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Abstract

In this paper, we are concerned with a quasi-linear hyperbolic-parabolic system of persistence and en-
dogenous chemotaxis modelling vasculogenesis. Under some suitable structural assumption on the pressure
function, we first predict and derive the system admits a nonlinear diffusion wave in R driven by the damp-
ing effect. Then we show that the solution of the concerned system will locally and asymptotically converge
to this nonlinear diffusion wave if the wave strength is small. By using the time-weighted energy estimates,
we further prove that the convergence rate of the nonlinear diffusion wave is algebraic.
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1. Introduction

In order to depict the key characteristics of the in vitro experiment of blood vessels, showing
that the cells randomly scattered on the gel matrix will automatically organize into a network of
connected blood vessels, Ambrosi et al. in [1,14] proposed the following quasi-linear hyperbolic-
parabolic chemotaxis system

p+V-(ou)=0,
0 (pu) + V- (pu®u) +Vp(p) =pupVeg —apu, (1.1
019 =DA¢p+ap —bo.

Here the unknowns p = p(x,#) > 0 and u = u(x,t) € R"(n > 1) denote the density and ve-
locity of endothelial cells, respectively, and ¢ = ¢ (x,?) > 0 denotes the concentration of the
chemoattractant secreted by the endothelial cells. The convection term V - (pu ® u) models the
cell movement persistence (inertial effect), p(p) is the cell-density dependent pressure function
accounting for the fact that closely packed cells resist to compression due to the impenetrability
of cellular matter, the parameter ; > 0 measures the intensity of cell response to the chemoattrac-
tant concentration gradient and —apu corresponds to a damping (friction) force with coefficient
a > 0 as a result of the interaction between cells and the underlying substratum; D > 0 is the
diffusivity of the chemoattractant, the positive constants a and b denote the secretion and death
rates of the chemoattractant, respectively.

The hyperbolic or hyperbolic-parabolic chemotaxis models with different structures from
(1.1) have been studied in the literature (cf. [20,34,40,50]). Nevertheless the mathematical struc-
ture of (1.1) is analogous to the well-known damped Euler-Poisson system where ¢ is called
the flow potential satisfying a Poisson (elliptic) equation: —A¢ = p, which has numerous es-
sential applications such as propagation of electrons in semiconductor devices (cf. [39]) and the
transport of ions in plasma physics (cf. [6]) when u < 0 and « > 0, as well as the collapse of
gaseous stars due to self-gravitation [4] when u > 0 and o = 0. Here the sign of i corresponds
to attractive or repulsive forces similar to the attractive or repulsive chemotaxis (cf. [31]). Due to
the essential difference of analysis between elliptic and parabolic equations, the analytical tools
developed for the damped Euler-Poisson system is not directly applicable to the system (1.1). Up
to date, there are not many analytical results available to the system (1.1). When the initial value
(po(x), ug(x), po(x)) € H*(R™)(s > n/2+ 1) is a small perturbation of the constant ground state
(i.e. equilibrium) (o, 0, ¢.) with p. > 0 sufficiently small, it was shown in [9,10] that the sys-
tem (1.1) admits global strong solutions without vacuum converging to (o, 0, ¢.) in L?-norm
with an algebraic decay rate. As o — oo (strong damping), it was formally derived in [5] by
the asymptotic analysis and subsequently justified in [8] that the solution of (1.1) converges to
that of a parabolic-elliptic Keller-Segel type chemotaxis system. The asymptotic behavior of so-
lutions to (1.1) and its limiting Keller-Segel system was further compared numerically in [44].
By adding a viscous term Au to the second equation of (1.1), the linear stability of the constant
ground state (p., 0, ¢.) was obtained in [32] under the condition

bp'(pe) — appe > 0. (1.2)

A typical form of p fulfilling (1.2) is p(p) = % p? with K > % The stationary solutions of one

dimensional (1.1) with vacuum (bump solutions) in a bounded interval with zero-flux boundary
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condition were constructed in [2,3,43]. The model (1.1) with p(p) = p and periodic boundary
conditions in one dimension was numerically explored in [13]. Recently the stability of transition
layer stationary solutions of (1.1) on Ry = [0, co) was established in [17].

It is well known that damping is a factor triggering diffusion waves in many hyperbolic
system such as the p-system or damped Euler equations (cf. [21,29,30,37,41,42,45,46,48,55]
without vacuum and [7,22,38,49] with vacuum), as well as the Euler-Poisson system of semi-
conductors [15,23-26], bipolar Euler-Maxwell equation [11], Timoshenko system [28] and the
radiating gas model [36]. Though the above-mentioned works are obtained under L? frame-
work, the L! stability of diffusion waves can also be possibly obtained (cf. [47,53]). When
the damping is time-dependent, we refer the relevant results to [16,18,19,33] and references
therein. Motivated by the structural analogue between the Euler-Poisson system and (1.1) with
dampings, the authors have shown recently in [35] that the hyperbolic-parabolic system (1.1)
admits linear diffusion waves in R® which are shown to be locally asymptotically stable by
the Fourier and spectral analysis. Under the framework of [35], the time decay of solutions de-
creases with respect to the space dimension and the energy estimates will lose time integrability
in R"(n = 1, 2). Therefore whether the hyperbolic-parabolic chemotaxis system (1.1) admits sta-
ble diffusion waves in R or R? remains unknown. The purpose of this paper is to show that the
system (1.1) in R admits nonlinear diffusion waves which are stable against a small perturbation
by using the technique of taking antiderivative, unlike the framework of [35].

To demonstrate our ideas, we set m = pu for convenience, namely m denotes the momentum
of cells, and recast the system (1.1) for (x,7) € R x R as

pt+m.x:07 (x5t)€RXR+7
me + ('%2 +p(p)), = upps —am, (x,1) eR x RY, (1.3)
¢ = Dxx +ap — b, (X,I)GRXRJr,

where we prescribe the initial data

Uli=0 = Ug := (po, mo, po) —> (0+,0, 1), as x — F0o, (1.4)

with p+ >0, p4 # p— and ¢+ = 7 p+, where we assume p+ > 0 to avoid possible vacuum.
Moreover we impose the following conditions on the pressure function

a
p(p) e C3RY), p'(p) — 7“,0 ~ 0, forany p > 0. (1.5)

Due to the external damping (frictional) force, one may expect that the inertial term in the mo-
mentum equation of (1.3) decays to zero faster than other terms so that the pressure gradient
force is balanced by the frictional force plus the potential force. Hence we may predict that the
solution (p, m, ¢) of (1.3)-(1.4) will behave time asymptotically as the solution (p, m, 4_2) to the
following equations

ﬁl +n_’lx = O’
(p(P))x = Mlaqsx —am, (1.6)
ap =be,
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or equivalently, by denoting g(p) = p(p) — % 02,

p—(ta®) =0 @
m=—g[p@) - %0, ® (.7
$=12p. ©
with the following asymptotic states at far fields
(PG, 1), (x. 1), §(x, 1)) —> (2.0 px ) . as x — oo, (1.8)

In our paper, without loss of generality, we assume p_ < p4. As shown in [52], the equation
(1.7a) admits unique nonlinear diffusion wave p(x,t) = ¢ (&) with & =

(1.5) such that ¢ (&) = p+. Then substituting this into (1.7b) and (1.7¢), we find a unique solution
(p,m, p)(x, t) of diffusion wave for (1.7) with

1 _
), n‘c(x,r)=—5[p(p)—£p2] ¢<x,r>=§x3. (1.9)

_ X
e

The aim of this paper is to show if the initial value (pg, mo, ¢o) satisfying (1.4) is a small per-
turbation of (p(x,0), m(x, 0), (ﬁ(x, 0), then the system (1.3) with (1.5) admits a unique solution
whose asymptotic profile is the nonlinear diffusion wave (p, m, ¢_>)(x, t) given by (1.9). To state
our main results, we first define the perturbation of (p(x, 0), m(x, 0), q_S(x, 0) as follows

Vo(x) = [* . (eo(y) — p(y + x0.0))dy,
My (x) =mo(x) —m(x + x9, 0), (1.10)

Do (x) = Po(x) — p(x + x0, 0),

where x( is a constant uniquely determined (see section 2.2) such that the initial perturbation
from the spatially shifted diffusion waves with shift xo is of integral zero, namely Vy(co) =
Above we define Vj(x) in a form of anti-derivative of the perturbation because the first equation
of (1.3) is a conservation law for which the technique of taking anti-derivative is usually invoked
(cf. [51]). By the method of weighted energy estimates, we shall prove the following results in
this paper.

Theorem 1.1. Let (1.5) hold. Then there exists a constant € > 0, such that if (Vy, My, ®g) €
H3(R) x H*(R) x H*(R) satisfies

IVoll3s m, + 1Moll 32 ) + 19011 5y g, + 0+ — p-1 < €,

where (Vy, My, @) is defined in (1.10), the system (1.3)-(1.4) possesses a uni_que global classical
solution (p, m, ¢)(x, t) which converges to the shifted diffusion wave (p, m, ¢)(x + xo, t) solving
(1.7) and (1.8) in L°°(R) with algebraic decay rates:
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1850 — D))l o) < Ce(1+1)/4F2 k=0,1,
18X (m — m) ()| Lo®) < Ce(1 +1) /442 k=0,1, (1.11)
185 — P) (Ol Loory < Ce(1 +1)73/47K2 k=0,1,

where C > 0 is a constant independent of t.

The rest of the paper is organized as follows. In Section 2, we present some known results
on the diffusion wave solution p(x,t) of (1.7) with far field states (1.8), and reformulate the
original equation (1.3) against a suitable perturbation. In Section 3, we derive the uniform a-
priori estimates and hence establish the existence of global solutions of reformulated problem.
In Section 4, we show the algebraic time asymptotic rate of solutions convergent to the nonlinear
diffusion wave and prove the main Theorem 1.1.

2. Reformulation of the problem

In this section, we shall prove the global existence of solutions to (1.6). We first introduce
some notations frequently throughout the paper.

Notations. In the sequel, C denotes a generic positive constant where C may vary in the context.
For two quantities a and b, @ ~ b means la < b < %a for some constant 0 < A < 1. For any
integer m > 0, we use H™ to denote the usual Sobolev space H™ (R). For simplicity, the norm
of H™ is denoted by || - ||,, with || - || = || - |l0, and we set

I[A, Blllx = llAllx + I Bllx-
Without confusion, we shall abbreviate | - ||L») as || - [|L» for 1 < p < 0o in the sequel.
2.1. Nonlinear diffusion waves

In this subsection, we give some properties of nonlinear diffusion wave profile (1.9) that will
be used in the paper. Let

,5(x,t)=90< )=<ﬂ(€), —00 <§ <o0.

X
VAR
Substituting the above self-similar structure form into (1.7a), we find that ¢ (£) satisfies

76 +4"(9E)¢'®)

1 =0,
&)+ ) @'(&)

@(F00) = pz,

where ¢'(p) = p'(p) — %5 > 0. The existence of unique solution of the above equations has
been shown in [21]. For any &y, it further follows that

_ ¢ 60)q' (9(60)) / an
=———""exp| — | —————dn
q'(p(§)) : 2q'(9(m)

0

¢'(€)
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The solution ¢ (&) is increasing if p_ < p4 and decreasing if p_ > p4, and satisfies

dk
@w(é)‘ +19(E) — pile=0 + [9(E) — p—|e<0 < Clps — p—| exp(—ca&?),

6
2
k=1

where ¢ is a positive constant independent of x and ¢. Moreover, we can obtain following L”-
estimates of the derivatives of p (cf. [22,27,54,55]).

Lemma 2.1. Let p(x,t) be the self-similar solution of (1.7a) and (1.8). Then for p € [2, 4+00]
and 1 <[+ k <6, we have

- _k_yy L
ookp¢.0| = Clos—pol( 40725,

2.2. Reformulation of the problem

Inspired by the work [21], we set the perturbation function around the diffusion wave (p, n1, (;3)
as

V)= [T (p(y.1) = p(y + x0.1))dy,
M(x, 1) =m(x,t) —m(x + x0, 1), 2.1)
D(x, 1) =P (x, 1) — d(x +x0, 1),

where x is a constant uniquely determined by

+00
/ (p(x,0) — p(x + x0, 0))dx =0,

namely,

+00
1
o= — / (po(3) — 5. 0)) dy.
O+ —P—_OO

Define the initial perturbation functions as

Vo(x) =V(x,0)= [*_ (po(y) — p(y + x0,0))dy,
Mo(x) = M(x, 0) = mg(x) — m(x + xo, 0),

@o(x) = @(x,0) = do(x) — p(x +x0,0).
Then upon the substitution of (2.1), we reformulate our problem (1.3)-(1.4) as
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Vi+M =0,

(M + m)? _ _ - _ B}
M+ ———) +p(Vx+p0)—p@)], =uVi®x + uVidy + up®, —aM —my,
X

Vi +p

®; =DPyy +aV, —bd _ét + Dq;xx’

with initial data (Vy, Mo, ®g) satisfying

V(x,0),M(x,0), P(x,0)) = (Vo(x), My(x), Dg(x)) > 0, as x — *oo.

Rewrite (2.2)-(2.3) as
Vit = (P (D) Vi)x + Vi + uVe @y + uVidps + up®x + hyx + fx =0,
& =D®yx +aVy —bd +g,
with initial data
(V(x,0), Vi(x,0), D(x,0)) = (Vo(x), —Mp(x), Do(x)) > 0, as x — Fo0,
where

Vit 5a()e)?
Vit
f=5@@) = [pVa+5) = p(p) = P'(P)Vx].

8= _d_’t + D‘f_’xx-

’

For system (2.2)-(2.3), we shall establish the following results.

Proposition 2.2. Let 8y = | p — p—| and (1.5) hold. If (Vy, My, Do) € H> x H? x H> and

Vo, Dolll3 + IIMoll3 + 80 < &3,

2.2)

(2.3)

2.4)

2.5)

2.6)

for some sufficiently small constant eo > 0, then problem (2.2)-(2.3) admits a unique global

classical solutions (V, M, ®) satisfying
(V(x,t),M(x,t), ®(x,1)) € L™ ([O, 0); H? x H? x H3> ,

and

sup [ V(O + 1V 013 + 19013 = € (IVol3 + Mo )3 + Bol13 + 89 ) < Ce.
t>0

Moreover, if there exists a constant € such that

80+ IVoll3 + IIMol13 + Dol < €2,
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then the solution (V, M, ®) has the following decay

135Vl 2 < Ce(l+0)~* D2k =0,1,2,
195M ()12 < Ce(1 + 1)~ D2k =0,1,2, 2.7)

19X @0l 2 < Ce(1+ 1)~ D2 k=0,1,2,
where C > 0 is a positive constant independent of t.

In view of (2.1), Theorem 1.1 is a direct consequence of Proposition 2.2. Hence we will
focus on the proof of Proposition 2.2. Before proceeding, we briefly outline the ideas of proving
Proposition 2.2 where part of them are inspired from works [45,47]. First we establish the global
existence of smooth solutions to (2.2)-(2.3), and then we derive time decay rates of the solution
toward diffusion waves. Although such procedures are routine, the desired results are not easy
to be achieved due to the coupling of ® and V. Since we can not expect the exponential decay
of @ like the electronic field E as in [15] or do not want to impose smallness assumption on the
constant equilibrium as in [10] either, some new ideas need to be developed in order to control
the linear terms pup®, in the first equation of (2.4) and aV, in the second equation of (2.4). To
this end, we take up the assumption (1.5) which implies that the following matrix

p'(p) —up
=:A(p
Ly (»),
a

is positive definite. Then for any (x1, x2), we have

. _ _ _ - bup - -
min{3.1(5), 22(P}(x} +23) < (P} = 2upxixz + ==x3 < max{h1(9), h2(D} (] +13),

where A1(p) > 0 and X>(p) > 0 are the eigenvalues of A(p). Since p_ < p < p4, there exist two
constants C; > 0 and C, > 0 such that

_ ] bup
Ci6 +x) = p ()] = 2ppris + 20} < Colxf +9). 2.8)

Under the condition (2.8), the two linear terms wp®, and aV, can be absorbed or eliminated
in the energy estimates. Due to the coupling effect, we find that the decay properties of ® and
V, can be obtained synchronously. Moreover the term g in the second equation of (2.4) will
complicate the weighted energy estimates in the sequel.

For later use, we recall a Sobolev inequality about the L? estimate on products of any two or
several terms with the sum of the order of their derivatives equal to a given integer (cf. [12]).

Lemma 2.3. Ler ! = (cx%, e ,al) and o? = (052 ,aﬁ) be two multi-indices with ’(xl‘ =

n 1
k1, a2|:k2 and set k =ky + k. Then, for 1 < p,q,r <ocowith1/p=1/q + 1/r, we have
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Vku1

Vku2|

(2.9)

1 2
” 9% uy0* ”2||L11(Rn) = C<”“1 ”Lq(Rn) Lr@®ny T ”u2’|L4(R") L’(R”))’

where C is a positive constant.
3. Global existence. Proof of Proposition 2.2

The existence of local-in-time solutions to (2.4)-(2.5) can be readily established by the stan-
dard iteration argument and hence will be stated without proof details.

Proposition 3.1 (Local existence). Let the conditions of Proposition 2.2 hold. Then there exists a
positive constant Ty depending on go such that the problem (2.2)-(2.3) admits a unique solution
(V(x,1), M(x,1), ®(x,1)) € L™ ([0, To); H> x H*> x H?) satisfying

sup (IIVI3+IMI3+ 01) = 26.
t€[0,Tp]

To extend local solutions to be global in time, it suffices to derive the uniform a priori esti-
mates of solutions to (2.4)-(2.5) where V; = —M. For any given T > 0, we denote the solution
space for the Cauchy problem (2.4)-(2.5) by

XM =|v. v, ) e B x B x H?, 0<1<T).
Assume that the following a priori assumption holds:

N(T) = OSUPT{II[V, Q1 Dz + 11V Dll2} K 1. (3.1
<t<

By the Sobolev inequality and p_ < p < p4, it follows from (3.1) that

1 _
FP-= Vitp= 2P+ (3.2)

w

Then we prove the following uniform a priori estimate.

Proposition 3.2 (A priori estimate). Let the conditions of Proposition 2.2 hold and (V, V;, ®) €
X (T) be a smooth solution of (2.4)-(2.5). Then there exists a constant C > 0 independent of t
such that

T
||V||§+||v,||%+||<1>||§+/(||vx||§+||<1>||§+||d>t||§+||v,||§)dr
0 (3.3)

=C (VoI + I1Moll3 + 1 boll3 + 6o ) = Cef.
Proof. We divide the proof into three steps.
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Step 1. We claim the following inequality hold

d o
o 5||8fV||2+/3th8dex+2 a <I> +— Z / a c1> dx
0<k<2 R R O<k<2R
k bu
p(,o)(a V) dx—2u [ 5ot @0t Vidx + 2= p q>
0<"<2 R R R
_prd [ 2 2 p 2 _s
< b dr px®Vdx + | Vill3 + C(N(T) + 30) ([ Vallz + [ Vellz + [1@[15) + Co(1 +1)7 5.
R
34
To this end, we rewrite (2.4) as
- (p/(ﬁ)vx)x +aV+pu(p®)y =—puV,d, — /va(l_sx + upox® —hy — fr,
(3.5)

O, — DDy +bD —aV, =g.

Applying 8)15‘ for 0 < k <2 to the first equation of (3.5) and multiplying the result by Bf V, one
has
X ViV — 05 (P (D)Vx LV + ad Vidf V + ud (59) 4V

T (3.6)
= Maf(qu’x)a)]fV - Ma)]:(vxqu - pxq))a)]fv - a,lv(hxa)]ccv - 3§fx8§V

By simple calculations, we have

d
kv, okv =E(a§v,aj§V) — [0kv, 2,
=05 (P (D)Va) 05V == [05(p' (B) V)DL Vs + 05 (P () Vi) 3y Vi
2
— [P (VI VL + 0/ (5) (95 Vi )

+ D LT (P (9L Vit Vi,
<k
1Y (p®) 05V =0y (FD)ILV 1y — oy (HP)3} Ve
=uldf (p®)IV ], — updk @IV — Y CLat pol oot v,
l<k

- _ " _
HIE (Ve = e ®)OgV =705 [Px (@Vi = b®) 9V

where we have used the relationship between ¢ and p, ie., ¢ = 7 0. Substituting the above

equality into (3.6) and integrating the equation over R, we get
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d |« _ 2 _
— E||8fV||2+/8fV,8)]§de +/p’(p) (aj;vx) dx—M/,oaj;@aj;vxdx

dt
R R R
=||a§v,||2—Zc,f/af*@(p/(p‘))afvxa,’jvxdx+MZC£/afffﬁaf¢a§vxdx
U<k R <k R (37)

fua"(vx @) vdx — bfa [fx (aVy — b®)] 0¥ Vdx

R R
—/afhxa§de—/a§fxa§de.

R R

Applying 3)’; for 0 < k <2 to the second equation of (3.5), multiplying the result by “7'58;‘@, and
integrating the resulting equation with respect to x give

d 2 D > b 2
Lad /ﬁ(‘@fd)) dx+M—/,5<8)’§<I>x> dx+—“f,3(aj§c1>) dx—u/aj;vx,saqum
a

2a dt a
R R R
2’2 B (a"cp) dx — —/,oxakcb A ddx + = /;3a§c1>aj§gdx.
R R
(3.8)

Taking summation of (3.7) and (3.8) and using integration by parts for the last two terms of (3.7),

we have
d |« i 2 D[ 2
- E||aj§V||2+/aj;v,aj;vdx+%/p(a,’gcp) dx +“7/p(a§¢x) dx
R R R
2 b 2
+/p’(;3) (aj;vx) dx—2M/53§q>a§vxdx+—“/5(a§q>) dx
a
R R R
:||a)’§vt||2—/ua"(v ) Vdx — E/ak [/x (@Vy — b®)] 0¥ Vdx
R R . (3.9)
D
+/8§h8§dex+/8ffafodx+%fﬁt (a};cb) dx—%/[)xafd)xaffbdx
R R R R
+M/p8kd>3kgdx+zcklkg
R <k
=l Vil +21 +Y Cil,
l<k
with
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Iy =— / o P (P)pr) By Vi O Viedx + / O pr 0y DY Vidx,
R R

where the fact £ < k has been used.
When k = 0, we estimate /1-17 as follows. By using the Cauchy-Schwartz inequality, Sobolev
inequality and (3.1), I} can be estimated as follows,

1< CIVI= Va1l = ENCT) (12l + 1941

For I, we have from the second equation of (3.5) and Lemma 2.1 that

h=— ﬁ/ﬁx @Vy — b®) Vdx

b
R
w [ _
:_Z/px((bt_Dq)xx_g)de
R
wd [ wof - wof -
:_ZE pXCDde—l—Z/pxlfdex—i—Z/,oxCDV,dx
R R R
uD [ _ uD [ _ wof_ - -
- T PrxDxVdx — T Px @y Vidx + E Px(—=¢: + Dy ) Vdx
R R R
nd - 3 -2 2 2 2
== 22 [ BeoVar +C (17ul? + 16 I?) + CIV I (1912 + 19.1°)

R
+ Cllpallze (1012 + IVIZ + 102+ IVell?) + CIV A (1610 + b l)

wd
b dt

S_

/ﬁXQDde FC8(1+1)"2 + CN(T)So(1 + 1)~ 7
R

+ CONCT) +80) (P17 + VI + 10+ 1 Vi)
Recall the definition of 4 and f in (2.6) and (3.2), we have
h~VP 403, f~p+ VY,
which implies that

L+ scf |V,2+p‘§||vx|dx+6/ |pc + V| Veldx
R R

=CN(T) +80) (VA2 + Vi) + Cao(1 +1)72.

Moreover, by using Cauchy-Schwartz inequality and Lemma 2.1, the other three terms can be
estimated as
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3
Is+ Io+ 17 < CN(T) +80) (I @12 + 9. ]2) + Coo(1 + 173,

When 1 <k <2, we estimate /1-17 term by term. By Lemma 2.3, it is easy to have

1 <C (I Vel 108 @l + 10l NS Vil 195V |

=ON(T) (b @x2 + Nk Vi 2 + 14 V1)

and

7
L=-"
2 b

/a}g [fx (@Vy — b®)] 0¥ Vdx
R

=C (I3l 10f @Vi = bO) + 1| @Vi = b®) 1= 85 5l ) 105V |

=Co (1913 + I1Vil3)

For I3, 14, recalling the definition of 4 and f in (2.6) and using (3.1), Cauchy-Schwartz inequality
and Lemma 2.1, we can derive that

3
I3+ Iy < CNCT) + 80) (11 + 1 Vil) + Cao(1 + 737,

Due to the properties of p; and p, in Lemma 2.1, Is, I and I7 can be estimated as follows.

i ko2 k 2 -3k
s+ 16+ 17 <Cép | |10;P|” + 1|0 Py l|” ) +Coo(1 +1) 27",

In order to complete step 1, we still need to estimate the last term /j . It follows from (2.9), (3.1)
and Lemma 2.1 that

el = |- [ Gpa Vit Vdr e [ 010 0l0nt Vi
R R
— k—1 k—1 = k
<CUIpellze 105Vl + [ Ve llzoo 185 pe D135 Vi |
+ C(1px Nl Lo 195 DI + D1l oo 157 B I 105 Vi |

<Coo (VI3 + 1913)

Then (3.4) is obtained by substituting all the estimates /1-17 and I , into (3.9) and then taking
summation over 0 < k < 2.
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Step 2. It is easy to check that

d L ko 2, uD ‘o
&Y At B2 [ (ake.) ax raaviaz+ L 3 [5(ske) ax
Osk=2 R 0=<k=<2p
1d 5
+EE /p(p)(&k ) dx—2u/p8k<l>8kv dx—i——/ ak ) dx
0<k<2 | 2
1d Vet 2@ 1 \2 . N2
Edt / (Vy + p)2 (ax Vx) dx — /[P Vi +p)—p(p)] (Bx Vx) dx
0<k=<2 2

+ Co+ N (IVall3 + 1Vl + 1913+ 19 13) + Coo(1 +)7 2.
(3.10)

Applying 3F for 0 < k < 2 to the first equation of (3.5) and multiplying it by 8;‘ Vi, we get

3V, 0k v, — 05 (' (D) Vi) 0¥V, + a0 V08V, + pok (5 @), 0"V, Gl
= — udk(V @)%V, — ud* (Ve — pr @)XV, — 858k v, — 8k £ ok v
Noting that
1d
k k k 2
0, Vi 0, V; =§E|ax Vil©,

—05 (P (BYV) 0 Vi = — 95 (P (5) o Vi) B Vi — 05 (' (5) Vier) O Vo
=— (P (D) px V) Vi — P/ (D)3 Viex 9 Vi
=3 CEE (P ()L Vi LV
<k
— (P ®VAOLVL) + P P)or B Vidk i+ P (0 Vadk Vi

— (P ()P VDKV = > CLat ™ (p! (5))0} Viex 05 V4
t<k

_ o 1d
— (P @3ViaV) + 0 BBk Vil Vi+ 5o (P (D) V)?)

l//—‘ 8kv 2 8k //——V akv
5P (P)or (0 V) — 0 (P (p)px Vi) Vs
— Y G P (9L Vik Ot Vi,

<k

10y (pP)x 05 Vi =l 35 (5P)I; Vil

=l (PO Vilx — npof DOk Vi — Y CLOt ™ 5oL ok Vi,
<k

— 1Y (PP} Vit

264



Q. Liu, H. Peng and Z.-A. Wang Journal of Differential Equations 314 (2022) 251-286
d

ko= k
=p[0; (pP)0; Vilx — ME

+updk @,k Ve —py Cf (a)’j—ﬁﬁaf@a)’; v,)x
<k

(Pok @OV ) + 0t DALV,

+ 1y Cf (05 prat @ak v, + 9k ol .0 v,) ,
l<k

- _ I[,L _
1k (Vegy — pr @)V, =Za§ [px (@Vy — b®)] 3V,

Substituting the above equalities into (3.11) and integrating the equation over R, we have

d |1 1 - 2 _

- §||afvt||2+5/p/<p) (a5v:) dx—ufpa§¢a§vxdx + ol Vi 2
R R

+M/,53};d>tajgvxdx

R

1 o 2 o o
=2 f 2" (B)pi (afvx) dx — / P/ (B)px 0y Vidy Vidx + / 3 (p" (B)px Vi) 8 V,dx

R R R
+ 30t [ na vt vids 3.12)
<k R

—uy C,f/(a,’;—f,axafdmﬁ Vi + 9t pold, ok V,) dx — / pr0k @3k V,dx
l<k R R

7 _
—/Maf;(vx@x)a,’gv,dx— E/aj; [5x @V, —b@)]afvtdx—/afhxafjv,dx
R R R

- / ok £ 0k vidx.

R

Applying Bf for 0 < k <2 to the second equation of (3.5), multiplying the resultant equation by
£ 5%, and taking integration in x give

d Jpb [ _ N2, mD [ \? “o kg |

T Z/p(axcb) dx+g/p(3x<l>x) dx +;/p(3x¢z) dx
R R R

—;L/B)'C‘Vxﬁafd),dx

(3.13)

R

b [ 2 D[ 2 D[

:l;—a/p, (%) dx+’;—a/p, (%) dx—%/pxa§d>xa§d>,dx
R R R

265



Q. Liu, H. Peng and Z.-A. Wang Journal of Differential Equations 314 (2022) 251-286

+ E/ 598D, 9 gdlx.
a
R

Combining (3.12) with (3.13) yields
d |1 uD [ _ 2 wf . 2
— 5||a§v,||2+—/p(8fd>x) dx +a||8§vt||2+5fp(a§<1>t) dx

dt 2a
R R

1d Vo (ks \2 ~ ok ik Hb [~ (k) (3.14)
+§E /p(p) (E)xVx) dx—2u/p8x<D8xdex+7/,0(8)(@) dx
R R R

e A R A I /X
<k

where

2
R R

1 o 2 o _
I = / P @) (95V2) dx — / P (5)p: Vi 0k Vydx — / B DO Vedx

R

b [ 2 D[ 2 ]

+‘2'“—a i (k@) dx+’;—a 7 (oke.) dx——/pxa§d>xa§q>,dx,
R R R

= = 1< -
5= [ o (0@ vi) ok vidx — [ ok vieptvidx = [ 615, @V~ bonatvian,
R R R
70 = —/3§hxa§v,dx - / o frdl Vidx =: 15 + 1)
R R

on_ K-
J )=g/,o8f<bt3fgdx
R

and

Tt =/a§—f(p’(ﬁ))afvxxaﬁv,dx —M/af—fﬁxafqmjgv,dx —u/aﬁ—fﬁafq>xafvtdx.
R R R

It follows from the Cauchy-Schwartz inequality and Lemma 2.1 that
k
I < CoU VI + 105Vl + 105 @117 + 105 D1 + 19 D).

Due to Lemma 2.3, we can estimate Jz(k) and Ji ¢ as follows,

266



Q. Liu, H. Peng and Z.-A. Wang Journal of Differential Equations 314 (2022) 251-286

19 <C (1711951, @I + 11V, @ zoe 105521 ) 105 Vi
+ (Ve I35l + 1Dl 85V ) £ Vi
<CN(T) +80) (I Vell3 + 187 Va2 + 1 113).-
Thanks to £ < k, Ji ¢ can be rewritten in the following form

Sea== [ BTG @0l VasVids - [ 0 0l 00k Vian
R R

—M/$”4mx®$ww
R

<C (Woe 135 Vae @Il + N Viws Dl 1957 Al ) 10 Vel
+ (15l N0£ @1 + 1P 135l ) 195 Vi

<C8o(IVill3 + 1135V, 117 + 1 @113).

For J, ;k), with the definition of g in (2.6), using the Cauchy-Schwartz inequality and Lemma 2.1,
we have

k C 3
I < csplaka,|? + %na!ign2 < Copllak @, |2 + Co(1 +1)727K,

In order to estimate J3(k), we calculate i, and fy first. Note that

po (Wit aa®0?\ _ Vit g@e)? o 2Vi+ a0,
T Ve+p T et " Vets (3.15)
Vit g@@)o? - 2Vt gDl
Ve +p)2 Px V.+p O[q P)xxs
and
1
Jx 25(4(15)))61 - [P(Vx +p) —p(p) — P/(/a)vx]x
(3.16)
1
== @@)xt = 1P/ (Ve + ) = P (D) Wex = (0 (Ve +5) = P (5) = p" (D) Vi) -

Then, for 13(5), we focus on the term which contains the highest-order derivative Vy, and V,,,

g?=—/xmxwm
R
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2(Vi + 2q(p)x)

(Vt+ (Q(P))x) k k / k k
f Vet )2 —————5 0, Vax Oy Vedx + Vit 0y Vit Oy Vedx
R
— / (O.T.H.)3* V,dx (3.17)
R
Vi E@OND? i (Vi + 3 (q(p))x)? 2
_R/ (W)f‘“}‘ i *55 T g (R0 @
L (5)).)? 1,05
_ l'/ (Vt + a(Q(_IO))X) (8£Vx>2dx _/ (Vt + aq(_lo)x) (a)lc‘V,)zdx
2 (Ve +p)? Vi+p
R t R x
- / (O.T.H.)8*V,dx,

where (O.T.H.) as an abbreviation for “other terms of 8)’? h,” reading as

o Ve L@ 2(Vi + Lq(p)y)
T.H.) = Cok—t [ 270 T o X7 Zxx k=t et 7 ex
© ) gckax ( A )a ;cka ( s )axvl

(Vi+ L@t 2V + ] q<p>x>1
ax (Vx+/3)2 Px — V. + _Q(p)xx .

Similarly, for J3( j), we focus on the term which contains the highest-order derivative Vi,

1Y = fa,’;fxajg V,dx = f[p/(Vx +5) = P (P10 V, 95 Vidx — /(O.T.F.)ajgv,dx,

R R R

- / [P/ (Vi + ) — p' (D)1 Vidk Viydx — / [P/ (Vi +5) — P/ (§)]x 05 Ve Vidx
R R
- / (O.T.F.)d*V,dx (3.18)

1d _ _ 2 1 _ _ 2
—— 5 [ o = pen (k) x5 [0k 5 - o (3 dx
R R

- f [P (Ve + 5) — ' (P10 Viedh Vi — f (OTF)o Vidx,

R R
with
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(O.T.F) ==Y " Cos“[p/ (Vi + ) — p' (P10 Vi
<k

1 _ _ _ _ _
+ 0y (;(Q(p))xt —(p' (Vs +p) = p'(p) — p”(p)Vx)px> :
Here we use (O.T.F.) as an abbreviation for “other terms of Bf fx”. Clearly the total order of
spatial derivatives for terms which are the product between V, and V; is not greater than 3 in

(O.T.H.) and (O.T.F.), and the highest order of derivatives for V, and V; is not greater than 2.
Then we can use Lemma 2.3 and Cauchy-Schwartz inequality to get

5
/(O.T.H.)afv,dx + /(O.T.F.)af Vidx < C(8g + N(T)) (||Vx I3 + ||V,||§) +C8o(1+1)" 27k,
R R

where we have used the following fact

Vel = € (IVaal + Vil IVall®al + (150l + 18 DIVal + [Varl + 19l + 15 + 171115:1)

=C(N(T) + do).

Based on the above calculations for J3(£) and J3(1;), we can estimate J3(k) as follows,

1d [ (Vi+1q).)? 2 1d _ _ 2

JO <2 [ 2T« Y (ky ) g ———/ "(V, —p *v.) d

3 =57, Ve 1 p)2 (x ) ARy [p' (Vx +p) p(p)](x ) x
R R

2 2 _3_k
+Co+ N ) (IVe 3+ 1Vi113) + Coo(1 +1 737+,

Feeding (3.14) on all the estimations of J l(k)-J4(k> and Ji ¢, and taking summation of (3.14) over
0 <k <2, one has (3.10).

Step 3. First, under the assumptions p’(p) — %,5 >0 and p_ < p < p4, we have
1oay (aky ) ~ ok g qk I YN k k 2
P (5) (ax vx) dx—2u | pofwolvidx+ = [ 5 (ax cb) dx ~ [0k ®, %V, 112 (3.19)
R R R

Second, adding (3.4) with (3.10) multiplied by a constant K which will be determined later, it
follows that

d
—EWO)+C(IVil?+ D2+ ||, |3 K —D|V;|?
2@ +C (VI3 + 1915+ 19013) + @K = DIVil}3 520
_35
<C8(1+1)"7 + C(N(T) + 80) IV ll3 + IV: 113 + 1®113 + 1D113),
where « K > 1, £(t) is given by
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o K
0= 3 {5108vIE+ [atviatvar+ S iatvie

0<k=<2 R
K ) 2 ) ub [ 2
+5 2 /p’(p) (afvx) dx—2M/pa§q>a§vxdx+7/p(a§q>) dx
0<k=2 | R R
o | 7 (o) ax s B5E [ (o)
B (05 ) ax + 222 [ 5 (8k,) a 3.21)
+O<I<X;2 zafp(x ST AR A
== R R
K Vi + 3 (q(p))x)? 2
+%fﬁx®de—E > f(";'&?")(aﬁvx) dx
& 0<k=2p (Vx +p)
K I = /o= k 2
+3 2 [ Wtn —p o0 (0 Vi) dx.
ngng

On the one hand, we can choose K large enough such that

o K
SV +/afv,a§wx + S0k = € (Nt vl + 10 v1R)
R

for some constant C > 0 independent of ¢. On the other hand, with the Cauchy-Schwartz in-
equality, Lemma 2.1 and a priori assumption, we have

/ﬁx‘DVdXSC30<II®IIZ+ IVI2).
R

/ Vi + Lg(p))?

2
T (98 vi) dx = V() + o)1k Ve 2
X

and

2
[t )= o (av) dx < NV
R

Choosing N(T) and §y small enough, one gets from (3.19) and (3.21) that
E@~ VI +IVill5 + [P

With the above equivalence for £(¢), after integrating (3.20) over (0, ), and taking N(T) and 89
sufficiently small, we get (3.3). Thus, the proof of Proposition 3.2 is completed. O

Finally, we need to verify that the a priori assumption (3.1) is achievable. Since under the a
priori assumption (3.1), we have proved that (3.3) holds true when N (T') is appropriately small.
So as long as g is small enough, (3.1) is ensured by (3.3). As such under the conditions of
Proposition 2.2, we close the a priori assumption (3.1).
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4. The time-decay rate of solutions
In this section, we are devoted to establishing the decay rate of the solution (V, M, ®) or

(V, Vi, @) to (2.4). First, we make the following a priori assumption on (V, V;, ®)

k 2
i <1 @1

2 2 1
2 2
S +0f fokve, @1+ 3o+ 0 2 [akv |+ Yo+
k=0 k=0 k=0

Then we turn to prove the time-decay rate of (V, V;, ®) which is indicated by the following
energy estimates.

Proposition 4.1. Under the assumption of Proposition 2.2, we have

2
K[V, @, @] o1V, @, 0,10, 9)| ds

2
Z(l + t)kJrl
k=0

2
—i—Z/(l—i—s)k
k=07

4.2)
<C (VoI + 1Mol13 + 1 boll3 + 8o ) = C€>

and

2
2
3+ nkt? oviC.o)| ds
k=0

2 t
2
o[+ Y [asste
k=07

1
2
+) A+ [0k @,, @] 8§[¢t,<bxt](~,s)H ds
k=0

1 t
2
+Z/(l+s)k+2
k=0

<C (IVol3 + I1Moll3 + 1 @013 +89) < Ce2.

Similar to the proof for the global existence, with the help of the assumption bp’(p) —aup >
0, the decay rates of V, and ® can be obtained. The main ideas of the proof for Proposition 4.1
come from [45] and [47], but additional efforts are needed to deal with the term g in (2.4),. The
time-weighted energy estimates (4.2) for V, and @ follows from Lemmas 4.2-4.4 and a coarse
decay rate for V; can also be obtained simultaneously. The refined decay rate of V; follows from
Lemma 4.5. Here, due to the similarity, we only give the detailed proof of Lemmas 4.2-4.4 to see
how we deal with the coupling of V and ®.

Lemma 4.2. Under the assumption of Proposition 2.2, we have

t
(14D [V Vi, @, <Dx]||2+f(1+s)(||vt||2+||d>t||2>ds =€ (IVol3 + IMol3 + 1 %oll3 +50) .
0
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Proof. Let k =01in (3.14), we have

d|1 o ub [_ S
7 EIIVzII +Z/p|<bxl dx ¢ +a| Vil +;/P<D;dx
R R

(4.3)

+= 1/17/(/5)‘/261?6—M/ﬁq’deX-l-M—b/ﬁ@zdx
dr |2 * 2a
R R R

— O O O, O
=0 0y AT+,

with

o 1 1 = 12 1= = _
Ji =5/ @) Vidx — | p7(p)pxViVidx —pu | pr®Vidx
R R R
b [ D [ _ D [ _
+ B2 5 0%ax + ’;—a/ptcpfdx - %/pxcbxd)tdx,

2a
R

I 12 _
50 = [ 0 @racviviar - [ uvieviar =% [ 5, @V~ bo) vidx,

R R R

70 z_/hxvtdx—/fxvtdx, 1 = E/ﬁcbzgd)a
a

R R

Now we deal with the terms of the right hand side of (4.3) one by one. It follows from

Lemma 2.1 that
JO <csp(1 407! f[vx2 +®% 4+ dF1dx + Co /[sz + @7 dx,
R

where we have used that

Y nb [
— | P (P)pxViVidx — 7 Px Dy Prdx
R

<5 [v2+<1>t]2dx+8 Il [1V2 + @21ax

R

[V? + ®,]%dx + CSo(1 + 1) f[vf + ®2]dx.
R

<do

W W —

Similarly, we can estimate the first and the third term of JZ(O) , and for the second term, by using
the a priori assumption (4.1), the Sobolev and Cauchy-Schwartz inequalities, we have
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_M/qu)xvtdx =
R

V2dx + C || @413 / V2dx
R

AR

Wlie
B W

szdx + C | Prll | Pxl / szdx

-lle

V2d -3 [ v2
20y +C(1+1)"3 [ V2dx,
R R

which implies that
1O <ca+n! /[vx2 +®Mdx +C (% +80) / V2dx.
R R

Recalling (3.18) and (3.17) when k = 0, we can estimate J3(0) as

©) _11/ / 2 Ld [ Vit 2 @)y 2
J37 < T (' (Vi 4+ p) — P (P)1V} dx+2d —(Vx-l-,o)z Vidx
R

+c@0/V,2dx+C(1 +t)—‘fvx2dx+c30(1 173,

R R

where we have used (4.1), Lemma 2.1, (2.4) and the following estimates:

(Vi + L(g(p)).)? N Vi + Lg())?
2N Vetp)* ),

Noticing that
lgl? = (I6]* + 6 |?) = c81 +0)73

<Cc(+n7L
LOO

is insufficient to warrant the decay rate (1 +¢)~! of D%, we estimate J‘fo) as follows

d
J(O) /pCD,gdx— ﬁ/,ECIngx —ﬁ/ﬁﬁbgdx—ﬁ/ﬁd)g,dx
a dt \ a a a

R R R R

d
=— %/pcbgdx +C(1+1)~ 1/<1>2dx+C(1+r)/ g +,5,2g2]dx
R

R

IA

S

ﬁ/ﬁcbgdx +C(1+t)*1/d>2dx+C50(1+t)’%-
a
R

R
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The estimation from J; @ o Jy © updates (4.3) as
d

1 - . [
o E/p’(p)dex—/L/,oCDdex—i—g/pCD dx
R R R

d |1 2 MWD [0 s 2 :“«/—2
— |V —_— b, |°d — ||V — &od
+ oA +2a/"' Pxt 4 SR+ 2 [ patax

dt
R (4.4)
-1 2 2 2 d[w [ -3
<C(l+1) /[Vx + @ +q)"]dx+E —/pq>gdx + Cé(1+1)"2
a
R R
1d ) Vi + Lg(p)))?
- Ve Vid L« T Y2y,
57 f[p( +p) = p'(D)] X+2d AE xdX
R R
Multiplying (4.4) with (1 4-¢), we have
d 1 _ _ ub _
— |+ —p (P)VE = up®Vy + —pd* | d
T (+)/[2p(p)x no x+2ap ]x
R
d 2, D __» 1 2 2
—I—d— (1+1) V + — 7 oy [dx —}—E(l—i-t) aV, dx+ ,OCDtdx
1 _ _ ub _ 1 Du _
Z/[Ep’(p)vf—updwarzpqﬂ} dx—i—/[i‘/tz—i-gpd)i]dx
R R
4.5)
d 2
+C/[sz+d>2+<l>§]dx+a (1+z)ﬁfﬁq>gdx —ﬁ/;sebgdercao(lﬂ)—%
a a
R R R
1d V41 2 Vi+ 2+
PRI P )/( t (‘1(,0)2))6) V2 __/( ! (q(p)z)x) Vdx
2dt (Vy +p) (Vx +p)

_ _ 1 _ _
RV R /[p/(Vx +0) = P (PIVidx |+ /[p’(Vx +p) = p'(PIVidx.
Integrating (4.5) over [0, #] and using Proposition 3.2 give us that

L+ 0 IVi, Vi, @, 21117 +f<1 + (VA + 11 Pdr = C(11Voll3 + 11 Mol3 +11Bol13 + o)
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where we have used the following estimates

C
(1+t)E/ﬁd>gdx §C50(1+t)/c1>2dx+5—(1+t)/g2dx
a 0
R R

<8o(1 +t)/<I>2dx+C80

and

t
ﬁ// Dgdxdt <C//d>2dxdt+/
a

0 R 0 R

0

g2dxdi = C (IVol3 + 1Mol + 110l +50) .

\

Thus, the proof of Lemma 4.2 is completed. O

Lemma 4.3. Under the assumption of Proposition 2.2, we have

(14D [Vir, Vax, D, D111 +/[(1 + )21 Vir, @112+ (14 ) [V, @y, Pax]l|*1ds

=C (IVoll3 + I1Mol13 + 1®ol13 + 80) .

(4.6)
Proof. The proof consists of the following three steps.
Step 1. Letting k = 1 in (3.14), we have
d |l 2, WD [ 20 H | -52
i §||th|| + S / p®ydx ¢ +allVi”+ 7 / pdydx
R R
4.7

+ 2 lfp’(ﬁ)v2 dx—ufﬁq>xvxxdx+“—b/,3q>2dx
a |2 x 2a x
R R R

. 7D (1) (1) 6]
=J + L+ I+ J + o,
with

1 o o _
I =3 f P (p)or Vidx — / P"(5)px Vix Virdx — 1o / i@, Vixdx
R R R

D [ _ D [ _
dx + l;_a/ptq))%xdx - %/pxd>xx(bxth,
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I 2 _
.12(1) = / (P//(P)Px Vx)x Viedx — / UV @)y Vipdx — Z / [ox (aVy = b®)], Vyidx,
R R R

‘13(1) :_fhxxvxzdx_/fxxvxtdxv ](1) P /Pq)xtgxdx
R R R

and

JI,OZ/p”(la)/;xVxxthdx _/L/ﬁxXCDthdx _M/ﬁxq)xvxtdx-
R R R

Similar to Lemma 4.2, the term J4(1) can be estimated as

wof - d(un [ wof wof -
g0 =—/pd>xtgde= — —fp%gxdx - —/pt%gxdx— —/p%gndx
a dt \ a a a

R R R R

d
<
—dt

SRS

/ p®rgrdx | +C(1+1)7! f O3dx +C(1+1) / |82+ A7e}] dx
R R

d
<

—dt

SRS

f,écbxgxdx +C(1+t)—1/q>§dx+cso(1+r)—%.
R R

Recalling (3.17) and (3.18), we have

‘]3(1) :_/hxxvxtdx_/fxxvxtdx

< —

R
< % /(Vz+ (q(p))x) V2 dx

d
d_ p (V + p) P (p)] dx + "~ 7. (Vx + ,0)2 XX

2dt

R
+ Caof V2Zdx+C(1 407! / V2dx+C(1+1)72 f[Vf + V2dx + Coo(1 +1) 7.
R R

Substituting the above inequalities into (4.7) leads to

2dt X 2dt

uwd
2—d_/ / @i,dx—i—a/szldx
R

R

1d 1d 5 b
Sdx + = — <p/(p)fodx 21p Dy Vxx+M < x)dx
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1
52/(“"@2 +avz)dx+C(1+z)1/[V3X+d>§+q>§x]dx 4.8)
R

d
+Cs(1+1)77 +C(l +r)—2/[v,3+vﬂ+d>2]dx+a ﬁ/ﬁcbxgxdx
a
R

Vi + Lg(p)).)? 1d
1d ( t (Q(P)) ) 2 dx — __/[p (Vx +/0) p (p)]szdx

+2dt (Ve p)? Vix 2d

Step 2. Multiplying (2.4); with —V,, and (2.4); with —%ﬁQD rx» integrating the result over R,
and using the integration by parts, we obtain

d

d
= (Vz—i—Vx,V)dx—i-—— pd2dx

2a dt
R R

) bu D[
+/<p’(p)v Cupd, Vi + P )dx+“— 52 dx

:/sztdx_fp//(ﬁ)ﬁxvxvxxdx+ﬂfqu)xvxxdx
R R R

+M/ Vxéxvxxdx+/(hx +fx)Vxxdx+M/ﬁxq)xdex

R R R
b
+ifﬁ,cb§dx— E/,r3x<1>,c1>xdx——“/,sanxcbdx—/ K2 oo, dx.
2a a a
R R R

Integrating the last term by parts twice leads to

273 22 .
_/_géxxdx:_ _/(pg)xx ddx
a a
R R

5(1+z)—1/q>2dx+C(1+t)/(g§x+ﬁ§xg2+ﬁ§g§) dx
R R

<(1+n7" / ®2dx 4+ Coo(1 +1)~3
R

Thus we arrive at
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d a5 wd [_ 5
S (Evi+v, V)dx+——/ ®2dx
dt/(z x Tt 2adr ) P°F
R R

- - bup uD [ _
+ [p/(p)fo =2ppPx Vix + Tpfbi] dx+—~ / P73 dx
R
4.9

R
52/sz,d)H—C(l+t)’1/[sz+d>2+<I>,2+ V2)dx
R R

+C(1+1)72 + cs(,/[vfx + ®2dx.
R

Here, we have used the expressions of i, and f in (3.15) and (3.16).
Step 3. Multiplying (1 +¢) to [2 x (4.8) + % % (4.9)] and integrating the result over [0, 1], we
get

t
(1 + t)||[VX1 Vxls Vxxv (bxv (Dxx]||2 + /(l +S)||[th, (bxt, Vxxv (I)xa q)xx]”zds
0 (4.10)

=C (IVol3 + 1Mo 13 + @013 + 8o )

Similarly, multiplying (4.8) by (1 +7)? and integrating the resulting equation over [0, ¢], we have
from (4.10) that

t
(14 D[ Vi Vix, D, D111 + /(1 + )2 [Var, @ 1lI*ds
0

=C (VoI + I1Moll3 + 1 @0ll3 + 80) (4.11)

where we have used the following estimates

c

(1+t)%/,5¢xgxdx 5050(1+t)/c1>§dx+8—(1+t)/g§dx

0
R R R

580(1+z)/q>§dx+cao,
R

t t t
f/ﬁCIngxdxds 5C//d>§dxds+€//g§dxds
0 R 0 R 0 R

=C (VoI + 1Mol3 + @013 + )

RS
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_ c

(1+z)2%/pq>xgxdx §c50(1+z)2/q>§dx+8—(1 +z)2/g§dx

0
R R R

<ol +t)2/c1>§dx + C8

and

/(1 +s)/,o<l>xgxdxds <C/(1+s)/d>2dxds+C/(l—i—s)/gzdxds

=C (IVol3 + I1Moll3 + 1 %0ll3 + ) .
Then the combination of (4.10) and (4.11) gives (4.6). The proof of Lemma 4.3 is completed. O

Lemma 4.4. Under the assumption of Proposition 2.2, we have

t
(143 [Vixx» Vaxr, Pax, Paxalll> + /(1 + )2 N [Viears @1l

+ (14D [Vixas Prx, Prrrlll*ds

=C (IVoll3 + 1Mo 13 + @013 + 80) .

Proof. The proof consists of three steps.
Step 1. Let k =2 in (3.14), we have

1d 1d ,ubp
2 d szxtd + Ed— [P V. xxx —2upPyx Vixx + —— :|dx
R R
Du d 2
+ ga xxxdx + Ol/ Vxxtdx +— / xxtdx
R R R

=JP+ 17+ 1P+ 1P+ h
<2

with

1 _ - _
J1(2) :E/p//(p)ptvxxxdx_/p//(p)vaxxxvtxxdx_M/ptq)xxvxxxdx
R

,ub
dx+ —fp; xxx / x Prxx Prxxdx,
R
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= 1% _
J2(2) = / (P//(P)Px Vx)xx Vixxdx — /‘(Vxéx)xx Viexdx — z /[px (@Vy = b®)]xx Vixxdx,
R R R

L
a

/ ODrxx&rxdx

J3(2) = _/hxxxvtxxdx - f Sroxx Vixxdx, JF) =
R R

R

and

B = [0 W O Vi Vinsdx = [ 82750l Vi = 1 [ 02 0L Vi,
R R R

It is similar to estimate J, f) as in Lemma 4.2 that

wof - d (p [ - wof wof
gfp¢xngxxdx = ;/p(bxxgxxdx - ;/ptéxxgxxdx_ Z/pq:)xxgxxtdx

dt
R R R R
d [un [_ —1 2
S— = | pPrxguxdx | + C(1+1) &1, dx
dt \ a
R R

+C(1+1) / (82,0 + p7gh | dx
R

uw [ _ _9
;/p@xxg“dx +C(1+1) 1/c1>§xdx+cso(1+r) 2.
R R

< —
—dt

Then, by a direct calculation, we have

1d 1d _ _ ubp
27 fotdx + Sdr |:P/(,0)szxx = 2P Py Vixx + Tcpixil dx
R
Du d _ wo[_
+ —aE/pq)ixxdx“‘ E/pd%xtdx—i—a/ szxtdx
R R R

| _
< / |:anzx, + %cbﬁx,} dx +C(1+1)"! /[fox + @2 + @2 4 V2dx  (4.12)
R R

+C(1+n7? /[fo +®2dx + C(1+1)° /[vx2 + V2 + ®%dx
R R

_9 d|p [ _
+Co(+0)7"2+ — | = | pPrxgaxdx
dt \ a

R
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f Vi + Lg(p)))?
2 dt

2 1d , _ L )
(Vi + p)Z Vxxxd - EE [p(Vx+p)—p (p)]VXXde
R

Step 2. Differentiating (2.4) with respect to x, we obtain

Vit — (Pl(ﬁ)vx)xx +aVy+u(e®y)x =—(uVi Py + vad;x)x —hxx — frx

(4.13)
Dy — DDy —aVyy + 0Dy =g,.
Multiplying (4.13); with —V,y, and multiplying (4.13), with —%ﬁcbxxx, we have
d 2 pd [_.2
= (2 V2 Virs Vi ) dx + 2—d— 52 dx
R R
- bup _,
+ [ | P (O)Viee = 20p P Vi + —— <1> &L d
R
/Vxxt /P (0)ox Vix Vixxdx — /(P (0 xx Vi Vixxdx
R R
(4.14)

+M/(Vx(bx)xvxxxdx+M/(Vx¢_’x)xvxxxdx+M//3xq)xvxxxdx
R R R

1% _
/(h + xx Voxxdx + —/,01 dx — E/pxq)xtq)xxdx
R R
bu

- _ 12 _
+ prxcbxx Vixdx — 7 / Px Py Py rdx — g / P8x Prxxdx.
R R R

Integrating the last term by parts twice, and then we have

7 I 7 I I 2u
__/pgxq)xxxdx:_ _/ngqu>xdx_ _/pxxgxq)xdx_ —/ngqu>xdx
a a a a
R

- c _ _
<o+ [ Whdxr St [ (o R+ 2e)dx
R

<Cso(1+1)"" / ®2dx + C8o(1+1)72,
R

which along with (4.14) yields
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d 1z
o (2V3x+vmvxx dx Z_d_/ @3 dx
R R

_ bu
+/ [p (p) xxx ZuquXXVXXX—‘F a } / xxx

R

R

7

2/ ”[dx+Cao/[ 2 42 Jdx + Cso(141)72
R R

+C(1+t)—1f[vfx +<1>§+c1>§,+vx2,]dx+C(1+t)—2/[v,3+vﬁ]dx.

Step 3. Multiplying (1 +¢)/ (j =1,2) to [2 x (4.14) + % % (4.12)] and integrate the result
over [0, ¢], we get by Lemma 4.2 and Lemma 4.3 that
t

(142 [Vixs Vixts Vaxar Poexr Pral* + f (1 + )21 Vierxs Vierrs Prrs Prwr Coxr1l%ds
0

=C (VoI + I1Moll3 + 1 @0l13 + o) .
(4.15)

Furthermore integrating (4.12) multiplied by (1 + 1)ItL( Jj =1,2) over [0, ¢], we obtain from
(4.15) that

(140> 1[Vaears Virr» Poxr PranlII> + / (1 4+ )3 [ Vixr, Drxell?ds

=C (VoI + 1Mol3 + 100113 + ) .

Here, for j =1, 2, we have used the following estimates

i _ ; C .
(1 +n/= / PP grxdx <C8o(1+ 1)/ / @7 dx + 5 (10 / g2 dx

R R R
<so(1 +r)f/c1>§dx (1 4+ 1) 2+
R
<so(1+1)/ / ®2dx + Cdy,
R
t t t
ﬁ/(l +s)f*1/;3<bxxg”dxds 5C/(1 +s)f*1/q>§xdx+c/(1 +s)f'*‘/g§xdxds
a
0 R 0 R

R
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t t
scf(l+s)f*1/c1>§xdx+c/(1+s)*3+fds
0 R 0

=C (VoI + 1Moll3 + 100113 + )

. _ . C .
a +t)f+‘%/pq>”g“dx 5c50(1+t)1+‘/q>§xdx+ %(lﬂ)/“ /gfxdx
R R R

<éo(1 +t)f+1/cb§dx +CSo(141)~3+
R

<8o(1+1)/*! / dx +Co
R

and

t t t
%/(Hs)//ﬁcpmgmdxds 50/(1+s)f'/c1>§xdx+cf(1+s)f/g§xdxds
0 0 R 0 R

t t
SC/(] +s)f'/q>§xdx+cf(1+s)*%+fds
0 R 0

=C (VoI + I1Moll3 + 1 @0l13 + ) .
Thus, we complete the proof of Lemma4.4. 0O

Similar to Lemma 4.4, we can get the following higher-order estimates for which we only
outline the procedures without details for brevity.

Lemma 4.5. Under the assumption of Proposition 2.2, we have

(1403 N[Vis, Vs, @r, @ 1117 + (1 + 02 V2|

t
+ /(1 + )2 NV, @ 4 (1 4+ 0| [Vis, Dor, D112 (4.16)
0

<C (Vo3 + IMoll3 + 1@l + 50
and

(14D WVarrs Viewrs @ars @axe 112+ (1403 Vi I

t
+ / (1 + ) Vare, @xredlPds + A+ 03[ Viar, @ar, PrrellPds (4.17)
0
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<C (I1Voll3 + IMoll3 + | Dol + &
=C (IIVoll3 + IMoll5 + [|Poll3 + o ) -

Proof. In fact, taking integration over R x (0, ¢) of equations (1 + t)’: x {2[0:(3.5); x Vi +
0:(3.5)7 x %}Qtt] + $08:(3.5)1 x Vi + 8:(3.5), x E2®,]}, and (1 + DT X [8,(3.5) x Vi +
0;(3.5)y X “7”@”] fori =0, 1,2, we get (4.16). Taking integration over R x (0, #) of equations
(1 +t)j X {2[8x1(3-5)] X Vysr + 8xt(3~5)2 X %q%ctt_] + %[axt(3-5)l X Vi + at(3~5)2 X %Q)Ct]}’
and (1 + 1)/ x [3x1(3.5)1 X Vi + 044(3.5)2 x L2 ] for j =0,1,2,3, we get (4.17). O

Note Proposition 4.1 is a direct consequence of Lemmas 4.2-4.5 shown above. Thus, we can
close the a priori assumptions (4.1) by taking € to be sufficiently small in Proposition 2.2.

Finally we are in a position to prove Proposition 2.2 and Theorem 1.1.
Proof of Proposition 2.2. The first part of Proposition 2.2 (global existence) is a consequence of
Proposition 3.1 and Proposition 3.2. For the decay rate, we have from Proposition 4.1 directly.
Proof of Theorem 1.1. Noticing that M (x,t) = —V;(x, t) and the transformation (2.1), we get
(1.11) from (2.7) by the Sobolev inequality ”f”%oc(]R) <2 fllp2@) Il fx Il .2(r) and hence com-
plete the proof.
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