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Asymptotic dynamics of the one-dimensional
attraction-repulsion Keller-Segel model
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Communicated by M. Efendiev

The asymptotic behavior of the attraction-repulsion Keller-Segel model in one dimension is studied in this paper. The
global existence of classical solutions and nonconstant stationary solutions of the attraction-repulsion Keller-Segel
model in one dimension were previously established by Liu and Wang (2012), which, however, only provided a time-
dependent bound for solutions. In this paper, we improve the results of Liu and Wang (2012) by deriving a uniform-in-time
bound for solutions and furthermore prove that the model possesses a global attractor. For a special case where the attrac-
tive and repulsive chemical signals have the same degradation rate, we show that the solution converges to a stationary
solution algebraically as time tends to infinity if the attraction dominates. Copyright © 2014 John Wiley & Sons, Ltd.
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1. Introduction

Chemotaxis describes the cell movement in the direction of the chemical concentration gradient. The prototypical chemotaxis model
was proposed by Keller-Segel [2], which reads
ur = DAu—V - (yuVv),

(1.1)
Vi = Av + kiu — kyv,

where u(x, t) is the cell density, v(x, t) stands for the chemical concentration, D > 0is the cell diffusion coefficients,and y € R is referred
to as the chemotactic coefficient. k; > 0 and k; > 0 denote production and degradation rates of the chemical v, respectively. The
chemotaxis is said to be attractive (or repulsive) if y > 0 (or y < 0).

A striking feature of the classical attractive Keller-Segel system (1.1) is the finite-time blow up of solutions in two dimensions when
the cell mass is larger than a threshold number, which has trigger a tremendous amount of mathematical studies in the past four
decades (see a review article [3] and references therein for details). In the recent two decades, a number of mechanisms have been pro-
posed to modify the Keller-Segel system (1.1) such that the solution of the modified system is bounded for any magnitude of cell mass
(see a review article [4] and recent development in [5, 6]). When the chemotaxis is repulsive (i.e., y < 0), the classical global uniform-
in-time solutions in two dimensions and weak solutions in three and four dimensions were established in [7]. In most of theoretical
studies, the attraction and repulsion are treated separately and the time-monotone Lyapunov function was essentially applied.

The Keller-Segel model with both attraction and repulsion was first proposed in [8] to describe the quorum effect in chemotaxis and
in [9] to describe the aggregation of microglia in Alzheimer’s disease. The same model was proposed in [8, 9] and reads

Ur = Ug — (yuvy), + (Euwy)x, xet>0,
Ve = Vi + au — Bv, xeQ, t>0,
Wi = Wy + yu — 8w, xeQ,t>0, (1.2)
du — v _ dw o, x €0Q,t>0,

v T v T v

u(x,0) = up(x), v(x,0) = vo(x), w(x,0) = wp(x), x € 2,
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where y,&,,y > 0and 8,5 > 0, v denote the unit outward normal vector to the boundary 0€2. Although the attraction-repulsion
Keller-Segel model (1.2) is a direct generalization of the classical Keller-Segel system (1.1), it does not have an obvious Lyapunov func-
tion, and hence, mathematical analysis confronts great challenges. Until recently, it was found in [10] that model (1.2) can be reduced
to the classical Keller-Segel system for a special case 8 = §, and hence, the existing methods based on the Lyapunov function can
be employed to establish the global existence and large-time behavior of solutions. When 8 # §, the mathematical results of model
(1.2) in any aspect still largely remain open except some results obtained in one dimension by Liu and Wang [1] where the global
classical solutions and the stationary solutions in certain parameter regimes were established via the method of energy estimates and
the phase plane analysis. However, only the time-dependent solution bound was derived therein, and whether the solution blows up
at infinite time was not clear.

Itis the purpose of this paper to explore the global dynamics of the attraction-repulsion Keller-Segel model forany 8 > 0and § > 0
in one dimension further. Our main results consist of three main components. First, we derive a uniform-in-time bound for the solution,
which substantially improve the results in [1] where the solution bound depends on time. Second, when 8 # §, we use the dynamical
approach to prove that model (1.2) possesses a global attractor. Finally, for the special case § = §, we show that the solution of (1.2)
converges to a stationary solutions as time tends to infinity algebraically if the attraction dominates (i.e., ya — £y > 0).

The paper is organized as follows. In Section 2, the main results of this paper will be stated. In Section 3, we prove the existence of
global uniform-in-time solutions. The existence of global attractor will be shown in Section 4. Finally, the convergence of solutions to a
stationary solution with algebraic decay rates will be established in Section 5.

Notations. Hereafter, @ = | = (q, b) is a bounded open interval in R, and d/ denotes the boundary of the interval I. C denotes a
generic constant, which may vary in the context. LP = LP(l) (1 < p < o0) denotes the usual Lebesgue space in a bounded open interval
I C R with norm |f]|,, = (f, [F()|P dx)vp for1 < p < oo and ||f||,cc = esssup,¢,|f(X)]. H” denotes the m-th order Sobolev space

. 1/2
Wm2 with the norm ||fm = (Z{”:o Ha'foZ) . Moreover, we denote ||(f,9)ll,, = [Ifll,» + lIgll,y for 1 < p < oo and ||(f,g)ym =
[llym + lIgllym form=1,2,3,---.

2. Statement of main results

This section is devoted to stating the main results of this paper. First, we address the global existence of classical solutions with a
uniform bound in time.

Theorem 2.1
Let ug € H'(I), (vo,wp) € [HZ(I)]Z. Then, system (1.2) has a unique global classical solution (u,v,w) € [C°(Ix [0, oo);R3)]3 n
[ (1% (o, oo);]R?)]3 such that u, v, w > 0 if ug, Vo, Wo > 0.

Next, we consider the large time behavior of the solution of (1.2). Define
Z = {(u,v,w) € H'() x H*(I) x H*(l)]lu > 0,v > 0,w > 0}.

From Theorem 2.1, we know that for any initial function Uy = (uo, vo, Wo) € £, system (1.2 has a unique solution U(t; Up) = (u,v,w)
forall t > 0. Hence, we can define a dynamical system ({S(t)¢=0}, 2°) by a nonlinear C° semigroup S(t) : 2~ — 2 by

S(MUo = U(t; Uo),

such that

S(0) = Identity, S(t)S(s) = S(s)S(t) = S(s + t), S(t)Uo is continuous in Ug and t.

For readers’ convenience, the definition of a global attractor is presented next.

Definition 2.1 ([11])
We say that o/ C 2 is a global attractor for the semigroup {S(t):>o} if & is a compact attractor that attracts the bounded sets of 2"

A useful concept associated with global attractor is the absorbing set as defined next.

Definition 2.2 ([11])
Let Z be a subset of 2" and % an open set containing 2. We say that 2 is absorbing in % if the orbit of any bounded set of % enters
into 4 after a certain time:

Y%y CU, HBobounded, 3tg,such thatS(t)HBy C B, Vt=> tey,.
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Then, our second result is as follows.

Theorem 2.2
The dynamical system ({S(t);>0}, Z") possesses a global attractor.

Next, we explore the asymptotical behavior of solution for a special case § = 4. First, noticing that the integration of the first equation
of (1.2) in x entails that the cell preserves the mass:

lu®llp = lluolly =:M 2.1)

where M > 0 is a prescribed constant denoting the cell mass. Therefore, the stationary solution (U, V, W)(x) of (1.2) satisfies

0= Uxx - (XUVX)X + (EUWx)x: X € l:

0=V, +aU-—38V, X €l
0= Wy + yU— W, xel, 2.2)
U =Vy=W,=0, x € dl,
[ Ux)dx =M, xel

When 8 = §and £y — ya > 0 (i.e., repulsion dominates), the results of [10, Proposition 2.3 and Proposition 2.4] showed that (2.2) has a
unique constant solution (Uo, %Uo, %Uo) where Uy := M/|l|, and the solution of (1.2) approaches this constant solution exponentially
as time goes to infinity in two dimension. When 8 = § and £y — ya < 0 (i.e, attraction dominates), the existence of nonconstant
solution (U, V, W) has been established in [10, Proposition 2.3], whereas the asymptotical behavior of the solution to (1.2) has not been
obtained for this case. In this paper, we shall explore this question and show that the solution of (1.2) converges to a solution of (2.2)
algebraically as time tends to infinity in one dimension.

Theorem 2.3
Letug € H'(I), (vo, wp) € [H2 (I)]z. If B =8§and £y — ya < 0, then the global solution (u, v, w) of (1.2) converges to a stationary solution
(UX), V(x), W(x)) in [H’ (l)]3 as time tends to infinity. Moreover, there exista 6 € (0, 3) and a positive constant C such that forall t > 0,
it holds that

JuGe, ) — UG0 r + V0, ) = VOOl + [wlx, ) = WG [ < €1+ 5~/ 0200, (23)

3. Uniform-in-time global solutions

Theorem 2.1 is a consequence of local existence theorem (Propositions 3.1) and the a priori estimates (Propositions 3.2) by the
continuation argument. The local existence of solutions to (1.2) has been proved in [1] and is cited here for convenience.

Proposition 3.1 (Local existence)

Let / be a bounded open interval in R. Then,

(i) For any initial date uy € H'(/), (vo, wp) € [HZ(I)]Z, there exists a maximal existence time Tp € (0, o] depending on (uo, vo, Wo),
such that (1.2) has a unique solution (u, v, w) satisfying

(uv,w) € [C°(Ix]o, To);R3)]3 N[> (1% (o, To);]R3)]3.

(i) If sup (U, v, w)(t)||,c0 < ooforanyT > 0,then Ty = oo, namely, (u,v, w) is a global classical solution of the system (1.2).
o<t<min{To, T}
Moreover u,v,w > 0 if ug, vo, Wy > 0.

Proposition 3.2 (A priori estimates)
Let ug € H'(I), (vo, wo) € [HZ(I)]2 and (u, v, w) be a solution of (1.2) . Then, forany T > 0, (u, v, w) satisfies forall 0 < t < T that

[u®llp + 1 W) Ol < C, (3.1)

where C is a constant independent of time.

Next, we are devoted to proving the Proposition 3.2. To this end, we first give some inequalities that will be essentially used in
the paper.
|
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Lemma 3.3 ([12])

Let / be a bounded domain in R with d/in C™, and let u be any function in H™ (/) N L9(/), 1 < g < oo. For any integer jwith0 < j < m,
and for any number a with j/m < a < 1, there exist two positive constant C; and C, depending only on /, g, m such that the following
Gagliardo-Nirenberg inequality holds

1/p=1/qa—j

T2—m-1/q (3.2)

|Du]|,, < G 1Dl lullfs® + G llulle, a =

For a special case m = 1,j = 0, we may employ the inequality (c + d)* < 2(c? + d?) forany ¢,d € R, and obtain the following
inequality
_1/a-1/p

. 33
T 1/q+1/2 (33

1
lullds = € (ulZ Ul + lul: ) @

Proposition 3.2 will be verified by the following two lemmas.

Lemma 3.4
Let the assumption in Proposition 3.2 hold. If (u, v, w) is a solution of (1.2), then for any T > 0, there is a constant C independent of T
such that the following inequality holds foreach0 <t < T

lu@® 172 + 1, WO 70 < € (I (vo, wo)llzn + lluollZz + lluollfr) - (34)

Proof
First, the result of [13, Eq. (4.3)] gives that [|(v, w) () |71 < C (I|(vo, wo)l|7n + l|uoll}2). Hence, it remains to derive that

lu@®1Z2 < € (luollZz + Il (vo, wo) 170 - (3.5

Multiplying the first equation of (1.2) by u and integrating the resulting equation with respect to x over I gives rise to

1d
—— | Pdx + /ufdx = )(/uvxuxdx —£ /uwxuxdx
2dt J I ] ]
: (3.6)
< /Xz(uvx)zdx + /Ez(uwx)zdx + 3 /u)z(dx,
] 1 I
where we have used the Young's inequality
—a/p—t 11
ab < ed” + (ep)”¥Pq b9, foranya, b>0,¢>0,1<p, g < oo, I;+ a =1 (3.7)
Applying (3.3) and (2.1) to (3.6) and using the Holder inequality as well as the Young's inequality, we have
/ vldx + = / uldx < /X uwv2idx + /Ezuzwfdx
2dt
< 1 Nl vl + & Nlullze lIwsl
(3.8)

1 3 1 3
2 3 3 2 3 3 2
C(lluxllz llullp + Nlullz) (||Vxx||fz vl 2 + Iviellzz + w2 il 2 + ||Wx||Lz)
1 2 2 2 6 6
= 8 (”UXHLZ + ”VXXHLZ + ”WXXHLZ) + C(”VXHLZ + ”WXHL?)-

Multiplying the second equation of (1.2) by —v,y, the third equation by —w,,, and adding them, then integrating the resulting equation
with respect to x, we have

1d

Ea/(vf+Wf)dx—f—/(vfx+wfx)dx+ﬁ/v§dx+8/Wfdx
I ] I I

=—a /uvxxdx -y /uwxxdx (3.9)
] I

1 2 2
57/(v +w)dx+ ty /uzdx,
2 ! 2 !

where the Cauchy-Schwarz inequality has been used.
_______________________________________________________________________________________________|
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Using (3.3) and (3.7), we have
Zd <C % % 2 < ! 2 C 2 (3.10)
IU x < C| luxll 2 lulls + llull; | = 121712 luxlliz + Cllullg - .
Adding (3.8), (3.9), and (3.10), and applying (3.4) to the resulting inequality, we obtain

jt/(u + v} +W)dx+/(uf—l—vfx—kwfx)dx—k/(uz—l—ﬁvﬁ—|—8w§)dx
I ]

< C(T+ vl + Iwalf2) < €,

(3.11)

where the constant C only depends on || (vo, Wo) || + ||Uol;1. Solving (3.11) yields (3.5). Then, the proof of Lemma 3.4 is completed. [

Lemma 3.5
Let the assumption in Proposition 3.2 hold, and (u, v, w) be a solution of (1.2). Then, forany 0 < t < T, the solution satisfies that

lux @172 + 1 (Vaoer W) 12 < € (Iluollon + [l (vo, wo)ll72) (3.12)
and

/0 ([t (5) % + [ (Vaer W) (5)[) s

(3.13)
< C(luollmn + ll(vo, wo)llgz + t (luoll> + | (vo, wo) 1)) -
where C > 0is a constant independent of T.
Proof
Multiplying the first equation of system (1.2) by —u,, and integrating the resulting equation with respect to x yield
/ 2dx—k/.u,o(dx = X/(uvx)xuxxdx E/(uwx)xuxxdx
2dt
1 (3.14)
§Efluxxdx+2()( +§2)/[ (V3 + wh) + ug (vi +wi)]dx,
where the Young’s inequality (3.7) has been used.
Applying (3.2) to v, withj =0, m = 2, p = 0o, g = 2, one has
2 3 H 2
[Villzoo = C{ IViooll 5 lIvicll 2 + llvilliz | - (3.15)
Similarly, we obtain
1 3
Iwxllfes < C (nwmufz Iwsll 2 + ||wx||£z) : (3.16)
The combination of (3.15) and (3.16) with (3.7) gives
2(1* +8) [Ui (2 +w))dx <2(x% + &) lluxll?z (IvallFoo + Iwalifoe)
5 1 3 1 3 5
= Clluxlli2 (”VXXXHLZZ ||VX||L22 + ||WXXX||L22 ||Wx||L22 + [ (v, WX)HLZ)
1 3 1 3 (317)
= C(”“XX”LZ lull2 + ”U”fz) (||VXXX||L22 ||VX||L22 + ||WXXX||L22 ||WX||L22 + | (vr WX)”fZ)
1
g (HUXXHLZ + ”VXXXHLZ + ”WXXXHLZ) + C”U”LZ (||VX||L2 + ||WX||L2 + )
Using (3.3) and (3.7), one has
(x* + Sz)/ Voo + Wa) dx < 2 (6% + &) lullfee (Va2 + IWallZ2)
1 3
=C (Iluxxllfz lull > + IIUIIfz) (I lliz Ialliz + [Waoelli2 1wl 2 + 1 (v Wi 172) (3.18)

1
= 8 (HUXXHfZ + ”Vxxxnzz + ”WXXXHfZ) +C ”U”?Z (”VXH?Z + ||WX||?2 + 1) .

Copyright © 2014 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2015, 38 444-457
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Therefore, substituting (3.17) and (3.18) back to (3.14) gives

1

d 1
5—/ 2dx+5/uﬁxdx

t
1
4 (”Uxx”LZ + ”Vxxx”LZ + ”Wxxx”LZ) + C(”UO”LZ + [[(vo, WO)”HW)

(3.19)
where Lemma 3.4 and (3.7) have been used

Differentiating the second and third equations of (1.2) with respect to x once, we have

Vix = Vi + iy — By,
Wix = Wyxx + YUx — Swy

(3.20)
Multiplying the first equation of (3.20) by —v,, the second by —w,,, and adding them, we end up with the following results after
integrating the resulting equation with respect to x

2dt/(v + w2 )dx+/( XXX+WXXX)dx+,B/ dx+8/wxdx

- /uxvxxxdx -y /uxwxxxdx
I I

1

< —

(3.21)
0[2+ 2
o A e
I 1

where we have used the Cauchy-Schwarz inequality and

/vatvmdx— /wathxxdx oy /(v + wp) dx

Noting (3.2) and (3.7) entails that

”Ux”LZ = C(”“XX”LZ lull,2 + ”u”LZ) = m ”Uxx”fz +C ||U||zz (3.22)
Then, combining (3.5), (3.19), (3.21), and (3.22) yields that
1d
Ea (u + Vxx + Wxx) dx + (uXX + VXXX + WXXX) dx + (u + ﬂv + Sw )d

a2+ 2
< f T et [ w2dx + C (1ol + [[(vor wo) %)
] ]

= g luadlEz + C (luollz + 11 (vo, wo)ll)

which implies that

G [+ wider [+ v+ ud) der [+ pri+ owi)d
< C(lluollZ + 1l (vo, wo) [I7n) -

Therefore, it follows that

lux @112 + 11 (Voo W) D112 < C (IlbollFs + | (vo, wo)ll7e)
and

[0 (I (6) % + [ (Vawer Wi (5) ) s

< C(lluollFa + ll(vo, wo) 72 + t (lluollZz + 1l (vo, wo) 171 )
which completes the proof of Lemma 3.5

5. O
. ______________________________________________________________________________________________________|
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With the aforementioned results in hand, we are in a position to prove Theorem 2.1.

Proof of Theorem 2.1

On the basis of the estimates obtained in Lemmas 3.4, 3.5, and Sobolev embedding H' < L°, we have forany T > 0

sup [V, W) lee = C(lluollp + [l (vo, wo) [ 2)-

o<t<min{To, T}

The local solution (u, v, w) can be extended to all t > 0 by statement (ii) of Proposition 3.1. The nonnegativity of the solution follows
from statement (ii) of Proposition 3.1 directly. The regularity of the solution is obtained by the standard parabolic regularity argument
(see for details in [10]). The proof of Theorem 2.1 is finished. O

4. Existence of global attractor

4.1.  Higher-order energy estimates
To study the large time behavior of solutions of (1.2), we need higher-order energy estimates.
Lemma 4.1 R
Let ug € H2(l), (vo, wo) € [H*(1)]". Let (u, v, w) be a solution of (1.2). Then, forany T > 0, it holds that forany 0 < t < T
Oz + | Vs Wioo) D122 = C (luollzz + 11 (vor wo) ) - @1

Proof

We differentiate the first equation of (1.2) with respect to x, multiply the resulting equation by —uyyy, and then integrate the productin
x. Finally, we end up with

d [u?
[t [ =t [0)ationds — [(0m) e
dtJ; 2 I I I

: 4.2)
=< 5 /uixde + /(X2 |(UVx)xx|2 + Ez |(UWX)XX|2) dx.
I I
Using (3.2), (3.7), Lemmas 3.4 and 3.5, as well as the Sobolev embedding H' < [°°, we have
/(Xz |(va)xx|2 + 52 |(UWx)xx|2) dx
I
= € [ (2 2) + 0 (v 20) 02 (e + )
< C (1o W lloo N1t 12 + NtieliFoo | (Vioes W) 12+ Ulloo 1| (Vioors Wi II72)
(4.3)
= C(”Uxx”fZ + ”Vxxx”f2 + ||Wxxx||z2 + | (Vs Wxx)”fZ)
< Clluxlliz Nusoalliz + IVaell2 vioolli2 =+ Wl 2 1Wagoeell2)
+ C (lluxlfz + 1l oo ) 12)
1
= 8 (”Uxxx”fZ + ”Vxxxx”fZ + ||Wxxxx||fZ) + C(”Ux”fZ + [ (Vixs Wxx)”fl) .
Combining (4.2) and (4.3) gives
1d 1
Sdr [u)z(xdx + 3 /uﬁxxdx
1 ! ! (4.4)
= 8 (”uxxx”fZ + ||Vxxxx||ZZ + ”Wxxxx”zl) +C (”Ux”f? + [ (Vs Wxx)”fZ) .
Differentiating the second and third equations of (1.2) with respect to x three times, one derives that
vaXX = VXXXXX + auXXX - ﬁvXXXI
(4.5)
WfXX = WXXXXX + VUXXX - SWXXX'
Multiplying the first equation of (4.5) by vy, the second by w,,, and adding them, and integrating the results yield that
1d
E& /I(V)%xx + Wﬁxx) dx + [(foxx + Wixxx) dx + ﬁ [Vixxdx +34 /IW)%XXdX
= - /Uxxvxxxxdx -V /Uxxwxxxxdx (4.6)
I I
1 a? +y?
= E [ (V)%xxx + W)%xxx) dx + 2 /I. u>2(de'

Copyright © 2014 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2015, 38 444-457
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where we have used the facts v,y = Wy = 0 on 9/, which can be derive from (3.20) and the boundary conditions u, = v, = w, = 0
on dl. Furthermore, (3.2) and (3.7) entail that

e = €l ol + 1) = 5oy Ml + C sl 47)
Jointing (4.4), (4.6), and (4.7) yields that
1d

2dt

b [t B+ u) o

1
[ b )t 5 [+ i+ i) I

1 az + yz
=< g (”Uxxx”fz + (Vs Wxxxx)“fZ) + (1 + 2 ) /U)Z(de
|
+ C(lueliZz + 1l (Viors Wi lI72)

1 1
< eI 2 + 5 | Vewee Wine) Iz + C (llullfz + 1l (Vioer W) 12)

which implies

d

o [ 02 [ (G i W)

b [ B+ sud) o 43)
I

< C(lluxli?z + 11 (vaoe W) [172) -
Then, the application of Lemma 3.5 and the Gronwall’s inequality to (4.8) gives

()12 + 1| Voo Waoo) ()12 < € (IluollFz + 1l (Vo wo) [I7z) -

Thus, the proof of Lemma 4.1 is completed. O
Next, we derive the estimates of ||u(t) |,z and || (v, w) (t) ||,z for (uo, vo, wo) € H' () x H>(I) x H2(l).

Proposition 4.2
Let up € H'(I), (vo,wp) € [H2 (I)]2 and (u, v, w) be the global solution obtained in Theorem 2.1. Then, we have the following estimate

1
lu®lf + (v, WOl = (; + lluollz + lvo, WO)nﬁz) : (49)

Proof
Using (3.12) and integrating (4.8) in the interval [s, t], we have

e (O + 1| Vi Waoer) |12

) ) ) ) (4.10)
=< C (HUXX(S)HLZ + ”(Vxxxr Wxxx)(s)”LZ + ||u0||H1 + ||(V0, WO)”H?) 0<s <t

Furthermore, the integration of (4.10) with respect to s over (0, t) gives

t (IluxeDIE + [l Vioors Wao) (D)1 2)
‘ 2 2 2 s 4.11)
=< C/ (”Uxx(s)”Lz + | (Vaxr Wxxx)(s)”LZ)dS + Ct(||U0||H1 + |[(vo, WO)”HZ), O<s<t
0

Applying (3.13) to (4.11) yields that
1
IO+ ) O = € (7 1) (ol + 1000 ). @12)

The combination of Lemmas 3.4, 3.5, and (4.12) gives

lu@® Iz + (v, w) ()17

1

<3 +1) (unlis + 100, 0)2) + € el + 00, w0132)
1

<c(§ 1) ol + 100 wo) ).

Then, we complete the proof of Proposition 4.2. O
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As a consequence of Proposition 4.2, we have the following result.

Proposition 4.3
For each bounded ball B, = {(uo, Vo, Wp) € 2 |||uo||ﬁ1 =+ || (vo, Wo)||ﬁ2 < r}, there exists a time t, depending on B, such that for any
Uy € B,, it has that

sup sup [[S(Uollpexppxms < C
t>t, Up€B,

where C > 0is a constant.

4.2.  Proofof Theorem 2.2
In this section, we are devoted to proving Theorem 2.2. First, we present a result in [11].

Lemma 4.4 ([11])
Assume that for some subset Z C 2,7 # 0, and for some to > 0, the set U=, S(t) 4 is relatively compact in 2. Then, /(%) is
nonempty, compact, and invariant.

We are now in a position to prove Theorem 2.2.

Proof of Theorem 2.2
Define the set

2 = {(uv,w) € H(I) x H* () x (D) | lu®) |7z + v, w)®)llfs < C} N 2,

where C is a constant appearing in Proposition 4.3. By the Sobolev imbedding theorem, it follows that % is a compact subset of Z".
From Proposition 4.3, we know that for any bounded subset B, C 2, there is a time t, such that Ut>t’ S(t)By C A.Hence, #is a
compact absorbing set for ({S(t)t>0}, Z"). Using [11, Theorem 1.1], we conclude that &/ = (%) is a global attractor of the dynamical
system ({S(t)r>0}, Z°). By Lemma 4.4, this global attractor is nonempty, compact, and invariant in :2". Then, the proof of Theorem 2.2
is completed. O

5. Convergence to stationary solution

In this section, we are devoted to proving Theorem 2.3.If 8 = § and £y — ya < 0, we set

s:= yv—E&w. (5.1)
Substituting (5.1) into (1.2), we have
Ut = Uyx — (usx)x: xelt>0,
St = S + (xaa —Ey)u — Bs, xelt>0, (5.2)
uy=s5=0, x e adl,t>0, ’

u(x,0) = up(x),s(x,0) = yvo(x) — Ewp(x) := so(x), x € I.

Because of the conservation of cell mass (2.1), the corresponding stationary problem of system (5.2) is

0 = Uy — (USy)x, x €l

0=S5x+ (ya—&y)U—BS, x €/, (5.3)
U =5=0, x € dl,

LUX) =M, xel

Notice that the nonconstant stationary steady state solution (U,S) of (5.3) have been established in [10, Proposition 2.3]
when £y — ya < 0. By Theorem 2.1 and the Minkowski inequality, we have the following estimates on the solution of (5.2).

Lemma 5.1
Let up € H'()),(vo,wy) € [Hz(l)]z. Then, problem (5.2) has a global classical solution (u,5) € [C°(/x [0,oo);R2)]2 n
[C>' (I'x (o, oo);]Rz)]2 such that

lu( iz + lIs@®lF2 < C. (5.4)

It is well known (e.g., see [3]) that if s > 0, the system (5.2) has a Lyapunov function

1
E(u,s) = [{ulnu + o) (s2 + Bs?) —usg dx (5.5)

. ______________________________________________________________________________________________________|
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satisfying
iE(u(t),s(t)) + /u [(Inu —s),]? dx + 1 /stzdx =0. (5.6)
dt I e —§y Ji

However, we should underline that the initial condition so(x) = yvo(x) — Ewo(x) may be negative in principle, and hence, the nonneg-
ativity of the solution component s cannot be guaranteed. Fortunately, the second and third terms of (5.6) do not depend on the sign
of s, and hence, (5.5) is still a Lyapunov function of (5.2) for any s € R. However, the sign of s will affect the lower bound of the Lyapunov
function. Because in one dimension, the solution (u, s) is uniformly bounded in time, we can easily find a lower bound for the Lyapunov
function (5.5) as given next.

Lemma 5.2
For (ug, so) € H'(I) x H2(I), the Lyapunov function (5.5) satisfies

U

E(u,s) > —C— " foranyt > 0
where C is a positive constant.
Proof
Employing (2.1), (5.4), and Sobolev embedding H' < L°°, we have
/usdx < |Isll o0 llUoll;r < C. (5.7)
I

Substituting (5.7) into (5.5), and usinguInu > —% for all u > 0, we obtain that

/
E(u,s) > —C— % foranyt > 0

which completes the proof. O

If (u, s) is a global classical solution of (5.2), we introduce the /-limit set
u,s] = {(u, $)I3(t) 1 00, st._lim (us)(t,) = (U,S)inC' (7)}. (5.8)
Then, on the basis of the Lyapunov function and the LaSalle invariant principle, it can be concluded (see also [14, Eq. (3.23)]) that
[u,s] := {(U,9)|(U,5) solves (5.3)} (5.9)
and there exists Es, such that for any stationary solution (U, S) € /[y, 5], there holds
E(U,S) =Ex = tlgg E(u(t),s(t)) = tin;o E(u(t),s(t)). (5.10)
Furthermore, we can solve the first equation of (5.3) and obtain that
Ux) = 1e’®
with A being a positive constant. Hence, we have
)i(rgU(x) > A > 0forall (U,S) € I[u,s].
Thanks to (5.8), (5.9), and (5.10), we may assume without loss of generality that
)i(rgu(x, t) > A > 0forallt > 0.

Using the results of [14, section 5], we have the following result.

Lemma 5.3
Let (u(t), s(t)) be a solution of system (5.2) and (U, S) € /[y, 5] be a stationary solution of (5.2). Then, there exists a constant Co > 0 such
that for some t > t., it holds that
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E(u,s) — Eso < Co {/(u [(nu—s),]* + ! sf) dx} o , (5.11)
I xa—§y

where 6 € (0, 1) and t. is a time such that when t > t. one has
lu@® — Ullz + [Is(®) = Sl < e.

Proof of Theorem 2.3
The convergence of the solution (u, s) to (U, S) follows from the results of [14] directly. Next, we derive the convergence rate announced
in Theorem 2.3 based on an idea of [15-17]. First, note that

E(u(t),s(t)) — Eoo = ft = { // (u [(Inu—s),]* + o 1_ sf) dx} dr > 0.

&y

Combining (5.6) and (5.11), we have forany t > t,

9 Ett)s(0) ~ Eoo) + G EGOs0) ~ 1 <0 (512
and
d 6 1 1/2
5 E(®,s0) - Eoo)? + o {/I(u [(Inu—s),]* + . gysf) dx} <o. (5.13)
The inequality (5.12) entails that
E(u(t),s(t)) — Eoo < C(1 + )72 forall t > 0, (5.14)

for some constant C > 0, where we should point out that for t < t. the term on the left hand of (5.14) is bounded by a constant
depending only on initial data.
Then, integrating the inequality (5.13) with respect to time in (t, co) leads to

A e AP ! 2) }1/2 PR
CJ)_Q/: {[(u[(lnu $)x]” + XOl—SVst dx; dt < (E(u(t),s(t)) — Eco)

<C(1 4+ 1)~ /0—20),

(5.15)

From the first equation of (5.2), we have (u, h) = —(u(Inu — s)y, hy), where (f,g) = [, fgdx, which implies

Moy < ([ [nu— de)z_c( Inu— de)z, .
||u||(H)<([u (nu—s),Pdx) < f,u[(nu P dx (5.16)

where (H‘)/ denotes the dual of H', and we have used ||u||,co < C.Hence, the inequalities (5.15) and (5.16) entail that
o0
Is(t) = Sll,2 < / Isell2 dr < C(1 + )70/ 0729, (5.17)
t

and

o0
lu(®) = Ull gy = / luell gy de < €1+ =029, (5.18)
t

Define
2

d*f
Aof .= ———forf e D(A) N Ho,
dx?

where D(A) = {f(x) |f € W22(I),f|,, = 0} and Ho = {f(x)|f € L*(]), /,f(x)dx = 0}. Noting that A, is a positive linear operator, for any
r € R, we can define its powers Aj (see [18-20] for details).
Letting¢ = u— Uand ¥y = s — S, using (5.2) and (5.3), we have

bt = (x — UV — PSx)y,
l”r = 1//)()( + ()(Ol - 5]/)(}3 _ﬂw

. ______________________________________________________________________________________________________|
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Multiplying the first equation in (5.19) by ¢,A; "¢ and Ay "¢, respectively, and integrating by parts, then applying the Young's
inequality (3.7), we end up with

1d
> 1915 + 1622 < e lpulliz + Ce (19l + 19112) (5.20)
1d =12, 2 2 2 —1 1|2
Sz |42, + 191E = e (1915 + 1vsl) + Ce A5 ] (521)
and
1d, —1/2, |2 —1/2, |2 2 2
Sz 005 + |45, = e |45 20|, + Ce (Il + 0112 (522)

where the boundedness of u and S, have been used. Integrating the second equation in (5.2) multiplied by ¥/,—, and ¥, respectively,
we have by the Young's inequality (3.7)

1d
S e 1VIE + Il + BIVIE = (G =€) v) = e 1Vl + Ce D¢y » (5.23)
1d 2 2 2 2 2
5 gt IWllle + 1l + BVl < & I9lllz + Ce el 2 (5.24)
and
1d
2 ¢ IVllle + BIWIE) + 1Vl < & Iwelllz + Ce 81172 (5.25)

Differentiating (5.19) with respect to t and noticing that ¢; = u;, we have

it = Pxxe — (GeVx + UPie + GeSx)y s

(5.26)
Ve = Ve + (xa — Ey)dr — Bt

Multiplying the first equation in (5.26) by Ay ¢ and noticing that 9,A; '¢: = ¢y — ux — $Sx = 0 for x € dl, we have

3 StV + 161 = (Bt + e + 615085790
= (Peix + GeSe Ay ' Pe) + (Ui A ' ) (5.27)
< e llgellfz + CelloxAg dellf2 — (U o) — (Uxre, xAg " o)
< el + Ce (1¥ellZ2 + 10245 " bl Z2)

where the boundedness of ¥, Sy, u and uy has been used. We multiply the second equation in (5.25) by v and integrate over / to obtain

1d
5 gt 1Willzs + Wsellle + BVl < e lvellZa + Ce lgella (5.28)
Set 5 5
y© = |45 20|, + 100% + |4 20|, + 1l + 101 + el

2
Noting HaXAO—1¢HfZ = HAO_1/2¢HL2 <C ||¢||f,_,1), and letting e small, we deduce from inequalities (5.20)-(5.25) and (5.27) and (5.28) that

d —20/(1—
/Oy = CIglGy + V1) = €O+ 7270720,

for some k > 0, where (5.17) and (5.18) have been used. Solving the aforementioned inequality yields that

t
y(©) < y(0)e ™ + ce™ / e (1 4 5)720/0=20) g, (5.29)
0

Note that the last term of (5.29) can be estimated as

t t/2 t
/ek5(1 +s)’29/“’29)d5=/ (1 +s)’29/“’29)d5+/ e5(1 4 5)20/0=20) g
0 0 t/2

t/2 t

< e%f[ (145720245 + (1 +t/2)—29/<‘—29>/ e*ds
0 t/2

< Cegza + t/z)—ze/(1—20)+1 + %ekr“ + t/2)_29/(1_29).
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Then, substituting the aforementioned inequality into (5.29) gives rise to
y(t) < €1+ 7200720 (5.30)

which implies that
lu(t) — Ull2 + [Is(t) — S|l,p < C(1 + )~ 0/0=20), (5.31)

To derive the decay rates for v and w, we subtract (2.2) from (1.2) and obtain that

vV—=-V)y=WV-V)+au-U—-Bv-V),

5.32
(W= W) = (W = Wy + y(u— U) — 8w — W), 32
By the Duhamel principle, v(t) — V can be represented in the form of
t
vit) =V =e "4 TB (v — V) + o / e~ t=IE+B) (y(s) — U)ds. (5.33)
0

Noting that f,(u(s) — U)ds = 0, which allows us to use the inequality |e~*f| , < C||f||» forany f € LP such that [, fdx = 0, we have

t
[v(t) — V||,» < Ce Pt + c/ e B |lu(s) — U2 ds
0

t
<P yc / e P (1 4 )70/ 0720 s
0 (5.34)

t

<C (e_B' + / e B +t— 5)—9/(1—29)d5)
0

<C(1+ 70720

where we have used the inequality
t
/ (1+t—s5) e ”ds < C(1+t)7% forany x,p >0
0
which was proved in [21, Lemma 4.4]. Similarly, we can prove that the convergence of w satisfies

[w(t) — W[ . < C(1+t)~9/0=20),

By the first equation of (5.19) and the classic elliptic regularity theory, using (5.30), we have

2
2 2 1/2
o = UnllZ = llnllZ = A58

12

2
=1 (HAJ”2¢r [+ A5 + 950 )
L (5.35)
_ 2
<c (HAO V| + s+ ¢sx||fz)
< Gy(t) < C(1 + 726/0=20),
The combination of (5.31) and (5.35) gives that
lu(®) = Ul < €O+ 1~ 0720), (5.36)

Letting ¢ = v, — Vi and using the first equation of (5.32), one has

Yr = Pxx + O[(UX - UX) - ﬂ(p

Applying the same procedure to ¢ as was carried out to v — V, and using (5.36), we have a K > 0 such that

t
ol < Ce ™+ C [ K |4(5) — Uyl ds
0
<Ce +C/ e—K(r—s)(~| +S)—9/(1—20)d5 (5.37)

t
0

< C(—I + t)—@/(1—29).

. ______________________________________________________________________________________________________|
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Collecting (5.34) and (5.37), one has
v =Vl < €O+~ 0729,

Applying the same procedure to w, we have
[w— W[y < C(1+t~90720),

Thus, the proof of Theorem 2.3 is completed. O

Acknowledgements

The authors thank Yanyan Zhang for the helpful discussion on the last section of this paper. The research of Z.A. Wang was supported
in part by the Hong Kong RGC General Research Fund No. 502711.

References

1. Liu J, Wang ZA. Classical solutions and steady states of an attraction-repulsion chemotaxis model in one dimension. Journal of Biological Dynamics
2012; 6:31-41.
2. Keller EF, Segel LA. Initiation of slime mold aggregation viewed as an instability. Journal of Theoretical Biology 1970; 26(3):399-415.
3. Horstemann D. From 1970 until present: the Keller-Segel model in chemotaxis and its consequences |. Jahresbericht der Deutschen Mathematiker-
Vereinigung 2003; 105:103-165.
4. Hillen T, Painter K. A users’s guide to PDE models for chemotaxis. Journal of Mathematical Biology 2009; 58(1-2):183-217.
5. Choi YS, Wang ZA. Prevention of blow up by fast diffusion in chemotaxis. Journal of Mathematical Analysis and Applications 2010; 362:553-564.
6. Hittmeir S, Jiingel A. Cross-diffusion preventing blow up in the two-dimensional Keller-Segel model. SIAM Journal on Mathematical Analysis 2011;
43:997-1022.
7. Cieslak T, Laurencot P, Morales-Rodrigo C. Global existence and convergence to steady states in a chemorepulsion system. Parabolic and Navier-
Stokes Equations. Banach Center Publications, Polish Academy of Sciences Institute of Mathematics 2008; 81:105-117.
8. Painter KJ, Hillen T. Volume-filling and quorum-sensing in models for chemosensitive movement. Canadian Applied Mathematics Quarterly 2002;
10(4):501-543.
9. Luca M, Chavez-Ross A, Edelstein-Keshet L, Mogilner A. Chemotactic signalling, Microglia, and alzheimer’s disease senile plagues: is there a
connection?. Bulletin of Mathematical Biology 2003; 65:693-730.
10. Tao YS, Wang ZA. Competing effects of attraction vs. repulsion in chemotaxis. Mathematical Models and Methods in Applied Sciences 2013; 23:1-36.
11. Temam R. Infinite-Dimensional Dynamical System in Mechanics and Physics Second edition, Vol. 68. Applied Mathematical Sciences, Springer-Verlag:
New York, 1997.
12. Friedman A. Partial Differential Equations. Holt, Rinehart Winston: New York, 1969.
13. Osaki K, Yagi A. Finite dimensional attractors for one-dimensional Keller-Segel equations. Funkcialaj Ekvacioj 2001; 44:441-4609.
14. Feireisl E, Laurencgot P, Petzeltova H. On convergence to equilibria for the Keller-Segel chemotaxis model. Journal of Differential Equations 2007;
236(2):551-569.
15. Jiang J, Zhang Y. On convergence to equilibria for a chemotaxis model with volume-filling effect. Asymptotic Analysis 2009; 65(1-2):79-102.
16. Jendoubi MA. Convergence of global and bounded solutions of the wave equation with linear dissipation and analytic nonlinearity. Journal of
Differential Equations 1998; 144:302-312.
17. Zheng S. Nonlinear Evolution Equations, Chapman and Hall/CRC, vol. 133. Chapman and Hall/CRC Monogr. Surv. Pure. Appl. Math.: Boca Raton, FL,
2004.
18. Ashyralyev A. A note on fractional derivatives and fractional powers of operators. Journal of Mathematical Analysis and Applications 2009; 357(1):
232-236.
19. Ashyralyev A, Sobolevskii PE. Well-posedness of Parabolic Difference Equations. Birkhauser Verlag: Basel, Boston, Berlin, 1994.
20. Krein SG. Linear Differential Equations in Banach Space, Amer. Math. Soc., vol. 29. Transl. Math. Monogr., 1971.
21. Wang ZA. Optimal decay rates to diffusion wave for nonlinear evolution equations with ellipticity. Journal of Mathematical Analysis and Applications
2006; 319:740-763.

Copyright © 2014 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2015, 38 444-457




	Asymptotic dynamics of the one-dimensional attraction–repulsion Keller–Segel model
	Introduction
	Statement of main results
	Uniform-in-time global solutions
	Existence of global attractor
	Higher-order energy estimates
	Proof of Theorem 2.2

	Convergence to stationary solution
	Acknowledgements
	References


