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1. Introduction

In many biological systems, the phenomenon that cells move in response to a diffusible or other-
wise transported signal can be modeled by diffusion equations with advection terms (see Patlak [16]).
However, other systems are more accurately modeled by random walkers that deposit a non-diffusible
signal which modifies the local environment for succeeding passages and there is little or no transport
of the modifying substance. Examples include myxobacteria which produce slime over which their
cohorts can move more readily, and ants, which follow trails left by predecessors. Hence in [3,15],
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a number of mathematical models have been derived based on the reinforced random walk frame-
work to explore the question as to whether aggregation is possible with such strictly local modifica-
tion or whether some form of longer-range communication is necessary. One of these models studied
extensively in the past is a PDE-ODE hybrid model as follows

{ut = [Duy — £u(log o], (11)

Ct = Juc,

where u(x, t) denotes the particle density and c(x, t) the concentration of a non-diffusible chemical
signal. The parameter & € R is called the chemotactic coefficient, and the chemotaxis is said to be
attractive if £ > 0 and repulsive if &£ < 0.

When p > 0, a detailed qualitative and numerical analysis was presented in [3] where explicit
solutions about aggregation, blow-up and collapse were constructed in one-dimensional space. The
local and global existence of solutions was rigorously studied in [24,25] and elaborated subsequently
in [12]. The existence and stability of spike solutions of (1.1) was studied in [17].

In [3], a Hopf-Cole transformation

(logo)y 1 ¢y
V= = — =

= (1.2)
w ne
was employed to transform the system (1.1) into a conservational hyperbolic-parabolic system
Ur — X (Uv)x = Duyy,
{ ¢ — XUy xx (1.3)
Vi—uyx=0
with
X =—HUE. (1.4)

As a system of conservation laws derived from chemotaxis model, the transformed system (1.3) itself
is of interest to study mathematically. For (x,t) € R x [0, c0), Wang and Hillen [22] first established
the existence of traveling wave solutions of (1.3) for both x > 0 and x < O, subject to the initial
data

(u, v)(x,0) = (ug, vo) () = (U, v4) asx— Foo, (1.5)

where ug(x) > 0 and us+ > 0. When the chemical diffusion is included into the second equation
of (1.1), the existence and stability of traveling wave solutions were given in [9,10]. If uy > 0,
the nonlinear stability of traveling wave solutions of model (1.3) with x > 0 was recently stud-
ied in [7,8] and followed in [5] for composite waves, whereas the stability of traveling wave so-
lutions for the case u, = 0 still remains an open question to date (see a review paper [21]).
The main challenge is that there is a singularity in the energy estimates demonstrated in [7,8]
if uy = 0. The primary goal of this paper is to solve this open problem and establish the non-
linear stability of traveling wave solutions of (1.3) with y > 0 for uy = 0 using the method of
weighted energy estimates by carefully selecting an appropriate asymmetrical weight function. Fur-
thermore we perform the spectral analysis and prove that the traveling wave solutions of (1.3)
with x < 0 are linearly unstable by deriving that the essential spectrum of the linearized sys-
tem of (1.3) at the traveling wave solution has the positive real part. Finally we shall trans-
fer the results back to the original chemotaxis system (1.1) with the initial condition as fol-
lows:

(u,c)(x,0) = (ug, co)(x) > (Ux,Ccx) asx— Foo, (1.6)
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subject to a compatible condition to (1.2)

(logco)x l Cox

VO(X) = - DN} (1‘7)
w M Co

where co(x) > 0 for all x € R and hence c+ > 0.

Before concluding this section, we shall recall some works on the transformed system (1.3). When
X > 0, the initial-boundary value problem (IBVP) and Cauchy problem of (1.3) in one dimension were
studied in [26] and in [1], respectively. Furthermore the Cauchy problem of (1.3) in multi-dimensional
spaces for small initial data was investigated in [4]. The large-time behavior of classical solutions for
the IBVP of (1.3) in one dimension with large initial data and in multi-dimensional spaces for small
initial data were subsequently established in [6].

The rest of paper is organized as follows. In Section 2, we shall state our main results. In Section 3,
the existence of traveling wave solutions will be briefly discussed. The linear instability analysis of
traveling wave solutions for the case x < 0 will be given in Section 4, and then the proof of nonlinear
stability of traveling wave solutions for y > 0 with zero right end state u;, =0 will be presented in
Section 5. In Section 6, we transfer the results from the transformed system to the original chemotaxis
model.

2. Statement of main results

Before proceeding, we present some notations for convenience. Throughout the paper, C denotes
a generic positive constant which can change from one line to another. The integrals [ f(x)dx

and f(f Jg f(x,T)dxdr will be abbreviated as | f(x) and fotff(x,r), respectively, for convenience
if no confusion is caused. H¥(R) denotes the usual k-th order Sobolev space on R with norm
Il pgkgy == (le-zo |\8,{f||f2(R))1/2. HX, (R) denotes the weighted space of measurable functions f so

that v/wd; f € L2 for 0 < j < k with norm IF 1l ey 2= (Z’]fzofw(x)|8,{f|2dx)l/2. For simplicity, we
denote || - || := I 2y I+ llw =12 @y I+ k=1 Npxey and - lleow =1+ gt gy-

2.1. Main results of the transformed system (1.3)

The traveling wave solution of (1.3) with (1.5) is a non-constant special solution (U, V) € C*°(R)
in the form of

u,v)(x,t) =(U,V)(z), z=x-—st,

which satisfies equations

—sU’ — x(UV) =DU”
{ U= x(UV) ’ 21)
—sV' —U' =0,
with boundary condition
U(xoo) =uy, V(xoo) =vy, U'(F00) = V' (£00) =0, (2.2)

where ' = 517 Clearly we require s # 0 to ensure the existence of traveling wave solution, since oth-

erwise it follows from the second equation of (2.1) that U = constant. Integrating (2.1) in z over R

yields the Rankine-Hugoniot condition as follows

—s(uy —u_)—xWyvy —u_v_)=0,

+ ) — x(Uvy ) (23)
Sy —v)—(uy—u_)=0
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which gives rise to

s+ xvys— xu_=0. (2.4)

In the paper, we only consider the case s > 0, which is obtained from (2.4)

s =XV +V (V)2 +4xu-
= 5 ,

(2.5)

and the analysis extends directly to the case s < 0.
Then the existence of traveling wave solutions to the system (1.3) is stated as follows.

Proposition 2.1. Assume that u and v satisfy (2.3). Then there exists a monotone traveling wave solution
(i.e. viscous shock wave) (U, V) (x — st) to the system (2.1), which is unique up to a translation and satisfies:

(i) If x >0,thenU; <0, V, > 0;
(ii) If x <0, thenU, >0, V, <0;

where the wave speed s is given by (2.5).

When x > 0, us > 0, the nonlinear asymptotic stability of traveling wave solution to (1.3) was
proved in [7] by the L%-energy estimates which, however, does not apply to the case x <0 or x >0,
u4 = 0. Next we use the spectral method to discuss the instability of traveling wave solutions of (1.3)
for x <O.

In the moving coordinate z = x — st, the solution (u, v)(x, t) = (u, v)(z, t) of (1.3) satisfies

{ Ur — X (UV)z = Suz + Dy, (26)

Vi — Uz =SV;z.
To derive the linearized stability/instability of traveling wave solutions, we consider a small perturba-

tion of the traveling wave solution (U, V)(z) in the form

{u(z,t):U(z)—i—aﬂ(z,t), 27)

v(z,t) =V (2) +ev(z,t).

Substituting (2.7) into (2.6), keeping the first order terms in & and dropping the tildes, we obtain the

linearized system of (2.6) at (U, V)
u u
(2),==(0) @)

2
. DL+ G+ xV)&+xV: XU+ xU%
ki s
0z 0z

where
(2.9)

which is a closed operator in the space

X={w,v)|@v)eH ®R) x [*(R)}.

We then have the following theorem which asserts that traveling wave solutions (U(z), V (z)) are
linearly unstable in X.
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Theorem 2.2. If x <0, then o (L) N {1 € C|Re X > 0} # @, where o (L) is the spectrum of L in X.

Since the spectrum of £ contains the positive real part, it is natural to introduce a weight function
and investigate the spectrum of £ in a weighted space. In this paper, we shall show that if x <0, the
traveling wave solution (1.3) is still linearly unstable in a general weighted space

Xw=HL®) x LZ,[®) 2 {(u,v) | (wu, wv) e H'(R) x L(R)},
with norm || (u, v)lx, = [[(Wu, wv)|ly1g)x12r), Where the weight function w(z) satisfies

w; w, w,
—(—o0) =«, —(+00) =Y, (—) (£o0) =0, a,y eR. (2.10)
w w w/,

Define the operator Ly : H2 (R) x HL, (R) — H],(R) x L%,(R) by

L (3) :c(ﬁ), if (3) € H2 (R) x HL (R).

Then we have the following theorem.

Theorem 2.3. Let uy and v satisfy (2.3) with x < 0, and o (L) denote the spectrum of L in X,,. Then the
following results hold.

(i) fu_>0,theno(Lw)N{reC|RerA>0}#Pforalla,y eR;
(ii) Ifu_ =0, theno(Ly) N{A € C|ReA > 0} £ ¥ forall (e, y) # (0, D“T++) wherea, y € R.

Remark 2.1. The instability/stability of traveling wave solutions of (1.3) with x <0, u_ =0 in the

weighted space for the case « =0, y = D“Tt remains unknown in the present paper, and we will

leave it as an open question. Theorems 2.2 and 2.3 mean that the traveling waves are linearly unstable
in the spaces X and X,,. However these theorems do not necessarily mean the linearized instability
for perturbations in other weighted spaces. Further spectral analysis in more appropriate weighted
spaces is worthwhile to be pursued.

Next result for the transformed model (1.3)-(1.5) is the nonlinear asymptotic stability of traveling
wave solutions with y > 0, u; =0, which was an open problem in [7].

Theorem 2.4. Let x > 0, u. =0and (U, V)(x — st) be a traveling wave solution obtained in Proposition 2.1.
Then there exists a constant £o > 0 such that if |[ug — Ull1,w + lIvo — Vl1,w + [l[(¢0, Yo)llw < €0, where

X

(J0. Vo) (X) = / (o(y) — Uy, vo(y) — V(1)) dy. (211)

—00
the Cauchy problem (1.3)-(1.5) has a unique global solution (u, v)(x, t) satisfying

(u—U,v—V)eC([0,00); H,) N L*((0, 00); H,),
where the weight function w is defined by

w(@):=1+e"”, zeR (2.12)
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withn = % > 0. Furthermore, the solution has the following asymptotic stability:

sup|(u, v)(x,t) — (U, V)(x —st)| = 0, ast — +oo.
xeR

Remark 2.2. Analogous essential spectral analysis for x < 0 applied to the case x >0, u; =0 (the
details are omitted for brevity) can show that the essential spectrum in X contains the imaginary axis,
and the essential spectrum in X,, with weight function (2.12) contains the zero. This cannot conclude
the linear or nonlinear stability of traveling waves, and however indicates the traveling waves do not
have exponential stability in both spaces X and X,,.

2.2. Main results of the original chemotaxis model (1.1)

Now we transfer the results back to the original chemotaxis model (1.1) from the results for
the transformed system (1.3). Noting that the solution component u remains the same in both (1.1)
and (1.3), we only need to consider the solution component c in (1.1) whose traveling wave ansatz is

cx,t) =C(2), C(oo)=c+ 20, z=Xx-—st

which satisfies

—sC, = nU(2)C(2). (2.13)
The existence theorem of traveling wave solutions to (1.1) is as follows.

Theorem 2.5. Let &, u € R \ {0}. Then the chemotaxis model (1.1) does not have a traveling wave solution if
& < 0.If& > 0, we have the following:

(i) If u < 0, the chemotaxis model (1.1) has a unique monotone traveling wave solution (U, C)(z) such that
U;<0,C;,>0foranygiven0=uy <u_,0=c_ <cC4.

(ii) If u > 0, the chemotaxis model (1.1) does not have a traveling wave solution.

From Theorem 2.5, we see that the physical parameter regime for the existence of traveling wave
solutions to the original chemotaxis system (1.1) is

X={E pu_,uy,c_,cy) >0, u<0 uy=c_=0, u_,cy >0}
The nonlinear stability of traveling wave solutions of (1.1) is stated as follows.

Theorem 2.6. Let (U, C)(x — st) be a traveling wave profile of (1.1) with initial data (1.6) obtained in The-
orem 2.5. If (§, w,u_,uy,c_,cy) € X, then there exists a constant &y > 0 such that if ||[up — Ull1,w +

l(nco)x — AnC)xll1,w + (@0, Yo)llw < €0, where
X
po(x) = / (uo — U)(y)dy, Yo(x) = —Inco(x) +InC(x),

then the Cauchy problem (1.1), (1.6) has a unique global solution (u, c)(x, t) with

(u—U, cx/c — Cx/C) € C([0, 00); HY,) N L?((0, 00); HY)
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and the following asymptotic behavior

sup|(u, ©)(x,t) — (U,C)(x —st)| - 0 ast — oo.
xeR

3. Existence of traveling wave solutions of (1.3)

In this section, we are devoted to proving Proposition 2.1 and hence establish the existence of
traveling wave solutions to the system (1.3) with (1.5).

Proof of Proposition 2.1. Integrating the second equation of (2.1), one has that
sV+U=p01=svy+up=sv_+u_. (3.1)
We substitute (3.1) into the first equation of (2.1) to get
U'=ocU'(U-p), (3.2)
where o = %—)g and g = % Now we let H= U’ and from (3.2) we have

{U/ =4, (3.3)

H =oHU — B).

It is clear that system (3.3) has a continuum of equilibrium (8, 0), where 6 > 0 due to the particle
density U > 0. The corresponding Jacobian matrix at the equilibrium (0, 0) is

0 1
=18 s6tp) (34)
whose eigenvalues are A1 =0, A, =0 (0 —8).S0,0 =8 = # > 0 is a critical point which separates
the steady state into stable and unstable parts. From (3.3), one has g—’J =0 (U — B), which implies

HU) = %a U? — o BU + 02, where g3 = —%ouzi + o Bu4. Then substituting it into the first equation
of (3.3) leads to

1
U/ZEUUZ—UﬂU—f—QZ, (3.5)

which yields explicit solution U(z) and hence V (z) as

Uy —u_ —-U
U(ifw) , V(z) = 01
.

U@ =us+
Ke

(3.6)

where k < 0 is an arbitrary constant. It is helpful to note that « represents a constant of translation
of the traveling wave solution (3.6). Indeed, letting T = ;flllj‘i(__u’g then U(z + ) corresponds to (3.6)
with k = —1. Hence in the sense of translation, the solution (U, V) given in (3.6) is unique. Further

calculations give rise to

o(u_—uy)
— z

ok —ui)’e , v’
= s Vi=——
oUu—_—uy)

U/
2ke™ 2z 2 —1)2 s
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Noticing that o = %—’; and s > 0, we can easily find that

U,{>O, if x <0, V,{<0, if x <0,

<0, ifx=>0, >0, ifx>0

which completes the proof of Proposition 2.1. O

Remark 3.1. When x >0, uy =0, U(2) = — z—; and hence g5 = {- — #<e". By the definition
(2.12) of weight function w, one can easily find two constants C > C; > 0 such that
1
Ciw(z) < % <Caw(z) forallzeR. (3.7)

4. Linearized instability of traveling wave solutions

In this section, we perform the spectral analysis for the linearized system of (1.3) at the traveling
wave solution and prove Theorem 2.2 and Theorem 2.3.

4.1. Proof of Theorem 2.2
From (2.9), we can deduce that the asymptotic operators of £ at z= to00 are
(4.1)

o 9

a2 B .
ﬁi:<D%+(s+xvi)% Xui%)
s

Denote
—Dp? + (s+ xva)ui  xuzpi
Af(u) = ( . .

) , forpeR
Ui sui

and the curves S* by
S ={xeC|det(r] — A*(1)) =0, for some j1 € R}
={reC|(—sui)(r+Du® — (s + xva)ui) + p*xuy =0, for some n e R}. (4.2)

By applying essential spectral theory in [2], the boundary of the essential spectrum of £ is described
by curves S*. If A € S, then A satisfies

A% 4 a(u)r+b(p) =0, (43)
where
a(w) =Dp? — 25+ xv)pi, by = —sp®(s+ xv4) + xus pu? — Dspi’i.
Let
d(p) = a®(w) — 4b(p) = Red(w) +ilmd(w), (4.4)
and

Vd(p) =c1 +ica, c1,c0€R. (4.5)
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The combination (4.4) and (4.5) implies that

2 — % +2c1c01 =d(pn) =Red(w) 4 iImd (). (4.6)

Solving (4.6), one has

2 _ Red() +v/(Red(w)? + (Imd(p))?

lort > (4.7)
Since Rea(it) > 0 and Re X = %(— Rea(w) £ c¢1), we have that
Rer <0 (Rea(,u))2 > 2. (4.8)
Let
I(w) £ (Imd(w))® + 4(Rea(w))’ Red(u) — 4(Rea())*. (4.9)
Then from (4.7), (4.8) and (4.9), we can derive that
Rer <0 < I(u)<0. (4.10)
Substituting
Rea?(11) = (Rea(w))’ — (Ima(uw))®,  Red(11) =Rea® (1) — 4Reb(1)
into (4.9), one has
1) = (Imd(w))* — 4(Rea())’ (Ima(w))’ — 16(Rea(e))” Re (1)
=[4Dsp® — 2D 2s + xv)]° — 4(Dp?)*[(x vy +25)u]
+16(Dp?)*[—xusp® + i (s + xv )]
=—-16D%uSxu,. (411)

When x <0, one has 0 < u_ < uy by Proposition 2.1. From (4.11), it follows that there exists some
M # 0 such that I(u) > 0, which implies ReA > 0 for p # 0. That is, 0ess(L£L) N{AL € C|ReA > 0} #£ .
Since 0,ss(L) C 0 (L), the proof of Theorem 2.2 is finished. O

The following remark will be used later.
Remark 4.1. When 1 € S~, we have

A2 +a(u)r +b(u) =0, (412)

where

a(u) =Du? — 2s+ xv_)ui,  b(u)=—Dsp’i —spu?(s+ xv_)+ yu_p®.  (413)
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Applying the same procedure as for the case A € S*, we have

I(w) = [4Dsp® —2Dp3@2s + xv) > —4(Dp?)*[(xv— + 2591
+ 16(Du2)2[—xu,,u2 +sp*(s+ xvo)]
= —16D2u6)(u,.

4.2. Proof of Theorem 2.3

(4.14)

In this section, we shall calculate the essential spectrum of the operator Ly,. To this end, we define

the operator £y : H(R) x HI(R) - H!(R) x L2(R) by

~ (U w1y fu ) ;
£W< >:w£( » ) 1f< )eH(R)xH(R).
v wly v

Then it follows that o (Ly) = or(ZW) and O (L) = oess(ZW), see [13,20].
Using (4.15), we derive that the asymptotic operators £, at z= —o0 is

2 .
Z_(D%—ZDO{%—FDO{Z—HH—XV)(%—a) Xu(%—a))
w . .
2 —a s(L —a)
Let
_ D(ip —a)? + (s+ xvo)(ip—a) xu_(ip—a)
Ay () = . . .
iw—ao sin —a)

Define the curves S; by
Sy ={r e C|det(rl — A5 (1)) =0, for some 11 € R}.
If » €S,, one has
[h =D —a)® = s+ xvo)ip — ][ = sip — )] = xu—(ip — )* =0,
which implies that A satisfies

A% +a(ur+b(u) =0,

where

a(p) = —D(ip — a)? — 2s + xvo)(in — o),
b(w) = Ds(ip — a)® + [s(s + xv-) — xu_](in — ).
Using
(in— a)Y =a?— uz —2aui,
(i —a)® =3au® — o + (30 — )i,
(in—a)* =t + put — 602 p? + (dap® — 40 )i,

(4.15)

(4.16)

(4.17)

(418)

(4.19)

(4.20)
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one can derive that

d() =a(pn)* — 4b(u)
=D%(in—a)* +2Dxv_(ipn —a)® + (x*v2 +4xu_)(in — @)

=Red(n) +ilmd(w),

where

Red(p) = D*(a* + p* — 60®u?) + 2D xv_(Bap? —a®) + (x2v2 +4xu_) (o — u?),
Imd(n) = (6Dxo®v_ —4D%*a® — 8aryu_ — 20 x%v2 ) + (4D — 2Dy v_ ).

We can readily get that

Rea(u) = D(u? — o) +a(2s + xv_),

Ima(n) =2Dapu — 2s+ xv_)u,

Reb(u) = (s* +sxv_ — xu_)(e® — u?) +3Dasu? — Da’s,
Imb(p) = Ds(3a?u — p?) —2(s* +sxv— — xu_)ap.

If @ <0, then Rea(u) < 0 for small u which indicates that either ReA = %(— Rea(u) +c¢1) > 0 or
Re ) = %(— Rea(u) —c1) > 0 for all ¢c; € R. We then proceed to consider the case « > 0. Using the

same argument as in previous subsection, one derives that
_ 2 2 2 2
Iy (w) = (Imd(p))” — 4(Rea(w))” (Ima(w))” — 16(Rea(u))” Reb(u)
=17 (D.a,s, x. u_,vou? + 15 (D,a,s, x, u_, v)u* + 15 (D, a,s, x, u—, v_)u®
—16[ar(25 + xv-) — D&®*[(s? + sxv— — xu_)a® — Dsa’]
=1, (D, a,s, x,u_,v)u? + 1, (D, a,s, x, u_,v)u* + I3 (D, o, s, x, u_, v_)u®

+16[a(2s+ xv_) — Daz]z[x(u_ —uy)a? + Dsa®], (4.21)

where

I7(D,a,s, x,u_,v_)= 16a°D3s — 16azx(52vz_x +4su_v_y
+sv3 x? —4u? x —u_vZ x? +4u_s?)
+16D%* (652 — 2sv_x +u_x)
—32Da> (45 +3sPv_x —4dsu_x —svi x* +u_v_x?),
I;(D,a,s, x,u_,v_)=—16a>D3s — 16a*D*(5s* —sv_x +u_x)
—8aD(2sv2 x? +8u_sy),

I5(D,a,s, X, u_,v_) = —16D*(xu_ + Dsa).
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Concerning the values of o and u_, we have four different cases to consider:

i) u_->0, o >0;
(i) u_>0, o =0;
(iii) u_=0, o > 0;
(v) u_=0, a=0. (4.22)
For case (i) of (4.22), one has x(u_ — u;)a® + Dsa® > 0. When «(2s + xv_) — Da? # 0, we can

observe from (4.21) that if w is small, then I} (i) > 0, which implies Rex > 0. When a(2s + xv_) —
Da? =0, one can derive that

Rea(n) =Du?, ~ Ima(u)=Dap,
Reb(u) = —[x (u_ —uy)a® + Dse®] + [ x (u— — uy)o® + 3Dsar | u?, (4.23)
Imd(p) = —(16s* +8xu_ +4sxv_)opu + (4D%a — 2Dy v_) u>.

Hence we write I, (i) as

Iy (W) = (Imd(0))* — 4(Rea(w))’ (Ima(w))® — 16(Rea(w))’ Re ()

= (165® + 8xu_ +4sx v_)zozzu2 +16D%[x (u— — uy)a® + Dsa®Ju

—20/(16s% +8xu_ +4syv_)(4D*a — 2Dy v_)u*
+ (12D%? —16D* xv_a +4D? x?v? +16D?*x o (us —u_) — 48D%sa)u®.  (4.24)

Since x (u— — uy)a® + Dsa® > 0, we find that I (1) > O for sufficiently small p # 0, which implies
Re A > 0. Hence in case (i) of (4.22), ReA > 0 for small p # 0. In case (ii) of (4.22), Ay (1) = A~ ()
and hence from Remark 4.1 it follows that I, (u) = —16D?ubxu_ > 0 for all &0 due to x <O.
This indicates that ReX > 0. Hence above analysis shows that ges(Lyw) N{A € C|ReA > 0} # @ for
all o, y € R. Then the fact 0ess(Ly) C 0(Lyw) completes the proof of Theorem 2.3(i). Now it remains
to consider the case (iii) and (iv) of (4.22) to complete the proof of Theorem 2.3(ii). For case (iii)
of (4.22), it holds that y(u_ —uy)a? + Dsa® > 0 for u_ =0 and we hence may let p sufficiently
small in (4.21) such that I, (u) > 0 which implies Re A > 0. To finish the proof of Theorem 2.3(ii), we
now proceed to consider case (iv) where we have I (1) = —16D2ub xu_ =0, which is inclusive for
the sign of Re A. In this scenario, we proceed to determine the spectrum of asymptotic operators L,
at z = +4o0. Before proceeding, we want to underline in case (iv) where u_ = 0, one can obtain from
(2.5) that

s=—xv4>0. (4.25)

Using (4.15) and (4.25), we derive that the asymptotic operators ZW at z=+o00 is

w (D& —2Dy L +Dy? xui(Z-y)
o= "= "= N . (4.26)
32—V S(z3 =)
Let
D . _ 2 . _
AL () = ( (fﬂ V) xuf(lu J/)>. (427)
inw—y s(in—v)
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Define the curves S by
sy={recC | det(Al — A} (w) =0, for some u € R}.
IfAe S)f, one has

[A = DG —y)?][r = sin — )] — xuy(ip—y)* =0, (4.28)

which implies that A satisfies

A2 +a(u)r +b(u) =0, (4.29)
where
{a(u) =—D(ip—y)* —s(ip—y).
b(w) = Ds(in — y)> — xuy(in —y)*.
Hence

Rea(u) =ys—Dy® + Dy,

Ima(p) = 2Dy —s)u,

Reb(u) = —(xuty?® + Dy>s) + BDys + xup)u’,
Imb(p) = (3Dsy? +2xuyy ) — Dsp.

(4.30)

If ys— Dy? <0, then Rea(u) < O for small 1 # 0. This implies that either Re A = %(— Rea(u)+cq) >

0 or Re) = %(— Rea(it) —c1) > 0 for all ¢; € R. Hence we consider the case ys — Dy2 >0 in what
follows. One can derive that

Imd(p) =Ima(u)? — 4Imb(w)
=2Rea(w)Ima(pw) —4Imb(w)
= (4D?y +2Ds)u® — (4D?y3 +2ys® + 8xusy +6Dsy?) . (4.31)
Using (4.30) and (4.31) yields that
I () = (Imd(w)” — 4(Rea(w))” (Ima(w))* — 16(Rea())” Reb(11)

=Ty, x,upr. O+ JF D,y xoupHut + J3 (D v, x. us, 9p
+16y%(sy — Dyz)z(xu+ + Dsy), (4.32)

6

where

JT Dy, x, uy,9)
= (4D%*y> +2ys* +8xusy + 6Dsy2)2 —4(ys— Dyz)z(ZDy —s)?
—16(ys — Dy2)’(3Dys + xuy) + 32D(ys — Dy?)(xu4+y?+ Dy3s)
=16Dy>s?(2Dy —s) + 16y%(D*y? + 5% + 6Dsy +4xu)(xuy + Dsy), (4.33)
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J3(D.y. x ug.s)
=—8D(ys— Dy?)(2Dy —)* —32D(ys — Dy?)(3Dys + xu4)
—2(4D%y +2Ds)(4D%y3 +2ys? + 8 uyy +6Dsy?) +16D?y%(xuy + Dys)
= —16Dys(s* +2Dys) — 16Dy (4s + Dy)(xu + Dsy), (4.34)

and

JF(D, v, x us,s)=—16D*(xus + Dsy). (4.35)

First if y =0, then I} (u) = —16D*uSxu, >0 for all y # 0, and hence Re > 0. Next we con-
sider the case when y # 0 and split the analysis into two steps. (1) If xu4 + Dsy > 0, since
JT Dy x, ug.s), J3 (D, y. x.uy.s), J3(D,y., x,uy,s) are bounded constants, then I () > 0 for

sufficiently small i % 0 when sy — Dy? > 0. When sy — Dy? = 0, using (4.32), (4.33), (4.34)
and (4.35), we have

L5 () = (4D*y> +2ys* + 8 u y + 6Dsy?)’ >
—12D%y (4D%y3 +2ys® +8xuyy +6Dsy?)ut
+16D%y?(xuy + Dys)u* — 16D*(xuy + Dsy)u®,
which also implies I;,L(,u) > 0 for small p #0. (2) If xuy + Dsy <0, then ];’(D, Y. X,Uus+,5) >0 and

hence I;(M) > 0 for sufficiently large p # 0. Then above analysis asserts that when xuy + Dsy #0,

namely y # — %+ = DUT++' Oess(Lw) N {1 € C | ReA > 0} # ¢. Noticing that Gess(Lyw) = Oess(Luw), We

complete the proof of Theorem 2.3(ii). O

Remark 4.2. If xu, + Dsy =0, namely y = — 45+ = D“—‘j;. then
I} () =16Dy>s(2Dys — s*)u® — 16Dy s(s* + 2Dy s)u*. (4.36)

2

Clearly the sign of I;‘(,u) cannot be determined since the sign of 2Dys — s is unknown. Indeed

from (4.25), it has that

2Dys —s? = —x (2uy + xv3).

Since x <0, if we assume that 2u, + )(v?F > 0, then 2Dys — s? > 0 and hence 1;(;1,) > 0 for suffi-
ciently small u # 0. This indicates ReA > 0 for sufficiently small © # 0 and the linear instability of
traveling wave solutions can be asserted. Since 2u, + XVi > 0 is a stringent condition, we do not
incorporate it in the statement of Theorem 2.3(ii).

Remark 4.3. When u_ =0, we can calculate from (3.6) that

uke o
+ S
U@ =—"mz
Ke”  Ds “—1
which indicates that the number y = — 43+ is the decay rate of U(z) as z — oc.
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5. Nonlinear asymptotic stability

In this section, we prove the nonlinear stability of the traveling wave solution of (1.3)-(1.5) with
X >0, uy =0. The main result is that the solution of (1.3) with data (1.5) approaches the traveling
wave solution (U, V)(x — st), properly translated by an amount x, i.e.,

sup|(u, v)(x,t) — (U, V)(x+ X0 — st)| > 0, ast— +oo
xeR

where x( satisfies the following identity derived from the “conservation of mass” principle

+00
up(x) —U(x) _ e —u_
/(vo(x)—v(x)>dx—"O(vI_vi)—i-ﬁr](u_,v_)

where r1(u—_, v_) denotes the first right eigenvector of the Jacobian matrix of (1.3) with D =0 eval-
uated at (u_, v_), see details in [18]. The coefficient B yields the diffusion wave in general [7]. Both
B and xo will be uniquely determined by the initial data (ug, vo). For the stability of small-amplitude
shock waves of conservation laws with diffusion wave (i.e. 8 # 0), we refer to [11,19] for details. In
the present paper, we will neglect the diffusion wave by assuming 8 = 0 and consider the stability of
large-amplitude waves. Then by the conservation laws (1.3), we derive that

+00 oo
ux,t) —UXx+xg — st) dx — uo(x) —U(x + Xxp) dx
v(x,t) — V(x + xg — st) - vo(x) — V(x + x0)

+00

+00
_ up(x) — U(x) Ux) — U+ xo)
= f <V0(X)—V(X)>dx+/ (V(X)—V(X—i-xo))dx

+o00
= uO(X)—U(X) _ up —u_ =z
B / <VO(X)—V(X)>dX "O(u_vf)—o- (5.1)

This allows us to employ the technique of taking anti-derivative to decompose the solution as

U, v)(x,t) = (U, V)(x + x0 — St) + (¢z, ¥2) (2, 1) (5.2)
where z = x — st. That is

z

(p@z.0). ¥ (z. 1) = / (u(y.t) — Uy +x0—st), v(y.t) = V(y +xo —st)) dy

—00

forall zeR and t > 0.
It then follows from (5.1) that

¢ (£o0,t) = Y (do0,t) =0, forallt>0.
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We assume, without loss of generality, that the translation xp = 0, which implies the zero integral of
the initial perturbation

+00
ug(x) — U(x) _ (0
/ <V0(X) - V<x>) = <0> 63

The initial perturbation of (¢, ¥) is thus given by
V4
@0 v0@ = [ o= U.vo-V)»)dy. (5.4)
—00

with (¢o, ¥o)(Loo) =0.
Substituting (5.2) into (1.3), using (2.1) and integrating the system with respect to z, we derive
that the perturbation (¢, ¥)(z, t) satisfies

{¢t=D¢zz+(S+XV)¢z+XU¢z+X¢z1//z, t>0, zeR, (5.5)

Yr =5Yz + ¢z.

with initial perturbation (¢, ¥)(z, 0) = (¢, ¥o)(z) given in (5.4).
We look for solutions of the system (5.5) in the following solution space:

X0, T):={(¢(z.0),¥(z0) | ¢ C(0,T]; H), ¢, € L*((0,T); HZ,),
¥ € C([0, T]; H?), ¥ € C([0, T]; Hy,) N L*((0, T); Hy,) ).

where the weight function w is defined by (2.12).
Clearly, if ¢ € HZ, then ¢ € H? since w > 1. Define

N = s (00,4 [0+ [ )
7€l0,

By the Sobolev embedding theorem, it holds that

S‘Elopt]{”(ﬁ(a T)”'_ooa ||¢Z(7 ‘E)”Loo’ l/f(7 T)”Loov i 1//2('! T)”Loo} < N(t) (56)

Then Theorem 2.4 is a consequence of the following theorem.

Theorem 5.1. There exists a positive constant €1, such that if N(0) < &1, then the Cauchy problem (5.5) with
(5.4) has a unique global solution (¢, ¥) € X(0, co) such that

t

1612+ IV 12+ 12, + / (|13, + w7 ) dT
0

< C(lgoll3 y + loll3 + 1oz I3 ) < CN?(0) (5.7)

forany t € [0, co). Moreover, it follows that

sup|(¢z, ¥2)(z,0)| > 0 ast — oo. (5.8)
xeR
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The global existence of (¢, ¥) announced in Theorem 5.1 follows from the local existence theorem
and the a priori estimates given below.

Proposition 5.2 (Local existence). For any &y > 0, there exists a positive constant Ty depending on &g such that
if (¢o, Vo) € Hf,v with N(0) < &, then the problem (5.5) with (5.4) has a unique solution (¢, ¥) € X(0, To)
satisfying N(t) < 2N(0) forany 0 <t < To.

Proposition 5.3 (A priori estimate). Assume that (¢, ¥) € X(0, T) is a solution obtained in Proposition 5.2
for a positive constant T. Then there is a positive constant €5 > 0, independent of T, such that if

N(t) < &2
forany 0 <t < T, then the solution (¢, ¥) of (5.5) with (5.4) satisfies (5.7) forany 0 <t < T.

The local existence in Proposition 5.2 can be proved using the standard argument (e.g. see [14])
and we omit the details for brevity. It is the key to establish the a priori estimates in Proposition 5.3.
Next we are devoted to proving Proposition 5.3 with the L?-energy estimates by modifying the idea

of [7] where the singularity of % was excluded by assuming uy > 0 since u; < U(z) <u_. In the

present paper, we deal with the case u; =0 as z — +oo by taking the singular term % as the

weight function in the energy estimates. Without loss of generality, we assume that N(t) < 1 in what
follows.

Lemma 5.4. Let the assumptions in Proposition 5.3 hold. Then there exists a constant C > 0 such that

t t
2
I I? + o112, +/ lpzIIZ, < Cllvoll® + Cligoll?, +CN(r>// % (5.9)
0 0

Proof. Multiplying the first equation of (5.5) by ¢ /U and the second by x v, integrating the resultant
equations with respect to z and adding them, we obtain

> Ppzz 2 Voe: ¢>¢z¢fz
2dt ( +X¢’) [ s T+X/

Noting that

Pp: (D2 ¢? 1\ (¢4 2 (P (1 $* (1

=), -5 -on) = (7),-5-(2(2)).+2(5),,
@@_<f>_£%})
u \2u/), 2\Uu);

Vg,  1(Ve*\  ¢*(V
U_EGTL_TGO;

we get

L8 (250 - o), () ][5 o
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By using (2.1) and the fact that uy =0, it can be checked that

D s+xV 2u4
el — =T -U,=0. 5.11
(U)zz ( T )Z TE (s+xv4) Uz (5.11)

Substituting (5.11) into (5.10) and integrating the equation with respect to t, we derive

t
1 2, #? b2
E/(X‘/f +U>+D//F
0
—l/< 1//2+¢_5)+ j ¢zl”z¢
=3 X¥Yo U X ;
0
DN 2 N
< S0l +Clioll, + (f>//¢z (t)x //w

where we have used the fact that ||¢ (-, t)| 1~ < N(t) by (5.6). Using the fact that % < Cw for ze R
(see Remark 3.1), we can derive (5.9). Then we complete the proof of Lemma 54. O

><

The next lemma gives the estimate of the first order derivatives of (¢, ¥).

Lemma 5.5. Let the assumptions in Proposition 5.3 hold. Then it holds that

t

11T+ 113 + 12113, + /(||¢z||1 wH 1V2l13) < C(IvozllZ + llgoll? o, + Ivoll)  (5.12)

0

where C > 0 is a constant.
Proof. We differentiate (5.5) with respect to z to get

{ G2t = Dpzzz + 5Pz + XUz + X UVzz + X V2 + X Vzz + X (2V2)z2, (513)

Yzt = SYzz + P2z

Multiplying the first equation of (5.13) by ¢,/U and the second by x v, integrating the resultant
equations with respect to z and adding them, noticing that

brb: (G202 b2 1\ (002 ¢4 [2(1 ¢7 (1
U —( U );TWZ(U);(—U )z 7‘[7(ﬁ>z]i7(6)z;
5¢zz¢z_(5¢z> _¢_z<_)

u \2u/, 2\u),;

V¢zz¢z <V¢>z> < )

2U
¢z(¢zwz)z=< ) ¢zz¢zwz | Uzbz¥s

’

U U2
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we have

)0 -, o 5

z¥z z2z¥YzVz UZ;Z
+x/ % _ /¢¢¢+X/ fﬂw. (5.14)

Owing to (3.6), it is easy to see that

U, ku_nem ke —1 Kkne'*

U ke”—12  —u_  xe”—1

which implies

U;

<. 515
= (515)

Integrating (5.14) over [0, t] and using (5.11), |V,| < C and ||¥;(-, t)||rec < N(t) <1 for any t € [0, T]
by (5.6), we get

t ) t
/(xwz ) ff < x oz +||¢oZ||W+c[ %uc//mﬁ
0 0
DN(®) [ [ 2 f 2
+ 28 //7+czvmf/7,
0 0

which in combination with (5.9) yields

t
2, [¢2 N(t) 2
X/l/fz-l- U+D<1_T)ff?
0
t wz t
c<||¢o||%,w+||1/fo||%+N<t>ffJ+//uw§>. (5.16)
0 0

Next, we claim

t t 2
//Ulﬁzz<C<|llﬁ0z|l2+||ll’0||2+||¢0||%V+N(t)//%>, Vee[0,T].  (517)
0 0

To prove (5.17), we multiply the first equation of (5.5) by ¥, to get

XUV2 = ¢, — DoaViz — oz — X Vot — xbo¥2. (5.18)
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Integrating (5.18) over [0, t] x R and noting that by the second equation of (5.13)

Oz = (DY)t — PV = (@V2)r — P (SYzz + ¢22)
= PVt — S(PV2)z + SP2V7 — (bd2)z + P2,

1
btz = (e — Sz = 5 (2), = 5 (V).

we obtain

t
5 [viex ] [ue?
0
t t t
=2 v+ [ove— [ 0w = Voo ;
=5 0z z 0Yoz + o — X OV — X o2,
0 0 0
t
D+1 2 1 2, 1 2, D 2 2
gT/sz+§/¢O+B/¢ +Z/Wz+//¢z
0
: 2 (14 N(t ‘
c(1+N(t))ff%z+—( +4( ))Xffuwf,
0 0

where we have used the Young inequality and the fact ||v;(-, )|l < N(t), |V| < C. From this in-
2
equality and using ¢? < ng $? < ng due to £ > - and (5.9), it follows that

/I/f3+/t/Uw§<C</w§z+/¢§+/%2+/t/%5>
0 0

L 2
C<||¢OZ||2 + 1voll® + ligoll2, +N<t>f/ ‘%) (5.19)
0

Thus (5.17) holds. Substituting (5.17) into (5.16) yields

! 2
/wz +D//¢zz C(IIwoll%Jr||¢o||%,W+N(f)/ffj—z>- (5.20)
0

Note that U is monotone decreasing in (—oo,00) and hence 0 < ”T‘K =U(0) <U(z) <u_ for all

z€ (—00,0). Since 1 < w(z) <2 for all z e (—o0,0), we have U(z) > w(z) for all z € (—o0,0).
From (5.19), it follows that

2(1 K)

0 t 0

[w3+//ww§ <||w02||2+||wo||2+||¢o||3v+N<r)/tf%2>. (5.21)
0

0 —oo



H.Y. Jin et al. / ]. Differential Equations 255 (2013) 193-219 213

2
To complete the proof of (5.12), it remains only to estimate fg i %Z Due to (3.7), it suffices to estimate
fg f w12, For this purpose, we multiply the second equation of (5.13) by wy, and obtain that

sw(¥r2) swir2 sw/yr2
SYzzWi, = ;ﬁz AP ( 21#2 ] - zwz ,
which leads to
sw/yr2 w2 swi2
Wz + Wz = wl + Wl/fz¢zz~ (5-22)
2 2 ), 2 ),

Recalling that w =1+ ¢e#, we have 1 <w < 2 and w’ =ne”” > 0 in (—o0, 0). Then integrating (5.22)
with respect to z over (—oo, 0), we have

0 0
li Nz, 2 __ 2
> dr ey =sy;(0,t) + WYz < Sl/fz O0,t)+2 [V2¢22]. (5.23)
—00 —00 —0o0
Integrating (5.22) over (0, +oo) and using the fact that w’ = ne”* > —W in (0, 400)
1 d —+00 400 400 1 d —+00
2, S 2_S1 z 2
—_— - < L el
2dt/ww2+ 4 /WWZ\ 2 / Vitog | WY
0 0 0 0
—+00
= _SWZZ 0,0+ / WYz (5.24)
0

Adding (5.24) and (5.23) together and integrating the resultant equation over [0, t], it follows that
1 t 4+oo t 0
2, S 2, S 2
E/WWZ+Z//W\02+7//€”Z¢Z
0 0 0 —oco
<z / W\%z / / Wl/’z¢’zz+2/ / [V2022]

—0o0

t
1 5 . S
< S oel + E/
0

which in combination with (3.7), (5.17), (5.20) and (5.21) gives

t t
/ww§+//ww§<C<||wo,z||3v+||¢o||%,w+||wo||%+N(t)//ww§).
0 0

o\-é-
S
s|“
—
—_—
=
N
_l’_
oY .
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Thus,

/Wl//z (1-CN@® //sz\ (Ioz I3, + oI5 . + I¥0ll). (5.25)

When N(t) is small enough, by (5.9), (5.20) and (5.25), we derive (5.12). O
Next, we give the estimates of the second order derivative of (¢, ).

Lemma 5.6. Let the assumptions in Proposition 5.3 hold. Then there exists a constant C > 0 such that

t

2z lZ, + 1Yz l1? + Wz lI% + /(||¢zzz||€v Flzl%) < CI1ozl2 y + lgoll2 y + lvol2).  (5.26)

0

Proof. We differentiate (5.13) with respect to z to get

[¢zzt = Dézz27 + S22z + X [(Uzl/fz)z +Uz¥zz + Uz + (V22)z + (Vzr)z + (¢z‘/’z)zz]’ (5.27)

Yozt = SYzzz + P2z

Multiplying the first equation of (5.27) by ¢,,/U and the second by x ., and using

$z222¢22 _ 222022 _ & _1 2 l l 2 l
o= (00), v al(e)). o),

Vrzzpe: _1( VY 1 ,5(V
“te = (vhy) - 29:(o),

we obtain
1d
5&/<X‘/’z2z ¢ZZ>+D/¢ZZZ
1 2 D s+xV Uz¥2) 2022
_5/‘7’22[(5)2;( U )Z]”/ U

UzVz:$22 V02) 2022 v, V2972 2Vz)22QPzz
+Xf l/fU¢ +X/( ¢U)¢ +X/ 2 /(¢>1/f)¢ (528)

Because || < C, Uzl < C, |V, < C, [Vi| < C, |¥2( Dl < N(©) and [l (-, D) < N(t) for any
t € [0, T], we get by Cauchy-Schwarz inequality

/(UZWZ)Z¢ZZ _/ UZZV’Zd)ZZ +/ UZI/’ZZ¢ZZ
1] - U U

V2 2
<C UZ+C ﬁ+c Uy,

/(VZ¢Z>Z¢ZZ<C/¢_§+C/¢_EZ
u U u’
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/(¢Z¢Z)ZZ¢ZZ _ /(¢Z¢Z)Z¢ZZZ /(¢Z¢Z)Z¢ZZUZ

NO [ ¢z 7 Vi
<= f = +CN(t)/U+CN(t)f .

Substituting above three inequalities into (5.28) and using (5.12), one has

t
2, [ ¢% ¢%2
/’/’”J”/ U +D// ]
0
t t
V2
C<||¢o||§,w+||w02||€V+||wo||%+ffuwfz+w<t)/f7>. (5.29)
0 0

Next we estimate the term [; [Uy2,.
Multiplying the first equation of (5.13) by v,;, we obtain

XUV, = ¢atzz — (Dbzzz + b2z + XUz + X Vabz + XV 2z + X ($2V2)2) Vzz.
Noting that
batVzz = ($2Vzd)t — $rVzat = (D2Vz2)t — b2 (SVzzz + bazz)
= (peVz)t — S(P2Vz)z + SbzzVizz — (bobzr)z + P2
GraVrz = (Wazt — Vo) Wiz = %(wfz)t -S(2),
we have

Dd

d
3 E 1//222 + X / Ulpzzz = a /([’szz + / (P?Z —X /[Uzwz + Vz¢z + V¢zz + (¢Z‘pz)z]1/fzz~

Thus, integrating the above equation with respect to t over [0,t] and using the Cauchy-Schwarz
inequality, we have

t
D 2 2
E/wzz+X!/Uwzz
1 D D+1 1 ‘
2 2 + 2 2 2
<B/(i)z'+'2/.wzz'+'(T)/.1»Z’022+Ev/‘l)Oz"_/‘/(l)zz
0
t
+(]+Z(t))X//U¢’zzz+C</ V2 / +ff¢zz>
0

0

Then it follows from (5.12) that
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t t
/w§z+ffuwfz<c(||w0un2+||¢o||%,w+||woZ||%V+||wo||%+N<t)//wfz>, (5.30)
0 0

which in conjunction with (5.29) leads to

/w§z+ ¢i / bz <||¢>o||2W+||woZ||W+||wo||2+N<t>//‘””>. (531)

Using the same argument of deriving (5.21), we have from (5.30) that

0 t 0 t
/ v+ [ / ww§Z<c<||woZz||2+||¢o||%,w+||w02||3v+||¢o||%+1v(t> f f wz) (532)
—00 0 —© 0

2
To finish the proof of (5.26), we only need to estimate the term foff % or equivalently fotfwwzzz
due to (3.7). Multiplying the second equation of (5.27) by wvs,, as in (5.22), we get

swiyz (WY _(swyZ
2 +< B )t_< B )Z+¢zzzwwzz' (5.33)

Integrating (5.33) with respect to z over (—oo, 0), using the facts that 1 <w <2 and w' =ne™ >0
in (—oo, 0), we have

0 0 0
1d 1d sn
Sdr Wl”zzzgza / W‘/fz2z+7/enzl/’z2z
—00 —00 —00
0
—sy20.0) + f WsarVizz < 5YZ(0.0) +2 / GuzVizzl. (534)
—00

Integrating (5.33) over [0, t] x (0, +00) with w’ = ne" > % for z > 0 and using (5.34), we obtain

1 t +oo +00
sn sn

E/szzz"i'zf/Ww§z<7/9n2w22+ia/ wzz 2dt/szz

0 0 0

; +00 t +oo

\5 / Wl/f()zz //W¢zzszz+2/ | P22z 22|

—00

t 400 t +oo

1 sn 2
\§||WOZZ||€V+§//szzz‘i'g//Wqﬁgzz
0 0 0
0 t 0
¢2
[ ] f o
0
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By (3.7), it follows from (5.31), (5.32) and above inequality that

t : 2
[wiz+ [ [ ngz<c<u¢ou§,w+Wozlliw+||%“5+”‘”f / 1%>
, 0

When N(t) is small enough, the above inequality with (3.7) gives

t
fwwfﬁffwwfz<c(||woZ||%,w+||¢o||§,w+||wo||§),
0

which in combination with (5.31) and (3.7) gives (5.26). The proof of Lemma 5.6 is finished. O

Finally, the desired estimate (5.7) follows from (5.12) and (5.26), and the proof of Proposition 5.3
is completed. O

5.1. Proof of Theorem 5.1

Now we are in a position to prove Theorem 5.1. In fact we only need to prove (5.8) since the rest
has been implied by Proposition 5.3. From global estimate (5.7), we have

||¢Z('!t)’ wZ(’vt)”‘l’W_)O ast — +oo.

Hence, for all z € R, it follows that

z

¢§(Z,t)=2 / b2022(y,t)dy

—00

00 1/2 , o
<2</¢§dy> (/«ﬁfzdy)

< ”¢z(',t)HLW —0 ast— +oo.

1/2

Applying the same procedure to v, leads to

Yz(z,t) >0 ast— +ooforallzeR.
Hence (5.8) is proved. O
6. Passing the results to the chemotaxis model (1.1)

In this section, we shall prove Theorem 2.5 and Theorem 2.6.

Proof of Theorem 2.5. First notice that s 0. Then the valuation of Eq. (2.13) at z= £o0 yields that

uscye =0. (6.1)

Furthermore we have from (2.13) that
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C,= —%U(z)C(z) (6.2)
which yields
M o
C(z):c+exp<?/U(y)dy>. (6.3)

z

Since u(z) exponentially decays as z — oo, see (3.6), the integral fZOOU(y)dy is bounded for any
z € R. As a consequence, C(z) > 0 for any z € R since otherwise ¢, =0 and hence C(z) =0 which is
not desired. To proceed, we split our analysis into cases: u >0 and u < 0.

Case 1: p < 0. This entails that C; > 0 for all z€ R and hence 0 < c_ < c4. The fact ¢ > 0 with
(6.1) leads to u; =0 which is only possible when U, < 0 (see Proposition 2.1). Hence we require
X = —&u > 0 which implies & > 0 since p < 0. Since 0 =u4 < u_, it follows from (6.1) that C(—o0) =
c_ = 0. This completes the proof of Theorem 2.5(i).

Case 2: > 0. Then it follows from (6.2) that C; < 0 and hence 0 < ¢y < c_. Therefore (6.1)
requires that u_ = 0. This is only possible when U, > 0, or equivalently y = —§u < 0 (see Propo-
sition 2.1) which requires £ > 0 due to p > 0. In this scenario, we have from the transformation

(1.2) that v_ = ﬁ%((:;’)) = ﬁ@ = 0. Therefore v, < v_ =0 due to V, < 0 from Proposition 2.1.

However from (2.5), one obtains s = %(—x vy + xvy) =0 if v <0 and u_ = 0 which violates the
condition s > 0. Therefore the traveling wave solution of (1.1) does not exist. This completes the proof
of Theorem 2.5(ii).

From above analysis, we observe that the traveling wave solution of (1.1) does not exists for any
m #0 when & <0 and the proof of Theorem 2.5 is completed. O

Proof of Theorem 2.6. The stability for u has been given in Theorem 2.4. It remains to pass the results
from v to c. By the transformation (1.2) and (5.2), one deduces that

€D [V E—sO—VEDDE _ ph(t)
C(x — st)

Next we show that ¥ (x,t) — 0 as t — oo. By the results of Theorem 5.1, the standard argument (e.g.,
see [23]) entails that ||y (-, £)|l1,.w — 0 as t — co. Then

V0 =2 / Wy (3.0 dy

1/2 1/2
<2 [vw) ([ vw)
R R

<y, =0 ast—oo

which implies ¥ (x,t) — 0 as t — oo for all x € R. Note that C(x — st) is a traveling wave solution
which is bounded by c; > 0. Then

c(x, 1) — C(x — st)| = [C(x — st)e? ®D — C(x — sp)|
=Cx—st1—e’® 0| <cp[1—e?®D| 50 ast— oo

for all x e R.
The proof is completed. O
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