data given in (6.1
6.1) such that

wave. Then we perturb (
(ug — @) (z) = (vy — ¥)(z) = sin z exp(—0.0008(z — 100)?). (6.4)

It is evident that such a perturbation is in H!(R) x H'(R). Figure 3 shows the
stability of the traveling wave solution of system (1.11) under such a pertur-
bation (6.4). It is clearly observed that the solution converges to a traveling wave as
time increases. Lastly, we provide another example f(u) = u+ 0.1sin(u) which
satisfies condition (1.6) and f”(u) changes the sign. The initial perturbation is
given as

(ug — @)(z) = (vy — ¥)(z) = cos z exp(—0.0008(z — 100)?) (6.5)

which is also in H'(R) x H'(R). Figure 4 illustrates the stability of the traveling
wave solution of (1.11) under the perturbation (6.5).

The numerical simulations illustrated above show that traveling wave solutions of
system (1.11) are stable for various functions f(u) satisfying (1.6) under different
perturbations, which confirms our theoretical results. Moreover, the numerical
simulations show that the stability result still holds true without the restriction,
a =01n (3.1) and that the traveling waves are also stable under large perturbations,
which are however not proved analytically in the paper.
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Fig. 3. The numerical illustration of the stability of the traveling wave solution u for system (1.11), (6.4),
where D =1,x = 1,6 = 1 and f(u) = u?. The left state u~ and right state u* of cell density are set as 2
and 1, respectively.
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Fig. 4. The numerical simulations of the stability of the traveling wave solution u for system (1.11), (6.5)

with f(u) = u+ 0.1sin(u), where D =4,x =1,6 = 1.

7. Conclusion

In this paper, we established the nonlinear stability of traveling wave (viscous shock)
solutions with arbitrary wave amplitudes for a Keller—Segel type model (1.7) which
describes the chemotactic movement of cells/organisms along the concentration
gradient of the chemical which is non-diffusible. The L? energy estimates and theory
of nonlinear conservation laws were applied to prove the results. Numerical simu-
lations are performed which agree with the analytical results. Our results are ap-
plicable to both attractive (x > 0 and § < 0) and repulsive (x < 0 and 6 > 0) cases.
We considered a more general chemical kinetic function g(u,c) than that in the

18273638 and generalized the results in Ref. 20 where the function f(u) is
3-5,17

literature
linear. The model considered in this paper has applications in cancer modeling

T as well as angiogenesis.'® However, the case

and self-organization of myxobacteria
bx > 0 was not discussed in this paper. Our preliminary numerical simulations (not
shown here) show that the traveling wave solutions are unstable under small per-
turbations. Hence the instability of traveling wave solutions when 6y > 0 is expected.

We shall study this in the future.
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