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Abstract

In this paper, we study the following initial-boundary value problem of a three-species spatial food chain
model

ur =diAu~+u(l —u) — bjuv, xeQ,t>0
vy =dpAv—V - (EvVu) +uv —brvw —0jv, x€Q,t>0
wy=Aw—V - (xwVv) +vw — 6w, xe,t>0

in a bounded domain € C R? with smooth boundary and homogeneous Neumann boundary conditions,
where all parameters are positive constants. By the delicate coupling energy estimates, we first establish the
global existence of classical solutions in two dimensional spaces for appropriate initial data. Moreover by
constructing Lyapunov functionals and using LaSalle’s invariance principle, we establish the global stability
of the prey-only steady state, semi-coexistence and coexistence steady states.
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1. Introduction and main results

A food chain is a linearly linked network in a food web starting from producer species (such
as grass or trees which use radiation from the Sun to make their food via photosynthesis) and
ending at an apex predator species (like grizzly bears or killer whales), see Wikipedia. The
length of a food chain is the number of links between a trophic consumer and the base of the
web, and it is commonly used as a metric to quantify food web trophic structure. While food
chains are often used in ecological modeling, most of theoretical attentions are focused on the
three-species continuous-time food chain models although they are simplified abstractions of
real food webs, but complex in their dynamics and mathematical implications [33]. The pro-
totype of three-species food chain models was first proposed by Hasting and Powell in [12],
reading as

ur=u(l —u) — fi(u,v)v, t>0,
v = fi(u,v)v— fo(v,w)w —6iv, >0, (1.1)
wr = (v, w)w — hw, t >0,

where (u, v, w) := (u, v, w)(¢) represent the densities of the prey species, intermediate and top
predators, respectively, at time ¢ > 0. The functions f;(i = 1,2) denote the trophic functions
(i.e. functional response functions). When f;(i = 1,2) are Holling type II trophic functions
Ge. fi(y,2) = bi(iy with constants a;, b; > 0), the food chain model (1.1) exhibits complex
dynamics, like chaos [12,22,24,26], periodic orbits [25], bistability [32]. If f;(i = 1,2) are
ratio-dependent type trophic functions (i.e. f;(y,z) = )erT,z with constant m; > 0), a complete
classification of the asymptotic behavior of solutions to (1.1) with the uniqueness of limit cy-
cles was provided in [13]. If f;(i = 1,2) are Beddington-DeAngelis type trophic functions (i.e.
fily,2) = HAin with constants A;, B; > 0), the chaotic behavior of the model (1.1) was
investigated in [30,46]. Recently the food chain model with fear effect was analytically studied
in [8,31].

Although the temporal food chain model (1.1) has been extensively studied in the literature for
different trophic functions and rich dynamics have been revealed as recalled above, the study of
spatial food chain models taking into account the spatial movement of species seems not being
touched yet as far as we know. The spatial movement is an indispensable factor for most of
species (if not all) to survive and thrive. The goal of this paper is to develop a food chain model
with spatial movements and investigate its global dynamics. In the model, apart from the random
motions (diffusions), we shall also include the directional movement of predators toward their
preys based upon the prey-taxis mechanism (i.e. the predators move upward the prey density
gradient). It appears that the Holling type I trophic function has not been considered for (1.1) in
literatures. Therefore in the present work, we shall complement this case by assuming the trophic
functions are of Holling Type I (i.e. Lotka-Volterra type), that is

filw,v) =u, fr(v,w)=v. (1.2)

Then the model we consider takes the following form
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U =diAu+u(l —u) — bjuv, xe,t>0

vy =dyAv—V - (EvVu) +uv — brvw — Oqv, xeQ,t>0
wy=Aw—V - (xwVv) +vw — bhw, xeQ,t>0, (1.3)
opu =o,v=20,w =0, x€d, >0,
u(x,0)=up(x),v(x,0) =vo(x), wx,0) =wo(x), x €L,

where the variables, functions and parameters have the following biological meanings:

Q - a bounded domain in R? denoting the habitat that the species reside;

u, v, w - density of the prey, intermediate predator and top predator, respectively;
dy, dy - diffusion rates of the prey and intermediate predator, respectively;

&, x - prey-taxis coefficients;

b1, by - consumption rates of the prey and the intermediate predator, respectively;
01, 6> - mortality rates of the intermediate and top predators, respectively.

In the above, all parameters are positive. 9, = % and v is the outward unit normal vector on
0S2 - the boundary of Q2. Here the homogeneous Neumann boundary conditions are imposed on
92 to ensure that no individuals can cross the boundary, so that the system is closed. The global
existence and large-time behavior of solutions to (1.3) in two dimensions will be established
in this paper. We remark that from the mathematical point of view, the analysis of the global
existence of solutions for the Holling type I trophic functions are more difficult than other types
of trophic functions like Holling type II, ratio-dependent or Beddington-DeAngelis type which
have priori bounds for any u, v > 0, while the Holling type I does not possess such a nice property
directly useful for the global posedness of solutions.

Our first result regarding the global existence of classical solutions with uniform-in-time
bound is stated below.

Theorem 1.1 (Global boundedness). Let @ C R? be a bounded domain with smooth boundary.
Assume ug € W>(Q2) and (vo, wo) € [W°(Q)]? with ug, vo, wo = 0. Then the problem (1.3)
has a unique global classical solution (u, v, w) € [COQ2 x [0, 00)) N CEL(Q x (0, 00))]? sat-
isfying u, v, w > 0 for all t > 0. Moreover there exists a constant C > 0 independent of t such
that

l (-, Dl wioe + VC D llproo + Jw(-, )]l < C.

Our next results are concerned with the large time behavior of constant steady states of (1.3),
denoted by (uy, vy, wy), which satisfy

ug(l —us; — brvs) =0,
vs (s — bows —61) =0,
ws (vs — 62) =0.

After some calculations, we can find that
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(us, vy, wy)
(0,0,0) or (1,0,0), if 0> 1,
=1(0,0,0) or (1,0,0) or (6, 1;}91,0), if 6; <1and6; + b6, > 1,

(0,0,0) or (1,0, 0) or (6, 1;—191,0) or (s, Vs, wy) if 61 < 1and ) +b165 < 1,

where

(1.4)

1—5b16, —6;
(U, Vs, i) = <1 —bi16s, 0, 7) .

by

We call (0, 0, 0) the extinction steady state, (1, 0, 0) the prey-only steady state, (61, %, 0) the
semi-coexistence steady state and (u, vy, wy) the coexistence steady state. We shall prove that
the latter three steady states may be globally asymptotically stable under certain conditions. We
also remark that the boundedness of ||v]| o shown in Theorem 1.1 is independent of the prey-
taxis coefficient x > 0 (see Lemma 3.5). Then our stability results are stated in the following
theorem.

Theorem 1.2 (Global stabilization). Assume the conditions in Theorem 1.1 hold. Let (u, v, w) be
the solution of (1.3) obtained in Theorem 1.1 and let K = max{l, |lug||p~}. Then the following
results hold true.

e [f01 > 1, the steady state (1,0, 0) is globally asymptotically stable;
e If01 <1 and 61 + b10, > 1, the steady state (01, %, 0) is globally asymptotically stable
provided

’ 4d1dr6,
<
(1-6)K?
o If01 < 1and6)+ b16> < 1, the steady state (U, vy, Wy) defined by (1.4) is globally asymp-
totically stable provided

4d dyu 5 ddidausv, — E2b K02
5 and < 5
b1 K=, bZdlu*w*”v”Lw

£2 <

: (1.5)

where ||v]| o depends on by, by, 01 but is independent of x.

The spatial food chain model (1.3) essentially uses the prey-taxis mechanism to describe the
directed movements of predators toward the prey. It can be regarded as an extension of the two-
species predator-prey system with prey-taxis (called the prey-taxis system) originally proposed
in [21]. In recent years, the global dynamics of numerous prey-taxis systems have been widely
studied (cf. [1,2,6,10,17,19,27,36,38—41,44,45] and references therein). Compared to the various
prey-taxis systems studied in these works, the three-species spatial food chain model (1.3) has
more complex coupling structures. To derive the L°°-bound of w, we require a priori bound for
[[Vv]| L whose estimate, however, depends on w itself and u. This intertwined estimate was not
encountered in existing literatures for the prey-taxis systems where the L*°-estimates of Vv is
unneeded for global boundedness. In this paper, we shall start with a coupling entropy estimate
lvinv| ;1 + [[Vul| ;2 for the energy estimates to derive the priori bound of ||v||z~ with the help
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of semigroup theory. This idea was first developed in [37] for the classical chemotaxis system
and then for prey-taxis system (cf. [17]) as well as some other type chemotaxis models [16,
18]. To derive the priori bound of ||Vv|| e, apart from the above-mentioned entropy estimates,
we shall capture the model structure to use some essential estimates derived in [7,15] on the
second-order derivative of u (see Lemma 3.6) to carry out delicate energy estimates. However,
in order to use the second-order estimate as in [15], we need higher-order regularity of the initial
value u( up to the second-order derivative (i.e., ug € W2'°°(Q)). The proofs of global stability
results in Theorem 1.2 are routine based upon the Lyapunov functionals alongside LaSalle’s
invariance principle. We remark recently an alarm taxis system was proposed in [11] and its
global boundedness and asymptotics of solutions in two dimensions was established in [20]. The
alarm taxis system studied in [11,20] shares some similar structures as the spatial food chain
model (1.3) but has quadratic decay terms (i.e. intra-specific competitions) for v and w. The
work [20] fully uses these quadratic decay terms to obtain the local-in-time integrability of L2-
norms of v and w, based on which the global boundedness of solutions was derived. Since the
food chain model (1.3) has no quadratic decay terms for v and w, the methods developed in [20]
are inapplicable to (1.3).

The paper is organized as follows. In section 2, we state the local existence theorem with some
preliminary results. Then in section 3, we conduct delicate energy estimates to derive the global
boundedness of solutions and prove Theorem 1.1. In section 4, we use Lyapunov functionals and
LaSalle’ invariance principle to prove the global stability results stated in Theorem 1.2.

2. Local existence and preliminaries

In what follows, we shall abbreviate fQ fdx as [, o J for simplicity without confusion. More-
over, we will use ¢; and K; (i =1, 2,...) to denote generic positive constants independent of x
and ¢. The local existence of solutions to (1.3) can be readily proved by the Amann’s theorem
(see [3,4]). The positivity of solutions can be shown by the strong maximum principle. We omit

the details for brevity and state the results below.

Lemma 2.1 (Local existence). Let the assumptions in Theorem 1.1 hold. Then there exists a
constant Ty € (0, 00] such that the problem (1.3) has a unique classical solution

(, v, w) € [COQ X [0, Trax)) N CH(Q x (0, Trpax))P

satisfying u, v, w > 0 for all t > 0. Moreover,

if Tnax <00, then limsup (Ju(,0)llyie + 10C. Dy + lw(, D) = 00.
[/Tmax

Lemma 2.2. Let the assumptions in Lemma 2.1 hold. Then the solution of (1.3) satisfies

lu(-, )|l < K, forall t € (0, Tax), 2.1
where K = max{l, ||ug||p~}.
Proof. The inequality of (2.1) is a consequence of [17, Lemma 2.2]. O

148



H.-Y. Jin, Z.-A. Wang and L. Wu Journal of Differential Equations 333 (2022) 144-183

Lemma 2.3. Suppose the assumptions in Lemma 2.1 hold. Then the solution of (1.3) satisfies

oG, Ollpr + llw, Ol < Ky, forall ¢ € (0, Tinax),
where K1 > 0 is a constant independent of t, & and x.

Proof. Using the equations of (1.3), we can derive that

d
E/(u—i—bw—l—bllnw):/u(l—u)—b191/v—b1b292/w.
Q

Q Q Q

Young’s inequality entails that

2/u§/u2+|§2|,
Q Q

which substituted into (2.3) gives

d
E/(u+b1v+b1b2w)+/u+b191fv+b1b292/wS|Q|.
Q Q Q Q

Letting 01 = min{1, 61, 6>}, from (2.4), we have

d
E/(u+b1v+b1b2w)+al/(u+b1v+b1bzw)S [€2],
Q Q

which together with Gronwall’s inequality gives (2.2). O

The following Lemma can be proved in the same way as in [35, Lemma 3.4].

2.2)

2.3)

2.4)

Lemma24.Llet T >0,7€(0,T), a>0andb > 0. Suppose that y : [0, T) — [0, 00) is abso-

lutely continuous and fulfills

Y () +ay@t) <h() forallte(0,T),

with some nonnegative function h € L} ([0, T)) satisfying f;“ h(t) <bforallt €[0,T — 7).

loc

Then

b
y(t) < max {y(O) +b,—+ 2b} forallt e (0,T).
at

Lemma 2.5 (/29]). Let Q2 be a bounded domain in R? with smooth boundary and f € W2(S).

Then for any € > 0, there exists a constant C; > 0 such that

LFI3s < el VA I £l + Co(LAI L £+ 1AL
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Lemma 2.6 (/28]). Assume that Q is a bounded domain, and let g € C*(Q) satisfy g—ﬁ =0on
dS2. Then we have

<2|Vgl?,

3Vegl?
v

where k = k (2) is an upper bound of the curvatures of 92.

Lemma 2.7. Let ¢ € C%(Q2) be a positive function satisfying % =0 on 02. Then there exists a
constant k1 > 0 such that

2 412 4
/'D;" + 'W" f¢|D21n¢| (2.5)
Q Q

Proof. Motivated by some ideas in [43], we first show that

4
/'qu;' 5(2+f2)2f¢|021n¢|2. (2.6)
Q

In fact, using integration by parts alongside the Neumann boundary condition V¢ - v =0 on 92,
Holder’s inequality, and noting the fact V|V¢|> =2D?¢ - V¢, we can derive that

/|V¢>|4 /
|Vln¢| Ving - V¢

Q

——/¢V|Vln¢|2-Vln¢—/¢|Vln¢|2Aln¢
Q

Q

_ 2/‘(D21n¢-V¢)-V¢ [V¢I*Alng
S ; _

’ |v & : e
<2 /¢|D21n¢>|2 ¢’ /¢|Aln¢| e
Q Q

1 1

1) 2
<2+V2) /¢|D21n¢|2 /|v¢¢;| :
Q Q

which gives (2.6).
On the other hand, using the fact (a — b)2 > %az — b% forall a, b € R, one has

) 1 3¢ 39
/¢|D ngl* —/452‘45 3xk3xl_ﬁ oxp 0x

o ki=1
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8¢ 1 03¢ 03¢ 2
2§/¢Z‘¢ 8xk8xl‘ _g[ ? 8_xk 8x1

1 [|D%*]? Vo|*
_E/ ¢ _/ ¢
Q

Q

which, together with (2.6), gives

2412 4
[ |v¢¢;|

Then combining (2.6) and (2.7), we obtain

1 |D?¢|? /|V¢|4 / )
D7 In
20+ 124/2 Q/ o) +Q #1D*Ingl’

1
T 20+12v2°

which gives (2.5) by letting « :

+2/¢|D21n¢|2 < (14+8f2)/¢|021n¢|2.
Q Q

2.7

Next we collect some well-known smoothing estimates for the Neumann heat semigroup,

which will be used later.

Lemma 2.8 ([42]). Let (e’A),zo be the Neumann heat semigroup in 2, and let A1 > 0 denote the
first nonzero eigenvalue of —A in Q under Neumann boundary conditions. Then for all t > 0,

there exist some constants y; (i = 1,2, 3, 4) depending only on Q2 such that
(1) If2 < p < 00, then

IVe'zlLr < yie ™MV Lo

forall z€ WhP(Q).
(i) If1 < q < p < 00, then

_l_mel 1 _
1V zlir <y (141727307 ) ehdr g

forall 7 € L1(%2).
(1) If 1 <q < p < o0, then

_nl_1
e zlr < vs (14672972) 2l 1o

Sforall 7 € L1(2).
(iv) If 1 < g < p < o0, then

nel_ 1
Ie"AV -zl < y4 <1 + t—rz(ri)) e el
forall z € (C3°(2))".
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We note that the result in Lemma 2.8 (iv) also holds true for any z € L9(2) with 1 <g < o0
since C;°(£2) is dense in LY(2)(1 < g < 00) (see also [42]).

3. Proof of Theorem 1.1

In this section, we shall establish the boundedness of solution in two dimensional spaces.
3.1. Boundedness of ||v(-, t)| L

We first establish the boundedness of ||v(-, t)|| L~ based on the energy estimates.

Lemma 3.1. Let (u, v, w) be the solution obtained in Lemma 2.1. Then it holds that

|W|2 by 5 b1d2 |Vv|2
+ — S vinv | +d; u|D Inul® + —=

3.1
d|Vul> 1 Vul>  bi(K+6 by (b
< |u| /Iul 1(—i—1)/|1 1](—2+K>,
2 e
a0
forallt € (0, Tyayx), where K and Ky are presented in (2.1) and (2.2), respectively.
Proof. We multiply the first equation of (1.3) by —=% and integrate the resulting equation by
parts to obtain
A 2
—fﬂAu+d1/| ul :/(u—l)Au—}—bl/vAu
u u
Q Q Q Q 3.2)
——/qu|2—b1/Vu-Vv, for all 7 € (0, Tyax).
Q
Noting that
U
— [ —Au =/Vu-V(lnu),
u
Q Q
[v ()
= [ vu. (=
uj;
Q
(3.3)

B d[|W|2 1/<|W|2),
T dr u 2 u

Ld [[Vu 1 [|Vu]?
=5 —-3 3 U forall t € (0, Trqx)-

Q Q

Then substituting (3.3) into (3.2), for all ¢ € (0, T,,,4x) one has
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Vul|? Aul? Vul|?
2dt/|”| d1/| | f|V|_/|”| bl/Vqu (3.4)
Q

Using the first equation of (1.3) again, for all # € (0, T;,4,,) we can derive that

|W|2 |Vu|2 1/|Vu|2(1—u) b]/|Vu|2v
= Uy Au+~- | —m—— | ——
2 2
Q Q Q
di |w|2 1 [|Vul> 1 5 b [ |Vulv
=— Au+ — —— [ |\Vu)? - = ,
2 u? 2 u 2 2 u
Q Q Q Q

which substituted into (3.4) gives

|Vu|2 |Au|2 by |Vu|2
2d; |Vul? T

(3.5)
di [ |Vul? 1 |Vu|2
:? 2 Au — by Vu~Vv+§ ” for all t € (0, Ty )-
Q Q
Using the integration by parts and the fact that Vu - VAu = %A|VM |> — | D?u|?, we have
|Vu|2 /|Au|2 /|D2u|2 /A|Vu|2
u2
| Au|? |D%u|? aVul* 1 1 [ V|Vu*-Vu
= — + —dS+ - | ————
u u 2 v u 2 u?
|Au|2 |D2u|2 a|W|2 |Vu|4 |Vu|2
—dS
for all ¢ € (0, T;;,4x), Which entails that
d Vu|? Aul> dy [ 93|Vul*1 D?u|?
1/|u| _d/|u|+1/|u|_del/l ul
2 ov
e (3.6)

Ak |Vul?
+d ——di 5—Au forall 7 € (0, Tax)-
u u

On the other hand, using the integration by parts, one has
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D?u)? Vul* 1
/u|D21nu|2=/| L[] 3| —2/—2(D2u-Vu>-Vu
u u u
Q Q Q Q
|D%u|? |Vul* 1 5
= + —— | 5 V(Vul®) - Vu
u u u
Q Q Q

(3.7)
/|D2u|2 [|Vu|4 /|Vu|2 2/ |Vul*
|D2u|2 |W|4 |v |2
Au forall t € (0, Tyax)-
Then the combination of (3.6) and (3.7) gives
Vul|? Aul? dy [ 93|Vul*1
/' ul \ —d/' ul | 1/ [Vl —dS d1/u|D2lnu| (3.8)
2 ov
I Q
for all t € (0, Tjn4x), which substituted into (3.5) gives
1d [|V 2 b Vul?
—-f' ul /|Vu|2+d1/u|D2ln 2+ ‘/' u[*v
2d
Q Q
(3.9)
3| Vul? 1 |Vu|?
=1 —dS + —by | Vu-Vv forallt € (0, Tpax)-
2 ov u 2 u
Q2 Q Q

Multiplying the second equation of (1.3) by
(0, Tmax) we obtain

W and integrating it by parts, for all 7 €

b Vol?
—1i/vlnv+—bld2 Vol
& dt
@ , , , (3.10)
=b1/w-w+€‘/uu(1nu+1)— ! ‘/ (Inv +1)—% wo(inv +1).

Then adding (3.9) and (3.10), and using the facts 0 <u < K, [[v(-, )|t < Ky, |lw(, )|l < K
and vinv > —é for all v > 0, we obtain

/|W|2+b‘ vin /|v ?
nv u
dt &

Vul>v  bid Vu|?
+d1/u|D21n|+ /lul L b Vv
2 u & v

Q

Q
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a|W|2 |Vu|2
7 uv(lnv+1)
30
b16 1b2
—— [ v(lnv+1)— — [ wv(lnv+1)
& &
Q Q
a|Vul? 1 1 [ |Vul*> bi(K+6 Kibiby b KK
< | Vul” dS+—/|u|+l(+l)/|vlnv|+112+1 1
2 v ou 2 u e& &
30 Q

for all ¢ € (0, T;;,4x ), which gives (3.1). Then we complete the proof of Lemma 3.1. O

Lemma 3.2. Let the assumptions in Lemma 2.1 hold and (u, v, w) be the solution of (1.3). Then
one has

lvinvC, Olip +[IVu(, 0ll2 < Ka, forall 1 € (0, Tinax) (G.1D

and

t+1

|Vv|2 20
|D?u|? < K3 forallt € (0, Thax), (3.12)

where Ky and K3 are positive constants independent of x and

1 ~ Tnax — T, if T, ,
T = min{l, —Tmax} and Ty =1 "™ t 1 max < OO (3.13)
2 00, if Ty = 00.

Proof. Using Lemma 2.7, one can find a constant c¢; = d« such that

2 2 |D2”|2 |Vu|4
dy | u|D"Inul” > c + 3 forall ¢t € (0, Ty4x),
u u
Q Q Q

which substituted into (3.1) gives
d 1/|Vu|2+b1 . N / |D2u|2+|Vu|4 +b1d2/|Vv|2
—_— - — vinv C
dr \ 2 u £ ! u u3 & v
Q
b
e

for all # € (0, Tjpqyx). Using Lemma 2.6 and the following trace inequality ([34, Remark 52.9])

(3.14)

Q
3|Vu|2_ S+ /|W|2 bl(K+91)/| n

<
- 2 ov
9Q

Izllz20) < €llVzllr2q) + Cellzllp2(q) for any & > 0, (3.15)
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we can derive by the Cauchy-Schwarz inequality that

d|Vul|* 1 |V
5] s = i [ S L0
Q aQ
D2ul® |W|4 |
<E u ’ max)a
which, alongside (3.14), gives
d 1/|w|2+b1/ n +c1/ |D2u|2+|Vu|4 +b1d2 V|2
21z 2l vinv bl
dr \ 2 u & 2 u u3 & v
Q Q Q (3.16)
1+2 Vul>  bi(K+6 biKy (b
< + 02/| ul + (K + l)f|vlnv|—i— 121 —2+K for all t € (0, Tyax)
2 u & § e
Q
Using Young’s inequality, Holder’s inequality and the fact ||u(-, t)|| L~ < K, one has
1 1
1 1426\ [ |Vl MTAN ’
(G52 [Fm=ara | [550) [
2 (3.17)
f|w|“ (1+ KR

for all 7 € (0, Tax)
Cl

1
On the other hand, using the Gagliardo-Nirenberg inequality, and the fact ||v2 2 =lvll;, 2 <K; 2
(see Lemma 2.3), we obtain

b bi(K+6 bi(1+K 46
bif e+ 2K+ 1)/|v1nv|§ 11+ K +6)
EQ §

/|vlnv|
3
Q

C3
<—IIvZII
§ S
1 L 5 L3
SE(IIVUZIIL2IIU2||L2+||v2|| 2) (3.18)

[ST[o%

K, 1 4K
< THVUZ”LZ +

d
< Tzuw% 12, + 2—5 for all 7 € (0, Tax)

Then substituting (3.17) and (3.18) into (3.16), we obtain for all ¢ € (0, T4, ) that
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d |W|2 |w|2 b1
— vinv vinv
dt

(3.19)

+

u l/l3

cl <|D2u|2 |Vu|4> 3b1d2/|Vv|2
— +
4

Q

with cg :=
has

(K| + C; + b‘Kl (b2 + K). Then applying Gronwall’s inequality to (3.19), one

€1

Vul> by 1
/ E/vlnvfw ]+E for all t € (0, Typax)

which gives (3.11) by the facts 0 <u < K and vinv > —- for allv>0.
Finally, with the fact 0 < u < K, we integrate (3.19) over (t,t+ 1) and use (3.11) to get

o T [ /IDp  [Vult 3b1d2 Vo2 I
— / / + / <cg|1+ = forall € (0, Tux),
4 u u3 &

r Q

which gives (3.12). O

With Lemma 3.2 in hand, we use coupling energy estimates to obtain the following results.

Lemma 3.3. Let the assumptions in Lemma 2.1 hold and (u, v, w) be the solution of (1.3). Then
it holds that

oG, Ol 2 + IVuC, D)l = K4 forallz € (0, Tipax), (3.20)
where K4 > 0 is a constant independent of x and t.

Proof. Differentiating the first equation of (1.3) and multiplying the result by 2Vu, then we can
use the identity A|Vu|?> =2Vu - VAu + 2| D?u|? to obtain

(\Vul?); =2d1Vu - VAu — 2b1Vu - V(uv) + 2|Vul>(1 — 2u)

(3.21)
=dA|Vul? = 2dy|D*u|? — 2b1Vu - V(o) + 2|Vu|>(1 — 2u)

for all 7 € (0, Tjuax ). Then multiplying (3.21) by 2|Vu/|? and integrating the result by parts, along
with the fact 0 < u < K, we end up with
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d
E/qu|4+2d1/|V|Vu|2|2+4d1/|Vu|2|D2u|2

2
—2d; /|v 2 ' “' dS — 4b /qu| Vi - V(uv)+4/|Vu| (1= 2u)
Q2

28|Vu|2
=2d; | |Vul>*———dS+4 | |Vul*(1 —2u) (3.22)
022

—|—4b1/uvAuWuIz+4b1/qu(|VM|2)'VM
Q

9| Vu|?
<24, /|v 1? ' ul dS+4/|Vu|4+4b1Kfv(|Au||Vu|2+|V|Vu|2||Vu|>
I Q

for all ¢ € (0, T;;4x ). Using Lemma 2.6 and trace inequality (3.15) again, for all € (0, Tj;4x) We
can derive

2d |Vu|zal uf? dS < 4xd|||Vul?|? ) \VIVul*> +ci | |Vul*
1 1 12o2) =5 1 : (3.23)
aQ Q Q
Furthermore, the Holder inequality, the Gagliardo-Nirenberg inequality alongside the fact
IVul*llr = Vul7, < K3 in (3.11) yields that

<5+c1)/|Vu|4=<5+c1>|||vm2||iz < ellVIVulP 2 1VulPll o+ 2l IVl )13,

< K3 |VIVul* |2 4+ 2K (3.24)

d
SEI/|V|VM|2|2+C3 forall z € (0, Thyax)-
Q

Hence, the combination of (3.23) and (3.24) gives

2d1/|V |2 | dS+5/|Vu| <d1/|V|VM| | 4+ c3 forall t € (0, Tax). (3.25)

With the facts |Au| < +/2|D%u| and V|Vu|?> =2D%u - Vu, we use Young’s inequality to obtain

4b1K/v <|Au||Vu|2 T |V|Vu|2||Vu|>
Q

54b1Kﬁ/v|vM|2|D2u|+8h1K/u|Vu|2|D2u| (3.26)
Q
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=4(v24+2)b1K / v|Vu|?|D?u|
Q
22+ 2)’b2K*?

szd1f|w|2|D2u|2+ :
1

/Mvm2 for all z € (0, Tpax)-
Q

Then substituting (3.25) and (3.26) into (3.22), we obtain

d
Ef|Vu|4+/|w|4+d1f|V|W|2|2+zd1f|w|2|D2u|2
Q Q Q Q

_ 22+ V2)hiK?
< 7

(3.27)
/v2|Vu|2 +c3 forall 7 € (0, Tpay)-
Q

Multiplying the second equation of (1.3) by v, integrating the result by parts, and applying
Young’s inequality and the fact ||lu(-, )|z~ < K, we obtain for all ¢ € (0, T},4,) that

1d
3 v +d2/|Vv| +b2fv w+91/v —S/UVu Vv+/uv2
Q Q Q
/|v |2 + v2|Vu|2+K/v2
Q

which gives
d 2
E/v2+/v2+d2/|Vv|2§ i—/v2|Vu|2+(2K+1)/v2 forall 7 € (0, Typax). (3.28)
2
Q Q Q Q

Letting y(t) := [, v* + [, |Vul*, and combining (3.27) and (3.28), one has

y’(t)—i—y(t)—l—dz/|Vv|2+d1/|V|Vu|2|2+2d1/|Vu|2|D2u|2

212 g2 2
5(2(24-\/5) biK=d, +§ dl)/v2|Vu|2+(2K+1)/U2+c3 (3.29)

dida
Q

L 2
3

2
202 + V222K 2d; + £2d 3
5(“”51 2+ 8% /v3 /|Vu|6 QK + D3 fv3 tos
Q

didy
Q

<callvllZ5(IVull3s + 1) + 3 forall # € (0, Tynax).

202++/2)2 02K 2dr +E2d,
didy

where ¢4 = L QK + 1|93,
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Using the Gagliardo-Nirenberg inequality and (3.11), we obtain

2 1
IVull7s = 11Vul*l s < esIVIVuP Va1, + esll Val |
. , (3.30)
<csK; ||V|W|2||z2 +csK3 forall 7 € (0, Tynay).
Then by Young’s inequality and (3.30), one gets
2 2 % 2 2 % 2 2
callvll s (IVulls +1) < cacs K3 [l sV IVul“ll) 5 + cales K5 4+ Dllvll;s (331

22 3
=di|VIVul“ll72 +csllvily s + ¢z forallz € (0, Tnax),
where cg and c7 are positive constants independent of x and ¢.

On the other hand, using the fact ||vlnv|;1 < K2 (see Lemma 3.2), Lemma 2.3 and
Lemma 2.5, we have

collvll s <ol VI3, + g forall £ € (0, Tynay). (3.32)
Then substituting (3.31) and (3.32) into (3.29), one has
Y () +y(t) <c3+c7+cg forallr € (0, Tpax),

which together with Gronwall’s inequality gives (3.20) and completes the proof of Lem-
ma3.3. O

Lemma 3.4. Let the assumptions in Lemma 2.1 hold and (u, v, w) be the solution of (1.3). Then
there exists a constant Ks > 0 independent of x and t such that

lv(-, 03 < Ks forallt e (0, Thyax). (3.33)

Proof. We multiply the second equation of (1.3) by v?, and integrate the result over . Then
with the facts (2.1) and (3.20), we obtain

1d
§E/v3+2d2/ku|z+elfv3

Q Q Q
=2$/v2Vu-Vv+/uv3—b2/v3w
Q Q Q
%-2
§d2/v|Vv|2+d—/v3|Vu|2+K/v3
2
Q Q Q
1 1
%‘2 2 2
§d2/v|Vv|2+d— /v6 /|Vu|4 —|—K/v3
2
Q Q Q Q
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2 2
§d2/v|Vv| + 5 ||v||iﬁ+1<||v||i3 forall t € (0, Tax).
Q

which entails that

K32

d 4d> 3
Sl + Tnvwniz +301[v13,5 < I3 6 + 3K (10113,

2 2
S( ds +|Q|2) ||U||iG for all € (0, Thnax)-

(3.34)

Noting the fact ||vz( t)|| 4= = |v(-, 1) || : <K; ; , and applying the Gagliardo-Nirenberg inequal-

ity and Young’s 1nequahty, we derive that

3 252 252 3
(d +|sz|z>|| ||L6—( A +1917 ) 13,

< \% 3 ; 3 i :
<ci [ IV}l || ¢t lv I? g (3.35)

3 4
<olVu2|;, +e3

4d
< T2||Vv%||iz + ¢4 forallz € (0, Tinax).

Then substituting (3.35) into (3.34), we obtain

d
SVl 4360111Vl < ca forallt € O, Ta),

which gives (3.33) by Gronwall’s inequality. O

Lemma 3.5. Let the assumptions in Lemma 2.1 hold and (u, v, w) be the solution of (1.3). Then
it holds that

lv(, D)l < K¢ forall 7 € (0, Tax), (3.36)
where Kg is a positive constant independent of x and t.

Proof. Applying the variation-of-constants formula to the first equation of (1.3), we have

t
u(~,t):ed”Auo+/6dl(Z_S>A[u(l —u) — biuvlds forall 7 € (0, Tpax),
0

and hence
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t
Vu(-,t) = Vel uy + / Vel =981 — u) — byuvlds forallz € (0, Tpax).  (3.37)
0

Then noting the facts 0 <u < K and |[v(:, #)]|;3 < K35, one has for all # € (0, T;14x)

lu(1 = u) = bruvll s < lu(l —w)ll 5 + b luvll s < K1+ K)|QIS +b1KKs.  (3.38)

Applying the semigroup estimates (2.9) and using (3.38), from (3.37) we have
1
IVuC, Dl < 11V ugll oo + f IV D8 u(1 = u) = bruv]ods
0

1

t
< 22 g o + 7/2/ (14 ¢ =9)7375) M1 a1 = w) = byuv]| ads
0

o0
< 2palluolis +valK (1 + K)IIS + 0K Ks1 [ (14 =78 ) e ias
0

1 5
< 2ylluoll L + d’l’—il[m + K)IQ1F + b1 KKs)(1+ (dy21)8T(1/6))
for all ¢ € (0, T;,4x), Which yields
IVu(, 1)l <1 forallt € (0, Tpa), (3.39)

where ¢ := 2y ||ugll L~ + %[1{(1 + K)|sz|% + b1 KKs5](1 + (dlkl)%r‘(l/6)), and I denotes

the Gamma function defined by I'(z) = [~ t*~'e~"dt.
Then using (3.39) and the facts ||v||;3 < K5 and |lu||~ < K again, we have

loVaullzs + lluvlizs < (IVullze + llulle)lvllgs < (e + K)Ks forall 7 € (0, Tax). (3.40)

We rewrite the second equation of (1.3) as follows:
v —dyAv+61v=—EV - (vVu) +uv — brvw. (3.41)

Then applying the variation-of-constants formula to (3.41), for all ¢ € (0, Tjn4x) one has

t t
V(1) =e! @Ay g / 1™ LAZ G (,Wy)ds + f 1IN BA=) 4y pryw)ds
0

0
t

t
Sef(dzA—gl)vo_%—/e(t—s)(dzA—Ql)v,(vvu)ds+/e(f—5)(d2A—91)uvds_
0

0
(3.42)
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Applying the L?-L9 estimate (2.10), (2.11) and using (3.40), from (3.42) we derive

t
[v(, Dl oo <[le"PAM vl + & / /=N RAZY L (Vu)|| ods
0
t
—}—/||e(l_s)(d2A_9‘)uv||Loods
0
t
5
<lvollz= + yaé / (14 (1 — 5)")e BB |y vy 5 ds
0
t
+y3 /(1 +(t—95)"3)e " = yv)ads
0
o0
5
<lvollz= + ya€(er + K)Ks / (14 (1 —5)"9)e19gy
0

o0
— 5y =9)
+y3(c1+K)K5/(l+(t—s) 3e ds
0

5 1
<lvollze + (e1 + K)Ks [Z_?E(l +60,T(1/6)) + g—f(l +6; 1“(2/3))}

for all # € (0, Tjnqx), which gives (3.36). This completes the proof of Lemma 3.5. O
3.2. Boundedness of |w(-,t)| po

In this subsection, we shall establish the boundedness of ||w (-, t)] .. In fact, based on some
ideas in [15, Lemma 2.4] and [7, Lemma 2.5], we can obtain the following regularity results for
u directly.

Lemma 3.6. Let the assumptions in Lemma 2.1 hold and (u, v, w) be the solution of the system
(1.3). Then there exists a constant K7 > 0 independent of t such that and for all p > 1

t+t
/ ID%ull}, < K7 forallt € (0, Tuax) (3.43)
t
and
t
f e PN Au|lf, < K7 forallt € (z, Tax), (3.44)

T

where T and Tmax are defined in (3.13).
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Proof. We rewrite the first equation of (1.3) as follows

—diAu+u=F(x,t)
with F(x,t) ;= u(2 — u) — bjuv. By Lemma 2.2 and Lemma 3.5, we see that || F(x, )|z
is uniformly bounded in time. With ug € W22 (), (3.43) follows from [15, Lemma 2.4] di-
rectly. Moreover u(x,t) € C 2(Q) for any t € (0, T;,,4,) due to the local existence results in
Lemma 2.1. Then (3.44) is a consequence of the maximal Sobolev regularity property (see [7,
Lemma 2.5]). O

Lemma 3.7. Let the assumptions in Lemma 2.1 hold and (u, v, w) be the solution of (1.3). Then
it holds that

lwlnw(,#)|1 < Kg forallt e (0, Tpax), (3.45)
where Kg > 0 is a constant independent of t.

Proof. We multiply the second equation of (1.3) by —==, and integrate it by parts to obtain

/ |Vvl? |Av|?
+dp
2dt v

Vol?
f t+5/v (Vu)——/uAv—bz/Vv Vuw (3.46)
Q

|Vv|2 Vv - VuAv
E —+¢& | Au-Av— | uAv—>by | Vv-Vuw

Q Q Q

for all # € (0, Tj,4x). Using the second equation of (1.3) again, for all ¢ € (0, T},,4x) We have

2 2 2 2,
/|VU| dz/ Vol” 5 |VU| V. (Vi) 4+ L /Wvl

|Vv| w |Vu|2

(3.47)

2 v2 2 v
Q

1/|Vv|2 b2/|Vv|2 6, / w|2
) 2 v 2
Q Q

Noting that Vv - v =0 on 92, and using the similar arguments as deriving (3.6), (3.7) and (3.8),
we can derive for all ¢ € (0, T4y ) that

d2/|vU|2 £ |Vv|2vU-w £ [ |Vv|*Au
e Av —_— - - I
2 v2

Q
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d [ |Vo? Av> dy [ 9]V]* 1
_2/| vl Av=d2/| vl +—2/ Vol ~dS—d> /v|D21nvI2- (3.48)
2 U2 v 2 av

Q Q Q2

Q

Moreover, using Lemma 2.7, we can find a constant ¢; = x1d> > 0 such that

|D?v|? Vol* 20
+ 3 <dp [ v|D*Inv|* forall ¢ € (0, Tax)- (3.49)
v v
Q

Q

Then substituting (3.47), (3.48) and (3.49) into (3.46), we obtain

1d / [Vv|? N / |D%v)|? +/ [Vu* N bg/ |Vv|2w N 6, / |Vu|?
2 dt v “l v v3 2 v 2 v
Q

Q Q £
2 2 2 2
BUNRINTR P IVvI Vv Vu vv| Au |W' (3.50)
2 v v 2 2
Ie) Q
Vv-VuAv
+$/ +§/AuAv—/uAv—b2vaVw forall t € (0, Thnayx)-
v
Q Q Q @

Multiplying the third equation of (1.3) by [;(—z(ln w + 1), and integrating it by parts, for all ¢ €
(0, Trnax) We obtain

by d Inw bz/
—— | w
x dt
Q
(3.51)

Then adding (3.51) with (3.50), and using the facts [[w(-,#)|l;1 < K1 (see (2.2)), |lu]lre +
IVi|lpoo + [v]lLe < c2 (see (2.1), (3.36) and (3.39)), we can derive that

[Vwl|? b20,
=by | Vv- Vw+— vw(lnw+1)—T w(lnw + 1).

d bgf |Vv|2 b2/ |Vu|2
— +
dr \ x
f|132v|2 f|w4 bz/|Vw|2
a|w|2 g(cZ+1)/|vU|3 g/ |Vo? |Au| C2+1f|w|2 (3.52)
_2 ov v 2
Q2

[Vv||Av|
+&c T+E |[Au||Av]|+cy | |Av]
Q Q Q

b 1+060 brcn K
n 2(c2 +1+ 2)/|wln 202

w| + L forall 7 € (0, Tyax).
X
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Using Lemma 2.6 and the trace inequality (3.15) as well as Young’s inequality, for all ¢ €
(0, Ty,4x) one can derive that

a|Vv|? 1

s = /'
2 v

Q2

12
(9€2)

c/ |D2v|2+|Vv|4 be /|Vv|2

3 5 3 €3 (3.53)
cl / <|D2v|2 |Vv|4>

- +ca.

6 v3

Q

IA

Moreover, we can use Young’s inequality and the boundedness of ||v||z to derive that

Vol3 Vol Vol Vol
ger [Vl Sc_1/| | +C5/| | EC_I/' 4 ¢ forall 1 € (0, Tyay)
v2 8 v3 v 6 v3

and

£ [ |Vu]? IAul c2+1 IVvI2 |Vu||Av|
5 +éc Tﬁ [Aul|Av] +c2 [ |Av]
Q Q Q
_a |D%|2 |Vv|4 5
g +c7 (U|Au|+v)
v

Q

A

1
6 v3

J|
Q/<|D2U|2 Vol*

) +c8/ |D%u|* + ¢y forall 7 € (0, Tpax).
Q
At last, we can use the Gagliardo-Nirenberg inequality to derive that

b 1406 Vul
M/hvlnwlfclo/wz +cu<_/| vl + c12 forallz € (0, Tinax).
X

Q
(3.54)

Then substituting (3.53)-(3.54) into (3.52), for all ¢ € (0, T;,4x) One has

d b Vu|? b Vol?
d 2/ I vl 2/w1 /I vl 508/|D2u|2+613,
dt \ x 2 v

Q Q Q

which together with (3.12) and Lemma 2.4 gives

b 1 [ |Vv)?
_2/w1nw+—f| vl <cy4 forallz € (0, Tax),
X 2 v

Q Q
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and hence

/wlnw <cys forallz € (0, Tyax),
Q

which gives (3.45) by noting the fact wlnw > —i foralw>0. O

Next, we shall establish the boundedness of ||w(-, t)]|;2 by studying the coupled energy esti-
mate [o,(w? 4 |Vo[*).

Lemma 3.8. Let the assumptions in Lemma 2.1 hold and (u, v, w) be the solution of (1.3). Then
there is a constant K9 > 0 such that

lw(, Oz + IV, )l 4 < Ko, forallt € (0, Tnax). (3.55)

Proof. Multiplying the third equation of (1.3) by w, and integrating the result by parts, along
with (3.36), we end up with

1d
VT w+/|Vw| +82/w —X/wVv Vw+/vw< /|Vw|
Q Q Q

Q

+X7fw2|Vv|2+K6/w2 for all 7 € (0, Tyay),
Q

which gives

d
d;/w +/|Vw| +f <x fw2|Vv|2+(2K6+l)/w2 for all t € (0, Tpax)-

Q Q Q Q
(3.56)

Noting the fact (3.45), (2.2) and using Lemma 2.5, one has (2K¢ + 1) [q w? < 1 fQ IVw|? + ¢,
which along with (3.56) gives

d

dt w? + = /|Vw| +/w <x /w |Vv| + ¢y forallt € (0, Tax)- (3.57)
Q Q

On the other hand, using the second equation of (1.3) and the fact VAv - Vv = LAV =
|D%v|?, we obtain

-— |Vv| = [ |[Vv|*Vuv- Vi,
4dt

Q
=d2/|Vv|2Vv-VAv—5/|Vv|2Vv~V(V-(vVu))—i—/V(uv—bsz—911})~Vv|Vv|2

Q
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d a|Vul|? d
:—2/|Vv|2 Vol dS——2/|V|Vv|2|2—d2/|Vv|2|D2v|2
2 E 2
0Q Q

Q

—?;/|Vv|2Vv-V(V-(vVu))—/(b2w+91)|Vv|4+/u|Vv|4
Q

Q

+/U(Vu—b2Vw)'Vv|Vv|2 for all 7 € (0, Tyax),
Q

which, together with (3.36) and (3.39), gives
d 4 2,2 2112.,12 4
E IVul" +2dy | |VIVV|*|” +4d> |Vv| |ID“v|*+4 | (bw +61)| V|

2a|w|2
=2d, | |Vv|>*———dS — 45 |Vv|?Vu - V(V - (vVi))

IR
4fv(Vu — b V) - Vv|Vv|2+4/u|Vv|4 (3.58)
Q Q

,d|Vu? 5
§2d2/|Vv| 3 ds—4sf|v1;| Vv - V(V - (vVu))
v

+c1/|Vw||Vv|3+c1/|Vv|3+4K/|Vv|4 for all 7 € (0, Tpax)-
Q Q Q

We can apply Lemma 2.6 and the trace inequality (3.15) to obtain

2d2/|v i

for all t € (0, Ty4x). Applying the boundedness of |u(-, )|z, ||v(:, #)|L and ||Vu(., t)| ro,
Young’s inequality and Holder’s inequality, for all ¢ € (0, T;,,4,) We can estimate the second term
on the right hand of (3.58) as follows

dS<4/<d2/|Vv|4dS< /|V|Vu| |2+62/|Vv|4 (3.59)

—4§/|Vv|2Vv~V(V~(vVu))
:4$/V|Vv|2-VvV-(vVu)+4§/|Vv|2AvV~(vVu)

sc3/|Vv||V|Vv|2|(|Vv|+|Au|)+c3/|Vv|2|DZv|<|Vv|+|Au|) (3.60)
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2 2
C C
§d2/|V|Vv|2|2+2d2/|Vv|2|D2v|2+d—3/|Vv|4+d—3/|Vv|2|Au|2
2 2
Q Q Q Q

§d2/|V|Vv|2|2+2d2/|Vv|2|D2v|2+C4/|Vv|4+04/|D2u|4.
Q Q Q Q
Substituting (3.59) and (3.60) into (3.58), and using Young’s inequality, we end up with
d d
—/|VU|4+—2/|V|VU|2|2+2d2/|Vv|2|D2U|2
dt 2
Q Q Q
4 3 2 4 3
sak+ate [IVtva [ va [0t va [I9Pvel g,
Q Q Q Q
§C5[|VU|4+C4/|D2u|4+C1/|VU|3|Vw|+C(, for all £ € (0, Tax)-
Q Q Q
Noting ||[v(-, 1)||Le~ < Kg, integrating by parts and using Young’s inequality, one has
(C5+2)/|Vv|4=(cs+2)/|Vv|2Vv-Vv
Q Q
=—(cs +2)/UV|VU|2-VU—(C5+2)/U|Vv|2Av
Q Q
5(C5+2)K6f|V|Vv|2||Vv|+(cs+2)K6«/§/|Vv|2|D2v|
Q Q
d d
sf/|V|Vv|2|2+§/|Vv|2|D2v|2+c7/|W|2
Q Q Q
d d
<2 [P+ S [ 19Dt
4 2
Q Q
2
4, 9
+/|VU| + Z forall ¢t € (0, Tinax),
Q
which gives

d d 2
(cs+1)/|vU|45Zz/|V|Vv|2|2+72/|VU|2|D2U|2+%7 forall 7 € (0, Tpay). (3.62)
Q Q Q

Moreover, with the integration by parts, we can derive that
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/le|6:/|Vv|4Vv~Vv
Q Q

=—2/v|Vv|2V|Vv|2-Vv—/v|Vv|4Av
Q Q

< 2K6/ VP VIV + fm/ Vol D]
Q Q

3
< g/|W|6+4K§ /|V|Vv|2|2+/|Vv|2|D2v|2 forall 7 € (0, Thay),
Q Q Q
which gives

f|V|Vv|2|2+/|Vv|2|D2v|2zc8/|Vv|6 forall € (0, Tpax)- (3.63)
Q Q Q

Substituting (3.62) and (3.63) into (3.61), and using the fact |Au| < ﬁ|D2u|, for all ¢t €
(0, T;1,4x) We obtain

d cgd
E/|Vu|4+[|w|4+%f|w6SC4/|D2u|4+c1/|w|3|w|+(:9
Q Q Q Q Q

csd
5c4/|Dzu|4+%/|w6+cm/|Vw|2+cu,
Q Q Q

which gives for all t € (0, T}, ) that

d cgd
E/|Vv|4+/|Vv|4+%/|Vv|6§C4/|D2u|4+clo/|Vw|2+c11. (3.64)
Q Q Q Q Q

Multiplying (3.57) by 4c1¢ and adding it to (3.64), we have

d cgd:
E/(4clow2+|vu|4)+/(4c10w2+|vu|4)+c10f|Vw|2+%/|W|6
Q

Q Q Q

§4c10X2/w2|Vv|2+C4/|D2u|4+c12
Q Q

cgd.
< 882v/|Vv|6+C13/w3+C4f|D2M|4+012 forall 7 € (0, Tinax),
Q Q 2

which gives
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d
& [ Gewwr 4 190) + [ (sew0u? + 900 + e [ 170
Q Q Q

(3.65)
5013/w3+C4/|D2u|4+612 forall € (0, Tpax)-
Q Q
On the other hand, applying Lemma 2.5, (2.2) and (3.45), one can show that
c13/w3 5010/|Vw|2+613 for all € (0, Tpax)- (3.66)

Q Q

Then substituting (3.66) into (3.65), it holds that

d

= / <4c10w2 + |Vu|4) + / (4c10w2 + |Vv|4) < C4/ |D2u* + c14 forall £ € (0, Tyax).
Q Q Q

(3.67)

Noting that f;ﬂ Jo ID?u|* < c15 (see (3.43)), we obtain (3.55) directly by applying Lemma 2.4
to (3.67). Then the proof of Lemma 3.8 is completed. O

Lemma 3.9. Let the assumptions in Lemma 2.1 hold and (u, v, w) be the solution of (1.3). Then
we can find a constant Ko > 0 independent of t such that

lw(, )3 <Ko forallz e (0, Tnax). (3.68)

Proof. Multiplying the third equation of (1.3) by w?, and integrating it by parts, we have

ld 3 2 3_ 2 3
3 7r w”+2 [ wVw|“+6, | w’=2x | w*Vv-Vw+ | vw” forallt e (0, T,ux)-
Q Q Q
(3.69)

Using Young’s inequality and noting the fact ||[v(-, )|z~ < Kg, for all # € (0, Tj,4x) One has

2xfw2Vv~Vw+/vw3§2xfw2|Vv||Vw|+K6/w3
Q Q Q Q

S/wlvw|2+)(2/w3|Vv|2+K6/w3.

Q Q Q

(3.70)

We substitute (3.70) into (3.69) to obtain

d
G fwres fuwvers [wr <32 [wvor s ek [u' g
Q Q & @ “

forall t € (0, T;ax). Then using the Gagliardo-Nirenberg inequality and Young’s inequality, and
noting the facts [[w(:, #)] ;2 + | Vv|[;4 < K9 (see (3.55)), one has
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1 1

2 2
3X2/w3|Vv|2§3X2 /w6 /le|4

Q Q Q
3
<3x%KZ|w2|?
<3x"Kqll ||L4 (3.72)
252 303 1,303 32
=3x"Kyar(IVw2 [ lw2 1”4 + lw2 1" 4)
L3 L3
§/w|Vw|2+cz for all 7 € (0, Tyax),
Q
and
3 3.2
(3K6+1)/w = (BKe + Dlw2]l;,
Q
3 2 34 309
=allVwz| Hllwz]”, + w2y (3.73)
L3 L3

§/w|Vu)|2+C4 for all 7 € (0, Typax)-
Q

Then substituting (3.72) and (3.73) into (3.71), we obtain % [ w? + [, w3 < ¢3 + c4, which
gives (3.68) directly by Gronwall’s inequality. O

Lemma 3.10. Let the assumptions in Lemma 2.1 hold and (u, v, w) be the solution of the system
(1.3). Then there exists a constant K11 > 0 independent of t such that

||VU(-, I)||Loo < Kll’ forallt e (0, Tmax)~ (374)
Proof. Using Lemma 2.1, we see that (3.74) clearly holds true for all # € (0, ] with t defined

by (3.13). Then it only remains to show that (3.74) holds for all ¢ € (z, T;;4x)-
First, we can rewrite the second equation of (1.3) as follows:

vy —dyAv+v=—EVv-Vu —EvAu+uv — bryvw + (1 — 6p)v. (3.75)

Applying the variation-of-constants formula to (3.75), we obtain

t
Vo(-, 1) =Ve! " D@ADy (1) —¢ / Ve '=9@A=D gy . Vy + vAu)ds
T

t
+ f Ve RADE=) ) — byvw + (1 — 0;)v]ds forall £ € (1, Tpayx),

T

which, together with the semigroup estimates in Lemma 2.8, gives
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t
IVU(, )l e <|Ve! DDA Dy )|l + & / Ve =) @A~ (Gy . Vi + vAu) || poods
T
t
+ / Ve "= @AD [y — byvw + (1 — 01)v]|| ds
T
t
<ci + 5)/2/(1 +(t— s)*%)e*(dM]Jrl)(th)”vv . VM||L4dS
T
t
+$V2/(1 +(t— S)_%)e_(dz)‘l"'])(t_”||vAu||L6ds
T

t
+ 7 /(1 Tt —5)"8)e” @MFVE) 1y _ by 4 (1 — 01)vl|3ds
T

=c1+ 11+ L+ 15 forallt € (t, Thuay).

(3.76)
Noting the fact | Vu(:, t)| poo 4+ [|VV(-, £) || 4 < c2 from (3.39) and (3.55), one has
IVv- Vull 4 < [Vullz= ] Vvl s < 3, forallt € (¢, Tyax)
and hence
t
L=ty f(l F (= 5)"B)e @RIV gy V)| ads
T
(3.77)

t
<c3n /(1 (1 — 5)" e @HIDE=) g
T
<c3 forallt € (t, Tnax)-

On the other hand, using the facts ||v(-,?)||z~ < K¢ and ftt e_6(t_s)||Au||i6 < K7 (see
Lemma 3.5 and Lemma 3.6), we derive that

t
I :%‘yz /(1 +(r — s)—%)e—(d2k1+l)(l—s) ||vAu||L6ds
T

1

t % t 6
6dy 1
< 1K / (4 —s) Hie 510 / T AulSds | (3T8)
T

T
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t 6
1 2 6dr
< KS&1Ks /(1 F (=) Hle Fren gy
T

<cq4 forallt e (t, Tnax)-

At last, using the facts ||u(-,#)||r~ < K (Lemma 2.2), ||v(,#)|L~ < K¢ (Lemma 3.5) and
lw(-, )3 < Kio (Lemma 3.9), one has

luv —brvw+ (1 —=01)v| ;3 < KK6|Q|% +b2K6K10+(1+91)K6|Q|% <cs forallt € (t, Thnax),

and hence

t
L=y /(1 T (t —5)"8)e~ @HFDE) 4y — oy + (1 — 01)vl|3ds
T

! S (3.79)
<csy / (14 (1 — 5)"8)e~@HFDE=9) gy
T

<c¢ forall t € (1, Tyax).
Substituting (3.77), (3.78) and (3.79) into (3.76) yields (3.74) and hence completes the proof. O

Lemma 3.11. Let the assumptions in Lemma 2.1 hold and (u, v, w) be the solution of (1.3). Then
it holds that

lw(, )l < K2 forall 7 € (0, Tnax), (3.80)
where K12 > 0 is a constant independent of t.

Proof. Using the variation of constants formula to the third equation of (1.3), we have

t
w(-, 1) = A Dy — / I=A=DY . (ywVv)ds
0

t
+/e(H)(A*‘>w (1 — 6r+v)ds for all t € (0, Tax).
0

Using the boundedness of |[v(:, #)|ly1,c and |w(-, )] 3, we can find two positive constants ¢y
and c; such that

IxwVvllps < xIVullelwllps < ¢ forall £ € (0, Thax),

and
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lwd =624+ v)llp3 < (14602 + [[vliLe)lwllgs < ¢z forall £ € (0, Tnax)-

Then using the estimates in Lemma 2.8, we have

t
lw(-, )|z <lle A Dwg| oo + / e ADY . (ywVv)| ods
0

t
+/ He“*”(A*‘)w(l — 6 +v) Hm
0

t
5
<llwollz= + / (14 (1 — 5)"3)e CrHDE) | o) sds
0

t
+[<1 +(t =) He T w1 — 6, 4 v)|l 5ds
0

t
<llwollz + ¢1 /(1 + (1 —5)"8)e DI g
0

t
+c2/(1 (1 —s5) He g5
0
<c3 forall t € (0, Thax),
which yields (3.80). Then the proof of Lemma 3.11 is completed. O
Proof of Theorem 1.1. The combination of Lemma 2.2 and (3.39) gives

luC, ) lyiee <1 forall £ € (0, Tyax).

From Lemma 3.5 and Lemma 3.10, we can find a constant ¢ > 0 such that |[v(:, )| 1.0 < c2.
At last, noting Lemma 3.11, we can summary the results to obtain that

[, Ollwee + IvC Dllwiee + lw(, Dl <c3 forallz € (0, Tnax),
which together with the extension criterion in Lemma 2.1 proves Theorem 1.1. O
4. Global stability
In this section, we shall study the global stability of solutions by constructing some proper
Lyapunov functionals alongside the following LaSalle’s invariance principle ([23, Theorem 3]).
The Lyapunov functions for the predator-prey ODE systems can be constructed in routine ways

(cf. [5,14]), and they are directly extendable to the corresponding PDE models with diffusion (cf.
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[9]) or prey-taxis (cf. [1,17]). Here we shall further develop those ideas to the spatial food chain
models.

4.1. Case of prey-only

In this subsection, we first study the global stability of prey-only steady state (61 > 1). In this
case, we know that the system (1.3) has only two possible steady states: (0, 0,0) and (1, 0, 0).
One can easily check that the steady state (0, 0, 0) is linearly unstable, while the steady state
(1,0,0) is linearly stable. Hence it is nature to studying whether or not (1,0, 0) is globally
asymptotically stable in the case 6 > 1. To this end, we introduce the following energy functional:

E1() ::51(u,v,w):/(u—1—lnu)+b1/v+b1b2/w.
Q

Q Q

Then we have the following results:

Lemma 4.1. Let (1, v, w) be the solution of (1.3) obtained in Theorem 1.1. Then if 01 > 1, it
holds that

Am (€, 1) = Tllzee + o€ Dl + lw, Dl o) = 0.

Proof. First, we show that & (u,v,w) > 0 and & (u,v,w) = 0 if and only if (u,v, w) =
(1,0,0). In fact, letting ¢(z) = z — fiInz and using Taylor’s expansion, for all positive f and
f+ one has

f* 2
W(f - f )7

“.1
where 1 is between f and f. Then letting f =u and f, = 1, from (4.1) one can find 17 between

u and 1 such that

1
f=rfe—fe lnfi =0(f) —e(f)=¢'(f)(f = f) + Ecp"(n)(f — f)? =

1 2
u—l—lnu:—z(u—l) >0,
ik

and here “=" holds if and only if u = 1. Hence £(1,0,0) = 0 and & (u, v, w) > 0 for any

(u, v, w) #(1,0,0) since v, w > 0.
Moreover, from the equations in (1.3), we have

d —1
—51(r)=/“ u,+b1/v1+b1b2/w,
dt u

Q

Q Q
|Vul? 2
=—d s — | w—=D"=bi(01 =1 | v—>b1020 [ w,
u
Q Q Q

Q

which together with the condition 67 > 1 gives
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d
dt -

where “=""holds if and only if (u, v, w) = (1,0, 0).
Then LaSalle’s invariance principle ([23, Theorem 3]) implies that the trajectory (u, v, w)
converges to (1,0,0) ast — ocoin L. O

4.2. Case of semi-coexistence

In this subsection, we shall study the global stabilization of steady state in the case of ) < 1
and 61 + b16> > 1. To this end, we define the following Lyapunov functional:

Ez(t):zgz(u,v,w)=/<u—91 911n9—)+b1/(u—v —v ln—)+b1b2/
Q Q Q

where v* = 1;19‘ > 0.

Lemma 4.2. Let (u, v, w) be the solution of (1.3) obtained in Theorem 1.1. Then if 61 < 1,
01+ b16, > 1 and

4d1dr0) > EX(1 — 6)) |[ull3 , 4.2)

we have

. —6
Jim (Ilu(nt) —O1llLe + v 1) — oo + Nlw(:, t)IILOO) =0.

by

Proof. First, we can use Taylor’s expansion as in (4.1) to find a 7, between u and 6; such
that

01 —611 u_Gl( 61)> >0
u—0;—0iln—=—@u-—
1 1 o 2}75 )™=

and “=" holds if and only if u = ;. Similarly, v — v* — v*In 5z > 0 and “=""holds iff v = v*.
Hence £(601, 1524, 0) =0 and & (u, v, w) > 0 for all (u, v, w) # (61, 5%, 0).
On the other hand, using the definition of £(¢) and the equations of (1.3), we have

1-6;
d -6 v— =t
—é’z(t)=/u ]uz+b1/7’”vt+b1bszz
dt v

Q
|v |2 Vu- Vv
=—d6, 1) +E(1—6)) (4.3)
Q

I
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1_
+/(u—91)(1—u—b1v)+b1/<v— 91>(u—91)+b2(1—91—blez)/w.
Q Q

by
Q

143

Letting X1 = (%, %), then we can rewrite /1 as follows

I =—/X1A1X1T, with A; =<

—§1=06)u
oy e ) '
Q

w d(1—6)

After some calculations, one can check that if (4.2) holds, the matrix A is positive definite and
hence there exists a positive constant vy > O such that

Vul|? Vol?
Ilz—/XlAleTf—on/(' I ) (“4)
u v
Q Q

On the other hand, we can rewrite the term /> as follows

12=/(M—91)(91 —u+1—-61—bv)
Q

1-6
+b1/<v— by 1)(u—91)—i-bz(1—91 _b192)/w 4.5)
Q Q

=— /(u — 01> +bry(1—6; — blez)/w.
Q Q
Substituting (4.4) and (4.5) into (4.3), with the fact 61 4+ b16, > 1, one has

d

e == [ XX = w007+ a1 01— b1 [ w0,
Q Q Q

and “=” if and only if ¥ =61, w = 0 and Vv = 0. Noting that Vv = 0 implies v = v for

some constant v > 0. Due to (u, v, w) = (61, v, 0) is a solution of (1.3), and hence it follows

that

01(1 — 61 —b1v) =0,

which implies § = 17 Hence #:£x(t) =0 implies (i, v, w) = (61, 5, 0).
Then applying the LaSalle’s invariance principle ([23, Theorem 3]), we see that the solution
—6,

(u, v, w) converges to (01, 17, O)ast—o0in L>®. 0O
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4.3. Case of coexistence
In this subsection, we shall show that the coexistence steady state (i, vy, w,) defined by (1.4)

is globally stable in the case of 61 < 1 and 0] + b6, < 1. To this end, we construct the following
energy functional:

&(1) =&, v, w) = Ju (1) + b1 Ty (1) + b1b2Tw (1),

£
Jg(l):/(ﬁ—&—&lﬂg—),E:u,v,w.
*
Q

Lemma4.3. Let (u, v, w) be the solution of (1.3) obtained in Theorem 1.1. Then if the parameters
satisfy 01 < 1 and 61 + b16, < 1 as well as

where

Adydyuve >E2b107 [ullfoo + X badittsws|[0] ] . (4.6)
Then it holds that
lim (flu —usllzoe + v = villzoe + [w — wy L) = 0.
1—>0o0
Proof. By the same arguments in Lemma 4.1 and Lemma 4.2, we can use (4.1) to show that

E3(Uy, Vg, wy) =0 and E3(u, v, w) > 0 for all (u, v, w) F# (U, Vs, Wy).
Moreover, using the fact that 1 — u,, — bjv, = 0, from the first equation of (1.3) we derive

%Ju(t)=/<1 —%)m

Q

|Vul?
= [ 5+ [ —u-ow 47

u2
Q

Q
2
e, [ 255~ [a-u =1 [ uiw-v).
u
Q Q Q

Similarly, using the second equation of (1.3) alongside the fact 6 = u,, — bowy to obtain

d Vs
blajv(n—blf(l—;)vt
Q
\v/ 2
=—@hw/|gl
v
Q

|Vu|? Vu- Vv
= —dab v, 2 +&viby +b1 | (u—u)(v—vy)
Q

v
Q Q

Vu-Vo
+5v*b1/ - +b1/<v—v*)<u—b2w—91> 8)
Q Q
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— bib) /(v o)W — ws).
Q

With the fact v, = 6, and the third equation of (1.3), we have

d .
blbz—me:b]bz/(l—%)wt

= —w*blbzf v

——w*blbzf VOl it

/ /(w —wy) (v —02) 4.9)
Vv

/ +b1b2/(v — o)W — w).

Q

Combining (4.7), (4.8) and (4.9), we have

%&m:-/XMﬂg—/W—Mﬂ (4.10)
Q

Q

where X, = (% %, VV“’) and A; is a symmetric matrix defined by

di, S 0
Az = _Eblzv*u dzblv* _ )(hlbzzw*v
0 —xhbwe i,

If (4.6) holds, we can check that

dlu* _Eblzv*u _ b]U*(4d]d2u* — Szblv*MZ) . blv*(4d]d2u* . szblv*”u”%m) N O
— St by, | 4 = 4
and
253 2 2 222 2,2
bib bibid
|As| =d dab3 byt vewy — § 2:’* _ p iu*w

b’b
=1 jw* (4d1d2u*v* — ézblviuz — Xzbzdlu*w*v2>

bzbzw
= (4o, — 20102 ullF = xbadyswillvlfa ) = 0,

which implies the matrix A; is positive definite and hence there exists a positive constant o such

that
2 2 2
T |Vu| V| [Vw|
_/X2A2X2 5—012/( " + 2 + 2 . 4.11)
Q Q
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Substituting (4.11) into (4.10), we obtain
d |Vul>  |Vu>  |[Vw]? )
E‘%(” =< —az/ ( 2ttt ) /(u —ux)”,
Q Q

which implies £&3(t) <0 forall u, v, w and u = u,, Vv =0and Vw = 0if £&3(t) = 0.
Noting that Vv =0 and Vw = 0 imply that

V=104 and w = Wy,

where v, and w, are positive constants. Noting that (u, v, w) = (ux, Ux, W) is the solution of
(1.3), then it has that

Uy (1 —uy — blﬁ*) =0,
5*(“* — by — 01) =0, (412)
Wy (Vs — 62) =0.

Solving the system (4.12) with u,, = 1 — b16,, we obtain

1—b16, — 0, _

Uy =0) =v, and Wy = ,
2

Wi

Hence if %53 () =0, then (u, v, w) = (U4, V4, wy). Using LaSalle’s invariance principle ([23,

Theorem 3]), we know that the coexistence steady state (i, vx, W) is globally asymptotically
stable. O

Proof of Theorem 1.2. Theorem 1.2 is a consequence of Lemma 4.1, Lemma 4.2 and Lem-
ma4.3. O
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