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Abstract

To understand the “self-trapping” mechanism inducing spatio-temporal pattern formations observed in
the experiment of [21] for bacterial motion, the following density-suppressed motility model

ur = Ay (v)u) +u(a — bu),
vy=Av4u-—v,

was proposed in [6,21], where u(x, t) and v(x, t) represent the densities of bacteria and the chemical emitted
by the bacteria, respectively; y (v) is called the motility function satisfying y’(v) < 0 and a, b > 0 are posi-
tive constants accounting for the growth and death rates of bacterial cells. The analysis of the above system
is highly non-trivial due to the cross-diffusion and possible degeneracy resulting from the nonlinear motility
function y (v) and mathematical progresses on the global well-posedness and asymptotics of solutions were
just made recently. Among other things, the purpose of this paper is to consider the above system with motil-
ity function y (v) = W (m > 0) and investigate the traveling wave solutions which are genuine patterns
observed in the experiment of [21]. By introducing an auxiliary parabolic problem to which the comparison
principle applies and constructing relaxed super- and sub-solutions with spatially inhomogeneous decay
rates, we show that there exist two constants b*(m, a) and K(m, a), for b > b*(m, a) and K(m, a) < 1, the
above density-suppressed motility model admits traveling wave solutions (u, v)(x,t) =: (U, V)(x - & — ct)
in RV along the direction & € SV —1 for all wave speed ¢ > 2./a connecting the equilibrium (a/b, a/b) to
(0, 0), while positive traveling wave solutions will not exist if ¢ < 24/a. As m — 0, we have b*(m, a) — 0
and K(m, a) — 0, our results are well consistent with the relevant results for the well-known Fisher-KPP
equation (i.e. the first equation of the above system with y (v) = 1). The main novel idea in the analysis of
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this paper is the construction of super- and sub-solutions with spatially inhomogeneous (i.e. non-constant)
decay rates, in contrast to the constant decay rates used in the literature for reaction-diffusion equations,
which was developed to cope with the difficulty caused by the density-dependent nonlinear diffusion in
the system. We further discuss the selection of wave patterns and wave speeds for given initial value and
use numerical simulations to illustrate that both monotone and non-monotone traveling wavefronts exist
depending on whether the motility function y (v) changes its convexity at v = a/b. Two-dimensional sim-
ulations demonstrate that the system can generate outward expanding ring (strip) pattern as observed in the
experiment.

© 2021 Elsevier Inc. All rights reserved.
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1. Introduction

The reaction-diffusion models can reproduce a wide variety of exquisite spatio-temporal pat-
terns arising in embryogenesis, development and population dynamics due to the diffusion-driven
(Turing) instability [18,27]. Many of them invoke nonlinear diffusion enhanced by the local envi-
ronment condition to accounting for population pressure (cf. [28]), volume exclusion (cf. [31,43])
or avoidance of danger (cf. [27]) and so on. However the opposite situation where the species
will slow down its random diffusion rate when encountering external signals such as the predator
in pursuit of the prey [9,12] and the bacterial in searching food [13,14] has not been considered.
Recently a so-called “self-trapping” mechanism was introduced in [21] by a synthetic biology
approach onto programmed bacterial Eeshcrichia coli cells which excrete signaling molecules
acyl-homoserine lactone (AHL) such that at low AHL level, the bacteria undergo run-and-tumble
random motion and are motile, while at high AHL levels, the bacteria tumble incessantly and be-
come immotile due to the vanishing macroscopic motility. Remarkably Eeshcrichia coli cells
formed the outward expanding ring (strip) patterns in the petri dish (see Fig. 1). To understand
the underlying patterning mechanism, the following two-component “density-suppressed motil-
ity” reaction-diffusion system has been proposed in [6]

{utzA(y(v)u)+u(a—bu)’ (1.1)

Ty =Av+u—v,

where u(x, 1), v(x, t) denote the bacterial cell density, concentration of acyl-homoserine lactone
(AHL) at position x and time ¢, respectively. The first equation of (1.1) describes the random
motion of bacterial cells with an AHL-dependent motility coefficient y (v) and logistic cell
growth with growth rate a > 0 and death rate b > 0. The second equation of (1.1) describes
the diffusion, production and turnover of AHL with 7 € {0, 1}. The striking feature of the sys-
tem (1.1) is that the bacterial diffusion rate is a function y (v) depending on an external signal
density v, which satisfies y’'(v) < 0 accounting for the repressive effect of AHL concentration
on the bacterial motility (cf. [21]). This monotone decreasing property of y (v) distinguishes the
nonlinear diffusion in (1.1) from other cross-diffusion systems (cf. [22]) where the diffusion of
species is increasing with respect to density due to population pressure. We remark that the sys-
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Fig. 1. Time-lapsed photographs of spatiotemporal patterns formed by the engineered Eeshcrichia coli strain CL3 (see
details in [21]). The figure is taken from the Figure 1 in [21] for illustration.

tem (1.1) was originally given in the supplementary material of [21] and formally analyzed in
[6].

Expansion of the Laplacian term A(y (v)u) =V - (y (v)Vu + uy’(v)Vv) in the first equation
of (1.1) indicates that the motility function y (v) generates a cross-diffusion effect, and the de-
cay property ¥'(v) < 0 may lead to degenerate diffusion making the analysis highly nontrivial.
Therefore not many mathematical results have been available to (1.1) which has received atten-
tions in recent years. When the system (1.1) is considered in a bounded domain 2 with Neumann
boundary conditions, the following results are obtained in the literature.

(C1) (With cell growth: a = b > 0) Firstly the global existence and large time behavior of so-
lutions was established in [8] where it was shown that the system (1.1) with T =1 has a
unique global classical solution in two dimensions under the following assumptions on the
motility function y (v):

(HO) y(v) € C3([0,00)), ¥ (v) > 0and y'(v) <0, lim y(v)=0and lim YO ovists.
vV—00 =00 Y (@)
Moreover, the constant steady state (1, 1) of (12. 1) is proved to be globally asymptotically
stable if a = b > % where Ko = max % <v>)l
0<v<oo

tended to higher dimensions (n > 3) for large a > 0 in [41]. Recently the similar results
have been obtained for (1.1) with T =0 in [5,11] without the condition lim % in (HO).
vV—>00

. Later the global existence result was ex-

On the other hand, for small a > 0, the existence/nonexistence of nonconstant steady states
of (1.1) was rigorously established under certain conditions in [25] and the periodic pul-
sating wave was analytically approximated by the multi-scale analysis. When y (v) is a
piecewise constant function, the dynamics of discontinuity interface was studied in [38]
and existence of discontinuous traveling wave solutions was established in [23].

(C2) (Without cell growth: a = b = 0) It turns out the dynamics of (1.1) with a = b = 0 are very
different from the case a = b > 0 (with cell growth). With a specialized motility function
y () =co/ vk (k > 0), the global existence of classical solutions of (1.1) with T =1 in any
dimensions was established in [45] for small ¢y > 0. This smallness assumption on ¢y was
removed later for the parabolic-elliptic case (i.e. (1.1) with T =0) with 0 < k < % in
[1]. If y(v) decays algebraically and 1 < n < 3, the global existence of weak solutions
of (1.1) with t = 1 with large initial data was established in [3]. However the solution
of (1.1) may blow up if y(v) has a faster decay rate. For example, if y (v) = e %", by
constructing a Lyapunov functional, it was proved in [10] that there exists a critical mass

My = 47” such that the solution of (1.1) with 7 = 1 exists globally with uniform-in-time

bound if [, uodx < m, while blows up if [, uodx > m, in two dimensions, where ug
is the initial value of u. The result of [10] was further refined in [4] by showing that the

3
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blow-up time is infinite. When y (v) has both positive lower and upper bounds, the global
existence of classical solutions in two dimensions was proved in [39]. Very recently the
existence/nonexistence of non-constant stationary solutions as well as pattern formation
were explored in [44] via the global bifurcation theory and weak-strong solutions of (1.1)
with 7 = 1 in any dimensions was explored in [2].

As recalled above, the existing results for (1.1) are confined to the global well-posedness,
asymptotic behaviors of solutions and stationary solutions (pattern formation). However the trav-
eling wave solutions, which are genuinely relevant to the experiment observation of [21], are not
investigated mathematically except for a special case that y (v) is piecewise constant. When y (v)
is a constant, equations of (1.1) are decoupled each other and the first equation becomes the well-
known Fisher-KPP equation - a benchmark model for the study of traveling wave solutions of
reaction-diffusion equations [27]. However, once y (v) is non-constant, (1.1) becomes a cou-
pled system with cross-diffusion and the study of traveling wave solutions drastically becomes
difficult. The purpose of this paper is to make some progress to this direction and explore the
existence of traveling wave solutions to (1.1) with allowable wave speeds. With general y (v),
the analysis and results will be too complicated to have an elegant presentation. Noticing that the
key feature of y (v) lies in the monotone property y’(v) < 0, in this paper we consider a general
algebraically decreasing motility function

1

T >0 (12)

y(v) =

However our argument can be directly extended to other forms of motility function, such as the
exponentially decreasing function y (v) = e~ X", and so on.

To put things in perspective, we rewrite (1.1) as
u; =V -(y@)Vu +uy’ (v)Vv) +u(a — bu), (1.3)
vyy=Av+u—v, ’

which is a Keller-Segel type chemotaxis model proposed in [13] with growth. For the classical
chemotaxis-growth system

uy=V-(Vu — xuVv) + u(a — bu), (1.4)
Ty =Av4+u—v, ’

traveling wave solutions are investigated in a series of works [29,33-36] for both cases 7 =0
and T = 1, where x > 0 denotes the chemotactic coefficient. The existence of traveling wave
solutions with minimal wave speed depending on a and y was obtained, the asymptotic wave
speed as x — 0 as well as the spreading speed were examined in details in [33-35,37] where
the major tool used therein to prove the existence of traveling wave solutions is the parabolic
comparison principle. Except traveling wave solutions, the chemotaxis-growth system (1.4) can
also drive other complex patterning dynamics (cf. [16,24,32]). When the volume filling effect is
considered in (1.4) (i.e. xuVv is changed to xu(1 — u#)Vv), the traveling wave solutions with
minimal wave speed were shown to exist in [30] for small chemotactic coefficient x > 0. For the
original singular Keller-Segel system generating traveling waves without cell growth, we refer
to [15,20,42] and references therein. In contrast to the classical chemotaxis-growth system (1.4),

4
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both diffusive and chemotactic coefficients in the system (1.3) are non-constant. This not only
makes the analysis more complex, but also make the parabolic comparison principle inapplicable
due to the nonlinear diffusion. In this paper, we shall develop some new ideas (see details in
section 2) to tackle the various difficulties induced by the nonlinear motility function y (v) and
establish the existence of traveling wave solutions to (1.1).

The rest of this paper is organized as follows. In section 2, we state our main results on the
existence/non-existence of traveling wave solutions to (1.1) for (x, 1) € RV x [0, o) and sketch
the proof strategies. In section 3, we derive some preliminary results that will be used in the
subsequent sections. In section 4, we construct and study some auxiliary problems connecting
to our problem. In section 5, we prove our main theorems via Schauder fixed point theorem and
compactness argument based on the results in previous sections. In final section 6, we discuss
the possible selection of wave profiles/speeds and use numerical simulations to illustrate the
traveling wave patterns.

2. Main results and proof strategies

We shall establish the existence of traveling wave solutions and wave speed, and explore
how the density-suppressed motility influences traveling wave profiles and “the minimal wave
speed”. In the spatially homogeneous situation the steady states are (0, 0) and (a/b, a/b), which
are respectively unstable (saddle point) and stable node. This suggests that we should look for
traveling wavefront solutions to (1.1) connecting (a/b, a/b) to (0, 0). Moreover negative u and
v have no physical meanings with what we have in mind in the sequel.

A nonnegative solution (u(x, t), v(x, t)) is called a traveling wave solution of (1.1) connecting
(a/b,a/b) to (0, 0) and propagating in the direction & € S¥~! with speed c if it is of the form

(. 1), v(x, ) =U-§—ct), V(x-§ —ct) =:(U(2), V(z))

satisfying the following equations

WU +cU' +U(a—bU)=0, @1
Vi+cV +U -V =0 '
and
(U(=00), V(=00)) =(a/b,a/b), (U(+00), V(+00)) =(0,0), (2.2)

where ' = d%. In this paper, we proceed to find the constraints on the parameters to exclude
the spatial-temporal pattern formation and guarantee the existence of traveling wave solutions
connecting the two constant steady states.

Denote
1
b*(m,a)zmax{9m,3m+2,/w}, 2.3)
1+4+a

we obtain the following theorems.



J. Li and Z.-A. Wang Journal of Differential Equations 301 (2021) 1-36

Theorem 2.1. Let y (v) be given in (1.2). Then for any ¢ > 2./a and b > b*(m, a), the system
(1.1) has a traveling wave solution (u(x,t),v(x,t)) = U x -& —ct), V(x - & — ct)) with speed
c in the direction € € SN~ for all (x,1) e RN x [0, +00), satisfying

U@ _ Ve _ 1

ZBTOO ez L zlnfoo e~he m 24
with » = &Y< ¢ '622_4” and
liminfU(z) >0 and liminfV(z) > 0.
—>—00 7—>—00
Moreover, if
1 1 "
Kon.ay=m | 24T [ Jad+a) ) (2.5)
m(m+1) m(m+1)
we have
lim U(z)= lim V(z)=a/b
—>—00 —>—00
and

. / _ . / _
z—lglziloo Ui = z—l>H:|I:100 Vi@ =0

Theorem 2.2. For ¢ < 24/a, (1.1) has no positive traveling wave solution (u(x,t),v(x,t)) =
U -& —ct),V(x - & — ct)) connecting the constant solutions (a/b,a/b) and (0,0) with
speed c.

Remark 2.1. Theorem 2.1 and Theorem 2.2 imply that ¢ = 24/a is the minimal wave speed
same as the one for the classical Fisher-KPP equation, which is irrelevant to the decay rate of
the motility function. Different from the Fisher-KPP equation, a lower bound »*(m, a) for b is
induced by the density-suppressed motility. As m — 0, y (v) — 1 and the equation for u becomes
the classical Fisher-KPP equation. Noticing

lim b*(m,a) =0and lim K(m,a) =0,
m—0 m—0
our result well agrees with that for the classical Fisher-KPP equation.

Proof strategies. Since the model (1.1) is a cross diffusion system, see also (1.3), many classical
tools proving the existence of traveling waves such as phase plane analysis, topological methods
and bifurcation analysis (cf. [40]), among others, become infeasible. Motivated from excellent
works of Salako and Shen [33,34,36] for the chemotaxis-growth model (1.4) by constructing
super- and sub-solutions and proving the existence of traveling wave solutions as the large-time
limit of solutions in the moving-coordinate system based on the parabolic comparison principle,
we plan to achieve our goals in a similar spirit. However substantial differences exist between the

6
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models (1.1) and (1.4). The nonlinear motility function y (v) in (1.1) refrains us employing the
parabolic comparison principle and constructing super- and sub-solutions with the same decay
rate at the far field, which are crucial ingredients used for (1.4) in [33,34]. In this paper, we
develop two innovative ideas to overcome these barriers. First we introduce an auxiliary parabolic
problem (4.3) with constant diffusion to which the method of super- and sub-solutions applies
(see section 4.1). This auxiliary problem subtly bypasses the barriers induced by the nonlinear
diffusion but its time-asymptotic limit yields a solution to an elliptic problem (4.18) whose fixed
points indeed correspond to solutions to (2.1) - namely traveling wave solutions to our concerned
system (1.1) (see section 4.2). Second we construct a sequence of relaxed sub-solution U, (x)
for any n > 1 with a spatially inhomogeneous decay rate 61 (x) which approaches to the constant
decay rate of the super-solution U(x) as x — 400 (see section 3.1). With them we use the
method of super- and sub-solutions to construct solutions to the auxiliary parabolic problem
(4.3) in appropriate function space and manage to show its time-asymptotic limit problem has a
fixed point. This is a fresh idea substantially different from the works [33,34] where the super-
and sub-solutions were directly constructed with the same decay rates by taking the advantage
of constant diffusion.

We divide the proof of Theorem 2.1 into four steps. In step 1, we construct an auxiliary
parabolic problem (4.3) with constant diffusion and prove its global boundedness uniformly in
time (see Proposition 4.1) by the method of super- and sub-solutions. In step 2, we show that
the limit of global solutions to (4.3) as t — oo yields a semi-wavefront solution to an elliptic
problem (4.18) with some compactness argument (see Proposition 4.2). In step 3, we show that
the solution obtained in Step 2 satisfies the boundary condition (2.2) by direct estimates under
some constraints on m and a (see Proposition 5.1), which hence warrants that the semi-wavefront
solution is indeed a wavefront solution in R. Finally in step 4, we use the Schauder’s fixed point
theorem to prove that (4.18) has a fixed point which gives a solution to (2.1) in R satisfying
(2.2) (see section 5.1), where the trick of utilizing relaxed sub-solution U, (x) with spatially
inhomogeneous decay rate is critically used to obtain the continuity of solution map. Theorem 2.2
is proved directly by an argument of contradiction.

3. Preliminary results
In this section we introduce some notations/definitions and list some basic facts which will be
used in our subsequent analysis. In particular, the construction of relaxed super and sub-solutions

with spatially inhomogeneous decay rates will be presented in this section as a preparation for
the analysis in section 4.

3.1. Super and sub-solutions with spatially inhomogeneous decay rates

For ¢ > 2./a, define

c—~/c?—4a c_\/62_4a(1+61‘:‘;>_m
Ai=—— and 61(x):=

T\
2 2(1+ﬁfa)

VxeR, (3.1

for which
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—Ax

32— chta=0 (l—i—e—)_mez(x)—cQ](x)—i—a:O Vx eR 3.2)
’ l4a ! ’
and
lim 0;(x)=x, 0<6;(x)<i<ia VxeR. 3.3)
X—+00
Choose
_ o +r/4 c=24a,
6>(x) '_{91(x)+k/k0, c>2a VxeR 34
with kg > max { %, 2]. Then
A
6r(x) € <01(x), 01(x) + 5) VxeR 3.5)
and there exists xo € R such that
6r(x) <201(x) forx > xg. 3.6)
Define two functions:
U(x) :=minfe *,n} VxeR (3.7)

and

8 x < xs,
Qn (»x) — { dnefel(x)x + doe*QZ(x)x’ X > x5 (3.8)
for b > b*(m, a) with b*(m, a) defined in (2.3), where § is chosen sufficiently small, x5 > 0 is
the unique positive solution of the equation d,e =™ 4 dpe=02)x = 5,

_ [ |1 =2V,
dn.—l—; with2 <n e N, do'_{—l, ¢>2a 3.9)
and
2
pi= a . (3.10)
b—3m+ /(b —3m)? — mintla

Noticing that d,, € (0, 1) and

lim 6‘(91()6)—)»))6 =1
xX—>—+00 ’
which will be verified in Lemma 3.1, we can choose sufficiently small §, with which x; is large

enough such that for all x € R,
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\Y

Fig. 2. A schematic of functions U (x) and U ,» (x), where the solid black line represents U (x) and the dashed red line
represents U, (x). (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

0<Qn<ﬁ§n.

We note that the functions U (x) and U, ,(x) will be essentially used later as the super- and sub-
solutions of an auxiliary problem we introduce in section 4. A schematic of U (x) and U 2 (X)
is plotted in Fig. 2. Note that the coefficients d,, (n > 2) and dp determine the amplitude of
U, (x) and 6;(x) determines the decay of U, (x) for large x > xs. This is a new ingredient
developed in this paper to settle the difficulty of analysis caused by the nonlinear motility function
y (V).

Denote

anif(R) :={u € C(R)| u is uniformly continuous in R and sup |u(z)| < +o0},

zeR
which is equipped with the norm
l[ull = sup |u(2)].
zeR
Define the function space
G ={ueCh R, <u<U} 2:=[)é- (3.11)
n>1

To find solutions of (2.1) in 2, we need the following Lemmas.
Lemma 3.1. Let A and 61(x) be defined in (3.1). Then it follows that

lim e@®=x — 1 (3.12)

X—>+00

Moreover; for sufficiently small § > 0, if x > x5, then for c = 2./a,

9
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0<6](x) <2K1e” 2" and — AKje 2% <0//(x) <0 (3.13)
with K1 = § %; while for ¢ > 24/a,

0<6;(x) <2Kze ™ and —21Kpe ™ <6/ (x) <0 (3.14)
with K, = daZmi,

(c—i— c2—4a> 2\/ c2—4a(14a) .

Proof. In the sequel, for notational simplicity, under ¢ > 2./a, we introduce the following nota-
tions

—Ax

D) =14 .

p(p(x) =2 —dap=(x),

2a _ 2a
c+p@) et /2 —dap(x)

Then from the definition of 8;(x), we have

c—ycr—dap™"(x) 2a

h(¢(x)) :=

2] = = =h .
1(x) 26 (x) 1V dapn) (@ (x))
With simple calculation, we find
W) = —dam py= 2 (3.15)
— @)+ p(P ()2 (x) ~ l+a '
and then
, , , , 4a’mare**
01(x) = (h(¢(x))) =h ()¢ (x) = > 0. (3.16)

p(@ (X)) (c + p(p(x)))*¢" T (x)(1 +a)

When ¢ = 2./a, it has that lim ¢(x) =1 and lim p(¢(x)) =0. By L’'Hopital’s rule, we
x——+00 X—> 400

have

o5 2 o
A ’ PG| e T dag (o)
= lim L m ¢"(x) (3.17)
x>0 dag™ (x) — 4a x—>+oo
1+a 1+a

x—>+oo dmap™— 1()c) dma

Then it can be easily verified that

10
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. 4a2mre= 2% a | m
lim =—- |— =Kj,
x=+00 p(P (X)) (c+ p(P(x))N*"H(x)(1+a) 2V 1+a

from which and (3.16), by choosing sufficiently small § > 0, we can find x5 > 0 such that for
X > xs, there holds that

0<6](x) <2Ke” .

When ¢ > 2./a, it has that lim ¢(x) =1and lim p(¢(x)) =~/ —4a. It can be directly
xX—>400 X—>+00
checked that

4a’m 4a’m

li = =K
x>t p(@@))(c+ p@EN2P" (1 +a) /o2 — date + Ve —da)>(1 +a)

Then from (3.16), by choosing sufficiently small § > 0, for x > x5, we obtain

0<6](x) <2Kze™™*.

The first parts of (3.13) and (3.14) are proved.
On the other hand, by L’Hopital’s rule, using (3.15) and (3.17), for ¢ = 2./a, we obtain

lim (@ () — (1) x

AxZe M

= I h/ R

(Am k(@ (x)) T a
—4a’mixte

= lim
x=+00 p(¢(x))(c + p(P(x)))2¢"+1 (x)(1 4 a)

4a’m). . e*%x . x2
=— ——— lim lim —
(1 + a) x40 p(p(x)) x—>100
amd [14+a . x2
=— im — =0.

14+aV 4ma x—+oo g%x
While for ¢ > 24/a, we obtain

. T ate™™ ) o xP
im0 ~hD) = Tim ) im_ 55 =0

= im — =
1+a x—+oo eh*

Summing up, for ¢ > 2./a, we obtain

lim e(el(x)*)v)x _ ex_liToo(h(d’(X))—h(l))x _
X—>+00 o o

and then (3.12) follows.

11
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Now we turn to the estimate of 6’ (x). Noticing that 4" (¢) = h’(¢)(In(—h'(¢)))’ and

(In(~k'(9)))' = [In(4a>m) — 2In(c + p(@#) = In p(@) — (m + g |

—4dam 2am m+1

o)+ p@NE"TT T (p(@)2mT ¢

which together with (3.15) and the fact that ¢/(x) = _’lxi_;x and ¢” (x) = Azli_a“ implies

07 (x) = (h(p(x))" = (W' (¢ (x)¢' (x)) =h'(p(x))¢" (x) + 1 (@ () (' (x))?
=h(p(x)"(x) + (ln(—h/(¢>)))/(¢/(x))2]
_ —4a?mile {1 3 e ( 4am
T (@) (e + p(p ()P (x)"H1(1 + a) 14+a \ p(p(x))(c+ p(p(x))p(x)m+!

. 2am . m+ 1) }
(P(P)N2P(x)"1 ¢ (x) ’
For ¢ = 2./a, then A = \/a, from (3.17), it can be verified that

A
—4a’mA\le 3"

lim =—AK;
x=>+00 p(p(x))(c + p(Pp(x))) 2P (x)"+1(1 4 a)
and
lim e < 4am n 2am n m—+ 1) 1
x=to0 14a \ p(¢(x)(c+ p(@X)NPE)"™ ~ (p(p(x))2Px)"+l ~ $x) ) 2
By choosing sufficiently small § > 0, we can find a x5 > 0 such that
0> 6/ (x) > —)»Kle_%x, for x > xs.
While for ¢ > 2./a, we can check that
. —4a*ma?
lim =—-AK»
x=+00 p(p(x))(c + p(Pp(x))) 2P (x)"+1(1 4 a)
and
lim e < 4am N 2am N m+ 1) _0
x=+oo L+a \ p(@(x)(c+p@ENGE)" T~ (p(@()))2p)™ ~ ¢(x) )

Then by choosing sufficiently small § > 0 so as to generate a x5 > 0, we have
0> 6/ (x) > —21Kse™*, for x > x;.
Then the last parts of (3.13) and (3.14) follow. This completes the proof of Lemma 3.1. O

12
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3.2. Some priori estimates
Lemma 3.2. For any u € &, denote V (-; u) the solution of
V' +cV +u—V =0. (3.18)

Then for ¢ > 2./a, we have

ef)\x
0<V(x;u)<mi SN e 3.19
<V u)_mm{l+a n} ( )

n e

V(e w)| < m'n{ 2 2 } < m'n{ o } (3.20)
X, Uu)l = 1 , = 1 ) .
Ve +4 2+ 4 Vi+a J1+a

]

forall x e R.

Proof. Denote

—Cc — 214 — /c2 + 4
A :i7 Azzﬂ. (3.21)
2 2
From (3.21) and the definition of A in (3.1), we obtain
O<i<a, X <0, x>0, A +i<0, Xm+r>0 (3.22)
and
Mia=—1, M4r=—c, A —crh—1l=—(1+a). (3.23)
By the variation of constants, the solution of (3.18) can be expressed as
| x +00
Vix;u) = — f My (s)ds + f 2y (s)ds | . (3.24)
2 — Al
—0Q X

Note that 0 <u <U = min{7, e~} since u € &,. Then using (3.22) and (3.23), we obtain from
(3.24) that

X “+00
0<V(x;u) < / MO g=hs g 4 / M=) A8 g g
- T — A
-0 X
o e—()\.ﬂ)s‘ioo e—()\2+x)s‘;roo
A=A \ = FA)e T T — (g + A)e P
_ef)nx ef)»x

_)»2—0)»—1:1+a

13
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and
X +00
- - -1
0<V(x;u) < M=) ds+/e)‘2(x Ipds | = — =
=V )_)»2—?»1 / n n ra "
—00 X

Thus the inequality in (3.19) follows. On the other hand, differentiating (3.24) with respect to x,
we have

X 400
v'(x;u)zk - / e Ty (s)ds + f A2y (s)ds | . (3.25)
2 — Al
—0o0 X

For ¢ > 2./a, using (3.22), (3.23) and the fact that

M—A=vV2+4>2J1+a,

as well as the fact 0 < u < min{n, e M }, we obtain with some simple calculations

1 r e
[V (x; u)l SA : /(—M)ek‘(’“ﬂ)eﬁsds—i— / Aot g8 g
2 L J
De~ M e
< <
Ve2+4 T Jl1+a
and
1 X +o0
V! (x5 )] = f (=AM nds + / rae"? " nd
2 1 e J
27’) < n
214 J1+a

from which the inequality in (3.20) follows. The Lemma is thus proved. O
Lemma 3.3. For any u € &, denote V (x; u) the solution of
V'i+ceVi+u—-Vv=0.
Then for sufficiently small 6 > 0, if x > x5, then
y (V)67 (x) = c61(x) +a =0, (3.26)
and

14
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y(V)O2(x) — cbr(x) +a > % ifc=24a, (3.27)

y (V)62 (x) — cbr(x) +a < —M%koz“ ifc > 2/a. (3.28)

Proof. Noticing V(x) < $— v " for x > x5, we get (3.26) from the fact that

—AX ( —m
a) 02(x) — 0y (x) +a =0. (3.29)

2 e
y(V)07{(x) —cO1(x) +a > <1 4 .

With

e—kx

—m
lim (1+ ) =1, lim 6;(x)=A
x—+00 14+a x—+00

by choosing sufficiently small § > 0, for all x > x5, we have
e—Ax

15 1
=<6 A y(V)=— > (1
<0<k v =gz (41

16

)_m>§ (3.30)
=34 '

For the case ¢ = 2./a, for which A = %, noticing 6> (x) = 01 (x) + %X, using (3.30), we get
1
y(V)6’2 (x) —cOr(x)+a= )/(V)Gl x)—cO1(x) +a+yV) ( A2+ k@l(x)> — ch
1, 1 1
>y(V) A + /\Gl(x) — ch (3.31)

EE , 15 1., a
>3 (L Doy 1, a
“3\16" T3 2" T 64

for all x > x5, from which (3.27) follows.
On the other hand, for the case ¢ > 24/a, for which A < 5, noticing

1 2A
0 =60 —A ith ki 2%,
h(x) 1(x)+k0 wi 0>max{c_2k }
we obtain
1, 1
— A"+ 2001 (x) —cA < =A(2LA—¢) <0
ko 2
and then

Y (V)03 (x) — ca(x) + a <63 (x) — cbr(x) +a (3.32)

1 /1
=01(x)> — O (x) +a+ — [ —A%+200,(x) — cA
ko \ ko

1
<01(x)> — O (x) +a+ —r(2r —0),
2ko

15
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moreover owing to the fact limy_, 4 61 (x) = A, we have
lim (0;(x)%> —cO;(x) +a)=2*—ch+a=0.
xX—>—+00
Then choosing § sufficiently small, we obtain that for all x > x;.
2 1
O1(x)" —cO1(x)+a < E)\(C‘ —2)). (3.33)
0

Inserting (3.33) into (3.32), we obtain y(V)sz(x) —chh(x)+a< A%O)\(Z)\ —¢) < 0. Thus (3.28)
follows and Lemma 3.3 is proved. O

4. Auxiliary problems

In this section, we shall investigate some auxiliary problems which act as bridges to our con-
cerned problem.

4.1. An auxiliary parabolic problem
In the sequel, for convenience, we use y'(v) and y”(v) to denote the first and second
order derivatives of y(v) with respect to v, respectively. This should not be confused with

U',V',U", V" where the prime ' means the differentiation with respect to x. Given u € &,
we first consider the following equation

V'4eV 4u—V=0 A.1)

which, subject to variation of constants, yields

X —+00
V= v(x;u)zk - /eW—S)u(s)der/ew—%(s)ds ) 4.2)
2 — Al
—0oQ X

Now taking V in (4.2) as a known function, we define

F(U,U):= 2y (V)V' +¢) U’ + [y”(V)|v’|2 +y (V)(V =U —cV') +a] U-— bUz}.

1
L

By Ul(x, t;u, U), we denote the solution of the following Cauchy problem

U=U"4+FU,U), xeR,t>0 43)
Ux,0;u,U)=U(x), x eR. '
From Lemma 3.2 and the definition of y(-), the boundedness of ﬁ, y'(V), y"(V), V, and

V' has been guaranteed. Then the comparison principle is applicable to (4.3). By the semigroup
theory, U can be represented as

16
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t
Ux,t;u,U) =" > DT (x) +/e*(’*s)e<H>A(U + F(U,U")(x, s)ds. (4.4)
0

The local existence of solutions to (4.3) can be obtained by the well-known fixed point theorem
(cf. see [35, Theorem 1.1]) along with standard parabolic estimates. We omit the details here
for brevity and assume that the solution of (4.3) exists in an maximal interval [0, T') for some
T € (0, 00] with U(x,0; u,U) > 0 for x € R. Then the comparison principle for (4.3) implies
that U(x,#;u, U) > 0 forall (x,7) e R x [0, T).

Proposition 4.1. If ¢ > 2./a and b > b*(m, a) with b*(m, a) defined in (2.3), there exists § > 0
such that for any u € &,, the solution U(x,t;u, U) of (4.3) satisfies U(-,t;u,U) € &, for all
t €10, +00).

Proof. Denote
LWU)=yWMU" "+ 2y V)V +c) U + (;/”(V)(V/)2 +y'(VI(V=-U—-cV) +a) U
—bU? (4.5)
with V defined in (4.2). Noticing y (V) > 0, we have

L(U)

U'+FU,U)= .
+FU.U) (V)

Hence a function U (x) is a super-solution (resp. sub-solution) of (4.3) if L(U) < 0 (reps. L(U) >
0). Firstly we need to prove that for any solution u € &, there exists U (x, t; u, U) < U. For any
s > 0, from the definition of y (-), we have

m

O<)/(S)=m§]’ _m<7/(s):_m<0, 4.6)
and
1 m(m+ 1)
0<y™(s)= W <m(m+1). 4.7

From (4.5), using (3.19), (3.20), (4.6) and (4.7), by the definition of 7 in (3.10), it is easy to verify
that

Ly = (" WV +y (N =n—eV) +a)n— by’

m@m+1) , ( 2c > )
<|————n*+m(l+—=—=)n+a->b 4.8
_( T+a " 62+4n nln (4.8)
1
§<Mn2+3mn+a—bn>n=0.
l14+a

17
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On the other hand, from (4.5), using (3.19), (3.20), (4.6), and (4.7), we obtain

L(E—AX)
=y(V)r2e™ — (2y/(V)V' + ) re M + ()/"(V)(V’)ze_)‘x + Y VIV —e™ — cV’)) e
+ aef)\x _ b672)hx

<aZe™M 4 A die gt 4 mm+ 1) D - + <m + _zem ) e (4.9)
V1+4a l+a 4+ 2

+ ae—kx _ be—ZAx

_ 2mya  m@m+1) _ _
§A2—ck+ae“+( + e 4 3m —b ) e,
¢ ) V1+a 1+a

where we have used the fact that A € (0, /a]. Noticing

2mi/a
b>b*(m,a) >
( ) V1+4+a

+ 3m,

by choosing 8 sufficiently small in (4.16), we obtain L(e~**) < 0 for all x > x5. By the compar-
ison principle for parabolic equations, it follows that U (x, t; u, U) < U.

Now we prove that for any u € &;,, we have U (x,t; u, U) > U, . From (4.5), using (3.19),
(3.20), (4.6) and (4.7), we obtain

L) =vy"(V)(V)S+ 9y (VYV =8 —cV)s +8(a — bS)

>y (V)(V = V)8 + 8(a — bd) (4.10)

2c
zS(a—bS—mn(l—i-i))
c2+4

> 68 (a —bs —3mn)
Owing to the fact b > b*(m, a), we obtain

2
n= a <4 4.11)

b—3m4+ \/(b _ 3m)2 _ 4m(1n-1i_—‘;1)a 3m

Substituting (4.11) into (4.10), we have L(8) > 0 for sufficiently small . On the other hand,
using (4.5), by direct but tedious calculations, we have

18
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L(dne_gl(x)x + doe—GQ(X)X)
— y(V)(dne—Gl(x)x + doe—ez(x)x)// + (2y’(V)V’ + c)(dne—Ql(x)x + doe—éz(x)x)/

+ (YOO DV = (dre™ O 4 dge™ %) — V) 4-a)

e (dne—91 (x)x +doe—92(x)X)
_ b(dne_el (x)x + doe—ﬁz(x)x))2

> (y(V)le(x) —cO1(x) + a) dpe 0% 4 ()/(V)@zz(x) —cOr(x) + a) dye 2
T dye 1% [y(V) ((9; (x)x) + 26] (x)81 (x)x — 8] (x)x — 26, (x)) — o8] (x)x
=21/ (V)Y O] (03 + 6100 + ¥ (V)2 + 7/ (V) = V)]

4.12)

1 dge= W+ [y(V) ((Qé(x)x)z + 265 (x)82 (x)x — 6 (x)x — 29§(x)) — cB)(x)x

—2y/ (V)V'(05(x)x + 62(x)) + ¥ (VI(V)2 + ¢ (V)(V — CV/)]

_ b(dnei(.)] (x)x + doefez(x)x)z.
To prove that L(d,e™"1™* 4 dye=%¥) > 0, we consider the cases ¢ = 2,/a and ¢ > 2/a
separately.

Case 1. ¢ = 2/a. In this case we have dy = 1 and substitute it into (4.12). Using (4.6),
Lemma 3.1 and Lemma 3.3, by choosing sufficiently small §, for x > x5, we obtain

Y'(V) <0, »"(V)>0, 6{(x)>0, 6{(x)<0

and
y (VO () = 01 (x) +a =0,y (V)3 () = cOr(x) +a = —.
from which we obtain that for any x > x;,
L(dye™ 0% 4 gm0y (4.13)

> 4 tx

~ 64
+ dpe "X [<2p (V)B] (x) — ¢ (x)x — 2y (V)V' (0] (x)x + 01 (x)) + ¥ (V)(V = c V)]
+ 720X [—2 (V)5 (x) — 5 (x)x — 2¢"(V)V/(B(x)x + 62(x)) + ¥ (V)(V = V)]
_ b(dne—Gl(X)x + e—ez(x)x)z.

Furthermore, from (3.3), Lemma 3.1 and Lemma 3.2, we have

0<61(x) <a, 0<6](x)<2Kje 2"

and
0<V(xiu) < '{”x } V(s w)] < { 1 elx}
< V(x;u) <min Nt x;u)| < min , .
1+a 1 V14+a /14a
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By the above estimates and (4.6), we arrive at the following estimates

=2y (V)0 (x) — b (x)x —2y" (VIV' (0] (x)x + 01 (x)) + ' (V)(V —cV) (4.14)

- (4+2 N dmnx )K ik (Zmﬁ L_m  _cm ) .
- X+ —— e 2% — e
- Ji+a) ! JTta 1+a JTta

dmnx _a dm./a m _
=—[(4+4Vax+ Kie 2x—<4+—>e“.
( Ve «/1+a> : JTta 1+a

Then from the fact that 6,(x) = 0;(x) + %, we get

=2y (V)B5(x) — cO5(x)x =2y (V)V'(03(x)x + 62(x)) + ¥ (V)(V = c V') (4.15)

1
=—2y(V)0{(x) — O] (x)x =2y (V)V'(O] (x)x + 61 (x)) + ¥ (V)(V —cV') — Ey’(V)V’)»

4mnx A dm./a m my/a ) s
>—(4+4Vax + Kie 2x—< + + e .
( Ve ¢1+a) 1 Jta 1+a 2/T+a

Substituting (4.14) and (4.15) into (4.13), we end up with

L(dne—Gl(x)x + e—GZ(x)X)

- e—92(x)x{i ~ K (4+4ﬁx + A4mnx ) (e_%x +dne(92(x)—91(x)—%)X) (4.16)

- 64 J1+a
_ <4m«/5 n m > (e—kx +dne(92(x)—al(x)—x)x) B my/a o
J14+a 1+4a 2/ 14+a

—b <d38(92(x)—291 (x4 o= @)x | g o~ <x>x> }

From (3.5) and (3.6), we have 6, (x) —2601(x) < 0and 6>(x) — 01 (x) — A < O(x) —O1(x) — % <0
for x > x5, then for ¢ = 24/a, by choosing § sufficiently small in (4.16), we obtain

L(dn670] (x)x + efez(x)x) > 0
for all x > xg.
Case 2. ¢ > 2./a. Inserting dy = —1 in (4.12), using Lemma 3.1, Lemma 3.2 and Lemma 3.3,

we obtain

0<61(x)<+a, 0<6{(x)<2Kre™  0>6](x)>—-21Kre™,

ef)ux
0<V(x;u)§min{ }

1+a’n
V' )] < mi { 2 2 }< i { n_ e }
x;u)| <min , <min{ ——, ,
V244 2+ 4 V1i+a J1+a
5 5 A —21)
y(V)07 (x) —cO1(x) +a >0, y(V)03(x)—ct(x)+a= TR
0
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By these results, (4.6) and (4.7), for any x > x;, noticing that 6>(x) = 01 (x) + ]?—0 we obtain
L(d,e~ 0% _ =2)x)

> (y(V)Olz(x) — el (x) + a)dne—91 @ _ (y(V)Ozz(x) — b (x) + a)e—%w
+ dye O[22y (V)O] (x) — cB] (x)x — 2/ (VIV' (O] (X)x + 01(x)) + ¥ (V)(V — V)]
— RO [y (V)30 + 265(0)62(x)x = 5 (%) = 29 (VIV/ (B30 + 2(x)
+y"(V)(V)? — c;/(V)V’] — b(d,e N1 _ p=02(0)x)2 (4.17)

> e 200)x {L(i‘; ) —b (dze(HZ(x)*wl(x))x + eiQZ(X)x)
0

2m 1 2c
—(4K242cxKo + (2Kze M x +/a) +m (— + ))d B2 =01 () =h)x
< 2 2 Tra 2 +a i n
— [ @K2x)?e™ +4K5 [ Va + LR +20Kax + _am 2Koxe ™ + Ja + >
ko J1+a ko
m(m + l)e_M 2cm o
l+a 4 4 c2

Noticing 6 (x) — 260 (x) < 0 and 6, (x) — 61 (x) — A < 0 for x > x5, then for ¢ > 2./a, by choosing
§ sufficiently small in (4.17), we obtain

L(dne_01 (x)x _ E_GZ(X)X) 2 0

for all x > x;5. Then by the comparison principle for parabolic equations, we obtain U (x, t; u) >
U, forc>2./a.

Summing up, by choosing

2a
ni=

b—3m+ /(b —3m)?> — mtntla

and sufficiently small 8, (U, U ,) 1s a pair of super- and sub-solutions of (4.3) (see a schematic
of super- and sub-solutions illustrated in Fig. 2). Denoting U (x, t; u, U) the unique solution of
(4.3), by the comparison principle for parabolic equations, we obtain U, < U(x,t; u, U) <U
and thus U (x, t; u, U) € &,. This completes the proof of Lemma 4.1. O

4.2. An auxiliary elliptic problem
Now for u € Zo :=(),~ én, we study the following problem
yVU" + 2y’ VIV +) U + (y" VIV +y'(VIV —U —cV)+a) U —bU? =0,
V'+ceV +u—-V =0,

(4.18)
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which is equivalent to solving L(U) =0.
Proposition 4.2. For every u € 20, if ¢ >2+/a and b > bi(m, a) with b*(m, a) defined in (2.3),
denote U (x,t; u, U) the solution of (4.3) with U(x,0; u, U) = U, there exists a unique function
U(x;u) € Zy such that
U(x:u)= lim U(x,t;u,U)=infU(x,t;u,U)
1—00 t>0

and U (x; u) is the unique solution of (4.18) satisfying

U(x;
liminfU(x:u) >0 and lim (XA”) —1. (4.19)
X—>—00 x—>+o0 e X
Proof. From Proposition 4.1, we have
Ux,t;u,U)<U(x) forall (x,1) € R x [0, +00). (4.20)

For any 0 <] < 1, noticing
Ux,t;u,U)=U(x,t;;u,U(x,tp —t1;u,U)),
from (4.20), we have
Ux,t —ti;u,U) <U(x).
Then using again the comparison principle for parabolic equations, we obtain
Ux,ty;u,U)<U(x,t1;u,U),
which implies that U (x, -; u, U) is decreasing with respect to 7. Noticing that U (x, -; u, U) has

lower and upper bounds since U (x, -; u, U) € &, as shown in Lemma 4.1, one can conclude that
there exists a unique U (x; u) such that

U(x;u) = lim U(x,t;u,U) =infU(x,t;u,U) 4.21)
t—00 t>0
for all x € R. Denote
Un(x,0) =U(x, 1+ ty;u, U)
for (x,t) € R x [0, 00), where {#,},>1 is an increasing sequence of positive real numbers con-

verging to +o00. Then from the elliptic regularity theory for (4.1) and parabolic regularity theory
for (4.3) (cf. [19]), we obtain that forall 1 < p <oo, R>0,T >0,

IV llwor(-riy < C and U]z c.

(~RRX(0.T) =
From Sobolev embedding theorem, we obtain
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”V”ClL’f(R) <C and ||U,]| oA R (0, +00)) = <C.

The Arzela-Ascoli’s theorem and Schauder’s theory for parabolic equation (cf. [17]) imply that
there is a subsequence {U,},>1 of the sequence {U,},>1 and a function U € c* l(}R x (0, 00)),
such that {U,/},/>1 converges to U locally uniformly in CZL(R x (0, 00)) as n’ — oco. Hence
U(x, t) solves (4.18) and Ue Z0. On the other hand, noticing U(x, 1) =limy_oo U(x, t; u, U),
from (4.21), we have U (x; u) = U (x, 1) for every x € R and 7 > 0, from which we obtain that
U(x;u) € 2y is a solution of (4.18). Furthermore, from (3.12) and the definition of 2y, we
obtain

liminf U (x;u) >0 4.22)
X—>—00
and
U U (x;
dy < timinf 2% < fimsup LY _ (4.23)
x—4o0 e~AX Ysdoo €M

for any n > 2. Noticing lim,_, » d,, = 1, by taking n — 0o in (4.23), we obtain

. Ul
lim

x—>400 eAX

=1 (4.24)

The uniqueness of U (x; u) satisfying (4.19) follows from the same arguments as that in Lemma
3.6 in [34]. The proof is thus completed. O

5. Proof of main theorems

In this section, we shall prove Theorem 2.1 and Theorem 2.2. To this end, we first prove the
following result concerning the asymptotic behavior of solutions to (2.1) as z — =£o0.

Proposition 5.1. Assume that a > 0 and m > 0 satisfy (2.5). Then any solution (U,V) €
(C2(R) N Z0)? to (2.1) has the property that

lim U(z)= lim V(z)=0, lim U(z)= lim V(z)=a/b
z—+00 z—>+00 7—>—00 Z——00
and

. i T / _
Ap UV@=Ip VE=

Proof. From the fact that (U, V) e 3”02 and Lemma 3.2, we obtain

U@I<n, [V@I<n and|V'(2)| < (6.1

for all z € R. From the first equation of (2.1), by the Holder regularity estimates for bounded
solutions of elliptic equations and the Schauder theory [7], there exists C > 0 independent of z
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and o € (0, 1) such that |U|lc2e(; .41y < C and ||V c2a(; ,41) < C for all z € R, from which it
follows that

U'@I<C, [U'@@=<C and|V'(1)|=<C (5.2)

for all z € R. Multiplying the first equation of (2.1) by (¢ — bU) and integrating the result over
[—R, R], we obtain

R R
/(y(V)U)”(a—bU)dz—f-c/ U (a—bU)dz+/U(a—bU)2dz
—R —R

=)@ =bU)|Z + f @' (VU +y(NU'dz +caU[Z"

—R
R
- bU2|Z__R /U(a—bU)zdz.
-R

Then using (4.6), (5.1) and (5.2), we find a constant C independent of R such that

R

v 2 _ 2
T )m/|U| dz—i—/U(a bU)“dz

—R
R R

<bfy(V)|U/|2dz+/U(a—bU)2dz (5.3)

—R —R

<b / Y (VIV'UU'|dz — (y(V)UY (@ — bU)[ZF = caU[ 28 + 5 bUzlz_,R

<C; + bmn /|U|2dz+/|V|2dz
—R

On the other hand, multiplying the second equation of (2.1) by V" and integrating the result over
[=R, R], we obtain

R R R R
=/|V”|2dz+c/V’V”dz—i—/UV”dz—/VV”dz
—R —R

—R —R

R R R
/|V”|2dz+ VY IZE R+Uv/|§j’fR—fU/V/dz—vv/|jij+f|v/|2dz.
—R —R —R
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This along with (5.1) and (5.2) yields

R

R R R R
1 1
/|V”|2dz+/|V’|2dz§C2+/U/V’dz§C2+§/|U’|2dz+§/|V/|2dz,
—R —R —R —R

where Cj is a constant independent of R. Then it follows that

R R
/IV’|2d252C2+/|U’|2d2.
—R —R

54

Substituting (5.4) into (5.3), one can find a constant C3 = C1 + bmnC, independent of R such

that

R

g R
b
—R A

—R
Note that (3.10) together with condition (2.5) implies

1

—(1 e —mn > 0.

Sending R — o0 in (5.5), we obtain

1
R R

By sending R — o0 in (5.4), we find a constant C4 > 0 such that

/ V' ?dz < Cy.
R

Then (5.7) and (5.8) assert that
U'eL*(R), U(a—-bU)’eL'(R), V' eL*R).

From (5.2) and (5.9), we obtain

lim U(z) €{0,a/b}, lim U’(z)=0 and lim V'(z)=0.
z—+00 z—>=£00 7—>=+00

Furthermore, from the definition of 24 and the fact that U € 2, we obtain
lim U(z)=0 and lim U(z) =a/b.
z—>+00 7—>—00
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On the other hand, from the second equation of (2.1), we have

V4 —+00
v(z)zA - /eA‘(Z_S)U(s)ds—i—/e)‘Z(Z_S)U(s)ds (5.11)
2 — Al
o0 V4

with A1 < 0 and A, > O defined in (3.21). Applying L’Hopital’s rule to (5.11), from the fact
(5.10), we obtain

lim V(z)= lim

Z—>+00 z—>+00 Ay — A

e—)x] 4 A2z

(ffoo e MU (s)ds f+oo _AZSU(s)ds)

Ly (L0, L0)

- Ay — A1 2—=+00 \ —Aq Ao

= lin_U=0

and

z—1>11_noo V() = —1>1moo A — A

l](z)

Az—k]Zﬁ oo( )\1 )
a
b

— lim U(z)=
7—>—00

e—MzZ e~z

( JE o€ MU (5)ds N S e—wU(s)ds)

This completes the proof. O
5.1. Proof of Theorem 2.1

Note that a fixed point of the mapping 2o > u +—> U (-, u) € Z( formed in (4.18) is a solution
to the wave equations (2.1). Hence to prove the existence of traveling wave solutions to (1.1), it
suffices to prove that the mapping 2y > u + U (-, u) € %y formed in (4.18) has a fixed point.
We shall achieve this by the Schauder fixed point theorem.

First, we prove that the mapping 2y 2 u > U(-,u) € 2o is compact. Let {u,},>1 be a
sequence in Zy. Denote U,, = U(-, u,), we have U, € 2. From the elliptic regularity the-

orem, we have that ||Un|| 2 PR) = < C for all p > 1. From Sobolev embedding theorem, we

obtain ||Un||cl°;,C(R) <C, Wthh along with the Arzela-Ascoli’s theorem implies that there is
a subsequence {U,},>1 of the sequence {U,},>1 and a function U(x) € C(R), such that
{Up }w=1 = U (x) locally uniformly in C(R). Furthermore, we have U (x) € Z¢. Then the map-
ping Zodur U(-,u) € Z is compact.

Second, we prove that the mapping 2o > u > U (-; u) € 2 is continuous. To this end, denote

o0

1
lalle = 3 5 el qmmp-

n=1
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Then any sequence of functions in 2y is convergent with respect to norm || - ||, if and only if it
converges locally uniformly on R. Let u € 2 and {u,},>1 be a sequence in 2y such that u,
converges to u locally uniformly on R as n — oo. Then by the elliptic regularity theorem applied
to the second equation of (4.18) and Sobolev embedding theorem, we obtain

” V(7 un)”Clloca(R) =< C.

Form the Arzela-Ascoli’s theorem, there exists a subsequence of {V (-; u,)},>1, still denoted by
itself without confusion, such that

lim V(;u,)=V(;u) inCL.(R).
n'— 00
Suppose by contradiction that the mapping 2o 2 u — U(-;u) € Zp is not continuous. Then
there exists § > 0 and a subsequence {u,},/>1 such that

UG up) —UCwll« =38, Vn=1 (5.12)
By Schauder’s theory [17] applied to the first equation of (4.18) and Sobolev embedding theo-
rem, from the Arzela-Ascoli’s theorem, there is a subsequence {U (:; u,~)},7>1 of the sequence
{U(:;up)}w>1 and a function U(:) € C2%(R), such that {U(; up)}ur>1 converges to U(-) in
C120C (R) and U is a solution of (4.18). Moreover, from the fact that U (-; u,,») € Zp and

lim [|UC5uyr) —UC) =0,
n—od
we obtain U (-) € Zp. Then from Proposition 4.2, we obtain U (-) = U (-, u). By (5.12), then
UG u) = U =4,

which is a contradiction. Hence the mapping Zo 3 u — U (:; u) € Zp is continuous.

Now by the Schauder’s fixed point theorem, there is U € 2 suchthat U(-) = U (-; U). Denote
V() :=V(;U). Then (U, V) is a solution of (2.1). From the definition of 2 and (3.12), we
obtain

U
lim 29 .

z—>+o0 eM

This along with (3.22)-(3.23) and "Hopital’s Rule yields

. V() i 1 [ e MU (s)ds f;roo e 25U (s)ds
z—:rﬁl-loo e~r z—lr-il}oo A — A e~ itz e~ (Rath)z
_ lim U(z) 3 U(z) _ 1
T A —Apiotoo \—(A +FA)e M —(a+Ae ) 14a’

Since U € 2y, it follows that liminf U (z) > 0. On the other hand, noticing for z < x5, U(z) > 8

7—>—00
and then
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Z “+00
V(z) = ey / MU (s)ds + / 2EIU (s)ds
o0 V4
Z
> 8 / ME g = s >0,
Tl — A ) (A2 — A1) (=A1)

from which liminf V (z) > O follows. Finally by the assumption (2.5) and Proposition 5.1, we
7—>—00

finish the proof of Theorem 2.1. O
5.2. Proof of Theorem 2.2

Arguing by contradiction, for ¢ < 2./a, we suppose that there is a positive traveling wave so-
lution (u(x,t),v(x,t)) = (U(x-& —ct), V(x-& —ct)) of (1.1) connecting the constant solutions
(a/b,a/b) and (0, 0). Take a sequence {z,} with z, — +o00, then

. _ . _ . ! _
i U= lim VG = lim Ve =0.

Now we set

hn(z)=%, Un(@ = Uz +20), Va2 =V(z+20).

As U is bounded and satisfies (2.1), the Harnack inequality implies that the shifted function
U, (2), Vu(z) and V, (z) converge to zero locally uniformly in z and the sequence %, is locally
uniformly bounded and satisfies

V' V) (V) hn + v (V) (Vi = Up — cVidhy + 27" (V) Vi, + v (Vi) + ch),
+hp(a —bUy,) =0,
VI'+U,—V,+cV,=0
in R. Thus up to a subsequence, the sequence {h,},>1 converges to a function % that satisfies
h"+ch’+ah=0 inR. (5.13)
Moreover, h is nonnegative and 4(0) = 1. Equation (5.13) admits such a solution if and only if
¢ > 2./a, which leads to a contradiction. This denies our assumption and hence (1.1) admits no
traveling wave solution connecting (a/b, a/b) and (0, 0) with speed ¢ < 24/a. O
6. Selection of wave profiles
By introducing some auxiliary problems and spatially inhomogeneous relaxed decay rates
for super- and sub-solutions constructed, we manage to establish the existence of traveling wave-
front solutions to the density-suppressed motility system (1.1) with decay motility function (1.2),
where we find that there is a minimal wave speed coincident with the one for the cornerstone

Fisher-KPP equation, and a maximum wave speed c¢ resulting from the nonlinear diffusion.
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However, we are unable to characterize further properties of wave profiles such as monotonic-
ity, stability and so on. In this section, we shall discuss the selection of possible wave profiles
motivated by some argument in [30].

6.1. Trailing edge wave profiles

In the spatially homogeneous situation, the system (1.1) has equilibria (0, 0) and (a/b, a/b),
which are unstable saddle and stable node respectively. This suggests that we should look for
traveling wavefront solutions to (1.1) connecting (a/b, a/b) to (0,0) as we have done in the
paper. Now we linearize the ODE system (2.1) at the origin (0, 0) and let U’ = X, V' =Y. Then
we get the following linear system of (U, X, V,Y)

U’ 0 1 0 O U
X’ -4 __Cc_ 0 X
= 7(0) 7(0)
14 0 1 |4 ©.1)
Y’ —1 0 1 —c Y

The eigenvalue X of the above coefficient matrix is

(Xz—}—%k—l—ﬁ)(kz—kck—l):&

To ensure there is a positive trajectory connecting the equilibria (0, 0) and (a/b, a/b), we need
to rule out the case that (0, 0) is a spiral, which amounts to require

c>2y/y0)a. (6.2)

With y (v) given in (1.2), y(0) = 1 and (6.2) is equivalent to ¢ > 2./a. This is well consistent
with our results obtained in Theorem 2.1 and Theorem 2.2. Under the restriction (6.2), it can be
easily check that the origin (0, 0) is either a stable node or saddle point, which indicates that the
traveling wave profile around the origin (0, 0) will not be oscillatory or periodic.

Next we linearize the system (2.1) at (a/b, a/b) and arrive at the following linearized system

U’ 0 1 0 0 U

(b+07)
XN _|%or o “her b || X 6.3)
v/ 0 0 0 1 v '
Y’ —1 0 1 —c Y

where o1 = y(a/b), o2 = y’(a/b). By some tedious computation, we find that the eigenvalue A
of the above coefficient matrix is determined by the following characteristic equation

2
b 1
Mo+ S)ai+ (c_ _abto) 1)Az_ latDe, @ _ (6.4)
o1 o1 o1b 05| o1

We suppose that there are periodic solutions near the positive equilibrium (a/b, a/b), namely
the above characteristic equation has purely imaginary roots A = +wi, where w is a real num-
ber. Then the substitution of this ansatz into the equation (6.4) immediately yields a necessary
condition ¢ = 0, and consequently we get
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b
ot — <m+1)w2+1:0. 6.5)
U]b g1

Notice that oy = y'(a/b) < 0. Then a necessary and sufficient condition warranting that the

equation (6.5) has a real root w is
b a 2
o] < —or{,/——1] . (6.6)
a o1

That is, the linearized system (6.3) at the equilibrium (a/b, a/b) will have periodic solutions if
the condition (6.6) is fulfilled. Thereof we anticipate that the non-monotone traveling wave so-
lutions oscillating about the critical point (a/b, a/b) may exist, but whether the condition (6.6)
is sufficient to guarantee that the nonlinear system (1.1) has similar oscillatory behavior around
the equilibrium (a/b, a/b) is very hard to determine and even to predict due to the complexity
induced by the nonlinear diffusion and cross-diffusion in the system. Below we shall use numer-
ical simulations to illustrate that indeed the condition (6.6) plays a critical role for the nonlinear
system in determining the monotonicity of wave profiles.

We consider the motility function y(v) = W(m > (0) as given in (4.18). With simple
calculation, we find that the condition (6.6) amounts to

\/11_1<,/1+Tl9 |Va(l+9)" —1

Without loss of generality, we first choose m =6 and a = b =0.1. Then ¥ = 1 and

a
, =—. 6.7
b (6.7)

,/lJrTl9 ‘\/a(l T oy — 1‘ —2.1635 < /6 = 2.4495.

Hence the condition (6.7) is violated and no oscillation around (a/b,a/b) = (1, 1) is expected
for the linearized system. To verify if this is the case for the nonlinear system (1.1), we set the
initial value (uq, vg) as

1

1 + €2 —20) (6.8)

up(x) =vo(x) =

and perform the numerical simulations in an interval [0, 200] with Neumann boundary condi-
tions to comply with the experiment. The numerical solution of (1.1) is shown in Fig. 3 where
we obverse that the solution will stabilize into monotone traveling waves although it oscillates
initially. This is also well consistent with our analytical results about the existence of traveling
wave solutions given in Theorem 2.1 when K(m,a) =0.4143 <1 if m =6 and a =b =0.1.
Next we choose m =4 and a = b = 1 such that % ’./a(l + )" — 1‘ = 4.2426 and hence
(6.7) holds. But numerically we still find that the system (1.1) will generate monotone traveling
waves qualitatively similar to the patterns shown in Fig. 3 (not shown here for brevity). This im-
plies that the condition (6.6) is not sufficient to induce non-monotone traveling waves oscillating
around (a/b, a/b).

Now an important question is whether the density-suppressed motility system (1.1) is capable
of producing persistent oscillating traveling waves to interpret (at least qualitatively) the pattern
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Fig. 3. Numerical simulations of wave propagation generated by the system (1.1) in [0, 200] with y (v) = W with

1
m:6,a:b:0.l,u0:v0:m.

observed in the experiment (see Fig. 1). To explore this question numerically, we consider the
following sigmoid motility function

v—1
V014 (v—1)2

which decays but changes the convexity at the point v = 1, in contrast to the decreasing function
(1.2) whose convexity remains unchanged. We perform the numerical simulations for (1.1) with
a = b =0.2 in an interval [0, 200] with the same initial value (6.8). Remarkably we find non-
monotone traveling wavefronts develop (see Fig. 4) and persist in time, where the wave oscillates
at the trailing edge and propagates into the far field as time evolves. This is a prominent feature
different from the patterns shown in Fig. 3 generated from the motility function (1.2). If we
choose some other forms of decreasing function y (v) that changes its convexity at v=a/b =1,
we shall numerically find similar non-monotone traveling wavefront patterns generated by (1.1).

The above numerical simulations indicate, although not proved in this paper, that the density-
suppressed motility system (1.1) can generate both monotone and non-monotone traveling
wavefront solutions connecting (a/b, a/b) to (0, 0). It numerically appears that the change of
convexity of y(v) at v = a/b is necessary to generate the non-monotone traveling wavefronts
oscillating at the trailing edge around the equilibrium (a/b, a/b). The underlying mechanism
remains mysterious and we will leave it as an open question for future study.

Next we are devoted to exploring the patterns in a disk to mimic the apparatus used in the
experiment of [21] where the experiment was conducted in petri dishes with bacteria initially
inoculated at the center (see Fig. 1). In the numerical simulations, we set the domain as a disk
with radius 10 and initially place the initial value (u0, vo) = (4 + e~ 4 4+ =>4y in the
center. We use the motility function given in (1.2) with m = 6 and set out Neumann boundary (i.e.
zero-flux) conditions aligned with the experiment reality. The snapshots of numerical patterns
are recorded in Fig. 5, where we do observe the outward expanding ring patterns qualitatively
analogous to the experiment patterns shown in Fig. 1. This validates the capability of model
(1.1) reproducing the experimental patterns. However we should underline that it appears that
the generation of oscillating patterns in two dimensions does not rely on the change of convexity
of the motility function y (v) as shown in Fig. 5, which is very different from the situation in 1-D

y()=1- (6.9)
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as shown in Fig. 3 and Fig. 4. This imposes another interesting question elucidating this subtle
difference.

6.2. Leading edge wave speeds

Following the spirit of classical method as in [26,27], we discuss the selection of the wave
speed c¢ from the initial conditions given at infinity. Suppose that the initial value (g, vg) of the
system (1.1) satisfies

o asx — o0 (6.10)

up(x) ~ Ae™**,
vo(x) ~ Be™*,

with positive amplitudes A and B. Now we look for traveling wave solutions of (2.1) at the
leading edge (i.e. x — 00) in the form of

~ A —A(x—ct)
{”(x’t) € : 6.11)

v(x,t) ~ Be *(x—ct),
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We substitute (6.11) into the first equation of (1.1) and get the dispersion relation between the
wave speed ¢ and the initial decay rate A:

c:y(O)k—i—% (6.12)

Hence by the standard argument as in [27], the asymptotic wave speed ¢ of traveling wave solu-
tions to (1.1) satisfies

yOr+ ¢, if 0<i < /a,

6.13

2/yQ)a, if A>./a. 6.13)
Next we plug (6.11) into the second equation of (1.1) and get the following relation on the
amplitude of u and v

A=[l+a+(y©0)—1)r%B. (6.14)

Therefore given the initial condition (6.10), the leading edge of traveling waves is fully deter-
mined by the ansatz (6.11) with wave speed (6.13) and amplitudes fulfilling (6.14).

As an example, we consider the motility function (1.2) chosen in this paper, where y (0) =1
and hence (6.12) gives

MV —cA+a=0

which is exactly the same as the equation (3.2). Furthermore (6.14) gives A = (1 + a) B which
well agrees with the result (2.4) in Theorem 2.1.
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