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Proceeding with a series of works (Refs. 12, 23-25) by the authors, this paper establishes
the nonlinear asymptotic stability of traveling wave solutions of the Keller-Segel system
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1. Introduction

There are various wave propagating phenomena driven by chemotaxis which, unlike
diffusion, directs the motion of species up or down a chemical concentration
gradient. Examples include the propagation of traveling band of bacterial toward
the oxygen,'? the outward propagation of concentric ring waves by E. coli,>™®
the spiral wave patterns during the aggregation of Dictyostelium discoideum™'7
and the migration of Myzococcus zanthus as traveling waves in the early stage of
starvation-induced fruiting body development.*? The mathematical study of chemo-
tactic traveling waves was started by Keller and Segel in the '70s'*'® where they
proposed the following model:

{ut = [Duy — xu(log ¢) ], 1)
Ct = ECpq — uc™,

to describe the propagation of traveling bands of chemotactic bacteria with a con-
stant speed observed in the celebrated experiment of Adler,%? where u(x,t) denotes
the bacterial density and ¢(x,t) the oxygen concentration. D > 0 and £ > 0 are the
bacterial and chemical diffusion coefficients, and y > 0 is called the chemotactic
coefficient.

When 0 < m < 1, Keller and Segel'® showed that model (1.1) with e = 0 can
generate the traveling bands, whose speeds were in satisfactory agreement with
experimental observation of Refs. 1 and 2. Subsequently, a sequence of rigorous
works on various aspects of traveling wave solutions of (1.1) with ¢ > 0 had been
carried out, cf. Refs. 28, 29, 32, 33, 35, 36 and references therein. When m = 1, the
model (1.1) was used by Nossal®! to describe the chemotactic boundary formation
by bacterial population in response to the substrate consisting of nutrients if € = 0,
and by Rosen®?3* to show the phenomenological theory for the chemotaxis and
consumption of oxygen by motile aerobic bacteria if € > 0. Recently the structure
of chemotaxis model (1.1) with € > 0 have been advocated to describe the directed
movement of endothelial cells toward the signaling molecule vascular endothelial
growth factor (VEGF) during the initiation of angiogenesis,® 81840 where u denotes
the density of endothelial cells and ¢ stands for the concentration of VEGF. When
m > 1, the model (1.1) does not admit traveling wave solutions (e.g. see Refs. 36 and
41), and the global solutions of (1.1) with other forms of chemotactic sensitivity
function were studied in Refs. 7-9, 20 and 39 for both bounded and unbounded
domains.

The existence of traveling wave solutions of the Keller-Segel model (1.1) has
been extensively studied as aforementioned, the stability of traveling wave solutions
remains open for quite a long time due to the singular logarithmic sensitivity log c.
The linear instability of traveling wave solutions to (1.1) in certain functional spaces
was first obtained in Ref. 29 for a special case m = 0. The linear stability /instability
of traveling wave solutions for m # 0 still remains open. The nonlinear stability
of traveling wave solutions to (1.1) is more challenging and remains open for an
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even longer time until recently the last two authors proved the nonlinear stability
of traveling waves in Refs. 23 and 24 for ¢ = 0 and in Ref. 25 for ¢ > 0 small with
m =1, uy > 0, where the initial data were prescribed as

(u(z,0),c(x,0)) = (uo(z), co(x)) — (ux,cx) asx — Foo. (1.2)

Since u and ¢ in (1.1) represent the biological particle densities, our attention will
be restricted to the biologically relevant regime in which w4 > 0 and ¢y > 0.

Studying the nonlinear stability of traveling wave solutions of (1.1) directly
remains very challenging due to the logarithmic singularity in the first equation.
The works in Refs. 23-25 adopt the Hopf-Cole type transformation in Refs. 19
and 42

Cx

v=—(logc), = — (1.3)

and transform the system (1.1) and (1.2) with m = 1 into a system of viscous
conservation laws

{Ut — X(uv)e = Duga, (1.4)
v+ (ev? — u)y = Vg,
with initial data

(u,v)(x,0) = (up,vo)(x) — (ux,vy) asz — foo, (1.5)
where vo(z) = —(logco), = —<2=. After the transformation, the logarithmic singu-

larity in (1.1) does not appear in (1.4), which provides an opportunity for analysis.
The transformation (1.3) was first applied in Ref. 19 to obtain system (1.4) with
¢ = 0 and later was further employed to obtain the model (1.4) with ¢ > 0 in
Ref. 25 to study the existence and stability of traveling wave solutions where € > 0
was assumed to be small. Recently the last author of this paper establishes the
existence of traveling wave solutions of (1.1) for any large ¢ > 0 and uy = 0 in
Ref. 40. Apparently the transformation (1.3) is not helpful for the Keller—Segel
model (1.1) with m # 1. The results of Refs. 23-25 essentially assumed that the
right asymptotic state of cell density w(z,t) is strictly positive, i.e. uy > 0, due to
technical difficulties for the case uy = 0 which leads to singularities in the energy
estimates. For the stability in the case of u; = 0, the recent work!? overcame
the singularities by using the weighted energy estimates to establish the nonlinear
stability of traveling wave solutions in the inviscid case ¢ = 0.

The purpose of this paper is to establish the same stability result as that in
Ref. 12 for the viscous case € > 0. It turns out that the nonlinear stability analysis
for € > 0 requires a lot of additional effort in the energy estimates for the diffu-
sion coefficient € generates a nonlinear convection term in the hyperbolic system
(1.4). Thanks to the transformation (1.3), the nonlinear stability of traveling wave
solutions of (1.1) can be proved for £ > 0 small. Although the smallness of € does
not seem to be necessary as illustrated by our numerical simulation in Sec. 4, the
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stability of traveling wave solutions for large ¢ > 0 has to be left as an open prob-
lem due to the technical difficulties. Novel ideas are anticipated to attack such a
problem. Moreover, we give the regularity and asymptotic behavior of the chemical
concentration ¢(z,t) and present the numerical simulations of the stability of trav-
eling wave solutions (U, C), where the results for ¢ are new comparing with those in
the previous papers.'?23 25 Finally we mention that as € = 0, the initial-boundary
value problem of the model (1.4) has been studied in Refs. 22 and 44, and the
Cauchy problem was investigated in Refs. 11, 20 and 45.

The rest of this paper is arranged as follows. In Sec. 2, we state our main results
on the nonlinear stability of (U, V) and then on C. In Sec. 3, we show the details
of weighted energy estimates and prove our main results. In Sec. 4, we show the
numerical simulations to verify our analytical results and make predictions for the
remaining open questions.

2. Preliminaries and Main Results

A traveling wave solution of (1.1) in (x,¢) € R x [0, 00) is a particular non-constant
solution in the form

u(z,t) =U(z), c(z,t)=C(2), z=ux—st, (2.1)
with U,C € C*(R) satisfying boundary conditions
U(+oo) = ug, C(E£oo)=cy, U'(Foo)=C'(+o0)=0, (2.2)

where s is the wave speed assumed to be non-negative without loss of gener-
ality, z is called the wave variable, the prime ’
u_/us and c_/cy are called left/right end states of u and ¢, respectively, describ-
ing the asymptotic behavior of traveling wave solutions as t — +o00/—occ. When
ug > 0, the existence of traveling wave solutions of (1.1) with m = 1 was shown
in Ref. 26 and elaborated in Ref. 41. The nonlinear stability of traveling wave
solutions with uy > 0 was established in Ref. 25. When u; = 0 and ¢ > 0, the
existence of traveling wave solutions with asymptotic decay rates at far field to
(1.1), (2.1), (2.2) with m = 1 has been established previously in Ref. 40. This
paper will be able to investigate the nonlinear stability of traveling wave solutions
for this case. To proceed, we first quote the existence results in Ref. 40 for later
use.

means the differentiation in z,

Proposition 2.1. (Theorem 3.3 and Theorem 4.1 in Ref. 40) Let m =1, € > 0
and uy = 0. Then the system (1.1) has a unique (up to a translation) monotone
traveling wave solution (U,C)(z) satisfying cx > 0,c— =0 and U'(z) < 0,C'(z) >0
for all z € R, where the wave speed is uniquely determined by

u_
x+e

s=X (2.3)
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Moreover, the solution component U(z) has the following asymptotic behavior:
U(z)g—p% ~Ce*,  as z — —o0,
. (2.4)
U(z) ~Ce D% as z — o0,

where C' is a generic positive constant and
§2

s —s+4 /82 +depr X
R S0, p=SEH0. ro AL (29)

X 2e

Next we are devoted to investigating the stability of traveling wave solutions
obtained in Proposition 2.1. Our plan is to study the traveling wave solutions of
the transformed system (1.4) first and then transfer the results back to the original
system (1.1).

A traveling wave solution of (1.4) is a solution in the form

(u,v)(z,t) = (U,V)(z), z=ux—st,
satisfying equations
—sU, —x(UV), = DU,
(2.6)
—sV, + (V2 -U), =eV,.,
with boundary conditions
U(+oo) =ug, V(foo)=wvy, U'(foo)=V'(+oo)=0. (2.7)
Integrating (2.6) with respect to z and using (2.7) yield
DU, = —sU — xUV + o1,
(2.8)
eV, =—sV +eV? —U + oo,
where
01 = SU_ + XUV = SUy + XU4V4,
00 =sv_ —e(v_)? +u_ = svy —e(vy)? +uy.
The speed s is determined by the Rankine-Hugoniot condition
—s(ug —u-) = x(upvy —u_v-) =0,
(2.9)
—s(vy —v_) +[e(vy)? —up —e(v_)2 +u_] = 0.

Note that the transformation (1.3) and the results in Proposition 2.1 require
that V(z) = —%Z < 0. Since ¢y > 0, it follows that

vy = 0. (2.10)
Moreover, v4 = u4 = 0 indicates that o1 = p2 = 0 and

{s+xv_ =0,

u_ = (x +e)v?, 21
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by which we have p = u_. The Hopf-Cole transformation (1.3) yields that

V(z) = =C:(2)/C(2),

which, in combination with Proposition 2.1 and the transformation (1.3), gives the
existence of traveling wave solution (U,V)(z) to the transformed system (1.4) as
follows.

Proposition 2.2. Let m = 1, € > 0 and uy = vy = 0. Then system (1.4) has
a unique (up to a translation) monotone traveling wave (U, V)(x — st) satisfying
U, < 0 and V, > 0 with wave speed s = —xv_. Moreover, the traveling wave
solution component U has the following asymptotic behavior

U(z) —u_ ~Ce™, as z— —oo0,
. (2.12)
U(z) ~Ce P* as z — o0,

where C' is a generic positive constant.

Next we proceed to investigate the nonlinear asymptotic stability of traveling
wave solutions to the transformed system (1.4) with initial condition (1.5). The
approach employed in Ref. 25 for u; > 0 cannot be applied for uy = 0 directly due
to the singularity in the estimates. In this paper, we shall introduce an unbounded
weight function to overcome the singularity and apply the weighted energy estimates
to prove the nonlinear stability of traveling wave solutions for u; = 0. The weight
function we choose is the following

w(z) =1+¢€" with n:= %, zeR. (2.13)

In what follows, H”(Q) denotes the space of measurable functions f so that
Vwdlf € L? for 0 < j < k with norm || f||ge(q) = (X5_o [ w(x)|d]f|*dz)?.
For simplicity, the convention ||-[| := [|-|[z2(q), [| - Ik == [ - | ax (@) and [ -|

kaw =
|||zt 0y will be used.

Then the nonlinear stability of traveling wave solutions to (1.4) and (1.5) is as
follows.

Theorem 2.1. Let uy =vy =0, and (U,V)(z) be the solution obtained in Propo-
sition 2.2. Let € > 0 be suitably small. Assume that there exists a constant xo such
that the initial perturbation from the spatially shifted traveling waves with shift xq
is of integral zero, namely ¢o(00) = 1hg(00) = 0, where

x

(d0, o) () = / (uo(y) — U(y + 20), voly) — V(y + 20))dy.

— 00

Then there exists a constant §o > 0, such that if ||uo — Ull1,w + [lvo — V1w +
lléollw + [[20]] < do, the system (1.4) has a unique solution (u,v)(z,t) satisfying

(u—U,v—V)eC(0,00), H.) N L?((0,00), H2)
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and the following asymptotic stability:

sup |(u, v)(z,t) — (U, V)(x + 29 — st)] = 0, ast— oc.
z€R
Finally, transferring the results for the transformed system (1.4) back to the
original chemotaxis model (1.1), we obtain the following theorem.

Theorem 2.2. Let m = 1,uy = c— = 0 and C be the traveling wave solution
obtained in Proposition 2.1. If € > 0 is small, then there exists a constant £g > 0
such that if [[uo—Ul[1w+[[(Inco)e — (I C)all1,w + [I@ollw + [P0l < 0 and ¢o(o0) =
Yo(00) = 0, where

Po(z) = /”” (uo(y) = U(y +z0))dy, o(x) = —Inco(z) + InC(x + x0),

— 00

the Cauchy problem (1.1) and (1.2) has a unique global solution (u,c)(x,t) with
(u—Uycafe - Co/C) € C[0,00); HL) N L2((0, 00); H2),
or furthermore
c—C e O([0,00); H') N L*((0,00); H?), if co(z) — C(x + x0) € H* (2.14)
and the following asymptotic stability

sup |(u, ¢)(z,t) — (U,C)(x + x9 — st)| — 0, as t — oo.
z€R
Finally we remark that regularity result for ¢ — C given by (2.14) is a new result
compared to the previous results in Ref. 12 where ¢ = 0. We prove the convergence
of ¢ — C as a direct consequence of (2.14), which is also different from the proof in
Ref. 12 (see details in Remark 3.1). Particularly we find that the weighted function
is not needed for the chemical concentration ¢(z, t).

3. Nonlinear Asymptotic Stability
3.1. Energy estimates

The weighted energy method has been used for the stability of viscous shock waves
of systems of hyperbolic conservation laws and their variants (e.g. see Refs. 13, 21
and 30). To make this method available for the system (1.4) with vacuum asymp-
totic state, we have to overcome the technical difficulties arising from the singular-
ities caused by vacuum and the nonlinearities caused by the advection term e(v?),
in (1.4).

In this subsection, we establish some a priori estimates in order to prove the
nonlinear stability of the traveling wave solution of (1.4) and (1.5) with x > 0, uy =
0. The main result is that the solution of (1.4) with data (1.5), which is a small
perturbation with zero integral from the traveling wave solution (U,V)(x — st),
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approaches this traveling wave solution (U,V')(x — st), translated properly by an
amount xo, i.e.

sup |(u, v)(z,t) — (U, V)(x + 29 — st)] — 0, ast — +oo,
r€ER

where xo satisfies the following identity derived from the conservation of mass

/+ (uo(x) - U(x)) dr = x <u+ - u) + Ori(u—,v_),

—oo \wo(z) =V (x) vy —v_

where 7 (u_,v_) denotes the first right eigenvector of the Jacobian matrix of (1.4)
in the absence of viscous terms evaluated at (u_,v_), see details in Ref. 37. The
coefficient 3 yields the diffusion wave in general.®” Both 3 and xy will be uniquely
determined by the initial data (ug, vg) in (1.5). For the stability of small-amplitude
shock waves of conservation laws with diffusion wave, i.e. 8 # 0, we refer to Refs. 27

and 38 for details. In this paper, we do not consider diffusion waves, i.e. assum-
ing f = 0 and we consider the stability of large-amplitude waves. Then by the

principle

conservation laws (1.4), we derive that
/+°° u(z,t) — Uz + xo — st) e
—oo \U(x,t) = V(z + x0 — st)
/+°° uo(z) — U(z + o) e
oo \wo(z) — V(2 + x0)
oo fug(z) — U(x) oo [U(z) — Uz + xo)
/,Oo (vg(ac) - vm) ot /,Oc (V(x) V(e x0)> e
_ +oo UO(LL')—U(.’IJ) v Up —u_\ 0
‘/;><wuy—vu)d ()= (o) o

By assuming § = 0, the initial perturbation is a spatially shifted traveling wave
with a shift zg such that the following integral is zero:

8

+o0 -U
/ R P <0>' (3.2)
oo \wo(x) = V(z + o) 0
Then we employ the anti-derivative to decompose the solution as
(u,v)(2,t) = (U, V)(2 + x0 — st) + (¢2,¥2)(2, 1), (3-3)

where z = ¢ — st. Then

z

wwwm@an/ (u(y, 1) — Uly + 20 — st), v(y, )

— 00

—V(y + xo — st))dy, (3.4)
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for all z € R and ¢ > 0. It then follows from (3.1) that
¢(£00,t) = (oo, t) =0, forallt>0. (3.5)

The initial data of (¢,) is thus given by

z

(d0,%0)(2) = / (uoy) — Uly + z0) voy) - V(y +zo)dy,  (3.6)

— 00

which satisfies (¢, 10)(£00) = 0 by the assumption (3.2).
Substituting (3.3) into (1.4), integrating the resultant equation with respect to
z and using (2.6), we get

{¢t = D¢zz + (3 + XV)¢z + XUwz + X¢z"/}Z7
P = ez + (s — 26V, + ¢ — €2,

We look for solutions to the reformulated system (3.7) in the following solution
space

(3.7)

X(0,7):= {(¢(z7t),z/}(z7t)) (P € C([OvT];Hi)v¢z € Lz((OvT); H12u)7
v € C([0,T]; H?), . € O((0,T); H,)) N L2((0,T); H})},
where the weight function w is given by (2.13). Define

N(t) := sup ([¢(;T)llzw + [0 7)ll2 4+ 1920 ) ll1w)- (3.8)

T€[0,t]

By the Sobolev embedding theorem, it holds

sup {|[¢(, )l zos, |9 (- )l ooy [0 ¢ Pl Loss [[92( 7)o } < N(E). (3.9)

T€[0,t]

For system (3.7), we have the following results.

Proposition 3.1. If ¢ > 0 is small, there exists a positive constant &y, such that
if N(0) < do, then the Cauchy problem (3.7) has a unique global solution (¢,1) €
X (0,+00) satisfying

t
1130 + 119113 + =117 +/0 (1= (D3 + 102, DIZ )

< C(lloll3.0 + I0l13 + ll0:117 ) < CN*(0), (3.10)
for all t € [0,+00). Moreover, it holds that

sup [(¢., 0. )(z,t)| = 0, ast— oo. (3.11)
z€R

In view of (3.3), Theorem 2.1 is a consequence of Proposition 3.1. To prove
Proposition 3.1, by a standard method, we can first prove the local existence of a
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unique solution to system (3.7) given below; and then by the standard continuation
process, the global existence of (¢,1) follows directly from the following a priori
estimates.

Proposition 3.2. (Local existence) For any 61 > 0, there exists a positive con-
stant Ty depending on &1, such that if (¢o,0) € H2 x H2 and N(0) < 0y, then
(3.7) has a unique solution (¢,v) € X(0,Ty) satisfying N(t) < 2N(0) for any
t €10, Tp].

Proposition 3.3. (A priori estimate) Suppose that (¢,v) € X(0,T) is a solu-
tion to (3.7) obtained in Proposition 3.2 for some positive T. If ¢ > 0 is small,
then there exists a positive constant d2 > 0 independent of T, such that if
N(t) < 83 for any t €[0,T], then the solution (p,) of (3.7) satisfies (3.10) for any
te[0,T].

Now we present a result which will essentially be employed in the L? estimates
of (¢,7). However, it is unnecessary if ¢ = 0.

Lemma 3.1. Let (U,V) be a traveling wave solution of (1.4) obtained in Proposi-
tion 2.2. Then there is a constant Cy independent of € > 0 such that

V2| < Co. (3.12)

Proof. First we multiply the second equation of (2.6) by V. and integrate the
results over (—o0, z) to obtain that

z z z 1
s [ v [ @ o= [0 evivias = vz,
Noticing that [*_(eV? —U).Vadz = 2¢ [* VVidz— [* U.V.dz, and V <0, we
have

z 1 z z
5/ @@+§a§+k/ Wﬂﬁk:—/ U.V.dz

s [, 1 [
< 2 _
< 2/_00‘/zdz+2s/_ooUzdz,

where we have used the Cauchy—Schwarz inequality. Then it follows that

z 4 z 1 z
/ V2dz + V2 + = Mﬁmgg/ U2dz. (3.13)
oo s 5 J_ oo $? ) oo

From the first equation of (2.8), and noting that g7 = 0 and V < 0, U > 0,
we have

“r < 2= (3.14)

S X
Z/ _——Zf —_Zi _U|/<
| z| z D + D =D D
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2, z su_ [* su?
/ U2de < |U-llow [ Uadz< T [T v < T (319)

— 00 — 00 — 00

Next we split into two cases € > 1 and € < 1 to examine the boundedness of |V].
When e > 1, we obtain from (3.13) and (3.15) that

1 [* u?
V2< — —:
T es ) 7 D
Hence |V,| < /C7 as € > 1. We proceed to estimate |V.| as e < 1. To this end, we
multiply the second equation of (2.6) by V., and integrate the results over (—oo, z)
to obtain

31/224—5/ V2idz
=/ (eV2 —U).V..dz

:5/ 2VV, Vdz — / U.V,.dz

— 00

:/‘v @+/ 50— X(ov).] vz — vy

zgvvi—a/ Vidz — = / Ude——/ (UV2 + VU.V.)dz — U.V.
s 7 5 U2

_2 et 3.16
5/ UV+4V + (3.16)

IN

where we have used the first equation of (2.8), Cauchy-Schwarz inequality and the
fact that U >0, V' <0,V, >0 and U, < 0. From (3.14) and (3.16), we have

2

4 [* 4
@s—ﬁlmmww+ii

— (3.17)

On the other hand, by Cauchy—Schwarz inequality and (3.13) as well as (3.15),

one has
4 [* 4 # 9 9
—— <
D/,OCUZVZdZ_ 2D[W(UZ + V7 )dz

2 N 7o,

2 1
D—Sz (1 + 3_2) u?. (3.18)

IN
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Then the combination of (3.17), (3.18) and (2.3) yields that

4 1
< — _
4 D<2+23+1> - D2< x+a \/ )

Then taking Cy = /C1 + /Ca, we complete the proof. O

The proof of Proposition 3.3 is based on the following series of lemmas. Without
loss of generality, we assume that N(¢) < 1. In what follows, for notational sim-
plicity, [*°_ f(xz,t)dz and f(fffooo f(z,7)dzdr will be abbreviated as [ f(z,t) and

Jo I £, 7).

Lemma 3.2. Let the assumptions in Proposition 3.3 hold, then there exists a con-
stant C' > 0 such that

612, + 101 + D [ oute )l + ¢ [ ntoniPar 40 [ 00060 7ar

<c(¢oi+Wﬂ%HwaA/w@). (3.20)

Proof. Multiplying the first equation of (3.7) by ¢/U and the second one by x1),
and adding them, we obtain

<¢>2 . ¢2) - [Dwz (s + XV)¢?
2 t

+ +exwu. +x (5 —eV) v+ xw}

U U 2 2 i
D¢? ¢2 s+ xV
+ e 2 + 7).

X0V o (3.21)

DU,
=2 9=+ exVa)® +

By the first equation of (2.8), a direct calculation gives

s+xXVY _xV:  (s+xV)U. _xV.  DU2 (3.22)
U .U U? U U3’ '
with V, > 0 owing to Proposition 2.2. By Young’s inequality, it holds that
DU, 3D¢?  DU2¢?
¢¢. < £+ z and
2 3
U 4U 3U 2 (3.23)
X(M)quz D 2 2X 2
< .t oo —_ -t o 7.
P < 0 Dlla 8 + 200 0|y
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Substituting (3.22) and (3.23) into (3.21) and integrating the resultant inequal-
ity over R x [0, ], we get

/<¢2+X¢2) D//—+e></t/¢§ //v¢2 D//U2¢2
<€X//Vzw2 =S //¢2 2x2N //¢—2+exN //W‘
+2/<¢l)fo+ %)

where we have used the fact that ||¢(-, t)||L~ < N(t) <1 and ||¢(-,t)]|re < N(t) <
1. Thus, using 2 < u_v?/U, we derive

/<¢2+w2) D//¢—2+25X//¢2+X//V¢2 D//U2¢2
<2ax//Vz¢2+0N //&+0/<¢0+ %) .

We next estimate the term f(f J V.12, Multiplying the first equation of (3.7) by
V¢/U and the second one by xV and adding them to get

1V , ,] DV, ,
§[ﬁ¢ +xVy ]t+—U o7 +exV;
L8 +—W2[(s—2gv>v1

2 |U i

= F( ) -D ( ) ¢¢z X‘/z(bw - EXVzwwz + %WM/& - EXVW/J§7

(3.25)
where F(z,t) = V [ 2822 + SH000 4 ey, + x(5 — V) + xou].
It is easy to compute that
1 V. DVU?
XVo(V—v_) xV.V DVU?
= 3.26
i et (3.26)

D (l]] =. Similarly,

where we have used the fact that s = —xv_ and s + xV =

s =26V = xVa (5 = 26V) = xVa 5 +2eIV1). (3.27)
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Noticing that v_ <V <0, by Young’s inequality, we have

174 DVU,
’D (5)z¢¢z - DVU: 5.
Dv. , DV 2 D|V| . DIVIUZ ,
< Wegp Do DVlg DU (3.28)
hVagy] < X z‘b 22 and eVl < S+ V2. (329)

Substituting (3.26)7(3.29) into (3.25) and applying the fact V, < V,u_/U, we
obtain

XVe(V —v_)

x (5 +26lV]) Vg + o g2
2 D d) 2
< )+ 5 WI( G+ 002) + S0+ (3 +euvi)us

1% A\ V U2p? V.
+(x| |+_+X1SL) ¢? ¢ +<XZ+X5 )VZW

2 2 U 2

+ X 66,0 — XV (3.30)

Then rearranging the above inequality and integrating the result yield that

x/t/(§+2e|V|)vzw2+x/t/%(f—>¢2
<3/ <¢2 - W———x%) <vzm+3vm>/t/¢_Ui
# (G [ [z (Molee By [ [ V0"
oIV [ [ 5S4 Sl [ [
o[ (Wwwwf). 1)

Using (3.24), it follows that

[ ] (2 v mam) v
<2CXE//VZ1/)2+CC/<¢O +z/10)+C§N //1/’2

x|V o1, | 2)
+/0/(7U Fex| Vel ), (3.32)
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with

21 9 1 D wu_ _2lv| 9C 1 D .
:_Voc - z||oo ” o _S - o - )
¢ =5 Vlleo + 7 lIV:] Ittt 5 T2 +4+2X+ =(

where we have used the fact ||V||~ < —v_ and Lemma 3.1. Therefore

/ot/ (f 2Vl - 20k ) Ve
<CC/<¢0 +¢o> + CEN(t //%
+/0 / (M +sx|Vw|¢§) . (3.33)

Then choosing € small enough such that
S
e< —
8¢’

we have

[ v (Ged)rova [ [
s ] (AEd vz
<C/<¢O+w0>+CN //w2+CN //‘bz, (3.34)

where we have used the fact [[¢(-, )|l < N(t) and the following estimates derived
from the Cauchy—Schwarz inequality

AVoovd < on (L +%). auvem? <cu Nt

Substituting (3.34) into (3.24), we obtain

/<¢2+xw2> <B_CN )//_+€//w2 D//U2¢2
<C/<¢O+wo)+czv //1?2

Thus, when N (t) is small enough, we get

(o) onf[[F [ [ 5[]
<C/(¢0+¢0)+CN //1”2 (3.35)
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To complete the proof, we now bound % in terms of weight function w defined
n (2.13). By (2.12), there exists a constant M > 0 such that for any z > M,
& ~ CeD*. By the definition of weight function w in (2.13), one can find two
constants v > p > 0 such that

<wvw, foranyz> M.

When z < M, because £ is monotone increasing in (—oo, 00) and 1 < w(z) < 2"
we have

v <i<l< ! < Y for any z < M
2u_e™ = y_ = U = UM) ~ UM)’ v '
In all, one can find two constants Cy > C7 > 0 such that
1
Ciw(z) < 7 < Cow(z), forall z € R. (3.36)
The desired inequality (3.20) follows from (3.35) and (3.36). |

Lemma 3.3. Let the assumptions in Proposition 3.3 hold, then there exists a con-
stant C > 0 such that

t
||¢zH;i+||¢zll2+||1/Jz||i+D/0 1622, 7 ||2d7+/ 9= (-, 7[5 dr

e / s (2T < C(ld0l20 + 0ll? + [0:]12). (3.37)

Proof. Differentiating (3.7) with respect to z yields

{ ¢zt = D¢zzz + (5 + Xv)d)zz + X‘/Z¢z + XUz¢z + XU¢zz + X(d)zlpz)za
¢zt - 8¢zzz + quzz - 25(sz)z + (ZSZZ - 6(¢3)Z

Multiplying the first equation of (3.38) by ¢, /U and the second by xt,, integrating
the resultant equations with respect to z and adding them, noting that

Dé..c6. _ o (0:20-) _ Do [Dg? (1 o7
7o) ) s )l

(s +xV)¢z2¢: _ <(S+XV)¢§> B ¢_§<S+XV>
U B 2U 2 u ).

(3.38)

X(¢Z¢Z)Z¢z _ <X¢§¢Z> - X022 XUZGS?%

U U v o2 o

Mo = 26(V) e = x (5 —2V) ] —exviv? and

25)(

—ex(¥2):1: = === (¥3)-,
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2dt <¢2 + vz ) +D/¢ +€X/¢ZZ+EX/VZ¢
1JB) () o
v <¢>zzl<z}zwz ) Uzgi;pz) | )

Owing to the first equation of (2.6) and the fact that uy = vy = 0, a simple
calculation gives

D s+ xV _2U;

Using the first equation of (2.8) and V < 0, we get 2% = — 2= = s 4V < 5.
Thus, by Cauchy-Schwarz inequality and |1, (-, )|z~ < N(t) < 1, we have

Uzwzqsz S 2 /(]52
< — < —=
JIEE < 5 [wodsc [oze [ 4
U929 /¢§
1[E < ey [ 2
Substituting (3.40) and (3.41) into (3.39), integrating the equation over (0,t),
we obtain
1 ¢z o /t/qﬁz /t/ 2 /t/ 2
2/<U+wz>+D 7 Tex Ve, TeX Vs
1 2
5/(¢02+%z)+0//¢ rof fue
2
oo [3
This inequality in combination with (3.20) and the fact that V., > 0 leads to
2 t
(Geson ][5 ]
t t w2
<ol + ool + [ [ozene [ [E). @
0 0

We proceed to estimate the term fg JU 2. To achieve this, we multiply the first
equation of (3.7) by v, to get

XUY? = ¢tp, — Dopooth, — 8¢, — XV paths — x2002. (3.43)

we have

(3.41)
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Owing to the second equation of (3.38),

¢t"/}z = (‘mpz)t - ¢wzt = (¢¢z>t - ¢[szzz + swzz - 25(‘/"/},3),3 + ¢zz - E(wg)z]
= (‘mpz)t - 5(¢wzz)z + E(bzwzz - 3(¢wz)z + SQSZ’(/}Z - (¢¢z)z + ¢z
+26(pVap,) . — 26V p, + e(dp?), — e, 1p? (3.44)

and

_D¢zzwz = D"/}Z[_wzt + szzz + swzz - 2E(sz)z - E(wi)z]
= D=5 W2 — 2+ e(Watn)s + S (W)

~ev (Vi) - S| (3.45)

Substituting (3.44) and (3.45) into (3.43) and integrating the resultant equation
over R x [0, ], we derive

D/w2+€D//1/JZZ+X/t/Uz/J§+ED/t/VZ¢§
<3 [+ [ov.— [ouwn.+° //w (1 //¢2
//Uw2 ( )//Vzd)2 +x+e) (t)/o/wi (3.46)

where we have used the Young’s inequality and the fact that ||¢,(-,t)|| L < N(¢).
Noting V. > 0, ¢ < %=¢? and |V| < —ov_, it then follows from (3.46) and (3.20)

that
Jurwe [ fors [ foee
co(fse [ foe [0 [])
<0 (It + ool + 30 [ [£), (3.47

which in combination with (3.42) gives that

[(Gee) [ [ [
<0 (1wl + ool o+ 30 [ [ ). (3.49)

The fact that U is monotone decreasing in (—o0,00) implies U(0) < U(z)
for z € (—00,0). Noting 1 < w(z) < 2 for z € (—00,0), we have U(z) > U(0) >
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@w(z) for z € (—o0,0). Thus, one can deduce from (3.47) and (3.36) that

Jomee [ [t [ ot

< € (Ioll + ol + N0 / Juws2). (3.49)

Now it is left to estimate f(f J wyp2. Multiplying the second equation of (3.38)
by e"*1),, we derive

nz
(e w2> [% + eV, — an} e”zwf + se’%;

= [fswzzen vt (5 —eV) eml - Ew;”eﬂ

z

2
—ene P ), + e ds, + %enzlﬁ’. (3.50)
By Young’s inequality,
2
[ene ptpea] < SeTYL + ey and [ yagaa| < Jlemyl + e%iz

Thus, integrating (3.50) over R x [0,¢] and using (3.48), we get

/e"%ﬁ // — + 2V, — 27]6V—8T] e"z¢2 +5/ /e”zw
4enN (t)
< /en2¢3z + _/ /e"ngiz—k L/ /en2¢§
1 Jo 3 0

SC<¢02 T o2 + los 12, + N (1) / / ww) (3.51)

where we have used ||¢,(-,t)||L~ < N(¢) in the first inequality and the fact that
e <w < C}—U for z € R by (3.36) in the second inequality. When £ > 0 is small
enough so that ¢ < 7= = L it follows from (3.51) that

400 t p+oo t ptoo
nz,2 nz,2 nz,2
/0 ewz+/0/0 e¢z+e/0/0 2,
t
sc(||¢oiw+||wo%+%zniw(t) I/ ww) (3.52)

Recalling from (2.13) that w = 1+ "%, it holds that e"* > @ for z € [0, 400).
Then it follows from (3.52) that

[we [T [ e

SC(H% 2 +||wo%+%zniw(t)/o/wwi),
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which in combination with (3.49) gives

o [ fotse [ fo
t
<c (n%niw + [[gollf + l1o[1%, + N“’/o / ““"5> '
Thus

t t
/ wd? + (1— ON (1)) / / wi? + e / / w2, < C(dol. + [0l + d0:12)-

Choosing N (t) small enough, we have

Juwoz+ //wwue//wwzz_ (U90l12.0 + I0oll2 + bo:N2).  (3.53)

Therefore, by (3.20), (3.48) and (3.53), we derive (3.37). m|

We next give the estimates of the second-order derivatives of (¢, ).

Lemma 3.4. Let the assumptions in Proposition 3.3 hold, then there exists a con-
stant C > 0 such that

t t t
N N A O ey O T
< C(llgoll3. + P0ll3 + 190,217 0)- (3.54)
Proof. Differentiating (3.38) with respect to z gives
d)zzt = D¢zzzz + (3 + XV)(ZSZZZ + X‘/zd)zz + X(‘/zd)z)z + X(Uzwz)z

+ XUz¢zz + XU¢zzz + X(¢z¢z)zza (355)

¢zzt - €¢zzzz + 3¢zzz - 2€(V¢z)zz + ¢zzz - 5(w§)zz-
Multiplying the first equation of (3.55) by ¢, /U and the second by x1.. and using

2z 2z D
D¢zzzz : ¢U <¢zzz : ¢ ) %zz

D/, (1 D, [1
- 5 <¢zz (5>z>z + EQSZZ(E)zz 5

¢zz_[(5+XV) 2} B §z<s+xV>
zZz ; U Z’

U | 2w
[sthans = 26V )ualthes = [S(02) = 26(VO)thes | +26Vithothie

+ 5(V¢§z) — eV?

(3 + XV)QSzzz )

zz)

_5(¢§)zzwzz = _5[(¢§)z¢zz]z + 26,0000z,
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we obtain

%g/( 22 42 )+D/¢ZZZ+EX/¢ZZZ+€X/VZ 2
(/V¢ / V¢>z) Pz +/(Uz¢(z])z¢zz +/Uz¢[z]z¢zz

41/@5%%£Z+23/%¢ﬂwak/¢ﬂw¢nJ, (3.56)

where we have used (3.40). Because |U,/U| < C, |V| < C, [|[¢:(-,t)||z= < N(t)
and ||¢,(+,t)|| L= < N(t) for any ¢ € [0,T], we get by Cauchy—Schwarz inequality

( Z¢Z> ¢ZZ _ ‘/TZ¢Z¢ZZZ VZU2¢Z¢ZZ
gt Vit i

D/aﬁzzz %ﬁ/qs_g+D/¢(§]Z+%><2/%§,

D ¢zzz sz 2 d)zz CX2/ 2
D[ Ha OF [z, p [ OF [y

. /(wz)zzaszz _ / (Bete)ebise | /(aszwz();fuzfz

| /\

| /\

U

| /\

2 2 2 2

Integrating (3.56) over (0,t) and using (3.37), we have

[ a)eol % oL
@%mwwwzﬁ+%m+N //¢ Avhﬁg. (3.57)

We next estimate fotf Urp?,. Multiplying the first equation of (3.38) by .., we
have

XUYZ, = ¢otthse — [Doze + 802z + XV oz + XVathz + XUtz + X (92002210

Noting that by the second equation of (3.55), it has that

¢zt"/}zz = (¢2wzz)t - (bzwzzt
= (¢z¢zz)t - d)z [awzzzz + 5¢zzz + ¢zzz - 25(V¢z)zz - €(¢§)zz]
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= (qszwzz)t - g(d)zwzzz)z + 5¢zz¢zzz - S(QSszz)z + 3¢zzwzz
- (¢Z¢zz)z + ¢§z + 2E(¢Z(sz)z)z - 2E¢zz(vwz)z
+ 5(¢z(w3)Z)z - 5¢zz(w3)m

_D¢zzzwzz = D[_wzzt + szzzz + swzzz - 2E(sz)zz - E(wz)zz]wzz
= D{_%(wgz)t + E(wzzwzzz)z - Ewgzz + §(¢§z)z - 2E[wzz(vwz)z]z
+ 2szzz(vwz)z - E["/}zz ("/}z)z]z + szzz Wg)z}

Then we have

g%/wgz+x/Uw§Z+aD/wiz
= i/aﬁzwzﬁa/qbzmzzz +/¢§z —26/¢ZZ(V¢Z)Z
—e [ 6uw). 422D [bens(Vi) 4 eD [nnntv

- X/[V¢ZZ + Vz¢z + Uzwz + (¢zwz)z]wzz~ (358)

Note that the Cauchy—Schwarz inequality gives,

X [ Vus + Vit + Ut
<K/Uw;wx(/vzfz+/V3¢3+/U§}/’3>,
[0 <N [0+ 30 /% SO fuge,

Thus, integrating (3.58) over [0, ], using the Cauchy—Schwarz inequality and choos-
ing N(t) small enough, we have

s [ [ fuve [ [

<c(||w02+¢02||2+¢02w+N //¢ ) (3.59)

Substituting (3.59) into (3.57) leads to

[(Gsun)+ //¢ //¢

(||¢02w+||w022+||w02+N //¢ ) (3.60)
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Applying the same argument in deriving (3.49), we get from (3.59) that

[ i [ [ e [
+ N(t) /Ot/w¢2) (3.61)

We proceed to estimate f(f J wy?,. Multiplying the second equation of (3.55) by
e, as in (3.50), we get

e 4 sne'?
( ) + L +eep?
t

<c (||wo§+ o 12+ 160l

2 7 2
= [ewmsem v + gewiz 26V )ae s — e(U2)0

- Enenzwzz"/}zzz + 2E(sz)zenzwzzz + 2E(sz)znenzwzz + enz¢zzzwzz
+e(2)ane" ez + £ (2) 2" Y (3.62)

By Young’s inequality, it follows that
€
|_E77€nz’(/}22w222 + 2€(V’(/}Z)Zenz’(/}222| S Zenzwizz + CEenz(’(/},z + wiz)?

|€nz¢zzz¢zz| < enz¢zzz + Cenz¢zz~

Thus, integrating (3.62) over R x [0,¢], by (3.36) we have

/e”zz/}zz —i—sn/ /e”zwzz + —// nzwzzz
< /e”zz/}gzz +CE/ /enz¢gz +CE/ /e”zwi
vaf fori+ 2O [ o,

t
<C(||¢o||§,w+||wo§+woZ||iw+N<t> I/ ww) (3.63)

where we have used |V.| < C, |V| < C and [[.(-, )|z~ < N(t) in the first
inequality, and (3.37) and (3.60) in the second inequality. It follows from (3.63)

that
/ e+ [ /mew ve | /me"%zz

<C (IIaSoIIS,w +lvoll3 + o7 . +N(t)/0 /w¢2> - (364
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Noting e > ) for » € [0,400), we get from (3.64) that
o0 —+oo —+o0
/ ww32+// wip?, +5// wip?
0 0 Jo
t
< 0 (160l + 0l ) [ fwi).
0

This inequality, in combination with (3.61), yields

Jwv.+ / Juvt+e / k..

t
<c (%s,w il + sl + 8O [ w) .

Choosing N (t) small enough, we have

/ //Wi +E/ /wwzzz < C(llpoll3, + 10l + lltho:113 ) (3.65)

Therefore, the desired (3.54) follows from (3.20), (3.37), (3.57) and (3.65). |

Proof. (of Proposition 3.1) From global estimate (3.10), we have
“¢Z('7t)7wz('at)”1,w _)07 as t — +00.

Hence, for all z € R,

¢2(2,t) =2 / ¢-0-=(y, t)dy

co( [ ) ([ )

< ||¢Z('at)H1,w —>O7 as t — +o0.
Applying the same procedure to 1, leads to
Y.(z,t) -0, ast— 4oo, forallzeR.

Hence (3.11) is proved. m|

3.2. Proof of main results

Theorem 2.1 is a direct consequence of Proposition 3.1 where the global estimate
(3.10) guarantees that N(¢) is small for all ¢ > 0 under the assumption that N (0)
is small.

It only remains to prove Theorem 2.2. Noticing that u in the original system
(1.1), (1.4) remains the same as one in the transformed system, we only need to
derive the results for ¢(z,t).
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First as a consequence of Theorem 2.1 and the transformation (1.3), we have
(u—U,ep/c—Cy/C) € C([0,00); Hy,) N L2([0,00); HY).

Next we proceed to derive the results for ¢ — C, namely (2.14) in Theorem 2.2. To
this end, we note that c¢(z,t) and C(z) satisfy equations

¢ = eCpp —uc, 0=2¢eC,, —UC+ sC,,

where z = x — st with s > 0. By defining 0(z,t) = ¢(x,t) — C(x 4z — st), we derive
from the above two equations that

0; = 0. — (U + ¢.)0 — Co. + s0.. (3.66)

We first derive the L?-estimates for . To this end, we multiply Eq. (3.66) by 6 and
integrate the result with respect to z, and obtain

2dt/92 /92 /U92 /¢z92 —/C¢>z9. (3.67)

Next we will use the technique of smallness of 6, as done for ¢ and ¥ above.
Indeed from the transformation (1.3) and decomposition (3.3), we have

(@) _ [ 0©)-V(Eetaode — g—vo(@)
C(x + zo) ’

where we have used (3.6) and the fact ¢ (400) = 0 to derive that [~ (vo(§) =V (£+
20))dE = — [ (v0(§) — V(€ + 20))dé = —tho(x). Note that C(x 4 xo) is a traveling
wave solution bounded by c; > 0. Then by the Taylor expansion, we have

Oo(x) = 0(x,0) = co(x) — C(x + z0) = Clx + x0)e~ ") — C(x + z0)
=C(z+ :Jco)(e_d’"(z) -1)

’I’L

C(x + 20)0 Z =l (3.68)

Since we have assumed that ||¢]| 1 is small, see (3.9), the series >~ (_nﬁ ot

is convergent. Noticing that 0 < C < ¢4 for x € R, then by the assumption
of Theorem 2.2 and (3.68), we have [|0p||1 < dp for some small constant dg > 0.
Now we set M (t) = sup, ¢ |0(-, 7)[[1, which gives M(0) < do. We assume that
M(t) < 61 where 1 > 6; > 0. Then we employ the Cauchy—Schwarz inequality to
have: —¢.6% < LM(H)U6? + 1M (1) % and C6.0 < c.|¢.60] < LU6? + S % which
in combination Wlth (3.67) yleld that

2dt/92 /92 ())/U92S<%+M(t)>/%§

<C / we?. (3.69)
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From the inequality (3.20), (3.53) and noting that M (¢) < 1, it follows that

[ 167 < [ 1607 < ClligolE + ol + sl (370)

Then integrating the inequality (3.69) in ¢ and using (3.70), we end up with

t t
ol e [ NP+ [ [ v <ol
0 0

We proceed to estimate the first-order derivative of 6. Multiplying (3.66) by
—0,. and integrating the resulting equation with respect to z, we get

2dt/o%r-a/o —/U%n+/ﬁﬁ@[+/6@@p (3.72)

By the Cauchy—-Schwarz urlequauhty7 we have

+1voll¥ + llvoz 1% + 160]*). - (3.71)

Uhe,. < W+—W<W+—W
U

4 zZz
2
6:00.. < M(D)]6.0:] < 202 + MT@ 3

Cop.0.. < C+|¢2922| < Zoiz + %‘Zﬁ

Then applying the above inequalities into (3.72) yields

2, 2 U= 2, Lo 2/2
s [ B85 o< [veslorwa) [

which, upon the integration with respect to t, gives

t
161 +€/0 16=21% < ClllgollF w + l1ollT + 1oz l1% + 16l (3.73)

where the assumption M (t) < ¢; < 1, (3.70) and (3.71) have been used. Then the
combination of (3.71) and (3.73) gives (2.14) in Theorem 2.2.

Finally the global estimates (3.71) and (3.73) validate our assumption M (¢) <
01 < 1 under the condition that M (0) is small. We then have from the standard
argument that ||0,|| — 0 as ¢ — oo and [|0(-,t)]| is bounded for all ¢ > 0. Then for
all z € R, we get

0%(z,t) = 2/ 00y (y, t)dy < 2[|0(, )] - [|6=( )| < ClIO-(-, )| = 0, ast— oo,
which implies |0(x,t)| — 0 as t — oo. This completes the proof of Theorem 2.2.

Remark 3.1. Here we prove the convergence of C as a natural consequence of the
global estimates (3.71) and (3.73) as shown above. An alternative approach to prove
the convergence of C is to use the transformation (1.3) and write |c¢(x,t) — C(x +
xo — st)| = C(x + x¢ — st)|1 — e~ ¥®H)| and then use the fact 9(z,t) — 0 as t — oo
by the global estimate (3.10).
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4. Numerical Simulations

In this section, we will use numerical simulations to illustrate the stability of tra-
veling wave solutions of (1.1) and (1.2) for m = 1 and small ¢ > 0 as proved
in the paper. On the other hand, for large ¢ > 0, the numerical simulation will be
performed to make the predictions. In our theoretical results, the nonlinear stability
of traveling wave solutions requires € > 0 to be small, which is generally undesirable
since € > 0 is the chemical diffusion coefficient in the original model (1.1) as a
stabilizing factor. The numerical simulation indeed shows that the traveling wave
solution still remains stable for large € > 0, which verifies our suspicion.

Numerically solving the system (1.1) is very challenging due to the logarithmic
sensitivity. As we know, the numerical solutions of the Keller-Segel model (1.1)
have not yet been obtained. Our strategy here is to solve the transformed system
(1.4) with the second equation of (1.1). That is we solve the following system of
three equations instead of two equations:

ur — X(uv)y = Dugy,
v+ (ev? — u)y = Vg, (4.1)
Ct = ECpz — UC,
with initial data
(u,v,c¢)(x,0) = (up,v0,c0)(x) — (ux,ve,cte), asax — +oo, (4.2)

where vo(z) = —(logco), = —2=. Since the traveling wave solutions converge to
the asymptotic states exponentially as © — oo, the domain R can be effectively
approximated by a finite interval with a suitably large length. In simulation, the
domain is set as [0,400] and mesh size is 0.2. The boundary conditions are set as
Dirichlet conditions to comply with the initial data. The Matlab PDE solver based
on finite difference scheme is implemented to perform the numerical computations.
Only the interested biological quantities u(x,t) and c(z,t) will be plotted numeri-
cally. We first set an initial traveling wavefront profile (U, C)(z) of the Keller—Segel
system (1.1) as
U_
xT) =
1+ exp(2(z — 100))’

. (4.3)
Clz) =é(x) = N :
(z) = &) 1+ exp(—2(z — 100))

Then by the relation (1.3), the initial traveling wave profile for V'(x) is
C'(x) -2
C(r) 1+ exp((z —100))"
Thus the left and right asymptotic states of the traveling wave solution (U, V,C),
namely (u—_,v_,c_) and (uy,vy,cy), satisfy up = ¢ = vy = 0,v- = —2 and
u_ = (e+x)v2 = 4(e+x), where cy > 0 can be arbitrarily chosen. Next we choose
appropriate perturbations. Noting that only the right end state u, = 0 generates

Viz)=—
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the singularity and hence the exponential weight function is merely imposed at
z = +o0 as seen from (2.13). That is the initial value uy must exponentially decay
at ¥ = +oo0 with rate n = &. On the other hand, from the proof for the convergence
of C in Sec. 3.2, we know that weight function is not needed for the chemical
concentration ¢(z,t) at x = +o0. Following these observations, we set the initial
value (ug, co) as

sin x 1
(w0 = U)@) = 7= 109)/10)2 101y e"t‘loo)’ (4.4)
(o — C)(a) = sin x

((x —100)/10)2+1 1+ e 2(z—100)

such that (ug — U,co —C) € HL(R) x H(R) as required by Theorem 2.2, where
1n= 4, s = —xv- and the initial value for v(z,t) is vo(2) = —2=. In the numerical
simulations, we fix several parameter values: D = 2, y = 1, ¢, = 1. Then s =
—xv— = 2 and n = 1, and the initial data (ug,cg) satisfying (4.3) and (4.4) are
plotted in Fig. 1.

We explore the numerical simulations for two cases: small and large ¢ > 0. First
we let € = 0.1 small and hence u_ = (¢ + x)v2 = 4.4. With the initial data given in
(4.4), we employ the Matlab PDE solver to compute the system (4.1). The resulting
numerical solution (u, ¢) is plotted in Fig. 2. It is observed that the solution (u, c¢)
stabilizes to a traveling wave profile, which verifies our theoretical results. Next
we examine the case of large € > 0. For this scenario, it remains unknown in this
paper whether or not the traveling wave solutions is stable since our theoretical
result requires the smallness of € > 0. Hence it is worthwhile to explore this case
numerically to foresee the possible outcomes. To this end, we choose ¢ = 5 and
then u_ = (¢ + x)v? = 24. The initial value (ug,co) is set as in (4.4). Figure 3
shows the time evolution of numerical solution starting from such an initial value.
It is clearly found in the simulation that the solution evolves to a steady traveling

o 1.8

WV

Initial cell density Uy

Initial chemical concentration ¢

0.2
0
0 100 200 300 400 0 100 200 300 400
Space x Space x

Fig. 1. The numerical plot of initial value (uo,co) given by (4.4) with € = 0.1, where u_ =
4.4,cy =1l,uy =c_ =0.
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Fig. 2. The numerical illustration of the time evolution of the traveling wave solution (u,c) to
the system (4.1) and (4.2) with u4 = 0 for small € > 0, where the initial value satisfies (4.4) and is
plotted in Fig. 1. Other parameter values are € = 0.1,D =2, x = 1,c4 = 1,u— = 4.4. Each curve
represents the solution (wave) profile at a certain time starting at ¢ = 0 and spaced by ¢t = 15.
The arrow indicates that the wave propagates from the left to the right.
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Fig. 3. The numerical simulation of the evolutionary traveling wave solution (u, ¢) of the system
(4.1) and (4.2) with uy = 0 for large € > 0, where € = 5 and other parameter values are the same
as those in Fig. 2. Each curve represents the solution (wave) profile at a certain time starting at
t = 0 and spaced by t = 15. The arrow indicates the direction of wave propagation.

wave solution. This implies that traveling wave solution of the system (1.1) for large
e > 0 is still stable. However, the technical difficulty makes us leave this problem
open in this paper.
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