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Abstract
This paper is concerned with the stationary problem of an aero-taxis system with
physical boundary conditions proposed by Tuval et al (2005 Proc. Natl Acad.
Sci. 102 2277-82) to describe the boundary layer formation in the air—fluid
interface in any dimensions. By considering a special case where fluid is free,
the stationary problem is essentially reduced to a singularly perturbed nonlocal
semi-linear elliptic problem. Denoting the diffusion rate of oxygenby e > 0, we
show that the stationary problem admits a unique classical solution of boundary-
layer profile as € — 0, where the boundary-layer thickness is of order e. When
the domain is a ball, we find a refined asymptotic boundary layer profile up
to the first-order approximation of € by which we find that the slope of the
layer profile in the immediate vicinity of the boundary decreases with respect
to (w.r.t.) the curvature while the boundary-layer thickness increases w.r.t. the
curvature.
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1. Introduction

Aerobic bacteria often live in thin fluid layers near the air—water interface where the dynam-
ics of bacterial chemotaxis, oxygen diffusion and consumption can be encapsuled in a
mathematical model as follows (see [31])

v+ wW-Vu=Av—V-(wVu) in €,

U+ - Vu=DAu — uv in €, (L)
p(W; + WVW) + Vp = pAwb — vV  inf,

V- =0,

where €2 is a smooth bounded domain in R"(n > 1), v(x, ) and u(x, t) denote the concentration
of bacteria and oxygen, respectively, and J is the velocity field of a fluid flow governed by
the incompressible Navier—Stokes equations with density p, pressure p and viscosity p, where
V¢ = Vvg(p, — p)z describes the gravitational force exerted by bacteria onto the fluid along
the upward unit vector z proportional to the bacterial volume V3, the gravitational constant g
and the bacterial density py; D is the diffusion rate of oxygen. The system (1.1) describes the
chemotactic movement of bacteria towards the concentration of oxygen which is saturated with
a constant i at the air—water interface (boundary of €2) and will be absorbed (consumed) by the
bacteria, where both bacteria and oxygen diffuses and are convected with the fluid. Therefore
the physical boundary conditions as employed in [31] is the zero-flux boundary condition on
v and Dirichlet boundary condition on u« as well as no-slip boundary condition on w, namely

ov—vou=0 u=u w=0 ondd (1.2)

where i is a positive constant accounting for the saturation of oxygen at the air—water interface
and v denotes the unit outward normal vector to the boundary 0f). The model (1.1) and (1.2)
has been successfully used in [31] to numerically recover the (accumulation) boundary layer
phenomenon observed in the water drop experiment reported in [31]. Later more extensive
numerical studies were performed in [4, 18] for the model (1.1) in a chamber. Analytic study
of (1.1) on the water-drop shaped domain as in [31] with physical boundary condition (1.2) was
started with [20] where the local existence of weak solutions was proved. Recent works [21, 22]
obtained the global well-posedness of a variant of (1.1) in a 3D cylinder with mixed boundary
conditions under some additional conditions on the consumption rate. The above-mentioned
appear to the only analytical results of (1.1) with physical boundary conditions (1.2) in the
literature. In the meanwhile, there are many results on the unbounded whole space R¥(N > 2)
or bounded domain with Neumann boundary conditions on both v and u as well as no-slip
boundary condition on J (see earliest works [6, 19, 29]). For the micro—macro derivation of
chemotaxis models with fluid, we refer to a work [2].

It should be emphasized that most prominent observation in the experiment performed in
[31] was the boundary-layer formation by bacteria near the air—water interface. Therefore an
analytical question is naturally to exploit whether the model (1.1) and (1.2) will have boundary-
layer solutions relevant to the experiment of [31]. Except afore-mentioned numerical studies,
no any kind analytical results on the boundary-layer formation of (1.1) and (1.2) are available
in the literature as far as we know. The purpose of this paper is to make some progress towards
this direction by considering the stationary problem of (1.1) and (1.2). Below we shall briefly
derive the stationary problem that we are concerned with and the strategies used to solve our
problem. Integrating the first equation of (1.1) in space with boundary condition (1.2), we find
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that the bacterial mass is preserved in time, namely

/v(x, Hdx = /v(x, 0)dx :=m
Q Q

where m > 0 denotes the initial bacterial mass. In one dimension it is straightforward to
verify that «J = 0 by the divergence free condition and no-slip boundary condition in (1.2).
The multi-dimensional case will be much more sophisticated mathematically. Motivated by
the experiment of [31] where stationary boundary-layer patterns without fluid motion were
observed, we consider the stationary problem of (1.1) and (1.2) with fluid-free (i.e. «/ = 0 and

Vp = —vV¢), which along with the mass conservation reads as
Av—V - -(@wVu)=0 in €2,
DAu —uv =20 in €,

61/U - 'Ua,,bt = O, u=1u on aQ’ (13)

/v(x)dx = m.
Q

In this paper, we shall study the existence of solutions with boundary-layer profile to (1.3).
The strategy is to reduce the system (1.3) into a more tractable scalar nonlocal semi-linear
elliptic problem with Dirichlet boundary condition as described below. Note the first equation
of (1.3) canbe written as V - (vV(logv — 1)) = 0. Then multiplying both sides of this equation
by logv — u and using the zero-flux boundary condition, we find that any solution of (1.3) ver-
ifies the equation fgz v|V(logv — u)|*dx = 0, which gives v = \e" for some positive constant
A. Since m = fQ v(x)dx, we get A\ = fgiﬁ' Therefore the problem (1.3) is equivalent to the
following nonlocal semilinear elliptic Dirichlet problem

2 m u :
e°Au= +——ue in ),
Joetdx (1.4)
u=1i on 0f2,
with
m
- “. 1.5
jszeudxe (-

where for convenience we have assumed D = £ for e > 0.

The purpose of this paper is threefold: (i) prove the existence and uniqueness of classi-
cal solutions of (1.4) for any € > 0; (ii) justify that the unique solution obtained in (i) has a
boundary-layer profile as € — 0; (iii) find the refined asymptotic structure of boundary-layer
profile near the boundary and explore how the (boundary) curvature affects the boundary-
layer profile like the steepness and thickness. The result (i) confirms that the problem (1.4)
has a unique non-constant pattern solution, and result (ii) shows that the pattern solution is
of a boundary-layer profile as ¢ — 0 which roughly provides a theoretical explanation of the
accumulation boundary-layer at the water-air interface observed in the experiment of [31]. The
result (iii) further elucidates why the boundary layer thickness varies at the air—water interface
of water drop with different curvatures observed in the experiment of [31].

The major difficulty in exploring the above three questions lies in the non-local term in
(1.4). To prove the result (i), we first show that the existence of solutions to the nonlocal
problem (1.4) can be provided by an auxiliary (local) problem for which we use the mono-
tone iteration scheme along with elliptic regularity theory to get the existence, and then show
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the uniqueness of (1.4) directly. The boundary-layer profile as € — 0 in a general domain €2 as
described in (ii) is justified by the Fermi coordinates (see [5] for more background of Fermi
coordinates) and the barrier method. The non-locality in (1.4) does not trouble the first two
results, but brings considerable difficulties to our third question (iii) concerning the effect of
boundary curvature on the boundary-layer profile. In order to explore the question (iii), we have
to get a good understanding of the asymptotic structure of the non-local coefficient jQ e"sdx
which, however, depends on the asymptotic profile of u itself. Moreover, we have to make the
asymptotic expansion as precise as possible so that the role of curvature can be explicitly
observed. This makes the problem very tricky and challenging. With this non-locality, we
are unable to gain the necessary understanding of the solution-dependent nonlocal coefficient
fg e"dx in a general domain (2. Fortunately when the domain is a ball, we manage to derive the
required estimates on this nonlocal term and find the refined asymptotic profile of boundary-
layer solutions as € — 0 involving the (boundary) curvature whose role on the boundary-layer
steepness and thickness can be explicitly revealed.

Finally, we mention some other results comparable to the current work. When the non-
linear term ue" is replaced by the double well type function, including the Allen—Cahn type
nonlinearity, the boundary expansion (up to the 2nd order) of the Neumann derivative for the
case without the non-local term was obtained by Shibata in [24, 25]. Recently the following
stationary problem corresponding to (1.6) with D = 1

Au=ocue" in€, Ou=(y—ux))g(x) ond2

was considered in [1] and the existence of non-constant classical solutions was established,
where o > 0 is a constant, v > 0 denotes the maximal saturation of oxygen in the fluid and
g(x) is the absorption rate of the gaseous oxygen into the fluid. Clearly the nonlocal ellip-
tic problem (1.4) is very different from the problems mentioned above, and more impor-
tantly we focus on the question whether the nonlocal problem (1.4) admits boundary-layer
solutions relevant to the experiment in [31]. Consider the time-dependent equations related
to (1.3)

{v, =Av—V - (V) in (2,
(1.6)

u; = DAu — uv in ),

which has been studied when the Neumman boundary conditions 9,v|gq = 9,u|sn = 0 are
prescribed. We refer to [7, 26, 27] for the global existence and large-time behavior of solutions
to (1.6) and [28, 30] for some foraging models which have similar consumption terms as in
(1.6). When the second equation of (1.6) is replaced by an elliptic equation eAu + v = 0, the
radially symmetric boundary-layer solution as e — 0 has been studied in [3]. If the first equation
of (1.6) is replaced by the v, = Av — V - (vV log u), namely the chemotactic sensitivity is
logarithmic, and the Dirichlet boundary condition for v and Robin boundary condition for u
are prescribed, the boundary-layer solution of time-dependent problem has been studied in
a series works [11-13] where the boundary-layer appears in the gradient of u other than u
itself.

The rest of paper is organized as follows. In section 2, we shall state the main results on
the existence of non-constant classical solutions of (1.4) (see theorem 2.1), the existence of
boundary layer solution as € — 0 (see theorem 2.2) and refined asymptotic profile of boundary
layer solutions as ¢ is small (see theorem 2.4). In section 3, we prove theorem 2.1. In section 4,
we prove theorem 2.2. Finally, theorem 2.4 is proved in section 5.
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2. Statement of the main results

We shall first prove the existence of a unique solution to (1.4) and then pass the results to
the original steady state problem (1.3). Furthermore, we can show the solution of (1.3) is
non-degenerate, i.e., the associated linearized problem only admits a trivial (zero) solution.
The results are stated in the following theorem

Theorem 2.1. Let Q be a bounded smooth domain in RN(N > 1) with smooth boundary,
and let m and u be given positive constants independent of €. Then, for € > 0, equation (1.4)
admits an unique classical solution u. € C'(Q) N C>®(), and hence the elliptic system (1.3)
admits a unique solution which is non-degenerate.

Our second result on the problem (1.4) is the explicit behavior of u near the boundary 052
when ¢ is small. Before stating the results, we introduce the following notations. Let {25 be
defined by

Qs = {p e Q|dist(p,0Q) > 4}

as illustrated in figure 1. For example, when n =1 and 2 = (—1, 1), then Q5 = (—1+ 9,
1 — ). Whenn = 2, and © = Bg(0), then Q5 = Br_5(0).

In the following, we shall give some description on the solution of (1.4) in general domain
as ¢ — 0. Without loss of generality, we may assume 0 € (2 throughout the paper and set

@ = {yley € Q}.
To find the leading order term for the solution of (1.4), we define U.(y) to be the solution of

the following equation

m

AU = U.eY inQ°,

| (2.1)
U.=1u on O)°.
The second result of this paper is as follows

Theorem 2.2. Let Q) be a bounded domain with smooth boundary. Then there is some non-
negative constant §() satisfying

d(e)—0 and e/0(c) —0ase — 0,

and the unique solution u. obtained in theorem 2.1 has the following property:

and
HME(X) — UE(X/E)HLOC(Q) = 0(8) (23)

In the next result we shall derive that the boundary-layer thickness is of order €. Specifically,
we have

Corollary 2.3. Let u-(x) be the solution of (1.4) and x;, be any interior point such that the
distance from xi, to the boundary is of order L., namely dist(xi,, 02) ~ £.. Under the same
hypothesis as in theorem 2.2, as 0 < € < 1, we have:

(a) Iflim-_o" =0, then lim_ou-(xiy) = ii;

5115



Nonlinearity 33 (2020) 5111 C-C Leeetal

Figure 1. An illustration of 25 in €2.

(b) Iflim._os = Lwith L € (0, 00), then lim._ou-(xin) € (0, );
(¢) Iflim_o% = 400, then lim._ou<(xin) = 0.

Finally we investigate the refined boundary-layer profile of (1.4) by finding its asymptotic
expansion with respect to € and exploiting how the boundary curvature affects the boundary
layer profile. This is challenging question in general due to the non-locality as discussed in
section 1, in this paper, we shall consider a simple case by assuming 2 = Bg(0)—a ball cen-
tered at origin with radius curvature is given by %. We find that the first two terms (zeroth and
first order terms) of the (point-wise) asymptotic expansion of u.(x) with respect to ¢ is adequate
to help us find the role of the curvature on the boundary-layer structure (profile).

To state our last results, we introduce some notations. We denote by wy the volume of
N
Br(0) C RY and a(N) = F}a—l) the volume of unit ball in RY, where wy = a(N)R". For
7
convenience, we define

f(s)==se’ and F(s):= /5 f(rdr=G—-1De*+1>0, fors>0. (2.4)
0

Then by the uniqueness (see theorem 2.1) and the classical moving plane method [9], u.(x) =
Ye(|x]) = ¥ (r) is radially symmetric in Bg(0), where 1. uniquely solves

e’ (1/);’ + Nr_lwé) = p-fW:), 1€ O.R), 2.5)
m R -

pei=p-() = Na(V) (/o el’f(“)leds) , (2.6)

VL0) =0, (R =, 2.7)

where we remark that Nau(V) is the surface area of the unit sphere 9B;(0).

Next we shall investigate how the boundary curvature will influence the boundary layer
profile of (2.5)—(2.7) near the boundary from two different angles. The first one is to see how
the slope of boundary layer profile at the boundary » = R changes with respect to the boundary
curvature 1/R. The second one is for a given level set such that 1.(r.) = ¢, how the distance
from boundary to the point r. varies with respect to R. To be more precisely, for R > 0 and
c € (0,u), we define

r:(R,c)=1.""(¢) and T.(R,c)= {r € [0,R]:¢.(r) € [c,u]} = [r-(R,c),R] (2.8)
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as functions of R and ¢, where I'.(R, ¢) is a closed set with width R — r.(R, ¢) = O(e). Denote

J@) = — 2F(L_t)+/u\/?dt. (2.9)
0

Let W denote the unique positive solution of the ODE problem

{xlﬂ(&) = \V2mF(¥(€), £>0,

(2.10)
TO)=a>0, ¥(oo)=0

Then our results on the refined asymptotic boundary layer profile in € are given in the
following theorem where we present a sharp pointwise asymptotic profile for 1. within the
boundary layer and for the slope of . at » = R up to the first-order term of expansion in ¢, as
well as the monotone property of the boundary layer thickness with respect to the boundary
curvature.

Theorem 2.4. Let m and u be given positive constants and let F and J() be defined in (2.4)
and (2.9), respectively. Then for any € > 0, the solution 1. of (2.5)—(2.7) is positive and strictly
increasing in [0, R]. Moreover, for any 0 < ¢ < 1, we have the following results concerning
the asymptotic expansion of 1. with respect to €.

(a) Let r-:=r-(do) = R —doc € (0,R] be a point with the distance dyc to the boundary,
where the constant dy > 0 is independent of €. Then we have

\I/R
Vo(r(do)) =" (do) — ﬂf@lw)

a(N )

X (doNJ(a) — RV2\ [ 2N — DI @, R (do)) + og(l)> (2.11)

where UR(dy) = \II(W) and

~ L 1 [ [F@
*(u, UR(d, =/ —/ —2dt ] ds. 2.12
J*(u, ¥ (dp)) i ( ol V| Fo) t) s (2.12)

(b) The slope of the boundary layer profile at the boundary has the asymptotic expansion as

1 2 mF(u) F(u) o F(1)
YL(R) = RN/ZHW < \ 5 J@) — WV 1)/ ”F( dt) o-(1).

(2.13)

(c) Let r-(R, c) be defined in (2.8). Then for each ¢ € (0, u), we have

_ e anrv-t|l N g | F()
R—rg(R,c)—Ea(N)R [ \/_ (o) J(u )—|— i (F(s)/ ) dt)ds—i—og(l)]

+ v/ a)RY?T (c)e.
(2.14)
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P(re)

Y

/ Ry T

TE(R27C) TE(R17C)

Figure 2. Schematic of the curvature effect on boundary layer profiles: layer steepness
and thickness.

In particular, for any Ry > 0, there exists a positive constant Oy g, . depending mainly
on N, Ry and c¢ such that for each € € (0,0np, ), R — r-(R, c) is strictly increasing with
respect to R in (0, Ro].

Remark 1. The result of theorem 2.4 (i) implies that the slope of boundary layer profile near
the boundary increases with respect to the boundary curvature (i.e. decrease with respect to R).
The result of theorem 2.4 (ii) implies that the boundary-layer thickness decreases with respect
to the boundary curvature (i.e. increases with respect to R). An illustration of curvature effect
on the boundary layer profile is shown in figure 2.

3. Proof of theorem 2.1

In this section, we shall prove theorem 2.1.

Proof of theorem 2.1 —existence of (1.4). We start the proof by considering the following
auxiliary problem

e2Auy = muye™ in ),
(3.1

uy =1 on 01},
where A is an arbitrary positive constant. Since # > 0, by maximal principle we have
u>uy>0 in.
Then it is not difficult to see that # = u is a super-solution of (3.1), while # = 0 provides a

sub-solution. Therefore, following the standard monotone iteration scheme and the fact that
f(x) = xe”* is increasing for x positive, we immediately know that (3.1) has a unique classical
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solution u) verifying
0<uy <u.

Now we claim that there exists \,, > 0 such that
)\m/ emdx = 1. 3.2)
Q

We postpone the proof of (3.2) in lemma 3.1. Using this claim we can easily see that u = u,,,
is a solution of (1.4). ]

In order to prove the claim (3.2), we give the following lemma.

Lemma3.1. Let A\ > )\, >0and uy, i=1,2 be the solutions of (3.1) with A\ = \;,i =
1,2 respectively. Then

A A g
0<uy, —uy, < (2 —1) (14 2Le®") i (3.3)
2 %

Moreover, there exists a constant \,, such that

)\m/ emdx = 1.
Q

Proof. The left-hand side inequality follows from the standard comparison theorem directly.
We only prove the inequality for the right-hand side. Due to the fact \; > X\, > Oand uy, > 0,
one may check that

A A A A A
2A (11/&1 — qu) < \om (/\luAleAzuAl — ukze'%) + A\ (1 - 1) muAleAz”*l
2

)\2 >\2
(3.4)
Al Al My
< XomF(uy,uy,) | —uy, —uy, | + A1 | — — 1) mue*2”,
Y Ao
where
ae® — beb
—, if b
Fab)y=4d a_p > Tazb
(a+ e, ifa=0n.
From the fact
O<Lt/\l <M/\2 < i, 3.5)
we have
1 < F(uy,,uy,) < (14 i)e". (3.6)

As a consequence of (3.4) and (3.6), we have

Al AL (A _ Mg
)\—zu)\l —uy, > —>\—2 ()\_2 — 1) ue .
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Along with (3.5), we get
Y A _ A N
u>\2 - u)\] - u>\2 - )\_21/[)\1 + )\_Zu)\l - M)\l X u>\2 - )\_21/[)\1 + )\_2 - u

)\1 )\1 A—lﬁ _
<2 o1) (14 2em")
(Az ><+)\262)u

Thus, we prove the right-hand side of (3.3). It implies that the continuity of u, with respect to
. On the other hand, we have

A—=0t A—00

lim )\/ edx =0 and lim)\/ e dx = 0.
Q Q

Then we can find A, such that fQ)\me”Am dx = 1 and it completes the proof of lemma 3.1. [J

Proof of theorem 2.1—uniqueness of (1.4). Suppose the uniqueness is not true, then there are
two distinct solutions v, v,. We shall prove v; = v, by contradiction and divide our argument
into two steps.

Step 1. We prove that either v; > v, or v; < v,. Without loss of generality, we may assume
er“ldx > er“de. Under this assumption, we claim v; > v,. Supposing this is false, then
there exists a point p € €2, such that

(v —v)|p = II}%H(Ul —12) < 0.

As a consequence, we have

U1 el! (%) e2 0
Joetrdx B Joerdx <Y
Q Q »

Then

> 0.
P

U1 v e’L‘z
2A (01 — _ v1e W
[E (vr =)= Joerrdx  [oetadx

Contradiction arises. Thus, the claim holds. As a result, we get that for any two solutions vy, vy,
either v; > v, or v; < v;.

Step 2. Next, we prove that if v; > v;, then v} = v,. We set w = v; — vy, suppose w # 0
and

w(py) = mélxw > 0.

Then
ev1(po) el

en2r) 7 en
It implies that

ev1(po) N erTldx
en2(po) = erfzdx’

and

(3 el (%) e”2
N T
Jae Joer2dx n
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Therefore,
5 ve’l vye"2
EA(v1v2)|p0—m< — — : >0,
Joetrdx  [er2dx »
which contradicts to the choice of the point py, thus v (pg) = v2(po) and v; = v,. ]

Proof of theorem 2.1—existence and uniqueness of (1.3) with non-degeneracy. Since the
problem (1.3) is equivalent to (1.4) and (1.5), the existence and uniqueness of solutions to
(1.3) follow directly from the results for (1.4). Now it remains to show the solution is non-
degenerate. We denote the solution of (1.3) by (u,v) and consider the linearized problem of
(1.3) at (u, v):

V-(V¢ —vVp —Vup) =0, in €,
Ay — du — v =0, in{2,
al/¢ - 1)8,,’1/) - al/”¢ = 07 1/} = 0, on aQ,

/Qqsdx:o.

We shall prove that (3.7) only admits the trivial solution. We notice that the first equation in
(3.7) can be written as

v.(vv(%—w)) —0,

where we used the fact Vu = % Testing the above equation by ;‘*3 — 1), then an integration by

parts together with the boundary condition shows that any solution of (3.7) verifies the equation

(3.7)

2
/v V(¢—w) dx =0,
Q v
which implies that
¢ = () + E)v for some constant E. (3.8)

Since fg odx = 0, we get from (3.8) that if ¢/ is not a constant, then

nlg&lle+E>0 and ménz/J+E<0. (3.9

Substituting (3.8) into the second equation of (3.7), we have

{Aq/)m/)uv(i/)JrE) =0 in {2, (3.10)

=0 on 9N).

We claim that equation (3.10) only admits the trivial solution. Suppose that it is false, without
loss of generality, we can assume that ¥)(p) = max 1 > 0. As a consequence,

AY(p) — vib(p) — uv(yp(p) + E) <0,

where we have used (3.9), and contradiction arises. Thus 1 = 0, which further implies
that ¢ = 0 from the second equation of (3.7). This means that any solution of (1.3) is
non-degenerate. 0
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4. Proof of theorem 2.2 and corollary 2.3

In order to prove theorem 2.2, we consider the following equation

EeAV=dV  inQ,
4.1)
V=1 on 052,
where d is a positive constant independent of €. Set W, = —elog V. Then by the arguments in
[10, lemma 2.1], we have
W.(x) = ddist(x, 02) + O(¢) in €2,
ow,
S = —d+0(e) on 99).
v
and
V()| < Ce™ ™ in Q. 4.2)

As a consequence of (4.2), we have for any compact subset K of €, there exists a positive
constant £¢ such that

mI?x|V| < CKe " for 0< e < 2, (4.3)

where C(K) and M(K) are some generic constants depending on K only.

From (4.3), it is easy to see that for any fixed compact subset K of €2, we could obtain that
V goes to 0 as ¢ tends to 0. To capture the behavior of V near 02, we introduce the Fermi
coordinates for any x € 25, that is

X:(y,2) €90 x RY — x = X(v,2) =y + zv(y) € O,
where v is the unit normal vector on 02, and €25 denotes the following open set
QS = {x € Q0 < dist(x, ) < 5}. (4.4)

There is a number 0y > 0 such that for any ¢ € (0, dy), the map X is from €25 to a subset of O,
where

0 = {(y,2) € 99 x (0,26)}.

It follows that X is actually a diffeomorphism onto its image N = X(O). We refer the readers
to [5, remark 8.1] for the proof on the existence of dy. For any fixed z, we set

F.y={pecQp=y+w@}.

It is not difficult to see that the distance between any point of I',(y) and 952 is |z|. Under the
Fermi coordinate, we have

A = 87 — Hr,)0: + Ar,g), (4.5)

where Hr,) is the mean curvature at the point in I'.(y) and Ar, stands for the Bel-
trami—Laplacian on I'.(y). We shall provide the proof of (4.5) in the appendix A, see lemma
6.1.
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By making use of (4.3), we can obtain the following result on the behavior of V near 0.

Lemma 4.1. Ler Q be a smooth domain in RY(N > 1) and V. € C>*(Q) N CO(Q) be the
unique solution of (4.1). There exists a positive constant €y such that for any € € (0,¢y), it
holds that

by disl();,i)Q) dist(x,0€2)

<Vax) < bse ™ = in QS, (4.6)

b167

where § € (0, min{ 2, 80}), and by, ba, b3, ba are some generic positive constants independent
2 8 p P

of e.

Proof. Forconveniencewe setd = 1. Whenn = 1, without loss of generality we can assume
that Q = [—1,1] C R, itis easy to see that the solution admits the following representation

1 . .
V.(x) = ; (e*%“) +e%) for x € [—1,1].
1+e =

Hence, lemma 4.1 immediately follows. Particularly, in this case we can choose

1 2
2 by =1, b3*72, by =1.

b = — =
! 1+e ¢ 1+e =

Now let us give the proof for n > 2. Without loss of generality, we may assume that € is a
simply connected domain for simplicity, the case for multiply-connected domain can be proved
similarly. Since (2 is simply connected, 02 is a smooth connected manifold of dimensionn — 1.
Let Q55 be defined in (4.4). We set u; by

dist(x,092)

us(x) = (26 — dist(x, dQ))e 4~ =

with d to be determined later. It is easy to see that

) 20 on 0, @7)
us(x) = .
’ 0 on 995\00.

A straightforward computation with (4.5) gives
e Aus — us = (€297 — €2 Hr 0, + €2 Ar, ) — 1)(20 — 2)e 1
=(d} + eHr.yd1 — Dus + (2edy + *Hr. e 1%,
Choosing d; > 1 and ¢ sufficiently small, then we have

2 Aus —us >0 inQ5;.

Taking ¢ sufficiently small when necessary, together with (4.7) and the classical comparison
argument, we have

Vo > us(x)  in Q5
which implies

dist(x,092)

V.= hTET in Qs (4.8)
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For the upper bound for V. in 2§, by (4.2), we have

_ dist(x,0) =y
V. < Ce € in . 4.9)
From (4.8) and (4.9), we get
5@7‘11 disl();,i)Q) < VE(_x) g C37 disl(i,DQ) in Qg

This is equivalent to (4.6) with

by=96, by=d, b3=C, by=1.
Thus, we finish the proof. 0
Proof of theorem 2.2. For (1.4), by maximal principle, we have

0<u.<u.

Then it is easy to check that

1 el e

< < —.
0< Joetdx T [eredx Q|

We set

1 \? e \

Let u.;, and u.;, be the solution of (4.1) with the right-hand side replaced by L%V and L%V
respectively. Then following the comparison argument, we can get

Uep, Su: < Ul -

As a consequence of lemma 4.1, we can find four constants bs, bg, b7, bg which are independent
of &, such that

—bg dist(x,092)

g dist(x,0€)
bse o Su(x) <he e

in Q5. (4.11)

While in Qs, by equation (4.3) we can find two positive constants C' (Qs) and M(Q) such that

(27 N—
maxu.(x) < C(25)e” = in . 4.12)

Then (2.2) follows by (4.11) and (4.12).
In the following, we shall prove (2.3). We first prove that

1] < /e”gdx < Q|+ Ce, (4.13)
Q

for some positive constant C. The left-hand side of (4.13) is obvious since u. > 0 in 2. For the
right-hand side inequality, by u. < u in {2 and Taylor expansion, we have

g — ()’ — @)
/Qe dx—/ﬂ(l—l—; ] )dxg/ﬂldx—i—/ﬂue; i dx

</1dx+ef‘/u5dx</ldx+C/u5dx
Q Q Q Q
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for some positive constant C. For the second term on the right-hand side of (4.14), we have

/ugdx :/
Q Q

where we used (4.12) to control the second term. While for the first one, we have

g 5
/ u-dx < C/ / e fdzdy < Cmax|FZ(y)|/ e dz
Q5 0 Jr.m 2€(0,0) 0

5
Fz(y)|/\ e ’ds < Ce max
0 4

ugdx—i—/ u.dx < / u-dx + O(e), (4.15)
o Q

< <
4§ §

= Cemax
z€(0,0)

L)l

6—0

By choosing § small, we have max.c|.(y)| = [0€2] + 05(1), where 0;(1) — 0. Hence,

we have

/ u-dx = O(e),
Q

5
which together with (4.15) gives (4.13). Using (4.13), it is not difficult to see that

1 1 1
Joedx Q[+ [(e= — Ddx (9]

- Cug’

where
0 < Cy < Cpe.

for some constant Cy. We decompose
us(x) = Ud(x/€) + ¢-(x),

where U. is the solution of (2.1) and

m

E2A\¢. = —mC,_u.e" + (e”fuE — e UE) in (2,

1€2] (4.16)
¢5 =0 on 0f).
It is easy to see that U. > 0 in (2. We write the first equation in (4.16) as

2A¢. — % (¥ T°(U. + ¢.) — % U.) = —mC, ue".

Concerning the above equation, by the fact that the function f{x) = xe” is an increasing function
for x > 0 and the right-hand side is negative, we get

¢ >0 in Q

by maximal principle. Assuming ¢.(p) = maxq¢., by mean value theorem, we have

2Ag. — % (V09 (U + 0) + %99 6. = —mC,_u.e™

for some 6 € (0, 1). Together with the fact that £2A¢.(p) < 0, we directly obtain that

P=(p) = O(e),
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which proves that ||¢. ||z~ = O(¢) and it finishes the proof. O

Proof of corollary 2.3. We shall present the proof for three cases in corollary 2.3 separately.
Case (1): limﬁo% = 0. Let v*(y) = u-(ey), then v°(y) satisfies

vi(y)e
st e 0dy’

Recall that, by maximal principle, we have

A (y) =m (4.17)

"W ||y = [|u=(x)|| =) < .

Following the standard elliptic estimate and the fact that the right-hand side of (4.17) is
uniformly bounded, we get

[V W) E0e) + IDyv" )|y < C,
where C is a universal constant and independent of €. It implies that
|Du.(x)| < Ce™".
Let x( be the boundary point such that
|x0 — xin| = dist(xin, O).
We get that |xg — xin| = o(e) from limHO% = 0, then
| (x0) — u(xin)| < C|Dyuc||xin — xo| < Ce™xia — x0| = 0(1),

which implies that lim._ou.(xi,) = u. This proves the conclusion of case (1) in corollary
2.3.
Case (2): limHO%‘ = L. In this case, we first show that lim._,ou.(xi,) > 0. Indeed, by (4.11)
and 1%115 /1 =L, we have
&

lim - (xin) > bse 6" > 0.
e—0
To show lim._yu.(x;,) < u, we claim that

dist(x,0€2)

u(x) <me = in (4.18)

for some suitable positive constant by, where €25 is defined in (4.4). Let L, be defined in (4.10)
and u., be the solution of the following equation

AV =1V  inQ,
{ V=u on 0f).
By maximum principle, we get that
Us < Ugp.
Same as (4.2), we have
u-p| < Ce*“w in Q.
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Now we prove that

_ p dist(x,00) . ¢
u.p(x) <ume "0 = in €

for some suitable positive constant b;y. We define vs by

_ 7Tdisl(,\',8§2)
Vs = ue 3

with 7 to be determined. On 9§25\ €2, we choose 7 < L; small enough such that

n\@

ue > Ce™ Lt
Therefore
u.p <vs on 0. 4.19)
By a direct computation, we have
e2Avs — Livs = —(L] — 7° — eTHr,())05.
For sufficiently small €, we have
e2Avs — L%v(; <0.
With (4.19) and the standard comparison argument, we get
u. < uep < vy in Q.
Choosing by = bjy = 7, we derive the claim (4.18). As a result, we have
lim u: (xin) < ae b < a.
Hence, we get the second conclusion.

Case (3): limﬁo% = +o00. The conclusion for this case is a direct consequence of (4.11).
Thus, we complete the proof. 0

5. Proof of theorem 2.4

In this section we consider the case €2 = Bg(0). In this case, the problem (1.4) is reduced to
(2.5)—(2.7) (see section 2).

5.1 Refined estimates of p.

We remark that (2.5)—(2.7) does not have a variational structure, and the nonlocal coefficient
pe depends on the unknown solution .. Hence, the variational approach and the standard
method of matched asymptotic expansions [8, 14] for singularly perturbed elliptic equations
cannot be applied directly to our problem. On the other hand, as € goes to zero, p. tends to a
positive constant ﬁ This enables us get the precise leading-order term of ¢ near the boundary
which encapsulate many useful properties of ¢, and hence motivates us to establish the precise
leading order term of p. — = for small ¢ > 0. Based on a technical analysis developed in [16,
theorem 4.1(II1)] and [17, lemma 4.1] and PohoZaev-type identity for (2.5)—(2.7) (see lemma
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5.2), we gradually derive the zeroth and first order terms of p. (see proposition 5.3) in the
following.

By the arguments in section 4, we obtain that there exist positive constants C; and M,
independent of ¢, such that

My .. . —
0 < u(x) < Cre” =IO for €7, (5.1

which of course implies

-1 (R—r)
0 <)< Cre = , rel0,R]. (5.2)

Then by the dominant convergence theorem, we have from (2.6) that

. m m
limp. = — =

bt oy W = pPo- (53)

With simple calculations, we find the equation (2.5) can be transformed into an integro-ODEs

e 12 2
31/15 (r)—i—s/

r

N-—1
— Y ds = pF@W(N) + K, re(O.R, (54

R

[N

where K. is a constant depending on ¢. The equation (5.4) plays a crucial role in studying the
asymptotic behavior of /. near the boundary. To obtain the refined asymptotics of the nonlocal
coefficient p., we first derive some asymptotic estimates on 1)-(r).

Lemma 5.1. There exist positive constants C, and M, independent of € such that, as 0 <

ek 1,
Mg
K| < Coe™ 77, (5.5)
N-1 C
0< () vl < Ze 200, re.R) (56)
where K. is defined in (5.4). Moreover, there holds
. / 2P0
lim sup |Veyl(r) — \/ =—F@(r))| < cc. (5.7)
£0,¢[0,R] €

Proof. Multiplying (2.5) by V!, we obtain 2(*¥~'L(r)) = p.r’N"'f(x.) > 0. Hence,
=YL (r) is strictly increasing with respect to r due to the fact 0 < v.(r) < it. Since
L (0) = 0, we immediately obtain ¢ (r) > 0 for r € (0, R], which gives the left-hand side of
(5.6).

By (2.5) and (5.3), one may check that, as 0 < ¢ < 1,

(Y = p (N = D2 f @) + A o) = Mo 'y, r € [0,R],
(5.8)

where 1l712 is a positive constant close to m. Here we have used the fact that /. > 0, f{1).) > 0
and f'(1).) = (1. + 1)e¥= > 1 to obtain the last inequality of (5.8). Note also that 1/.(R) >
12(0) = 0. Thus the standard comparison theorem applied to (5.8) shows
_ . IRV
ML) < RV LR)e "= R 1 € [0,R]. (5.9)
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Let us now estimate 9-(R). By (5.4) and (5.9), we have

R 2 R
0 < pF <w5 <2)> +K = %w;z (2) < 22N 3yl

and forr € [§,R],

N 22N 1 2
/ MLy < N — DY2(R) /

where C3 is a positive constant independent of €. On the other hand, by (2.4) and (5.2), we find

R R My
O0<F (105 (2)> < (g}&%#(%(ﬂ)) Ve <2) < Cye =K, (5.12)

where Cy4 = ue”C,. Hence, by (5.3), (5.10) and (5.12) we obtain

K| < Gs (e R Kb ey 2 (R)e™ \/M_Q )

, (5.10)

ey < Ge'Y2(R), (5.11)

(5.13)

where Cs is a positive constant independent of . As a consequence, by (5.4) and
(5.13), for sufficiently small € > 0, we arrive at %wgz(R) < pF(-(R)) + K. < 2poF () +

Cse*y 2 (R)e”

0 < ' (R) < é/poF(u) as0 < e < 1. (5.14)

Hence, (5.5) is obtained by (5.13) and (5.14). The right-hand inequality of (5.6) thus fol-
lows from (5.9) and (5.14), where we set C; = max{Cs, 2+/poF (@), 4CspoF (i)} and M, =

min{*, v/ My}
It remains to prove (5.7). Firstly, we give an estimate of p. — po with respect to small € > 0.
Since 0 < 9. < u, together with (5.2) gives

N [* N [*
‘RN/ ewg(s)stlds _ 1‘ — ‘RN/ (ewg(s) _ 1) SNfldS
0 0

NE" —1) (R N — 1)C,
<——— ds < ————-=.
Rii /0 Ve(s)ds RaM, -

Along with (2.6) and (5.3), one may check that

R
<11;17V/ e”f(s)leds>
0

Combining (5.15) with (5.4), (5.11) and (5.14), we arrive at, for r € [g, R],

- 2p0N(e" — 1)Cy

RuM,

lp= — pol = po -1 < e, as0<e< 1. (5.15)

el (r) —

2poF(1/Js(r))‘ /N ’z(s)ds+§|Ps po|+*|K:| G,

(5.16)

5129



Nonlinearity 33 (2020) 5111 C-C Leeetal

where Cg is a positive constant independent of e. In particular, due to ¢/~ > 0 and F(¢).) > 0,

(5.16) implies
/ / 2p0F (1=(r))
‘\/Ewg(”) - c

On the other hand, by (5.2) and (5.6), it is easy to see that

VeEpL(r) — \/2” OF(EwE(r)) =2,0 uniformly in {0,122]. (5.18)

Therefore, (5.7) follows from (5.17) and (5.18) and the proof of lemma 5.1 is complete. [

R
<\/Cs, forre {E,R} . (5.17)

Setting » = R in (5.7) and using 1.(R) = u, we obtain
lirg eYL(R) = /2poF (i) (5.19)
e

which gives the precise leading order term of ¥.(R) as 0 < € < 1. Note also from (5.15) that
e~ (p- — po) is bounded for 0 < ¢ < 1. To further exploit £~'(p. — po) so that we can get
its precise leading order term, let us introduce the following approximation which essentially
comes from the Pohozaev-type identity applied to (2.5)—(2.7). Moreover, this result gives a
relation between the second order term of p. and asymptotics of ..

Lemmab5.2. AsO < e < 1, there holds

_ R
Pe . o —% 2p0F (i) + € /R (MY dr + o.(1), (5.20)

2

where

N-1 N-2,,

glr) = T RN (5.21)

Proof. Multiplying (5.4) by #'~! and integrating the expression over the interval [0, R], we
then have

g2 (R R N —1 R RN

7/ ¢;2(r)rN*1dr+e2/ r’“/ 71/);2(s)dsdr:p5/ F(po(r)r"~'dr + —K..

2 Jo 0 g s 0 N
ey

(5.22)

Using integration by parts,

R FN _ 1\RN R _ R
/ erl/ N-1 YL2(s) dsdr = &= DR / lwéz(l’) dr — Nil/ N () dr,
0 RS N R r N Jy

one finds that

K1 (N-1 N-2
PI—EZ/R r< ¥ RY — N ﬂ)w;z(r)dr
2
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R R
2 7N—2,,N—1 2 N—-2 n. 7M/7 /
= — dr< —R"Y'C Ze d
E/O N Y. ~(r)dr N hee ; Y (r)dr
(5.23)
MyR
< Cree 2,

H —1,/2 Cy pN—1,- 2R R . :
Here we have used (5.6) to obtain 7V P.A(r) < ?QR e~ 3= 9.(r) for r € [0, 7], which is
used to deal with the inequality in the second line of (5.23).
Next, we deal with the right-hand side of (5.22). By (2.4)—(2.6) and (5.19), one obtains

R R
o [ F@o o= [ (1= e f) e
0 0

N

R
=y (- = p0) + RV YL(R) (5.24)

N

R
= (= po) +e (R V2pF@ + 0.(1))

Here we have used identities p. f(10-(r)r¥ " = 2 (r¥~'4.)" and pgfo et N ldr = gt =

% po to get the second line of (5.24). As a consequence, by (5.22) and (5.24), we have

RN
P =& (R*'\/200F (@) + 0.(1) + N (o= o+ K. (5.25)

By (5.13), (5.23) and (5.25), after making appropriate manipulations it yields

N RIN-1 N-2,
pO-I—E\/ZpoF(ﬁ)—E : (T_ T ‘) () dr
2

(5.26)
“§| + -5 7MT26R +o0.(1) =0,
as € — 0. Therefore, (5.26) implies (5.20) and the proof of lemma 5.2 is completed. 0

We are now in a position to establish the precise leading order term of p. — po for small
e >0.

Proposition 5.3 (Refined estimate of p.). As 0 < € < 1, the asymptotic expansion of p.
with precise first two order terms involving the effect of curvature R~ is described as follows:

pe=po+e— \/%(J(u) +0.(1) asO<e<k1, (5.27)
where J(u) = —+/2F(u) + foﬁ A/ % dt defined in (2.9) depends mainly on the boundary value
u and is independent of R. Moreover, J(ut) < 0 is a strictly decreasing function of u € (0, c0).

Proof. By lemma 5.2, it suffices to obtain the precise leading order term of

R J— —
Pyi= sﬁ (N ; L A;RNZrN‘) YL (r)dr. (5.28)
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Thanks to (5.6), we shall consider the decomposition of (5.28) as

— v N N-1 N—-2y, 12
PH—e{[% +/Rﬁ}< — =S >¢5 (r)dr. (5.29)

In particular, we have

RVE/N—1T N=2 4.\ ,
[ (-t

2

2e(N — 1) [R-VE 2NN — [)CE My
R i : M>R

g

To deal with the second integral of Py, let us set

_(N—-1 N-=-2,, N
&(r)—(r— 2RNrN )_ZR’ re[R—+eR).

Itiseasy to get sup |£.(r)| < Cg+/e. This along with (5.6) immediately gives
re[R—\/Z.R]

€ < Cov/e. (5.31)

R
/ (N2 dr
R-VE

Here Cs and Cy are positive constants independent of €.
On the other hand, by (5.7) we have

ePL(r) = \/2poF (1h=(r) + Ve:(r)  with g%l[s(:llg [e(r)] < oc. (5.32)

Using (5.31) and (5.32), one may check that

RO/N=1T N=2, 0\ .2
E/Rﬁ< — - 2RNrN )wg(r)dr

N K 12 K 12
= 5—/ Y. “(r)dr + 5/ & ~(ndr
2R Jp_ sz Rz

N R R
== (V2P @) + Ve el dr +- e / EMU(dr (5.33)
2R R*ﬁ R*\/E

N u
— 7/ v/ 2p0F (1) dt 4 0-(1)
2R Jy.r- /)
N u
-7 / V2p0F @ di + o.(1).
0

Here we stress that in the last two lines of (5.33), we have verified

R

Ver(NYlndr| < Ve sup  [7(n)|(W(R) — 1-(R — \/)) = 0
R—\E [R—/2.R]
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and

$e(R—/2)

V2poF (1) dr < \/2poF (@)¢:(R — \/€) = 0
0

as € — 0 (by (5.2)). As a consequence, by (5.29), (5.30) and (5.33), we obtain the precise
leading order term of Py,

Pu= v / V2 F® dt + 0.(1). (5.34)
0

Finally, by (5.20) and (5.21) and (5.34), we get

. — N _ N “ IR -
Pem P = BV 200F @)+ Pu+ 0-(1) = Vo / \/¥dr— V2F@) + 0.(1)
0

€
=Jw
This along with (5.3) gives (5.27).
It remains to prove
_ dJy _
J@) <0 and d—_(u) <0 foru>0. (5.35)
u
Indeed, by a simple calculation we get J(0) = 0 and
dJy = Fw — f(w) 1—é"
—(u) = = = — <0,
du v/ 2F (i) v 2F ()
which implies (5.35). Therefore, we complete the proof of proposition 5.3. 0

Remark 2. Proposition 5.3 also shows the effect of boundary value & on p.. Precisely
speaking, let R > 0 be fixed and u € [/, ], where 0 < [} < I, < co. Regarding p. as a func-
tion of u, we find that as 0 < ¢ < “(L;l)‘\/p_o, pe 1s strictly decreasing to u € [/, ], where

Iy = — V2FT) + [} /T2 dr.

5.2. Proof of theorem 2.4
We first establish the following result.

Lemma 5.4. Let J(w) be as defined in (2.9). Then for eachj > 0 independent of €, we have

/ \% ZPOF("/)s(rE))
e(re) — B

Lo [F@(r) v F@) _
+R<N"(”) e [ e ) |

Proof. By corollary 2.3 (ii), we have

lim sup
=0 1 e[R—je.R]

(5.36)

lim _inf () > 0. (5.37)

e—=0 r-€[R—je,
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Setting r = r. in (5.4), using (5.27) and following the similar argument as in (5.29)—(5.33),
one may check that

re

2

621/};2(1’5) =2 <P5F(7/)s("5)) - EZ/R ;11/122(.?) ds + K5>

NI(w)

=2 (m + 6\/_ < 05(1)>> F((ro))

o be(re)
e <% + 05(1)> (/l \/2poF(t)dt + 05(1)> + 2K (5.38)
bo(§

=(3)

Pe(re)
=2poF (=) + \/_ (NJ( F@lr) = N=D) | V2F@dr+ og(l))
B vetre) \/2F(t)
=2poF(1(r2)) {1 \/_ (NJ(u) (N—=1 / Faooy ¥t 05(1)) } :

Due to (5.32) and (5.37), the asymptotic expansions in (5.38) is uniformly in [R — je, R] as
0 < e < 1. Since ¢ > 0, by (5.37) and (5.38) we have

e (re)
<NJ(u) (N—1) / V2E@) dt+0€(1)>}

1
* Fo(r)

"/)é(re) =

V2poF () (r2)) {
€ 2R\/—
(5.39)

uniformly in [R — je,R] as 0 < ¢ < 1. This gives (5.36) and completes the proof of lemma
54. O

By (5.17), (5.37) and (5.39), we have

’ YL
V2poF (¥(r))
where Cjo(j, R) (depending mainly on j and R) is a positive constant independent of ¢. In par-

ticular, for j > d, let us integrate (5.40) over [r.(dy), R] with r.(dy) = R — dye, which results
in

1
- E’ < Co(j,R),  forr € [R— je,Rl, (5.40)

< Cio(J, R)doe. (5.41)

dr
- _ dO
‘/wa(ra(do)) zpoF(t)

Moreover, let ® denote the unique positive solution of the equation

—@'(1) = \/2poF (1), 1 >0, (5.42)
P(0) = 1, P(c0) =0 ’
Then for dy > 0, (5.42) directly implies
do = / ﬁ @ (5.43)
"7 Jowy VZROF@D) ‘
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This along with (5.41) immediately yields f B(do) N} Moreover, ¥-(r-(dp))

Ye(re(do)) \ /2p0F (1)
e—=0

— P(dy) since \/Z—F( has a positive lower bound in ¢ € [®(dy), u]. As a consequence,

Ve(re(do)) = ®(do) + Le(do),  lim Le(do) = 0. (5.44)

On the other hand, by (2.10), (5.3) and (5.42) and the uniqueness of ¥ and ®, we have
O(t) = V(/ %“t) with % = W. Since ¢ depends on R, for the convenience of our next
arguments, we shall denote

t

O(1) = VR() = V(——=5). .

0=V 0) = V(o) (5.45)

Then we are able to claim the following result.
Lemma5.5. AsO<e< 1,
L(dy) 2F (¥ (do)) ( N R )
= — doNJ () — ——J"(, V" (dy)) + 0-(1) | .
. R oNJ () N ( (do)) + 0-(1)
(5.46)

Proof. We shall follow the similar argument as in the proof of [16, theorem 4.1(IIT)] and [17
lemma 4.1]. Letj > dy in (5.37). By (5.39) we have, as 0 < ¢ < 1,

YL(r.) 1 1 /W’” 2F () )
__Welre) N (N — d 0
Nernaoxca i +2Rr< Y =W=DJ" ey ) T oW

(5.47)

uniformly in [R — je, R]. Therefore, by integrating (5.47) over [r.(dy), RI(C [R — je, R]), one
arrives at

u dt
V2poE () 5.48
/waw(do» 2p0F (1) (5.48)
1 B R V= (s) V2ED )
doN. — (N -1 VY dnd (1)
+ TN < oNJ (i) — ( )/Rdog/o F ) tds | + 0.(1)

With a simple calculation, we obtain

u dt u ‘I/ (d()) dt
/ _a / / (5.49)
Uetratdo)) V 2P0F (1) Wy Jukprii iy | VZPoF@)
L.(d,
=dy— 46( 01)3 (I +o0.(1)).
2poF (V" (dy))

Here we have used (5.43)—(5.45) to get the first and the second terms in the last line.
On the other hand, by using (5.40) with j > dy, we can deal with the last integral of the
right-hand side of (5.48) as follows:
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)= (s)
/ / 240 drds
R—doe o F((s))

el (s) /W” 2F0)
= R - — (1 ———drd 5.50
/Rdog <¢27poF<we o o )> y  Fas) ¥ (5-50)

/ / v ZF( dt ds + eo.(1)
eR—dge) /. 2/)0F ()

dtcﬁ—l— co.(1).

[PR(do) \/m/ e

Here we have used (5.37) and (5.44) to verify that jo =) FV(LZF((Y’))) dr < \)1/3(:2 ((?)) is uniformly
bounded for s € [R — dye, R], and - i

/‘I’R(do)JrLs(do) / \/W
TR (dy) V/2poF (5)

Combining (5.48) and (5.49) with (5.50) yields

dtcﬁ: co.(1).

L.(dy) €  N—1 (" 1 /~ F(f)
=— doNJ(it) — — 2 dids 4 0-(1) | .
200F(WR(do))  2R\/po < IO =050 Jaray FGLJy | ro™ ! )>

This together with (2.12) implies (5.46). Therefore, the proof of lemma 5.5 is completed. [

Now we present an important result.
Proposition 5.6 (Asymptotics of . near boundary). Let m and u be positive constants

independent of €, and let r- :=r-(dy) = R — doe € (0, R] be a point with the distance dye to
the boundary, where dy > 0 is independent of e. Then (2.11) holds, and we have

2F(UR(d N
1/}(r:(do))j/ o (M OR f(‘I/R(do))J(ﬁ)> (5.51)

3

R
+ : Ny wJ(ﬁ) + (N = DI (@, TR (dp)) | + o),

where J(it) and J* (i1, V¥ (dy)) are defined in (2.9) and (2.12), respectively, and

= |

TR (dy) F(?)

ok o — R o l R *— R o
J7 (@, U (do)) = 2f(‘1’ (do)J" (u, U™ (do)) / F(UR(dy))

(5.52)

Proof. The combination of (5.44) and (5.46) yields (2.11). Next we want to prove (5.51).
Firstly, by (5.36) and (5.44) we get
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1
VL) = 2/ 200F (Ul + La(do)) (5.53)

1 PRy o v [ R

Here we have used the approximation

F(U*(do) + Lo(do)) = F(¥*(dp)) + fF(UR(do))L(do)(1 + 0-(1)) = F(¥*(dp)) + 0-(1)
(5.54)

(by (5.44)) to obtain the second line of (5.53).

Furthermore, to establish a refined asymptotics of - (r-(do)) from (5.53), obtaining the
precise first two order terms of ¢! \/ 2p0F (U (dy) + L.(dy)) is required since its second order
term may be combined with the last term of (5.53). By (5.46) and (5.54), one may use the
approximation /T + 7 ~ 1+ % (as || < 1) to deal with this term as follows:

1
“V200F (U o) + Le(do)
9

1
= \/ZPO[F(‘I’R(do)) + fUR(do)L(do)(1 + 0-(1))] (5.55)
_ V2p0F (¥R (dy)) F(T*(do))

V2poF(WR(d R (d —
_ L0 i ( O)) o f( 2]§ 0)) ( podoNJ(ft) _ (N— 1).]*([{, \I/R(d())) +0€(1)) ,

where J *(i1, U®(dy)) is defined in (2.12). Consequently, by (5.53) and (5.55), one may check
that

YL(r-(do)) =

2p0F(W*(dy))  f(U"(do))
9

SR (v/PodoNJI (@) — (N — DI* (@, U*(dy)))

1 |FaRdpy) RGO
+ ﬁ ( #NJ(M) — (N — 1)/0 F(T(do)) dr | +o.(1)

R R R
_ M(«/ZF(;I’ (do)) f(@ygdo)) dONJ@> N % { /wm(m

R
FOURd) e /“’ (do) F(1)
N—-1) | —— , U (do)) — —_— 1).
+( ) 7 (@Y (do) ; FF o) +0-(1)
=@ PR (dp)) (defined in (5.52))
This along with (5.3) gives (5.51). Thus the proof of proposition 5.6 is complete. O
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Since ¢ € (0, u) is independent of ¢, by (2.8), (5.42), (5.43) and (5.45) we know that

%(R) = (UK ) + dy ()

aAN)RV2TY(e) 4+ dy (¢) with lim dy () =0
e

Here we have used (5.45) to verify (%)~'(c) = /aN)RY/>¥~!(¢). Furthermore, following
the same argument as in lemma 5.5, we can obtain the asymptotics of d; .(c) as follows:

Lemma 5.7. For Ry > 0, we have

Lo onw+ Y1

F(1)
) <F(s)/ ”F(s dt) >| (5.56)

Proof. For the simplicity of notations, in this proof we shall denote the inverse function of
TR (see (5.45)) by &'

Firstly, we let R > O be fixed. As0 < ¢ < 1, wecansetj = 207 '(¢) in (5.40) and integrate
(5.40) over the interval [R — ¢ ((Ifl(c) + dl,g(c)) , R-— 5@’1(c)]. As a consequence,

) di(e) oz(N)RN*I < N N
lim sup -
€20 Re(0.Ry]

3

fero W)
dy(c) =1+ o0:(1)) ———
e ) R—e(® (0 +dy ) V2PoF (1h=(r))
e (R—e®71(0) dr

=1+ o0.(1)) ——
Ve R—e(® () +d; ) V2PoF (D)

F
o 222 () so) o
<W * "*”) |

_ & o (e)N N — /” 1 /‘Y F(1)

T < N J@) + . <—F(s) ; “—F(s) dt) ds—i—og(l))
CaNMRY e [N N— [F@)

i (——_\If ©J@) + —— : (F(s)/ 7o) dt) dS+Oe(1)>

Here we have used ¥-(R — ¢ (tl)’l(c) + dl,g(c))) = cand, by (2.11),

Ye(R — D™ (C))—c—R\/F(C)< l(c)NJ(u)—T <F(s)/ ,/?Et) dt>d5+o(1)>

to obtain the third equality of (5.57), and the last equality of (5.57) is verified due to (5.3) and
D '(c) = (TR (c) = VaN)RY*T(¢) (cf. (5.45)).

We shall stress that (5.57) is obtained from (5.40), in which Co(j, R) with j = 2®!(¢) =
2\/a(N)RV*W~1(c) depends on RV/2. Consequently, as ¢ — 0, the convergence of (5.57) is

< o (NI (@) —
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uniformly in (0, Ry] for any Ry > 0. Therefore, we obtain (5.56) and complete the proof of
lemma 5.7. ]

Now we are in a position to prove theorem 2.4.

Proof of theorem 2.4. Theorem 2.4 (i) immediately follows from proposition 5.6. Next, let
dyp = 01in (5.51), we get (2.13) and complete the proof of theorem 2.4 (ii).

It remains to prove theorem 2.4 (iii). First, we obtain (2.14) following from (5.3) and (5.56).
Since J(i#) < 0 and ¥~'(¢) > 0 are independent of € and R, (2.14) implies

R —r.(R,¢c) = C1eRV? 4+ C2e* (RN + 0.(R)), (5.58)

where C‘l = /a) ¥ !(c) and

b N[N g N (L[ FO
C, = 5 ( \/E\I] (oJ@) + p” /C (F(s)/o F(S)dt>ds>

are positive constants independent of ¢ and R, and by lemma 5.7, o.(R) is continuously
differentiable with respect to R and satisfies

lim sup |o-.(R)| =0

€0RE(0.Ro1

for any Ry > 0. Since both ¢ 1 and 6’2 are positive, we can choose ¢ sufficiently small such that
the derivative of the right-hand side of (5.58) with respect to R is positive. As a consequence,
R — r.(R, ¢) is strictly increasing with respect to R € (0, Ry] for such . The proof of theorem
2.4 is thus completed. 0
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Appendix A

In this appendix, we will follow the arguments in [23, lemma 10.5] to give the proof of (4.5).

Lemma 6.1. The Euclidean Laplacian A can be computed by a formula in terms of the
coordinate (y,z) € O as

Ay =02 = Hr,)0: + Ar,, x=X(.2, (0,2 €0,
where I, is the manifold

L. = {y+ @)y € 09},
and Hr ) is the mean curvature of I'; measured at'y + zv(y).

Proof. For simplicity we only show the above formula when z = 0. Let ¢y, ..., e, be an
orthonormal frame coordinate on 952 and v be the normal vector field.
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The Laplace—Beltrami operator on O is defined by

Ay = Z (e;e; — D,e;) + vv — Dy,
i—1

where D is the Levi—Civita connection on . Let D?? denote the Levi—Civita connection on
Q, by construction, we have

D..e; = D?I_Qe,- + g(Dg,ei, V)v.

Therefore

n
A, = Z (eje; — Dz_ﬂei) + g(e;, D, v)v + vv — D,v.
i=1
By definition vv = 812 and v = .. Furthermore D, v = 0 and

> glei Do) = —Hoq (),
i=1
where Hyq, is the mean curvature of 9€2. Hence we finish the proof. ]
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