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ABSTRACT. By constructing sub and super solutions, we establish the exis-
tence of traveling wave solutions to a two-species chemotaxis model, which
describes two interacting species chemotactically reacting to a chemical signal
that is degraded by the two species. We identify the full parameter regime in
which the traveling wave solutions exist, derive the asymptotical decay rates of
traveling wave solutions at far field and show that the traveling wave solutions
are convergent as the chemical diffusion coefficient goes to zero.

1. Introduction. The chemotaxis system, a well-known mathematical model to
describe cell motion in response to a chemical cue, has many applications in bio-
logical systems. For instance, the propagation of traveling bands of chemotactic
bacterial along a capillary tube toward the chemical energy sources consumed by
the bacteria can be described by the following model proposed by Keller and Segel
13]

{ ur = [ug — xud(w)azl,, (1.1)
Wy = EWgq — U

where u(z, t) denotes the bacterial population densities, w(x, t) the chemical concen-
tration, € > 0 is the chemical diffusion coefficient, and y € R the chemotactic coeffi-
cients measuring the strength of chemotactic interactions. The function ¢ = ¢(w) is
the chemotactic sensitivity function describing the signalling mechanism by which
bacteria response to the chemical. The model (1.1) is usually referred to as a one-
species chemotaxis model since only one species u is considered in the dynamics.
It was shown in [13] that if ¢(w) = logw, namely the sensitivity function is loga-
rithmic, the model (1.1) can reproduce the propagating wave bands observed in the
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experiment of [1]. Subsequently the application of the logarithmic sensitivity func-
tion in chemotaxis models stimulated a large number of studies on the existence and
(linear) stability of traveling wave solutions (see [3, 10, 22, 23, 24, 25, 26, 27, 28, 31]
and references therein). Recently both experiments and model simulation were used
in [12] to show that E. coli bacteria do sense the spatial gradient of the logarithmic
ligand concentration, which in turn rationalizes the use of logarithmic sensitivity
in previous studies. The nonlinear stability of traveling wave solutions to a one-
species chemotaxis model with logarithmic sensitivity and exponential consumption
for the chemical (i.e. replacing the term —u in (1.1) by —uw) was established by
the method of energy estimates in [11, 18, 20], and a generalization in [19] for the
chemical consumption function.

Situations where the two populations react to one single chemical signal have been
described experimentally in [14, 16, 21] and mathematically in [4, 7, 8, 17, 29, 32].
Recently a wide class of multi-species chemotaxis models and their mathematical
properties have been discussed in [9] where, however, the traveling wave solution
was not discussed. In the present paper, we shall study the traveling wave solutions
of the following two interacting species chemotaxis model

Uy = [um - X1u¢(w)m + ﬂU(b(U)z]x,
Uy = [vz - X2’U¢(w>z + ﬁv¢(u)m]w7 (12)
Wt = EWga — (U + U)

where u(z,t), v(z,t) denote the two interacting cell population densities and w(z,t)
the chemical concentration. Besides, x1, x2,8 € R denote the chemotactic coeffi-
cients, € > 0 is the chemical diffusion coefficient, and ¢ is the chemotactic sensitivity
function. In particular, as x1 < 0 and x2,8 > 0, (1.2) becomes a particularized
case of [9, equation (4.1)] where both v and v consume w. The relevant biological
background can be found in [9]. The interactions of u, v and w are governed by the
coupling constants x1, x2 and 8 in (1.2). The sign of x1, x2 and 8 determines the
chemotactic interaction (either attraction or repulsion) of pairs (u,w), (v,w) and
(u,v), respectively. The details are listed as follows:

x1 >0 (or x1 <0): u is attracted (or repelled) by w;

X2 > 0 (or x2 < 0): v is attracted (or repelled) by w;

B >0 (or 8 <0): uand v are repelled (attracted) each other;
B =0: u and v have no mutual chemotactic interaction.

The main goal of this paper is to find under what conditions on parameters x1, x2, 5,
the traveling wave solutions of (1.2) with logarithmic sensitivity ¢(w) = Inw exist
for (z,t) € R x [0,00). It would be natural to believe that the existence of traveling
wave solutions of (1.2) may be affected by the sign of 1, x2 and 8. Indeed in this
paper we shall show that the sign conditions of x1, x2 and § are not sufficient to
guarantee the existence of traveling wave solutions, and the traveling wave solutions
exist only for the parameters in certain parameter regimes (see Theorem 2.1) plotted
in Fig. 1 which gives the regions of (x1, x2) for —1 < 5 # 1. When § = 1, traveling
wave solutions exist if xy; = x2 > 2, see Theorem 2.2.

Due to the high dimensionality of the traveling wave system of ordinary differ-
ential equations (ODEs) corresponding to the chemotaxis model, the study of trav-
eling wave solutions to the two-species chemotaxis model (1.2) faces much greater
challenges than one-species models in general. In this paper, taking advantage of
logarithmic sensitivity which may reduce the dimensionality of the system and em-
ploying the sub and super solution method, we are able to establish the existence
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FIGURE 1. Numerical plots of parameter Region I in which the
traveling wave solutions exist.

and asymptotic behavior of traveling wave solutions to the two-species chemotaxis
model (1.2). Furthermore we may extend the idea of [23, 30] for one-species model
to two species model (1.2) and obtain the e-convergence of traveling wave solutions
using the fact that the wave speed is independent of the chemical diffusion rate e.

The rest of this paper is organized as follows. In section 2, main results of
this paper are stated. In section 3, we establish several key Theorems which will be
essentially used in section 4 where we prove our main results and identify the explicit
parameter regimes in which traveling wave solutions exist. Finally we establish the
e-convergence of traveling wave solutions in section 5.

2. Statement of main results. Integrating the first two equations of (1.2) yields
the conservation of mass of u and v, namely

Au(m,t)dx:Auo(m)dx =: Ny, /Rv(x,t)dx:/Rvo(:c)dx =: N (2.1)

where Ny, Ny are prescribed positive numbers denoting the cell mass of v and v,
respectively. This requires u(+o00) = v(+oo) = 0. Hence the traveling wave solution
of (1.2) in (x,t) € R x [0, 00) is a non-constant special solution in C?(R) with ansatz

(u,v,w)(z,t) = (U,V,W)(2), 2=z —ct

where c¢ is the wave speed and z is called the wave (or moving) variable. Upon the
substitution of above ansatz into (1.2), the traveling wave equations are obtained
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—U" =U" = xa(U' (W) + B(U¢'(V))
=V =V" —xo(V' (W) + B(V¢'(U))
—cW' =eW" - (U+YV)

!/
i

!
)

(2.2)

where ' = d%. Next one needs to determine the appropriate boundary conditions

for the traveling wave solutions. Since u,v and w denote the densities of biological
species, we restrict our attention to the non-negative solution U,V,W > 0 only.
Moreover the mass preservation (2.1) implies that

/RU(z)dz = Ny, /RV(z)dz =Ny (2.3)

which indicates U(+oo) = V(£oo) = 0. Moreover the integration of the third
equation of (2.2) on (y, z) yields

() - W) = [ U+ V)(E)de — W (z) - Wy,

which implies that W’(+o0) exists. Since W (£oo) exists as boundary conditions,
we obtain W’(4+o00)=0. If we write the third equation of (4.1) as (e=*W') =
1e2%(U 4 V), then the integration of above equation leads to

1 . S

W = 76—?/ e (U +V)(&)de >0

€ —0o0
since U,V > 0. This implies that W (z) is monotone increasing if it exists. Therefore
the appropriate boundary conditions for (U, V, W)(z) would be:

U(+oo) = V(too) =0, W(—00) =0, W(c0) = m, (2.4)

where m > 0 is a constant.

In the following, we adopt the convention a(z) ~ b(z) as z — +oo if and only if

hmz%:ﬁ:oo %

= ¢ with ¢ being a constant. In the sequel, we shall use C' to denote a generic
constant which may vary in the context. Then our first main result concerning the
existence and asymptotical behavior of traveling wave solutions for § # +1 is as
follows.

Theorem 2.1. Let ¢ > 0 and B2 # 1. Denote A1 = ﬁgg:;ﬂ, Ay = %
Then for each ¢ > 0, the traveling wave solution (U, V, W) to model (1.2) satisfying
the boundary condition (2.]) exists if and only if B8 > —1 and min{A;, Ao} > 1.
Moreover if we let C' denote a generic positive constant and s = ﬁ > 0, then the
traveling wave solution has the following asymptotic behavior:

(i) If e = 0 and \y=X2 > 1, then

1
<m17A2 + 70(/2_1)675’2) 1_A2, A=A > 1,

W(z) = o (2.5)
me~ s ¢ s AM=X=1
and Zf A1 > Ao
_ =Xz
W(z) ~ <m1>‘2 + CO\QI)@”) , as z — £00; (2.6)
s

(1) If e > 0 and Ay > Ay > 1, then
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(a) If Ao > 1, then

W(z) ~ e H27 as z — —0o,
e (2.7)
W(z)—m~e <%, as z — 00
where py = =57 < 0.
(b) If \a =1, then
W(z) ~ B L LI VN
’ ’ (2.8)

W(z)—m~e %, as z — 0.

The asymptotic behaviors of U and V as z — +00 in case (i) and (ii) are determined
by
U(z) ~ e W (2)M; V(z) ~ e W (2)*2.

Remark 1. In Theorem 2.1, we assume that A\; > Ao without loss of generality.
When A; < g, the same results hold by interchanging A\; and Ay in the theorem.

Our next main result is the existence theorem of traveling wave solutions when
B ==+1.

Theorem 2.2. Let ¢p(w) = Inw and lete > 0,32 = 1. Then the following assertions
hold.
(i) If B = —1, there is no traveling wave solution to (1.2);
(ii) If 8 =1 and x1 # X2, then (1.2) does not have a traveling wave solution;
(ii) If B =1 and x1 = X2, then
(a) the system (1.2) has no traveling wave solution if x1 = x2 < 2;
(b) the system (1.2) has a traveling wave solution satisfying (2.4) if x1 = x2 =
2, such that the asymptotic behavior of the solution component (U, V) as z — Fo0
is given by

U(z)=V(z) ~e 2*W (2.9)
where the asymptotic behavior of W is
W(z) ~ el§72)2- 62556712, as z = —oo,

) (2.10)
W(z)—m~e =% as z — o0;
(c) the system (1.2) has a solution if x1 = x2 > 2, such that the asymptotic
behavior of the solution component (U, V) as z — +oo is given by

U(z) ~ e 22WX V(2) ~ e 22X
where the asymptotic behavior of W is the same as those in Theorem 2.1 by replacing

s with § and (A1, A2) with (X1, X2), where (X1,X2) can be arbitrarily chosen such
that min{x1, x2} > 1.

The last theorem is concerned with the convergence of traveling wave solutions
as € — 0. Since the wave speed determines the wave profile, one needs to guarantee
the convergence of wave speed with respect to € first. Fortunately if we integrate
the third equation of (2.2) over (—oo, 00), we find the wave speed as

c= (Nl +N2)/m

which is a constant depending only on cell mass N1, Ny and m, but independent of
€. This allows the possibility to prove the e-convergence of traveling wave solutions.
Indeed, we have the following precise result:
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Theorem 2.3. Let traveling wave solutions of (1.2) be denoted by (Ue, Ve, W) for
e >0 and by (Uy, Vo, Wy) for e =0. Then for each z € R, it follows that

|(Ue, Vo, W) — (Up, Vo, Wo)| = O(e), as e — 0.
3. Key theorems. In this section, we shall establish several theorems that are
essential to prove our main results.

Proposition 1. Consider the problem

{ Ep// =+ Cpl _ ae—kzp)\ =0,

p(—00) =0, p(oo) =w >0 (3.1)

with € > 0, where p =p(z),z € R, a,k,\ >0 and ¢ > 0. Then
(i) If A < 1, (3.1) does not have a solution;
(ii) If X > 1, (3.1) has a unique solution for each ¢ > 0 such that p’(z) > 0 and

/(A1)
{(g) — Ce'”} e H: as z — —oo,

—c
w—Ce <7, as z — 00

p(z) = (3.2)

where

k - 2+ 4(ep® — cu)A
p=—v <0, n=cp’—cu>0,y=p+ et Ve +dlew — o)
1-A 2
(iti) If A = 1, then for each ¢ > 0 (3.1) has a unique solution satisfying p'(z) > 0
and

> 0.

cve , as z — —00Q,
—<
p(z) —w~e % as z — oc.

The most of results in Proposition 3.1 has been proved in [22, 30, 6]. The full
proof is length and we present it in Appendix for completeness. Next we employ
Proposition 1 to establish the following theorem which is the key to the proof of
our main results in the next section.

Theorem 3.1. Consider the problem

{ 6(1)“(2) +c¢/(z) — cle—sz¢A1 +02675z¢)\2,

P(—00) =0, ¢(o0) =m >0 (3.3)

with € > 0, where c1,c2,s > 0 are constants and A1, s > 0 are parameters. If
F(z,¢) € L'(R), where F(z,¢) = cre™**¢™ + cae™*?¢ 2, then we have

(i) If min{A1, A2} < 1, the problem (3.3) has no solution.

(it) If min{\1, o} > 1, the problem (3.3) has a unique solution with ¢ > 0.
Moreover if Ay > Aoy > 1, then the asymptotic behavior of the solution satisfies

(a) If Ay > 1, then

(A1 + Age'”z)e_mz, as z — —o0,
-

c (3.4)
m — Age” =% as z — oo.

where A; >0 (i =1,2,3) are constants and

—c+ \/02 +4(u3 — cpa) Az

> 0.
2

Ho = <0, 2 =p2+

S
1— X
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(b) If Ay =1, then

S

-
2 5%

d(2) ~ eli—m)z— e , as z — —00,

(3.5)

Pp(z) —m ~e 5% as z — 00

where ¢ 1s a positive constant such that co < ¢ < co + cymAt Az, If Mo > X > 1,
the above decay rates hold true by interchanging \1 and Ao.

Proof. (i) Without loss of generality, we assume that 0 < A; < 1. Then we prove
the theorem by contradiction. Suppose that (3.3) has a solution ¢. Then by the
maximum principle, ¢ > 0 in R. Hence

ed” +cd' > cre oM, 2z € R, (3.6)

¢(—00) =0, ¢(c0) =m >0 '
which asserts that ¢ is a sub-solution of

e’ 4+ cp' = cre” M, 2z € R, (3.7)

p(—00) =0, p(co) =m > 0. ’

To construct a super-solution of (3.7), we set
Y(z) =mé(z+ K) for z € R
where K is a nonzero constant to be determined and & is the positive solution of

{ e + ct = cre™%%€2%, 2 € R,

Note that the existence of monotone solutions to (3.8) has been established in [30],
see also Proposition 1 (ii). Hence 0 < £ < 1 in R due to & > 0. It is then easy to
check from (3.8) that

9 (2) + et (2) = e Ty ()

= cyme G2 (2 4 K)
cyme *CHE N (2 1K) (3.9)
— Clmlf)\lefs(z%»K)w)\l (Z)

= e FYM (2)

(3.8)

IN

for all z € R, provided that K satisfies e*® = m!=* | namely K = w
Hence ¢ satisfies
e + e < cre”3#pM in R,
Lol o tm (310)

which indicates that v is a super-solution of (3.7). Now we claim that ¢ <1 in R.
Indeed, let n = ¢ — 9. Subtracting (3.10) from (3.6), we obtain

" ’ —8z( 4\ A —sz QSAI — ql)/\l :
en” +en' > cre” 5 (oM —Y™M) = q(2)n = cre v nin R
where ¢(z) = ¢c1e™%* ‘i’A;:fl = i Ae %€M > 0 in R and € is between ¢ and 1.

Then by the maximum principle, we have

max(z) < puax (z) = max(6(2) — ¥(2) 0 as R — o0
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where we have used the fact that ¢(—o0) = 9(—00) = 0 and ¢(c0) = 9(c0) =m >
0. This proves our claim. Then by the comparison principle of elliptic equations,
(3.7) has a solution ¢ such that ¢ < ¢ < 1. This contradicts Theorem 1 which says
that (3.7) does not have a solution if A\; < 1. By contradiction, the proof of (i) is
completed.

(i) We assume that A\; > Ay > 1 without loss of generality. Let ¢ be a positive
solution of

" r_ —8z AN
{ e +cd =cre oM, 2 €R, (3.11)

P(—00) =0, ¢(c0) =m > 0.

Since ¢ +c¢’ = c1e” M < cre”FPM a5 M2, ¢ is a super-solution of (3.3).

Next we shall construct a nonzero sub-solution of (4.5). To this end, let ¢(z) be a
solution of

{ " +cp' = de 5?2, 2z €R,

p(—00) = 0, p(oc) = m (3.12)

where § is a constant such that ¢y < § < eym =2 + ¢,

We remark that the existence of unique solution to (3.12) has been shown in
[30, 22] for A2 > 1, and in [15] for Ay = 1, see also Proposition 1. Now we assume
that

p=o0p (3.13)
where 0 < ¢ < 1 is to be determined later. We shall show that for appropriate small

o, ¢ is a sub-solution of (3.3). To this end, we first substitute (3.13) into (3.12) and
obtain

{ e¢" + g’ = doe " p*2, 2z €R, (3.14)

$(—00) =0, ¢(c0) = om.
Then to prove that ¢ is a sub-solution of (3.3), it suffices to require that
Soe™ M > e FoM M + cpe %0 M for all z € R
which, upon cancelation, is equivalent to
croM oM A Loy greTl <5 for all 2 € R. (3.15)

Noticing that 0 < o0 < 1, Ay — A2 > 0 and ¢ is a solution of (3.12) with ¢'(z) > 0
and hence ¢ < m, we have c;oM 1M =22 4 cyot2™l < crgt2ImMi A2 pote Tl
Hence if we choose o such that

: 5 T

then (3.15) is ensured, which shows that ¢ is a sub-solution of (3.3). Next we show
that ¢ < ¢ for all z € R. To this end, let ( = ¢ — ¢. Noting that with (3.16), ¢
satisfies from (3.14)

5@” + c@’>c16_szé)‘l + cze_szQAQ, z €R, (3.17)
¢(—00) =0, ¢(00) = om. '
Then ( satisfies that
; - o — oM
SC”"_CC/ > 016_82(?A1 —¢A1)+026_8z?>\2 > 616_52(?A1 _¢A1) _ 016_827 ~ C

=0
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Since 22" > 0 and g(—00) = 0 = G(—00), (¢ — $)(o0) = (¢ — m < 0, it

follows from the maximum principle that

max ((2) < masx ((2) = max(§(2) — 6(:))<0 a5 R — oc

which implies that ¢(z) < é(z) for all z € R. By the comparison principle, we
obtain a solution ¢ to (3.3) such that ¢ < ¢ < o.
For the uniqueness, we assume that ¢ and 1 are the solutions of (3.3), i.e

e + cd' = cre” M + e ¢ in R and ¢(—o0) = 0, ¢(00) =m > 0
and
e + e = cre”*F M 4 cpe %2 in R and 1h(—o0) = 0, 1(o0) = m > 0.
Then defining n = ¢ — v, we have
" +en' = H(z)n,

A A
where H(z) = cle_sz¢ ; vy ch_sz¢ ¢7w 2 > 0. Hence by the maximum prin-
ciple again, we have

lrr‘l?ém( 2)| < ‘rr‘lax In(z)] — 0as R — 400
which implies that 7 = 0 for all z € R. Therefore ¢ = ¢ in R and the uniqueness is
proved. Next we prove the monotonicity of the traveling wave solution ¢. To this
end, we first show ¢’(—oo0) = 0. Indeed integrating the first equation of (3.3) over
(y, z), we have

0= <(6') — $:)) + o) — N + [ Flz o)tz

which, along with the assumption F(z,¢) € L'(R), indicates that ¢'(£00) exists.
Since ¢(+o00) exists, we obtain that ¢’(+o0) = 0. Then we can rewrite the equation
(3.3) as

(egz(b ) 775)2(25)\1 “2 gfs)z(b)q.
€
Then we integrate it over (—oo0, z] and obtain that
¢ == |:Cl/ 6(575)5¢)‘1(§)d§ + C2/ 6(§75)6¢>\2 (€)de

which asserts that ¢’ > 0 since ¢ > 0 in R and c1,co > 0.

To finish the proof of Theorem 3.1 (ii), it remains to derive the asymptotic decay
rates announced. We consider the case A\ > Ay > 1. Since ¢/(z) > 0, we have from
(3.3) that 0 < ¢(z) < m for all z € R. Then we have

€¢H+C¢_€ sz )\2( ¢)\1 )\2+02)
< (g 4+ cymMr2)e 52 pre
On the other hand, it has that
g(bl/ + C¢/ _ Cle_sz(b)\l + C2e—sz¢)\2 Z C2e—sz¢A2.

Therefore it follows that
ed" + cd ~ e %™ for all z € R (3.18)
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where ¢y < & < ¢ + c;m™M 2. Then the asymptotic behavior (6.8) follows directly
from (3.18) by Proposition 1 (ii). When A2 = 1, we obtain (3.5) from (3.18) with
Proposition 1 (iii). The proof of Theorem 3.1 (ii) is completed. O

4. Existence of traveling wave solutions to system (1.2). In this section, we
shall apply Theorem 3.1 to establish traveling wave solutions to the system (1.2).
To this end, we rewrite (2.2) with ¢(w)=Inw as

—eU' =U" —xa(Ug) +BU
—V' =V" —xo(VIF) + BV
—cW' =eW"”" —(U+V).

(4.1)

As the analysis in section 2, the existence of traveling wave solutions to (1.2) is
equivalent to the existence of solutions of (4.1) subject to the boundary condition
(2.4). Solving the first two equations of (4.1) and using the boundary condition
(2.4), we have

U(z) = Cre” “WXV 1 V(z) = Coe™ *WX2U P (4.2)

if the integration constant is zero, where C7,Cy > 0 are constants of integration.
In the following, we shall prove Theorem 2.1 and Theorem 2.2.

4.1. Proof of Theorem 2.1. Theorem 2.2 gives the existence and non-existence
of traveling wave solutions for 42 = 1. Next we consider the case 32 # 1 for which
we first solve (4.2) to obtain that

U(z) = C3e™ WM, V(z) = Cye” W2 (4.3)
N 741
with C3 = (G2) 77,01 = C5( &) 7 and s = 5%, A0 = 28750 4 = B2,

If min{A;, A2} <0, it is clear that U(—o0) = oo if Ay < 0 and V(—00) = o if
A2 < 0 since W(—o00) = 0 . Thus a necessary condition for (U, V) in (4.3) to be a
traveling wave solution component satisfying (2.4) is

Bx1 — X2
p2-1

_ Bx2—x1

o= X2TXL g, =
1 71 >0, A2

> 0. (4.4)
Substituting (4.3) into the third equation of (4.1) and using (2.4), we obtain the
following problem

{ W' 4+ W' = C3e™* W™ 4 Cye™*WH2, (4.5)

W(—o00) =0, W(c0) =m > 0.

We note from (4.3) and (2.3) that F(z, W) = Cse™*W™ 4+ Cge**W?2 ¢ L}(R).
It is helpful to give a remark before proceeding.

Remark 2. If s < 0, then the evaluation of equation (4.5) at z = co will contradict
the boundary condition W(co) = m > 0. Hence a necessary condition for (4.5) to
have a solution is s = ﬁ > 0, which is equivalent to 8 > —1 due to ¢ > 0.

Now we are ready to prove Theorem 2.1. We split our analysis to the case € > 0
and € = 0.
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Zero diffusion ¢ = 0. With € =0, (4.5) becomes
W' = c3e™ WM 4 cqe™ W2, W(—00) =0, W(c0) =m > 0. (4.6)

where c3 = C3/c > 0,¢4 = Cyqfc > 0. We first have the following non-existence
result.

Lemma 4.1. If min{\, A2} < 1, then there is no solution to (4.6).

Proof. Without loss of generality, we assume Ay < 1. Supposing that (4.6) has a
solution W (z), we have from (4.6) that

W' > cpe™ W2 > 0. (4.7)

Since W (—o0) = 0, it follows that W (z) > 0 for all z € R. Now using the boundary
condition in (4.6) to solve (4.7), one has

Wl—)\g < ml—/\g _ 64(1 B >\2)e—sz.

s
Clearly, if z < 0 and |z| is sufficiently large such that z < Z = —% In %, above
inequality implies that W'=*2 < 0 which contradicts the fact that W (z) > 0 for all
z € R. Then the proof is finished. O
Next, we shall prove the following result.
Lemma 4.2. If min{A\1, Ao} > 1, then (4.6) has a unique solution.
Proof. We proceed with two cases: A\; = Ao and A1 # As.
Case 1. \; = ). In this case, the problem (4.6) becomes
W' = (c3+ca)e W2, W(—o00) =0, W(c0) =m > 0.
Solving above problem directly yields the unique solution as
1
1—X (c34ca)(A2—1) —s2 1=y _
W(Z) = (m 2+ s e ) ’ )‘1 - )\2 > ]-7 (48)

_c3teq —sz
S e

me s /\1:/\2:1

which gives (2.5) in Theorem 2.1.

Case 2. A1 # Ay. Without loss of generality, we assume that A\; > Ay. We
first notice that W(z) < m for all z € R since W’ > 0 and W(oo) = m. Hence
WA < WA2mri—22 and we have from (4.6) that

e EFWA2 < W < (e3mM 2 4 cy)e W2 = cze” W2 (4.9)
where ¢5 = c3m™ ™2 4 ¢4. Solving above inequality with boundary conditions in
(4.6), we obtain that W (z) is bounded such that Wi (z) < W(z) < Wa(z), where
W is the solution of W’ = cse™* W2, W(—o00) =0, W(oc) =m > 0 and Wy is
the solution of W’ = c4e™**W?*2, W(—00) = 0, W(oco) = m > 0. This shows that
(4.6) has a solution. For the asymptotic behavior, we see from (4.9) that

W'~ Cem W
where ¢4 < C < ¢5. This gives that
C(rg—1
(A2 —1)
s
which yields (2.6) in Theorem 2.1. O

W(z) ~ (mk& + *SZ) T as 2 £00 (4.10)

Then the proof of Theorem 2.1 (i) is completed. Next we consider the case ¢ > 0.
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Nonzero diffusion ¢ > 0. When ¢ > 0, the existence of solution W(z) of (4.5)
with W’ > 0 follows directly from Theorem 3.1 with Remark 2. Once we obtain W,
we can substitute W back into (4.3) to obtain the solution component (U, V') of the
system (4.1). Now we need to verify that the obtained solution (U, V, W) fulfills the
boundary condition (2.4). First the boundary condition for W (z) has been verified
from (4.5) directly. Furthermore from (4.3), it follows that U(+o0) = V(400) =0
since s > 0. Hence it remains to check if U(—o0) = V(—o0) = 0 which is not
obvious yet. Under the assumption that Ay > Ao > 1, we obtain from Theorem 3.1
(ii) that

Ap + Age™?F)emH2% 0 Xy > 1,
W(Z)N s_cy,_ 2V, 5= as z — —00
6(4 2E)Z eve’ ) )\2 - 15

where the constants A, Ag, v2, o are given in Theorem 3.1 (ii) and ¢ is an arbitrary
constant such that Cy < é < Cy + C3m? 2, Therefore one has from (4.3) that

s(A+A1—A2)

~ Ay + Age?)e™ TR F L Ay > 1,
U(z) = Cze™ W™ ~ ([)\ (Q,L),S]Z),% Vi -3 as z — —00
e 13~ 2¢ e , )\2 — 1’

and

(A1 + A2€722)671*>‘2Z, Ao > 1,
s e\ 1. 2XaVE Sz as z — —0Q.
6[)\2(4 25) s]z cve e ? s )\2 = 1,

V(2) = Che W2 ~ {

Noticing that 5(1%1/\;)‘2) < 0 and 1_5)\2 < 0 due to A1 > A2>1, one immediately ob-
tains that U(—o0) = V(—o00) = 0, which is consistent with the boundary condition
(2.4).

Fig. 2 (a) shows a numerical solution of (4.5) and Fig. 2 (b) plots the numerical
solution U and V which are obtained from W shown in Fig. 2 (a) by (4.3). From the

simulation, we see that W is a wavefront and U, V are pulsating waves, as expected.

S

FIGURE 2. An illustration of numerical traveling wave solutions of
system (1.2), where ¢ = 0.1,c = 2,8 = 1/4,\y = 4,y = 2,C5 =
C4 = 1,m = 10. The solution W is solved from (4.5), U and V are
obtained from (4.3).
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4.2. Proof of Theorem 2.2. (i) If 5 = —1, we can derive from (4.2) that
C1CoWX1HX2(2) = €2¢* which does not hold for x; + x2 = 0. When x;1 + x2 # 0,
we have that W(—o0) = oo if x1 + x2 < 0 and W(oo) = oo if x1 + x2 > 0. Hence

(4.1) does not possess a traveling wave solution for any x1, x2 € R when g = —1.
1
ii =1 and y; 5, we solve (4.2) and have 2)= (&) " isa
(i) T 8 = 1 and x1 # Xz, we solve (4.2) and have W(z) = (&)™

constant, which leads to from the third equation of (4.1) that U + V = 0. This
implies that U =V =0 for all z € R since U,V > 0. Therefore (4.1) does not have
a solution for 8 =1, x1 # x2-

(iii) For the case 8 = 1,x1 = X2, we derive from (4.2) that C; = Cy =: C? with
C > 0 and

(UV)(2) = C?e™ WX (4.11)
where x =: x1 = x2. We may write (4.11) as
U(z) = Ce WXV (z) = Ce” 2 WXz (4.12)

where ¢ = ¢, 4 ¢2, x = X1 + X2- It can be easily seen that if either ¢; < 0 or é; <0,
the boundary condition of U or V' as z — oo will be violated. Hence we assume
that ¢, > 0,é; > 0. Then substituting (4.12) into the third equation of (4.1) and
using the boundary condition (2.4), we obtain

{ eW!" + W' = Ce= 2 WX 4+ Ce—c”zZW)Zz)’

W(—00) =0, W(oo)=m > 0. (4.13)

If min{x1, X2} < 1 and thus x = X1 + X2 < 2, the existence of solutions to (4.13) is
ruled out by Theorem 3.1 (i). Hence we consider the case min{x1, X2} > 1 which
implies that x > 2. Under this condition, if we consider a special case ¢; = é; = §,
we can apply Theorem 3.1 to conclude that (4.13) has a solution. Particularly
if x = x1 = x2 = 2, then y1 = x2 = 1 and the asymptotic behavior of the
traveling wave solution for (4.13) is given by Proposition 1 (iii), which gives (2.10)
and moreover (2.9) was implied by (4.13). However when x = x1 = x2 > 2, for each
combination of x; > 1 and X2 > 1 such that 1 + X2 = x > 2, (1.2) has a solution
with corresponding asymptotic decay rates as given by Theorem 3.1, which finally
leads to the asymptotic behavior as announced in the Theorem. Once we obtain
W, the substitution of W into (4.12) gives the existence and asymptotical behavior
of U and V. Hence the proof of Theorem 2.2 (iii) is finished.

4.3. Parameter regimes for traveling waves. From the results derived in the
preceding subsection, we know that under assumption § > —1 and 8 # 1, a sufficient
and necessary condition for the existence of traveling wave solutions to (1.2) is
min{A;, Ao} > 1. In this section, we shall show that the set

I'={(x1;x2) |min{As, A2} > 1} (4.14)

is not empty, where A\, Ay are defined in terms of x1, x2 in (4.4). That is we show
for any given 8 > —1 and 8 # 1, there exist x1,x2 € R such that (x1,x2) € I.
From (4.4), we see that min{\;, Ao} > 1 is equivalent to

Bx2 —x1 Bxi1 — xe
>1 > 1. 4.1
i = (1.15)
Then we have the following cases to solve (4.15).
Case 1. If 3 > 1, then 8% — 1 > 0. We solve (4.15) and obtain that

I={(x1,x2) | xa/B+ (B> =1)/B<x2<Bx1— (82— 1)}
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An illustration of such region I is plotted in Fig. 1 (a), where we choose 5 = 2.
Case 2. If 0 < 8 < 1, then 82 — 1 < 0. Then solving (4.15) gives

I={(x1,x2) | Bx1— (B> —1) < x2 < xa/B+ (B> —1)/8}.

A plot of such region I is given in Fig. 1 (b), where 8 = 1/2.
Case 3. If 8 =0, then (4.15) directly gives

I'={(x1,x2) [ x1>1, x2 > 1}

whose numerical graph is given in Fig. 1 (c).
Case 4. If =1 < 3 < 0, then 2 — 1 < 0. Then we solve (4.15) and have

I'={(x1,x2) | x2 = max{fx1 — (6% = 1), xa/B + (6% - 1)/5}}.

A numerical plot of such region I is given in Fig. 1 (d), where 8 = —1/2.
Thus, if (X1, x2) lies in the region I as plotted in Fig. 1, the existence of traveling
wave solutions of (1.2) can be guaranteed.

5. Diffusion limit. In this section, we show the traveling wave solutions are con-
vergent with respect to the chemical diffusion coefficient ¢ based on the ideas of
[23, 30]. We first establish the e-convergence for the solution component W as
follows.

Lemma 5.1. Let W, and Wy be the traveling wave solution of (4.5) for e >0 and
for e =0, respectively. Then it follows that

[We — Wy| = O(e) as e — 0.

Proof. Denote the wave speed for € > 0 by ¢, and ¢g for ¢ = 0. Then it is important
to notice that c. = ¢g = (N1+ Nz2)/m by integrating the third equation of (4.1). For
convenience, we denote h(z, W) = Cae WM + Cue= W2 and W = W. — W,.
Then by (4.5) and (2.4), we can derive that W satisfies

T + COVNV/ LW = h(z, W.) — h(z, W) (5.1)

subject to
W (£00) = W' (£o0) = 0. (5.2)

By the mean value theorem, we find two positive numbers &; and & between W
and W, such that

h(z, We) = h(z,Wo) = e " [Cs (W2 — Wi) 4+ Ca(W22 — W)
= e P oMM T (WL — W) + Cudo&y ™ (W — Wh))
= e F(CsM& T 4 Caday? W
Noticing that C’g)\lff‘l_l + C4A2§§2 > 0, we multiply (5.1) by W and obtain
EWW" + coWW' + eWI'W = (Csh &M + Cyha&32 H W2 > 0. (5.3)

Hence integrating (5.3) on both sides over (z,00), yields

= / (W + e )Wy + 2 / WWYdy > 0 (5.4)
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which, along with the boundary condition (5.2), yields

~ o~ co _~ oo oo
T=—eWW—2W?2 - g/ W' |2 dy + 5/ WW{ dy
2 z z (5 5)
g = Co > R ’
< —§(W2)’ - EWQ +€/ WW{ dy.
This gives
€ 52y €0 17,2 ® = "
S(V2) + W gs/ W dy. (5.6)
Let zp be a point at which |W(z)| attains its maximum on R. Then (W?2)’(z) =
2W'(z9)W(2z9) = 0, and it follows from (5.6) that
72 2 [% 5 " 2 = > "
Wo(z0) < — [ [W(z0)|- [Wo'ldy < —[W(z0)| [ [Wq'ldy (5.7)
Co 20 (&) 20
which gives that
~ = 2e
(W (2)] < [W(z0)] < allWS'HLl(R» (5.8)
With (4.8) and (4.10), by simple calculation, we see that W/ exponentially decays
with respect to z as |z| — oo, which implies ||W('||11(r) < co. Therefore (5.8) gives
rise to
[W|=|W.—-Wy|=0() ase =0 (5.9)
which completes the proof. O

With Lemma 5.1, we are ready to prove Theorem 2.3.
Proof of Theorem 2.3. Due to Lemma 5.1, it remains to show the e-convergence for
U and VL. In fact, by (4.3) and the mean value theorem, we derive that
U. — Up = Cze WM — Cge*Wh
= Cye™ "M (W — W)
where ( is between Wy and W, with 0 < ¢ < m. Hence by (5.9), it has that
|U:. —Up| =O(e) ase = 0
for each z € R. The same argument applied to V. and V} yields that
Ve —Vo|=0(e) ase = 0
for all z € R. The proof of Theorem 2.3 is thus completed. O

6. Appendix. In this appendix, we are devoted to presenting the proof for Propo-
sition 1 to make the paper self-contained. To this end, we shall first present two
results of [5] that were used in our proof.

Proposition 2. ([5, Chapter IV (Theorem 2)]) Let A be a constant matriz whose
characteristic roots A1, ..., A, are all simple, and let & be a characteristic vector
of A belonging to the characteristic root \;(i = 1,...,n). If B(t) is a continuous
matriz defined for t > to such that

/OO |B(t)|dt < o,

to
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then the equation

dx
i [A+ B(t)]z

has a fundamental system of solutions x1(t),...,x,(t) satisfying for t — oo
xp(t) N@Aktfk, (k=1,...,n).

Proposition 3. ([5, Chapter IV (Theorem 14)]) Let f(z) be a positive, twice con-
tinuously differentiable function for r > xy such that

> 3
/ |f72 f"dz < oo.
zo
Then the equation
d?y
ol f(@)y
has a fundamental system of solutions satisfying for r — oo
1 x 1
vl e { [t
xo
Next we present a well-known result for the traveling wave solutions of the Fisher
equation which was summarized in [31]. Consider the Fisher equation
Ut = €Ugy + f(u), z€R, £ >0 (6.1)
where the kinetic function f(u) satisfies the following conditions
(1) f(u), f'(u) € C[0, 00);
(2) f(0) = f(a) =0 for some a > 0;
(3) f(u) >0 for all u € (0,a) and f(u) <0 for u € (a,c0);
(4) £'(0) > 0 and f'(a) < 0.
A prototypical form of f(u) satisfying condition (6.2) is f(u) = u(l—u/a) where a is
called the carrying capacity. The traveling wave solution u(x,t) = U(z—ct) =: U(z)
of (6.1) satisfies the equation
eU"+cU' + f(U)=0.

Then the following result holds.

f
f
; (6.2)
f

Theorem 6.1. Let (6.2) hold. Then (6.1) has a unique (up to a translation)
bounded nonnegative traveling wave solution U(z) with U’ < 0 for all z € R and
boundary condition U(—o0) = a, U(400) =0 if and only if

¢>e=2,/=f(0). (6.3)
Moreover, the traveling wave solution U(z) = U(x —ct) has the following asymptotic
behavior as |z| — oo for ¢ > &= 2/ef'(0):
a—CerM@z - 5 o
U(z) = { Cer+ 0z, zZ — o0.

where

—c+/c? —4ef'(€)

A4 (€) = o -




TRAVELING WAVES IN AN INTERACTING TWO-SPECIES CHEMOTAXIS MODEL 2923

Proof of Proposition 1. The assertions (i) and (ii) in Proposition 1 have been proved
in papers [22, 30] by transforming the equation (3.1) into an equation with constant
coeflicients via a change of variable. However such transformation only works for
A # 1. When X\ = 1, the existence of solutions to (3.1) in the assertion (iii) has
already been given in [6] by applying the result of [15]. For completeness, we sketch
those proofs below and present a detailed proof for the decay rates in (iii) which is
new. we first consider the case A # 1 for which we define

=t (6.4)
and introduce a new variable P(z) such that
p(z) = P(z)e "2, (6.5)
Then substituting (6.5) into (3.1) and canceling e~ #* yield that
eP" + 5P + f(P)=0 (6.6)
where
f(P)=nP —aP*=nP(1 —aP ! /n) (6.7)

and s = ¢ — 2eu, n = eu? — cu. If A < 1, then f(P) is not differentiable at P = 0
and there is no traveling wave solution to (6.6) by simple analysis. If A > 1, then
i < 0 and f(P) defined in (6.7) satisfies the conditions in (6.2) with a = (g)ﬁ
and hence by Theorem 6.1, we know that (6.6) have a unique solution (up to a
translation) with P’(z) < 0 for all z € R and P(—o0) = (g)ﬁ7 P(400) = 0 iff
s > 24/ef'(0) = 2,/en. Moreover the traveling wave solutions have the following
asymptotic decay rate for s > 2,/en (i.e. ¢ > 0)

-1
P(z2) = (Z) - qle>‘2+z, as z — —00,

(6.8)
P(z) = QQGATZ, as z — 00
where q1, g2 are positive constants and

—s+/s2—den  (2ep—c) + V2
= :M

A=
! 2e 2e
and
N =5+ /82 +den(A —1)  (2ep —c) +/c? + 4en)
2 = = .
2e 2e

Then by (6.5) and (6.8), we have

n\ > .
p(z) = {<) — qre: 2} e M* as z = —o0, (6.9)
o

and
p(z) = QQG(AT_“)Z = @2, a8 z = +00.

From the boundary condition in (3.1), we see that ¢o = w. But we need to derive
the asymptotic decay rate of p(z) as z — +oc since A — = 0. From (3.1), we see
that the dynamics of ¢(z) as z — 400 is determined by the equation ep” 4+ ¢p’ = 0,
which yields that p(z) — w ~ e~<*. Noticing that u < 0, we can directly verify
that s > 2,/én <= ¢ > 0. But when ¢ = 0, the equation (3.1) becomes ep”’ =
ae”®p* > 0, which means that p is convex and can not satisfies the boundary

condition in (3.1). Hence the problem (3.1) has a solution iff ¢ > 0. To finish the
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proof of Proposition 1 (ii), it remains to show the monotonicity of p. To this end, we
first remark from (6.9) it follows that p’(—oo) = 0. Then we integrate the equation
(6.16) over (—oo, z) and obtain

z
p = ae‘gz/ elETREp(E)dE > 0
—00
for all z € (—o0, 00) since p(§) > 0 and p(§) # 0 for all £ € R.
Next we proceed to prove Proposition 1 (iii). For the existence, above approach
for A > 1 no longer works for A = 1 due to the transformation (6.4). In this case,
we define a change of independent variable with an idea of [6]

’]’:e_s7
namely 4 = —¢ _QZd— iI 1 0 d
y 45 = —%e” ¢ T4 tlbcearTe[ 00) an
if z =400,
if z = —o0.

By defining w(7) = p(—eIn7/c), we obtain from (3.1) that w” (1) — %e(%_k)zw(r)r
= 0, which leads to

w” (1) = ¢rPw(r)", w(0) = w, w(oo) =0 (6.10)
where
c_—>0 ke o 2 o
c d

The equation in (6.10) is a type of linear Emden-Fowler equation [2] and the exis-
tence of solutions of (6.10) with condition w’ < 0 was guaranteed by [15], as shown
in [6]. We proceed to show the uniqueness of solutions. If we let p1(z) and p2(2) be
two solutions of (3.1). Then p(z) = p1(z) — pa2(z) satisfies

ep’ + ¢ — e p =0,
s - 6.11
S0 300y <0 (611
Then multiplying the first equation of (6.11) by p and integrating the result over R
yields

/@W@W+ae“2<wu—o
R

which implies that p = 0 since « > 0 and hence the uniqueness is obtained. To finish
the proof, it remains to derive the asymptotic behavior of the solutions announced
in (iii). We first study the asymptotics as z — oo by considering the following
problem

ep”’ +cp' —ae *p =0, z € (0,00)
6.12
o0 ey (642
where we assume that p(0) = o with 0 < p < w.
Denoting p’ = p and X = p , we can write the first equation of (6.12) as
X' '=(A+B((z)X (6.13)

where
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It is straightforward to obtain the eigenvalues of A as
A=—S A =0 (6.14)
€

with corresponding eigenvectors

Considering the fact that

B(2)|dz = = “hzg, — — <«
/0 |B(z)|dz E /0 e z s 0,

then by Proposition 2, the solution of system (6.13) satisfies

X ~ c1eM%x) + c2e™?7xy, as z — 00
and hence p = c1e™ =% + ¢o. Applying the boundary condition yields that ¢, = p—w
and ¢; = w. Therefore it follows that

_c
p—wn~e 7, as z — 00.

Next we proceed to explore the asymptotics as z — —oo and consider the problem
{ ep’ +ep —ae Fp =0, z € (—00,0) (6.15)
p(—o0) =0, p(0) = o. '

Note that the coefficient e *# is singular at z = —oo, it is unfeasible to treat the
problem (6.15) directly. Instead we shall transform the problem to a non-singular
problem. To this end, we rewrite the differential equation as

(e£7p) — Lele/e=hzy — . (6.16)
5
By change of variables
T=e¢* q(r)=p(—elnt/c) (6.17)
we have p/(z) = —¢e~£%¢/(7), where T € [1,00) and
1, ifz=0,
= { oo, if z=—o0. (6.18)
Then the substitution of (6.17) into (6.15) yields
q"(r) = % 70q(r), T €[1,00)
6.19
{ q(1) = 0, q(c00) =0 (6.19)
where )
§ = % —2. (6.20)

For the convenience to proceed, we let f(1) = i—?re and shall apply the results in
Proposition 3 to derive the asymptotical behavior of solutions to (6.19). To this
end, we need to verify [° |f~2f"|dr < oo. Since f”(r) = £260(0 — 1)7°~2 and
—g—2:—§—]§—1<—1, we find that
[t =S50 - v [ 15 Ee
1 ¢ 1
c

Jea

<

10(0 1)|/ 4247 < 0.
1
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Then by Proposition 3, the solution of system (6.19) has the following asymptotic
behavior as 7 — co:

N
q(t) ~ [f(T)]fief f{[f(g)]%dg = <C> 47'*267\/27“f175%d5

EQ
1
02 4 2Fa _2vea _S+41
= | — ec(0+2) 77 2 <c(0+2)
Ex

which along with (6.20) yields

_ ek—2¢ 2V ;—k
a(r) ~ 7 EETRA

Thanks to (6.17) and (6.18), we have

c k_ cy,_2/a
p(z) =qle” %) ~ eli—z)=myre , as z — —00.

Hence we obtain the asymptotic behavior of solutions as z — oo for A = 1, and
the proof of Proposition 1 is completed. O
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