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Abstract

This paper is concerned with the boundary layer problem for a hyperbolic system transformed via a
Cole-Hopf type transformation from a repulsive chemotaxis model with logarithmic sensitivity proposed
in [23,34] modeling the biological movement of reinforced random walkers which deposit a non-diffusible
(or slowly moving) signal that modifies the local environment for succeeding passages. By prescribing the
Dirichlet boundary conditions to the transformed hyperbolic system in an interval (0, 1), we show that
the system has the boundary layer solutions as the chemical diffusion coefficient ¢ — 0, and further use
the formal asymptotic analysis to show that the boundary layer thickness is ¢1/2. Our work justifies the
boundary layer phenomenon that was numerically found in the recent work [25]. However we find that the
original chemotaxis system does not possess boundary layer solutions when the results are reverted to the
pre-transformed system.
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1. Introduction

Chemotaxis is a common phenomenon in biology describing the change of motion of species
in response to a chemical stimulus spread in the environment. The consequence of chemotaxis
is that the species changes its movement toward (or away from) a higher concentration of the
chemical stimulus. The first chemotaxis model was derived by Keller and Segel in a series of
works [20-22] to describe abundant biological processes including the aggregation phase of cel-
lular slime mold and traveling waves formed by bacterial chemotaxis. Since then, numerous
variants of the Keller—Segel model have been developed to interpret the various biological phe-
nomena/processes, such as aggregative patterns of bacteria [33,44], slime mould formation [14],
fish pigmentation patterning [35], angiogenesis in tumor progression [4], primitive streak forma-
tion [36], blood vessel formation [9], wound healing [38], and so on. The Keller—Segel model, in
its general form, reads

(1.1

ny = [Dny — xn¢(c)xlx,

¢ =¢cxx +8(n,0),
where n(x, t) and c(x, ¢t) denote cell density and chemical concentration, respectively. The pa-
rameter D > 0 is the diffusivity of endothelial cells, x is the chemotactic coefficient and ¢ > 0
denotes the chemical diffusion rate. The chemotaxis is said to be attractive if ¥ > 0 and repulsive
if x < 0 with | x| measuring the intensity of chemotaxis. The function ¢ (c) is commonly called
the chemotactic sensitivity function accounting for the chemical signal detection mechanism and
g(n, ¢) denotes the chemical kinetics.

With x > 0, ¢(c) =Inc and g(n,c) = —knc™ (k > 0,m > 0), the model (1.1) was well-
known as the Keller—Segel model proposed in [20] to describe the traveling band propagation of
bacterial chemotaxis observed in the famous experiment of Adler [1,2]. The analytical studies of
this model have been continuously undertaken in a series of works (see survey papers [17,46] and
references therein). When x > 0, ¢(c¢) =c and g(n, ¢) =n — ¢, the model (1.1) was well-known
as classical Keller—Segel model first proposed in [21] to describe the aggregation phase of slime
mold amoebae Dictyostelium discoideum, which has attracted extensive attentions in the past few
decades (see survey articles [3,13,16]). In contrast to the attractive chemotaxis models, the stud-
ies of repulsive chemotaxis (i.e. x < 0) are much less and not many results have been developed.
It is generally believed that repulsive chemotaxis is a stabilizing factor for the dynamics, but its
mathematical mechanism has not been completely understood (see [52]). In this paper, we shall
consider the following Keller—Segel type repulsive chemotaxis model

(1.2)
Ct = ECxx + nc— e,

{nz =[Dny — xn(Inc)xly,
where x < 0. This model was developed in [23,34] to model the biological movement of rein-
forced random walkers that deposit a non-diffusible (or slowly moving) substance that modifies
the local environment for succeeding passages with little or no transport of the modifying sub-
stance.

The characteristic of model (1.2) lies in the logarithmic sensitivity function Inc which is
singular at ¢ = 0. This singularity brings great difficulties in analytical studies such as the stability
of traveling waves and well-posedness problem. Among other things, the foremost mathematical



Q. Hou et al. / J. Differential Equations 261 (2016) 5035-5070 5037

question is therefore how to resolve this singularity such that analysis can be undertaken. The
way used in the literature (see [23,30]) was to apply a Cole—Hopf type transformation

g=(nc)y = =
c
and transform (1.2) into a hyperbolic system augmented with initial data as follows:

Pt — (Pq)x = Pxx,
qr — (64 + p)x = &qxx, (1.3)
(p,q)(x,0) = (po, go)(x),

where we have set p =n and assumed —x = D = 1 without loss of generality since specific val-
ues of y and D are not important in our analysis. Clearly the transformed system (1.3) removes
the singularity and becomes both analytically and numerically tractable. Numerous results of
(1.3) have been obtained in recent years from different perspectives. We briefly recall these re-
sults according to the value of ¢ that is particularly relevant to the present paper.

e Case of ¢ = 0. The global well-posedness of (1.3) was studied in [11] for x € R and in [5,12,
24] for x € RV (N > 2). Furthermore the existence and stability of traveling wave solutions
in R was established in [19,27,29,30,47]. The global existence of solutions of (1.3) in the
interval (0, 1) subject to the Neumann-Dirichlet (ND) boundary condition, namely p, =
g =0 at x =0, 1, was obtained in [53] for small data and later in [43] for large data. In the
multidimensional bounded domain © C R? (d =2, 3), the global existence and exponential
decay rates of solutions under Neumann boundary conditions were obtained in [28] for small
initial data.

e Case of ¢ > 0. First the existence and stability of traveling wave solutions were estab-
lished by the second author with his collaborators in a series of works [26,31,32]. For
x € RMN(N = 2,3), the global existence and asymptotic behavior of classical solution of
(1.3) was recently established in [37,48] for small data, whereas for x € (0, 1) the global
existence and asymptotic behavior of large-data solution was established in [43] with ND
boundary conditions and in [25] with Dirichlet boundary conditions.

Except the above-mentioned results, for the model (1.3), it is particularly relevant to consider the
solution behavior for small ¢ > 0 since it conforms to the original idea of [23,30] modeling the
movement of reinforced random walks towards a non-diffusible (or slowly moving) substance.
This paper will be focused on the asymptotic behavior of solutions of (1.3) as ¢ — 0 to under-
stand how the solution behavior could be different with respect to ¢. In the works [37,46,48], it
has been shown that if the spatial domain is unbounded (i.e. x € RN, N > 1), both traveling wave
solutions (see [46]) and global solutions of well-posedness problem (see [37,48]) are uniformly
convergent in &, namely the solution with & > 0 converges to that with ¢ =0 as ¢ — 0. If the
domain is an interval say (0, 1), and ND boundary condition is prescribed for ¢ > O:

pX|X=0,X=1 = [3 2 07 C]|x=0,x=1 :é, lfg Z 09

then the solution is still uniformly convergent in ¢ (see [49]). However if the Dirichlet boundary
conditions are imposed in (0, 1) as follows:
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Ip|x=o,x:l=ﬁzo, licox=1 =G, ife>0 04

Plx=0x=1=p >0, ife=0

it was numerically illustrated in [25] recently that ¢ is a singular parameter and a boundary layer
for ¢ would arise as ¢ — 0. This is a new phenomenon discovered for the chemotaxis model
showing that boundary condition might be a significant factor to affect the solution behavior as
& > 0. Mathematical justification of boundary layers was left open in [25]. It is the purpose of
this paper to rigorously prove the occurrence of boundary layer process for the solution compo-
nent g of (1.3)—(1.4) as ¢ — 0 and complement the numerical discovery of [25] with analytical
justifications. As stressed in [25], the boundary condition of ¢ can not be imposed for ¢ = 0 since
otherwise the problem is over-determined. Due to this special structure, a boundary layer for g
may arise as ¢ — 0 if the value of g does not match at the boundary between ¢ > 0 and ¢ = 0.
This is the key observation and starting point of our present work.

The theory of boundary layers has been one of the fundamental and important issues in physics
and fluid mechanics [41] since the pioneering work by Prandtl [39] in 1904. The boundary layer
phenomenon usually occurs when the inviscid limit of the Navier—Stokes equations near a bound-
ary is considered (cf. [6,7,18,45,50,51]). Moreover, the boundary layer problem also arises in the
theory of hyperbolic systems when parabolic equations with small viscosity are applied as pertur-
bations (cf. [8,10,42]). With these empirical results, it is natural to expect that (1.3) may possess
boundary layer solutions as ¢ tends to zero by regarding it as a viscosity coefficient. To the best of
our knowledge, this is a new phenomenon found for mathematical models related to chemotaxis
and has never been studied before in spite of a large body of works on chemotaxis models. We
hope our work can arouse a new interest in chemotaxis researches.

2. Main results

For convenience, we first state some notations.

Notation. Throughout this paper, unless specified, we denote by C a generic positive constant
which is independent of ¢ and may change from one line to another. Without loss of generality,
we assume 0 < ¢ < 1 for we consider the diffusion limit problem as ¢ — 0. For simplicity we
denote || fllLr =l fllLr(0,1) for 1 < p <oo,and H* = W*2(0, 1) denotes the k-th Sobolev space
with norm || f|| g«. The Banach space WLP(0, T; X) consists of all functions f € L?(0, T; X)
such that 9; f exists in the weak sense and belongs to L?(0, T'; X), with norm denoted by

T
1/p
I fllwiro,7:x) = (/ IFON% + ||81f(t)||§dt) s, I<sp<oo
0

In [25], the authors show that the system (1.3)—(1.4) admits a unique global classical solution.
We cite the results below for later use.

Lemma 2.1 (/25]). Suppose that (po,qo) € H? and satisfies the compatible condition
(po, q0)(0) = (p, q). Then for any € > 0, there exists a unique global classical solution (p¢, ¢%)
to the initial-boundary value problem (1.3)—(1.4) such that the following hold true.

() Ife > 0, then (pt — p,q° — ) € C([0, 00); H*) N L%([0, o0); H?), and for all t > 0, there
is a constant C > 0 independent of t such that
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I(pF = YOI + 1@ — D D132
H H
t
+ f UP* = D@3 +1(g° — D@)ll32)dT < C. 2.1)
0

(ii) If e =0, then it holds that

(p° — p) € C(10, 00); H?) N L2([0, 00); H),
(q° — §) € C(10, 00); H*) N L*([0, 00); H?),

and when p > 0, for all t > 0, it holds that
t
I(p° = DY + 1@° — DO, + f WP’ = PO + 1" = P@I5)dTr < C.
0

for some constant C > 0 independent of t, where § = fol qo(x)dx.

Remark 2.2. We remark that the constant C in estimate (2.1), which is obtained by the standard
energy methods in [25], depends reciprocally on €. In [25], the decay rates of solution as t — oo
were derived also and omitted here for they will not be used in this paper.

Next we recall the conventional definition of boundary layer (BL)-thickness (cf. [7]).

Definition 2.3. Let (p?, ¢°) and (p°, ¢°) be the solution of (1.3)~(1.4) with & > 0 and ¢ = 0,
respectively. If there is a non-negative function § = §(¢) satisfying é(¢) | 0 as ¢ | 0 such that

lim || p* — p°|l (0. 7:c10,1) = O,

g—0

lim Jlg® — ¢°llz0.7:c[5.1-87) = O,

e—0

liminf lg® — ¢°|lz0.7:c10.17) > 0
e—0

we say that the initial-boundary value problem (1.3)—(1.4) has a boundary layer solution as ¢ — 0
and §(¢) is called a BL-thickness.

Remark 2.4. As mentioned in [7], the above definition does not determine the BL-thickness
uniquely since any function §,(¢) satisfying inequality 8.(¢) > §(¢) is also a BL-thickness. In
Appendix A, we shall perform a formal asymptotic analysis based on WKB method to show that
BL-thickness of the problem (1.3)—(1.4) is !/2. But this can not be rigorously proved by the
analysis developed in the present paper. We shall study the boundary layer stability and hence
justify that BL-thickness of the problem (1.3)—(1.4) is exactly £'/? in a future work.

We are now in a position to state the main results of this paper on the boundary layer problem.
To this end, we first need a uniform-in-¢ bound of solutions to the system (1.3)—(1.4), which is
the key to show the existence of boundary layer solutions.
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Theorem 2.5 (Uniform-in-¢ estimates). Assume that (po, qo) € H 2 and satisfies the compat-
ible condition (po, qo)(0) = (p, ). Let (p®, q%) be the unique global solution of the system
(1.3)—(1.4) with ¢ > 0 obtained in Lemma 2.1. Then for any 0 < T < 00, the following estimates
hold

T
sup (11512, + 2" 2lq51 ) <r>+/(e”zup;xniz+e3/2||q;‘;x||iz) di<C, (22
0<t<T

- 0

where C is a positive constant independent of ¢.

Then the results on the existence of boundary layers for the transformed problem (1.3)—(1.4)
are given in the following theorem.

Theorem 2.6. Assume the conditions of Theorem 2.5 hold. Let (p®, q°) and ( pO, qO) be the solu-
tion of system (1.3)—(1.4) corresponding to ¢ > 0 and & = 0, respectively. Then any non-negative
function &(¢) satisfying

8(e) — 0 and 81/2/8(8) —0,ase—>0

is a BL-thickness of (1.3)—(1.4), such that for any 0 < T < 00

1P = P° 1 w012 cr0.1) < Ce'/? (2.3)
and
lg® — qOHiOO(O,T;C[B,I—B]) <Cs7 e, (2.4)
lig(f)lfﬂqe — ¢z, :c10,17) > O, (2.5)
if and only if
13 t
fpg(o, 7)dt - / PP, t)dt #£0, for somet €0, T], (2.6)

0 0

where the constant C is independent of €. That is the problem (1.3)—(1.4) has a boundary layer
solution as ¢ — 0 iff (2.6) holds.

Remark 2.7. If pg, (0) - pox (1) # 0, then the condition (2.6) in Theorem 2.6 is satisfied.
Before proceeding, we outline the main ideas employed in this paper to prove Theorem 2.6.

The uniform-in-¢ estimate (2.2) is the key for the proof of Theorem 2.6. The standard energy
method as employed in [25] only can give the estimates depending on & due to appearance
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&€

xpfc)gz(l). For example, the following estimate was obtained in [25,

of the boundary term e(g
Lemma 2.3]):

£12 &2 e 2 e 2 -1
”px”Loo(O‘T;LZ) + ”qx”Loo(O’T;LZ) + ||pxx||L2(0,T;L2) + 8||qxx||L2(0,T;L2) S CS

where C is a constant independent of ¢. Thus to derive the solution convergence as € — 0, one
needs a new approach to get the estimates of the boundary term &(g? p§)|§z(1). Observing that
by integrating (1.3); with respect to x, p%|y=0,x=1 can be expressed in terms of p7, and hence
bounded by || p/|l;2 and other controllable terms, where | p7||;> can be estimated by the rou-
tine Lz—energy estimate thanks to the condition p;|y—0 x=1 = ¢} |x=0,x=1 = 0 (see Lemma 3.2).
Based on this crucial observation, we undertake a refined estimate for (g? pi)ljzé, which read-
ily gives rise to (2.2) by employing various inequalities (see the proof of Lemma 3.3). With the
key estimate (2.2), we prove Theorem 2.6 by exploiting the weighted L?-method, inspired from
a work [18]. By a delicate computation, we succeed in deriving the weighted L>-estimate (see
Lemma 4.3):

t 1

1
fé(x)l(q‘" — O P, D dx + e//é(xﬂ(cf ") P(x, 1) dxdr < Cs'2,
0 0

0

where &(x) := x2(1 - x)z, x € [0, 1]. Then we can readily derive (2.4) based on the above
estimates.

Theorem 2.6 asserts that the boundary layer for g will arise for the transformed system
(1.3)—(1.4) as ¢ — 0. Naturally we shall ask whether the original chemotaxis model (1.2) with
corresponding boundary conditions will have boundary layer or not. To this end, we need to use
the Cole-Hopf type transformation ¢ = “* to pass the results of transformed system (1.3)—(1.4)
to the pre-transformed chemotaxis system (1.2) with the corresponding boundary conditions as
follows:

ny =[Dny — xn(nc),ly,
Ct = ECxx +nC — lcC,
(n, ¢)(x,0) = (no, co) (x), 2.7)

_ Cx .
n, —|x=0x=1=¢, ife>0
C

n|x:0,x:1

n|x=0,x=1 :’71, ife=0

where D > 0, x <0, i > 0 are constant parameters, and 7z > 0, ¢ € R are constants. The global
existence of solutions to (2.7) has been obtained in [25] and here we only address the diffusion
limit of solutions as € — 0.

Proposition 2.8. Let the initial data satisfy no(x) > 0, co(x) > 0 and the compatibility condi-
tions: nolx=o,x=1 =1, %’Hx:O,x:l = . Assume that ng € H%, Inco € H> and let (n®, ¢®) and

(n, %) be the unique global solution of system (2.7) with ¢ > 0 and & = 0, respectively. Then
forany 0 < T < oo, it holds that

In® = n°1 7 0.7:cr0.1 < C&'* (2.8)
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and

. om 1,2
l¢® = Nzeo0,7:c10,17) < CE77

where the constant C is independent of € but depends on T .

Remark 2.9. The results in Proposition 2.8 says that the original chemotaxis model (1.2) does
not have boundary layer phenomenon as ¢ — 0 although the transformed system does. This indi-
cates that non-diffusive problem (2.7) can be approximated by the diffusive problem with small
diffusion. Moreover the boundary condition %‘ |x=0,x=1 = ¢ may lead to standard boundary con-
ditions. For example, if ¢ = 0, then it indicates the Neumann boundary condition ¢y |x=p x=1 =0,
whilst if ¢ # 0 it implies the Robin boundary condition (¢ — %cx) lx=0,x=1 = 0. We further note
that the results in Proposition 2.8 do not include the case where ¢ also has the Dirichlet bound-
ary condition. In other words, it is unknown whether there is a boundary layer if the Dirichlet
boundary condition is prescribed to ¢ directly.

3. Proof of Theorem 2.5

Suppose that (p?, ¢°) is the unique global solution to the system (1.3)—(1.4) with ¢ > 0 given
in Lemma 2.1. In this section we are devoted to deriving the uniform estimate (2.2) for p® and
q°, and thus prove Theorem 2.5. Let p = p® — p, g = q° — g. Substituting p and g into (1.3)
and (1.4), we can reformulate the problem (1.3)—(1.4) as

ﬁt = ﬁxx + (ﬁé)x +ﬁqx “I‘Ciﬁxy

gr =&qxx + 5[(6)2]x +2¢qqx + px,
(P, q)(x,0) = (po— p,q0 — q)(x),
Ple=0x=1=0, qlx=0x=1=0.

3.1

The proof of (2.2) consists of a series of lemmas. The first one is the uniform L? estimates
proved in [25]. We cite it here for later use.

Lemma 3.1 (/25, Lemma 2.2]). Suppose that the assumptions in Theorem 2.5 hold. Then there
exists a positive constant C, independent of ¢ and t, such that

t
I(p* = PYDI72 +11(g° —DOI72 + f(up,iniz +ellgil;.)dr <C.
0

Next we proceed to derive the higher order estimates.

Lemma 3.2. Suppose that the assumptions in Theorem 2.5 hold. Then for any 0 < T < o0, there
exists a positive constant C, independent of € but dependent on T, such that

sup (117} 12+ llaf O12:) + [ (19513 +ellagi]13.) de < C.

0<t<T

S t~—~
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Proof. Differentiating (3.1); with respect to ¢, we have

Dt = Pxxt + (P@)xt + PGxt + G Px:-

Taking the L? inner product of this equation with p,, integrating the result by parts over (0, 1),
and using the boundary conditions, we arrive at

ld . » o
3B + 1l
1 1
=—f<ﬁé>tﬁx,dx—ﬁfétﬁx,dx
0 0 32)
1 1 1
=~ [ hapadi [ papadr = [ s
0 0 0
=L+ 5L+

Observing that p;|x=0,x=1 = 0, then by Holder and Gagliardo—Nirenberg interpolation inequali-
ties, we have

Iy < | pelleeell Pxell 211Gl 22

S /20~ 13/2) ~
< Clpl SN 1252111 2
1 ~ ~
< gupx,niz +ClIgI5 15117
Due to the boundary conditions and Sobolev embedding inequality, I, is estimated as follows:

D < 1Plz=llgelig2 | Paell 2
= Clpla g 21 Paell 2
< Clpxl2lgell 211 pxell 2

< Sl + U204 12
Moreover, the Cauchy—Schwarz inequality, yields
I8 sluﬁxtniz + 22113
Substituting above estimates for /7-73 into (3.2), we obtain
%nﬁ, 172+ I Bxell72 < ClUGIT NP7 2 4+ CU B2 + DG 172 (3.3)

We next estimate ||g; || ;2. Differentiating (3.1), with respect to ¢, gives
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Grt = &qxxs + 8[(5)2]” +2eGqxt + Pt

which, multiplied by g, and integrated by parts with respect to x over (0, 1), results in

1 1
1d _ - 2 ~ -~
3 ol + eldults = — / (@) )dies dx + / Berdi dx
0 0
i 1 34
= —ZS/Q@QH d.x —+ ﬁxtét d.x
0 0
=11+ Is.
Upon using Holder, Poincaré and Sobolev embedding inequalities, we estimate I4 as
Iy <2elig o gell 2 1Gxe Nl 2
= Cellgll g l1gell 211G ll 2

< CE21Gel NG 2 P 1G el 2)
| - -
< 5€0Gu Iz + Celge Iz 172

With Cauchy—Schwarz inequality, /5 can be easily estimated as

Lo o ~ 2
IsSZIIszIILerII%IILz-

Inserting above estimates for /4 and /5 into (3.4), we obtain

d ~ 112 ~ 2 1 ~ 2 ~ 2 ~ 2
T2+ eldsr T2 < S0P}z + Cleldsllyz + DG,

which, combined with (3.3), yields

d . - - -
T UBe72 + 1072 + (B 72 + 1w l72)
<CUIGNT> + 1Pcls +ellgellZs + %+ DU B2 + 121172
This, along with Gronwall’s inequality and Lemma 3.1, gives

t

15125 + 13012, + f (Nparls +eldull3. ) dr < .
0

where the constant C is independent of & but depends on ¢. The proof of Lemma 3.2 is thus
finished. O
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Lemma 3.3. Suppose that the assumptions in Theorem 2.5 hold. Then for any 0 < T < 0o, there

exists a positive constant C, independent of € but dependent on T, such that

T
sup (||p§<r)||iz+e‘/2||q§<t>||iz)+f(e‘/znp,ixniz+e3/2||q§x||iz) dr<C.
0<t<T

- 0

Proof. Taking the L? inner product of (3.1); with (—&p,,), integrating the result by parts over
(0, 1), and using the boundary conditions, we get

| =

(1)) +ell el
1 1
= [ Bupecdx e [ ipesds
0 0 (3.5)
1

1
_Sﬁfoﬁxxdx_EQ/‘ﬁxﬁxxdx
0 0

1
2

U

t

=N+ I+ I3+ Js.

We next estimate J;—J4. First by the boundary conditions and Holder and Sobolev embedding
inequalities, we infer that

Ji = el pxli2llglizeell pxxll 2
< Cellpxll 211G g | Pax Nl 2

< Cllpell 261Gl 2) @2 paxll 12)
1 i i
< g8 1Pxelipa + ClpclIa el 7)
and

J2 < el plliroo a2l e ll 2
< Cellpllgi Gl 21l Paxl 2
< Clipell 221Gl 2) (1 Prxll 12)

L. 2 -2 ~ 2
< gelPesllya + Cllpx T (e 7)-
Furthermore, the Cauchy—Schwarz inequality gives
T3+ Ja < (pe' 213l 2 +1a1e 21 el ) 2 Pl 12)

< —ell paell72 + 207l 172) + 267 Ell Pl 7).

B
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Then it follows from (3.5) that

d - - - _ _ - -
ST +ellpeclge = CUIPZ: + P2+ el pelz +ellddllp) . (36)

We are now in a position to estimate ||y || ;2. Taking the L? inner product of (3.1), with (—&G),
and integrating the result by parts, we derive

N | =

1 1
d - - o~ Y
= (81132 ) + £20ua 2 = =262 f GqxGer dx — 267G / Grqrx dx
0 0

| 3.7
te / Buxiis dx — e(Fedi0) 1=
0

=Js+ Jo+ J7+ Jg.

We proceed to estimate J5 - Jg. Using Holder and Sobolev embedding inequalities and the bound-
ary conditions, we deduce

Js < 2621111 oo 1 Nl 121G N 2
< Ce®1G Ny G L2 1 Gxx 2

< C(elldell7 )l Gaxll 12)

1, . ~
< gsznqmniz + CellGell7)
By Cauchy-Schwarz inequality and the assumption that 0 < ¢ < 1, we obtain

Jo <26°q11Gxll 12 1Gex l 2

1 . _ -
< €713 72 + CedP (el 2)

1 - _ -
< §e2||qxx||iz +C (el )
and
l ~ 2 ~ 2
J7 = 20 Pexllfa + £GelZ2-

To estimate Jg, we rewrite py|y=0 x=1 as follows. First, integrating (3.1); over (x, 1), we have
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1
ﬁx(l,r>=ﬁx<x,r>+/ﬁyydy

X

1 1 1

=13x(x,t)+/ﬁzdy—/(ﬁ67)ydy—ﬁ/éydy—éfﬁydy
X

X X X

1 (3.8)
=13x(x,t)+/13zdy—[(ﬁc?)(l,t)—(ﬁci)(x,t)]

X

—plgl,0) —q(x, 0] —qlp(1,1) — p(x,1)]
1

=ﬁx(x,t)+/15tdy+(ﬁé)(x,t)+15!i(x,t)+éﬁ(x,t),

X

where we have used the boundary conditions p(1,t) = g(1,t) = 0. Then integrating (3.8) over
(0, 1) with respect to x, and using the boundary conditions again, we end up with

1

1 1
ﬁx(l,m=/ﬁx<x,r>dx+/fﬁfdydx
0 x

0
1 1

1
+ f(ﬁé)(x, 0 dx +13/q”(x, 0 dx +qfﬁ(x,r)dx
0

0 0

11 1
://ﬁ,dde/(ﬁé)(x,t)dx
0 x 0

1 1

+ﬁ/é(x,l)dX+é/ﬁ(x,l)dx,

0 0

which, upon the application of Holder inequality, gives
1P (L O < 1pell2 + 11PN 201G 1 22 + PlIG N 2 + 111 Pl 2 (3.9
In a similar fashion as to obtain (3.9), we derive

12O, D < | pell 2 + 1PN 2MG N 22 + PliGl 22 + 111 Pl 22 (3.10)

Combination of (3.9), (3.10) and Gagliardo—Nirenberg interpolation inequality, gives



5048 Q. Hou et al. / J. Differential Equations 261 (2016) 5035-5070
Js < ellGell o (15 (0, )] + | p (1, 1))
<2¢el1GxllooUlpel 2 + 180 21G 1 2 + PG 2 + 111 Al 2)
1/2 1/2
< Ce(llgell 2 + 1G]l 5 1Gxx 1)
< (I1Pellzz + 150 21G 0 2 + Al 2 + 1 1Al 2)
1 - -
< —&|Gux 172 + £ ldll7
+ Ce' 2Bl + 1B 1172 + A2IGN3 2 + 31 BlIT ).
where the assumption that 0 < & < 1 has been used. Substituting above estimates for Js—Jg into
(3.7), we obtain
d - -
= (£14:132) + €71 1
1
ESIlpxxlle+C(8IIqxlle+ + D (ellgel?>)
+ Ce PP NT 2+ 181720172 + 21172 + a1 517.).

which, added to (3.6), yields

%(enﬁx 172 + ellgell?2) + (ell pxxll 2 + €% 1Gxll72)
< CUpella +ellells + 5>+ G + Dl pell 72 +llGl72)
+ Ce' PP + 1B 20172 4+ APIGN5 2 + G N Bl )
This, combined with Lemma 3.1, Lemma 3.2 and Gronwall’s inequality, gives

t

el e (D12, + ellde (D112, + / (lpeals +e21Gur 12, ) dr = Ce'2,
0

where the constant C is independent of ¢ but depends on ¢, which implies

t

2G5 + / (2 20peals + 620G l2,) dr < C. 3.11)
0

As a consequence of Lemma 3.1 and Lemma 3.2, we get
||Px||W1 2(0 T: L2) = C

which, along with the Sobolev embedding inequality, yields

~ 2 ~ 2
”px”LOO(O’T;Lz) S C”px”wl.Z(O!T;I}) S C
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This, combined with (3.11) completes the proof. O

Proof of Theorem 2.5. By Lemma 3.3, we derive estimate (2.2), which finishes the proof of
Theorem 2.5.

4. Boundary layer problem (proof of Theorem 2.6)

Recall that (p?, g%) denote the global solution of (1.3)—(1.4) with & > 0. For convenience, we
set

u=p°—p° v=¢°—¢° 4.1)

Then from system (1.3)-(1.4), we deduce that (u, v) satisfies the following initial-boundary value
problem:

Uy =uxx + (pfv+ uqo)x,

v = evyy +8q0 +e[(@%)?]x + uy, 4
N T 4.2)

u|x:0,x:1 =0, U|x:0,x:1 =(q—q )|x:0,x:l,

u(x,00=0, v(x,0)=0.
Based on the reformulated problem (4.2), we shall derive a series of results below.

Lemma 4.1. Suppose that the assumptions in Theorem 2.6 hold. Then for any 0 < T < 00, there
exists a positive constant C, independent of ¢ but dependent on T, such that

sup (||<p€ - OO +11a° — 4" ||iz)

0<t<T

T
+ / (n(pg = p"xl3, +ellq® — q°>x||iz) dt < Ce'l%.
0

Proof. Testing (4.2); with u, integrating the result by parts, with Holder and Sobolev embedding
inequalities we obtain

1 1

1d
s sl = [ pfoucdx — [ uglu,dx
0 0

4.3)
0
<P e lvll 2 luxll g2 + llull g2 llg™ Lo lluxll 22

1
2 2 2 02 2
< <lluxllzz + Clp Il + Clig I llull
L H L H L

Taking the L? inner product of (4.2), with v, and using the integration by parts again, we get
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1 1

2d
0
=K1+ Ky + K3+ Ka.
By Holder and Sobolev embedding inequalities, we estimate K|—K3 as follows:
Ky <&llql 172 + Ivll3..
Ky <2ellg e liggll 2 vl .2
=< Ce(llg®liz> + llagl ) llgyll 2 vl .2
< Cellgil;,+ Cellg®l72 + llgf 7Dl

and
l 2 2ol2
K < llucl?s +20v]2,.
With boundary conditions in (4.2), we rewrite K4 as follows:
Ky=¢[(q —q")(q5 — gD,
|X=]

=@ — q"qE1RZ) — el(@ — ¢9)g11i=
=M + M,.

By Holder and Gagliardo—Nirenberg interpolation inequalities, we deduce
My <26+ 1g° =) llg Nl
< Ce@+ 18"l (g5 0.2 + g1, a5, 1)
= Ce' 2@+ g ) (22 Nagll 2 + (P laf 1D P lag, 15D
= €2 (@ + 1" +ellas I3 + e 2 af 12, + e 2las, 13 )
and

Ms <26 + 1% 12o) g2 oo
<Ce@+11g° 1 y2)*.

With the above estimates for M| and M», and keeping in mind that 0 < ¢ < 1, we get

Ky = Ce 2 (@ + 10 52)? + 2210513, + 6215, 1, )

which, combined with the above estimates for K;—K3 and (4.4), leads to

1
_i 2 2 _ 0 x=1
t||v”L2+8||UX”L2_8 gy vdx +2e q%q vdx+ uxvdx+8(vvx)|x:0
0

4.4)
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d
S IvIz +elluliz,
1
= g luedliZe + Clg® Iz +ellaz iz + Dllvl,

+Ce' 2 (@ + 9% 5 + e g 12, + e 2512

This, along with (4.3) gives

d
Tl + 1072 + (72 + ellvelz2)
< CUPE I + 1g°15,0 + g°1172 +ellgs 172 + Dl + vl32)
+Ce'2 (@ + gl ) + £ 2gE 1, + £ 2a, 13 ).

Applying Gronwall’s inequality to this, and using Part (ii) of Lemma 2.1, Theorem 2.5 and
Lemma 3.1, we arrive at

t

a2, + lv @113, + / (||ux||iz +s||vx||iz) dt < Ce'2, (4.5)
0

where the constant C is independent of & but depends on ¢. This, along with the convention (4.1),
completes the proof. O

Lemma 4.2. Suppose that the assumptions in Theorem 2.6 hold. Then for any 0 < T < oo, there
exists a positive constant C, independent of ¢ but dependent on T, such that

T
e sup 1q° — g2, + / 1" — g2, dr < Ce'/2 “6)
O§I§T
0
and
T
5o I(p* = PO 13, + f I(p* = pO)ill3, dt < Ce'/2. (4.7)
<t<T
- 0

Proof. We first estimate (4.6). Taking the L? inner product of (4.2), with v; and integrating the
result by parts, we derive
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1 1

1d
S (slol2) + el =s/q2xvzdx+2efq€q;v,dx
0 0

1 (4.8)
+/uxvt dx + & (vxv)) 132}
0
:=Ks5+ K¢+ K7+ Kg.

First by Cauchy—Schwarz inequality and Part (ii) of Lemma 2.1, we obtain

1 1
Ks < 26%llq3, 172 + gllvillz < Ce® + lluiliz.
Then using Holder and Sobolev embedding inequalities, we estimate K¢ and K7 as follows:
Ko <2¢llg®lILollgyllz2llvell 2
< Celllg®lz2 + llgyll2)llgyll 2 lloell 2
1
< gl + Ceellat iz la® 17 +ellaslz2)
and
K7 < 1|| 2 42wy )P
7= glhurlga + 2l

With the boundary conditions, Sobolev embedding W1’2(O, 1) — C([0, 1]), and Gagliardo—
Nirenberg interpolation inequality, Kg is estimated as follows:

Ks = el(qf — g2 (—=gDIEZ)

< 2ellgt Lo llg 1l Lo + 2¢llgll oo llgl oo

1/2 1/2
< Ce(llgill e + Igs 15 1gE 1D gl + Cellg® 2 llg

1/2
= e ((el/zan 12) + B gs 15 lge N s )) gl e
+Cellg’ 2 llg) Nl

< Ce'2 (e 2512 + £¥21g, 12 + g0 131 ) + Cellall ol

where we have used the assumption that 0 < & < 1. We proceed to estimate ||qt0 | 71 in the right-
hand side of (4.9). By equation (1.3), with ¢ = 0 and Part (ii) of Lemma 2.1, we derive

0 0 0
lg: g =Pl < llp Iz = C.

Putting the above estimates into (4.9), and using Part (ii) of Lemma 2.1 again, we obtain that for
O<e<l
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K < Ce' (e 2 qEl17, + &gk, 117, + 1).

Substituting the above estimates for Ks—Kg into (4.8), using Theorem 2.5 and Lemma 3.1 we
deduce

d
= (eloalZ ) + o2

dt
<4l + Cellgi 12, (llg* 132 + 2" 2gs 12,
+Ce'2 (e121g5 12, + g5, 13, + 1)
<4l + Ce' 2 (1 2g5 13 + 62 lg, I3 + 1)),

where the assumption that 0 < ¢ < 1 has been used. Integrating this inequality over (0, #) and
using Theorem 2.5 and Lemma 4.1, we obtain

t
elve 7, + / o7, dr < Ce'/2, (4.10)

where the constant C is independent of ¢ but depends on ¢. The above estimate completes the
proof of (4.6).

We next prove (4.7). Testing (4.2); with u,, integrating the result by parts, and using the
boundary conditions, we have

1

1d
ol gl = / PP vty dx + / (uq®) s dx
0

1
/ vuxdx+f(p v)tuxdx+/(uq Yelly dx

1

d £.\2 Lt/%
_dt/<pv+ —(p°v) 1 dx
0

/(p V)l dx+/(uq Yxtts dx

=N

dx

u

A=
SIS

o _

1
_d . Uy 2 d e 2
——E/(p v—i—?) dx+E/(p v)“dx +
0 0

1
+/(p8v)tux dx +/(uq°)xuz dx,
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which, gives

2
+ el

1d 2 d e Ux 2
7ol + = [(ro+5)] ,
d 1 1 1
- / (p°v)>dx + f (P V)it dx + / (ug®)sts dx.
0 0 0

For fixed ¢ € (0, T], integrating this equation over (0, ¢) and using the initial conditions, we
deduce

s+ (o + 2 o+ fnu,andr

t t
— 1P + / / (P v)iuy dx dr + / / (ug®) s dx dr
0 0 0 0

= K9+ K10+ Kq1-

A.11)

Let us estimate K9—K 1. First by Theorem 2.1, Lemma 3.1, Lemma 4.1 and the Sobolev embed-
ding inequality, we get

Ko < Ip*Oll7= 03>

=C(IPF O3 + 125015 ) 12

<cel/?,

With Hélder and Sobolev embedding inequalities, we have

1

t 1 t
Klozf/pfvuxdxdt+f/p8vtuxdxdr
0 0

00
&€
<llp; ||L2(0,T;L°°)||U||L°°(0,T;L2)“ux||L2(O,T;L2)
+ 1P L. 7200 lvell 20,7 12y 1 1200, 7 1.2
=< C(”Pf”LZ((),T;LZ) + ||P§t||L2(0,T;L2))||U||LOO(0,T;L2) ||“x||L2(0,T;L2)
+ CUP N Loeo.1:22) F 125 Lo, 7: L2 Vel 20,7222y 1 220,70 1.2)

<cCe'?,

where we have used Theorem 2.5, Lemma 3.1, Lemma 3.2, Lemma 4.1 and (4.10). It follows
from Poincaré and Sobolev embedding inequalities that
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ro1 to1
K =//uxqou,dxdr+/fuq2utdxdt
0 0 0 0

0
< lluxllz20,7:02 19 Lo, 7;20) luell 120 1, 12y

0
+ ||“||L2(() T:L>®) g ||L°°(0 T:L?) ||“t||L2(0 £ L2)
4 ”ul ||L2(Ot LZ) + C”q ”Lw(o T: Hl) ”u”LZ(O T; Hl)

1
Z“ut ||L2(0t L2) + C||f1 ”LOO(O T; Hl) ||“x ||L2(0 T; L2)

—

< JleelZa g2y + Ce',

where Lemma 4.1 and Part (ii) of Lemma 2.1 have been used. Substituting the above estimates
for K9—K; into (4.11), we obtain

llux ()17 +f lull3»dt < Ce'/2,

where the constant C is independent of ¢ but depends on ¢. Thus, the proof of (4.7) is com-
pleted. O

Lemma 4.3. Suppose that the assumptions in Theorem 2.6 hold. Define &(x) = x*(1 — x)? for
0 <x < 1. Then for any 0 < T < oo, there exists a positive constant C, independent of ¢ but
dependent on T, such that

0<t<T

T 1
sup / EIGE — gD P (x,0)dx | +e / / E)I(G° — qxx|*(x, 1) dxdr < Cel/2.
0 0

Proof. Differentiating (4.2), with respect to x, we have

Uxt = EVxxx + SCI,?XX + 8[(q£)2]xx + Uxx-

Multiplying the above equation by x?(1 — x)?v,, integrating the resulting equation with respect
to x by parts, and using the fact that &£ (x)|y=0.x=1 = 0, we get
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EEIIXU —X)xl72 +ellx(l —x)vaxlly2
1 1
= —8/2(1 —2x)x(1 = xX)vy vy dx + 8/x2(1 - x)2vxq)?xx dx

0 0
1 1

+28/x2(1 —x)z(qj)zvx dx+28/x2(1 —x)zqsvxqu dx
0 0
1

+ /x2(1 —x)zvxuxx dx
0
=K+ K13+ K4+ K15+ Kis.

4.12)

We proceed to estimate K1o—K 1. Starting with Cauchy—Schwarz inequality, we first have

Ko <2elx(1 = x)vgx [l 2 [1(1 — 2x) vy |l 2

<20 x(1 = ) vaxl2) (P llvgll12)

1 _ 2 >
< gele( = uecl] + 8eucllo.

The integration by parts with Holder inequality yields

1 1

K3 = —8/x2(1 — x)20,,q° dx — 8/2(1 —2x)x(1 — x)vrq?, dx
0 0

0 0
< ellgu 2 llx (L = X)vaxli2 + 2ellvell 219, Ml 22

1 2 2 0 2
< el = DvalFa + 2 lval + ellgl 3.

By the assumption that 0 < ¢ < 1 and Holder and Gagliardo—Nirenberg interpolation inequali-
ties, we derive

K14 < 2ellgyll 2 llgy o lx (1 — x)vxl 2
3 & enl/2y e 1/2
= Cellgclip2Ugeliz2 + gl 2 g ll, 2 Mx (= x)vxll 2
= C(ellgfllT) Ix(1 = x)vell 2

3/2 1/2
+CE 2SI E g 1D (L = x)vel 2

< llx(1 = x)ve)l?, + Ce'/? ((el/znqz;niz)2 + @ Pllgi7)’ + 83/2||q§x||iz) :

Noting that ¢¢ = v+ ¢°, we have
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1 1
Ki5= 2efx2(1 — 1)2¢ Ve vpr dx + 28/)62(1 — x)zqgvxqu dx
0 0
< 2ellg® [l Loe lx (1 = x)vy [ 212 (1 = X)vax [l 12
+2¢llg° e X (1 = x)vell 2 llgy, Nl 2
< Cellg Il Ix (@ = )vx | 21X (1 = X)vxx [l 2

+ Cellg® g Ix (1 —x)vell 12 llg2 Nl 12

1
< gelx (= vz + Clellg® 170l (1= 0vdlz, +ellgy, 72,
where we have used the Sobolev embedding H! < L. For Kg, we use equation (4.2); to
rewrite it as

1

Kig= /xz(l —x)zvxu, dx
0
1 1

—/x2(1 —x)zvxpjvdx —/x2(1 —x)%v pfucdx
0 0
1 1

—/x2(1 —x)zvxuxqodx —/x2(1 —x)zvxuq)?dx
0 0
:=Ri+ R+ R3+ Rs+ Rs.

To bound K¢, we estimate Rj—R5 below. First Cauchy—Schwarz inequality leads to

Ry < lx(1 = )vell3 + el 7.
By Holder and Sobolev embedding inequalities, we estimate Ry—Rs5 as follows:

Ry < [lx(1 = x)vllzee lx(1 = x)ve |l 211 PNl 2
< Cllx(1 =)ol i llx( = x)vell 21PN 2
< C(llx(1 =) 2+ [1Lx(1 = )vlell2) lx (1 = )vell 2l pENl 2
< C(lz2 + X (L= x)vell 2) (1 = x)vgll 21 P52
< CUPENL2 + IPENT D Ix (T = X)vell2 + w172
Ry < [lx(1 = x)ve 1711 p 2o
<CUP N2 + IPEN ) (1 = X)vell7,
Ry < llx(1 = x)vell g2 el 22 11g° | oo

< Cllg° 13, Ix (1 = X)vell35 + llux?,
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and

Rs < x(1 = x)vel g2 llull 2 llg)l oo
< Cllg° I3, (1 = X)vxll3 2 + flull?,.
With above estimates in hand, we obtain
Ki6 < CUIP°ll 2 + IP5 N2 + P17 2 + 1901152 + Dllx(1 = x)ve]l7
+ (07 + el 4 el + lluel3o)-

Substituting the above estimates for K1»,—K1¢ into (4.12), we derive that for 0 < e < 1

d 2 2
T = 0welZ, +elle( = Dvel 7,
< CUP°l2 + Pl + 105152 + ' 21lg 15,1 + 116017, + DIlx (1 — el
+ CUIT 2+ lull3 2 + e 72 + luell3 2 + llvell?2)

+Cel/? ((s”znqz;niz)2 +E 21307 + 2k 17, + ||q°||§,2) :

Applying Gronwall’s inequality to this, and using Part (ii) of Lemma 2.1, Theorem 2.5,
Lemma 3.1, Lemma 4.1 and Lemma 4.2, we obtain

1

t 1
/x2(1 —x)2|vx|2(x,t)dx+8//x2(l — ) |vex |2 (x, T) dxdt < Ce'/?,
0 0 0

where the constant C is independent of ¢ but depends on ¢. Thus, the proof Lemma 4.3 is com-
pleted. O

With the help of Lemma 4.1, Lemma 4.2 and Lemma 4.3, we can estimate the thickness of
boundary layers.

Proof of Theorem 2.6. By Lemma 4.1, Lemma 4.2 and Sobolev embedding inequality, we have
that for any € [0, T'],

1 = OO0,y =€ (16" = POy +15° = PO ) = Ce'2
Thus, we obtain (2.3) and

“(pa - po)”%OO(O,T;C[(),l]) g O, as e — 0.

Next, we prove (2.4). First one can prove that for any § € (0, 1/2),

82 <4x*(1—=x)%, Vxe(s,1-9).
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This, along with Lemma 4.3 gives

1-8
82 / vi(x,1)dx <4
)

—_

-5
x2(1 —x)zv)%(x, )dx < ce'/?,

00\

from which we derive that for any § € (0, 1/2),
16G° = 4Mx Dl 26,1 < €5~ 'e!4, Vi e[0,T].

Combining this with Lemma 4.1, we have by Gagliardo—Nirenberg interpolation inequality that
for any t € [0, T],

1@® =g O1Z,1-s)
<CU@G* = dDON251 g + 16" —aD26,1-5) 1" = )x Dl 2(5.1-5)
< C(SI/Z +81/25—1)

<Ce'2571,

where the constant C is independent of ¢ but depends on 7. Hence, we obtain (2.4) and

16g* — ") 13~ :c5.1—5p — 0 ase =0,

provided that § = §(¢) satisfies
6(e)—> 0 and 81/2/5(8) —0, ase—0.

Next we turn to show that (2.5) and (2.6) are equivalent. For this, we integrate (1.3), with
e =0 over (0, ¢) and set x = 0 in the resulting integral equation to obtain

t t t

q°0,1) =4°, 0)+/p§3(0, t)dr:qo(0)+/pg(0, r)dr=q+/p§3(o,r)dr, (4.13)
0 0 0

where we have used the compatible condition ¢go(0) = g. Then it follows from (4.13) that

t

°0,1)—q= f p2(0, 7)d-,
0

which, along with the boundary condition ¢°(0, ) = g gives for any ¢ > 0 that

t

q°(0, 1) — ¢* (0, t):/pg(o, 7)dr. (4.14)
0
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If we assume that fé pg(O, 7)dt # 0 for some ¢ € [0, T], then (2.5) holds and the boundary

layer appears at x = 0. Similarly if we assume that fé pg(l, T)dt # 0, then (2.5) holds and the
boundary layer appears at x = 1. Thus, we have proved that (2.6) implies (2.5). It remains to
show (2.5) implies (2.6) by argument of contradiction. Indeed if we assume (2.6) is false, that is

1 t

/pg(o, r)dr./p;’(o, t)dt =0, Ytel0,T],
0 0

then it follows from (4.14) that
q°0,0) — ¢, =41, 1) —¢°(1,1) =0, Yrel0,T] (4.15)

We shall show below that under (4.15) the boundary terms for v in the proof of Lemma 4.1 and
Lemma 4.2 will vanish and hence lead to a estimates violating (2.5). In fact, with (4.15), we have
K4 =01n (4.4) and K, can be estimated in a more delicate way by

Ky <2elig®ll=liggll 2l 2

1/2 1/2
= Ce (Ig 12 + g1, 1517 ) g vl 2

(4.16)
< Ce2g 122 11g5 1% + CEllge Nl 2 g 135 + vl

<Ce* (g%l 2 + °1172) (e”znqiniz +s3/4||q§||iz) + i3,

where the assumption ¢ < 1 has been used. Now we modify the proof of Lemma 4.1 directly by
using K4 = 0 and replacing K> in (4.4) with (4.16) and get by a similar argument as deriving
(4.5) that

T
sup (Jlu@)ll72 + lv@®II72) + / (luxl3, +ellvxll,) dt < Ce/4. (4.17)
0

0<t<T

Similarly we can modify the proof of Lemma 4.2 directly to get a better estimates for v,. First,
differentiating (4.15) with respect to ¢ gives v;|x=0 x=1 = 0, which leads to Kg =0 in (4.8). Then
using a similar argument as obtaining (4.16), we find

Ko < 2¢llg° Il g I 2 lvrl 2
1
< 1l + Ce g%+ 1a°122) (£ 20a5 122 + 271513 )

Now substituting the above estimate for K¢ into (4.8), keeping the estimates of K5, K7 un-
changed, and using the same arguments as deriving (4.10), one easily gets that

0<t<T

T
e sup [l (07, + / loell3, dt < Ce/4,
0
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which, entails that for ¢ € [0, T']
lox ()17, < Ce'/*, (4.18)
Then from (4.17) and (4.18), we deduce for ¢ € [0, T'] that
1g° = ¢°)OIEj0.1;

< Cl@* =g D321, + 1@ = aV DOl 20,1 1@ = ¢ Dl 2,1))

< O 4 /8. g1/

<ce,

which, yields
liminf|l¢® — ¢°l L 0.7:cr0.1 = lim [l¢* — ¢°llz=0.7:cro.1)) = 0.
e—0 e—0

This contradicts (2.5) and hence (2.6) holds by argument of contradiction. The proof is com-
pleted. O

Note that in general the condition (2.6) in Theorem 2.6 is hardly checkable unless the term
pg(O, T) or pg(l, 7) is known. Below we shall show that the condition (2.6) can be ensured by
assuming poyx (0) - pox (1) # 0. For example without loss of generality, we assume that po, (0) #£ 0

and furthermore po,(0) > 0. By part (ii) of Lemma 2.1, we know that p° € C([0, c0); H?),
which along with Sobolev embedding theorem, entails for any T € (0, oo) that

p2(x, 1) € C([0, 11 x [0, T]),
which implies
pY0,1) € C([0, T]). (4.19)

We know from the initial conditions that po(x, 0) = po(x). Differentiating this equation with
respect to x and then setting x = 0, we obtain

P2(0,0) = po:(0) > 0. (4.20)
Combing (4.19) and (4.20), we conclude that there exists a suitably small 7* > 0, such that
p%0,7)>0, Vrtelo,T. 4.21)
Then from (4.14) and (4.21), we have for any ¢ > 0 that

T

llg® _q0||L°°(O,T;C[0,]]) Z/PS(O,t)dt >0, VO<T<T*
0
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and

T*
lg® —q°ll=o.:cro.1)) > /P)OC(O, tdt>0, VT=>T".
0

From the above two inequalities, we conclude that there exists a positive constant C(T, T*)
independent of & but dependent on T and T*, such that for any £ > 0

lg® — q0||L°°(0,T;C[0,l]) >C(T,T*) > 0.

Hence, forany 0 <7 < oo
liminf [lg* — ¢°ll (0, 7;c10,17) > 0.
e—0

Thus, we obtain (2.5) under the assumption that pg,(0) > 0. The result can be extended to the
case pox (0) < 0 similarly. In a similar fashion as above, one can derive (2.5) for the case pox (1) #
0. This yields the results of Remark 2.7.

5. Diffusion limit of the original model

In this section we transfer the diffusion limit results for the transformed system (1.3)—(1.4)
back to the pre-transformed system (1.2) and prove Proposition 2.8. First passing the result of
Lemma 2.1 to the pre-transformed chemotaxis system (1.2) gives the global existence of the
problem (2.7), which has been done in [25, Proposition 1.1] and will be omitted here. To complete
the proof of Proposition 2.8, it remains only to derive the solution convergence with respect to €
and the details are given below.

Proof of Proposition 2.8. We denote the solution of (2.7) with ¢ > 0 by (n?, ¢®). Noticing that

n® = p® and n® = p°, the convergence rate (2.8) is obtained directly from Theorem 2.6. We only
need to prove the convergence for ¢?. Observing that

(Inc®), = e(¢®)* + eq +n° — u,
(Inc®), =n® — p,

where ¢® = (Inc?),. We consider the difference of the two equations:
(Inc® —Inc®), =e(¢®)> + eqt + (n® — n%),

which, integrated with respect to 7, gives

cf(x,1)  (x,0)
A, 1) Ox,0)

t
eXP{f[(n‘8 —ﬂo) +8(q8)2+8q§]dt}.
0

It follows from the fact ¢ (x, 0) = ¢?(x, 0) = co(x) that
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et (x, 1) — P(x, 1) = 10 (x, 1)) -

t
exp { /[(ng —n% +e(g®)? +8q§]dt} — 1‘
0 (5.1

=10, 0)] - 90 — 1

We denote G°(x,t) := fot[(ng —n% +e(¢®? + eq;ldt for convenience. By Holder and
Gagliardo-Nirenberg interpolation inequalities, we have for any ¢ € (0, T']

T

G (x. 1) s/(nns =1l +ellg I + ellgf i ) dr
0

T
< Tln® —n®ll e iz + Cef (ha* 13 + g 2 Nag 2 ) e
0

T

1/2 1/2
e f (1502 + a0y a5, 112 de

0
1/4 2
<CTe™ + CTellg oo 7.12) + CTENG" oo 0,7:22) 195 | oo 0,722

172 172

3/4
+ CTE”q;‘”LOO(O’T;LZ) + cT / 3”6]; ||L°O(O,T;L2) ”qjx ”LZ(O,T;LZ)

<CTeY* 4+ CTe+CT¥* 4 CT*6/2

where we have used (2.8), Theorem 2.5 and Lemma 3.1 and C is a constant independent of €.
Considering that 0 < ¢ < 1, one has

|G (x, 1) < Cye'/* (5.2)

for some positive constant C| independent of ¢ (but depends on T'). Since c(x, 1) satisfies the
equation c? = (n% — )Y, then by using the results of Lemma 2.1, one can derive that

1c0Cx, )] < Crexpl(i — wt},

where the positive constant C; is independent of ¢ if 7 > 0 and depends on ¢ if n =0 (see [25,
Section 2.3]). We further apply the Taylor expansion and (5.2) with the assumption 0 < ¢ < I to
have

o o
e 1
G®(x,t) _ Vel k e k 1/4
le 1|§kE k!lG (x, 1)l SkE IG"(x, D" = C3¢
=1 =1

where the constant C3 > 0 is independent of ¢. Combining the above two estimates with (5.1),
we conclude the following result:

0 1/4
llc® — Pl oo, 7:100) < Cae!/4,
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where the constant C4 > 0 is independent of ¢ and depends on ¢. This completes the proof of
Proposition 2.8. O
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Appendix A

Based on the Definition 2.3, the results in Theorem 2.6 can not give a unique boundary layer
thickness. In this section, we shall show that the boundary layer thickness is £!/2 by the asymp-
totic analysis. We remark that our results are derived based on a formal instead of rigorous
procedure by the WKB method (e.g. see [15, Chapter 4], [10,40]). However a rigorous proof is
beyond the scope of this paper, see Remark 2.4. We split our analysis into four steps.

Step 1. Asymptotic expansions. Assume that the boundary layer thickness is ¢* for some
o > 0 to be determined later. By the asymptotic matching method (see [15, Chapter 2]), it is
known that the solution consists of two parts: the outer solution and the boundary-layer solution
near the endpoints x = 0, 1. We first introduce two boundary layer coordinates given as

X x—1
Z=8_0[’ 77= Sa ) xE[O, 1] (A'l)

where 0 < z < oo and —o0 < 1 < 0. As ¢ — 0, these coordinates have the effect of stretching the
regions near x = 0 and x = 1. By the WKB method, we assume that the solutions of (1.3)—(1.4)
with small ¢ > 0 have the following expansions:

P =3 e [P+ pP e+ p ], j =012
Jj=0

qs(x,l) zzgﬂtj I:ql’j(xst)_l_qB’j(th) +61b’j(77’f)] ) ]=O9 172’ Y
j=0

(A2)

where each term in (A.2) is assumed to be smooth and the boundary-layer solutions enjoy the
following basic hypothesis (see also [15, Chapter 4], [10,40]):

(H) p®7 and ¢®/ decay to zero exponentially as z — 0o, while pb’-/ and qb*-i decay to zero
exponentially as n — —oo all for j > 0.

Step 2. Initial and boundary conditions. Substituting the expansions (A.2) into the initial
conditions in (1.3), we have
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P00 =36 [pH 0,0+ pPT 2, 0+ pT (0,0)]
Jj=0

a0t = )¢ [¢" (2,0 +4%7 2. 0) + " (1, 0)].
Jj=0

(A3)

Noticing that the initial data pg, go are independent of ¢, it follows from (A.3) and the hypothesis
(H) that

pH0x,0)=pox), p¥0(z,00=p"°n,0)=0,

(A.4)
"0, 0 =qo(x), ¢%°(z,00=¢""(,0=0

and for j > 1

plI(x,0) = pB(z,0) = p*I(n,0) =0,
g™ (x,00=¢%7(z,00=¢"/ (n,0)=0.

To derive the boundary conditions, we substitute (A.2) into (1.4) and obtain from (A.1) that

p=Y e [p" 0.0+ 0.0)].

Jj=0

F=Y e [p 0+ 00],
j=0

a=Y_e" [q"0.0+4% 0.1)].
j=0

G=3 "¢ I:ql’j(l, 1)+ 4" (0, t)] ,
j=0

where in the first expression given above, we have neglected the term p?/ (—gia, t) due to the

assumption (H) that phi (—gl‘,, t) decay to zero exponentially as —Ei,l — —o0 (i.e. as ¢ — 0).

For the same reason, the terms pB’f(sla, 1), qb'j(— Ela, t) and qB’j (Eia, t) have been neglected in
the second, third and fourth expressions above, respectively. Since the above expressions hold
for any ¢ > 0, we get

p=p"0.0+p?°0.1),
p=p""0.0+p"0. 1,
g=4"0.0+¢"°0,n,
g=q""1.0+4¢"°0.1)

(A.5)

and for j > 1 we have
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p" 0,0+ pP7(0,1) =0,
phi, 0+ pPi0,1) =0,
q"7(0,1)+¢%7(0,1)=0,
g™ (1,1) +¢™i 0,1 =0.
Step 3. Profiles of p’-/ and p®J. We first substitute (A.2) without the boundary layer solu-

tions pB-7, pbi gBi and g% into the first equation of (1.3) and immediately get the equation
for the outer solution p’-/:

J
1 i— 1,j .
TS (ptkgh i = pil. for j=0. (A.6)
k=0

To find the profile for left boundary-layer solution pBJ, we neglect the right boundary-layer
solutions pb ) and qb *Jin (A.2) and substitute the remaining terms of (A.2) into the first equation
of (1.3). By using (A.6), after some calculations, we end up with

> G (x.z.1) =0, (A7)

j=—2
where

B.,0
Go= —Pzz

B,0 B,0
G_= p’oq — gl OpB0 — (pBOgB ), — pBT,

B.k IJ —k
Zp
Jj+1

B,j+1-k Ik B,j—k
= 0"+ PP Z -
k=0
j+1
=3 pBkghitITk g Bk pBIT2 for j > 0.
k=0

Now using x = e%z and expanding G (x, z, t) in & by the Taylor expansion to get
Gj(x,z.0)=Gj(ez.2,1) = G;(0,z, z>+2 (' 9;Gj(0.2,0, j=0.  (AB)

Then feeding (A.8) into (A.7), we obtain

Z eG(z,1) =0, (A9)

jz=2

where
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= B.,0
G or=-p;,
=, B,0 B,0 B,1
G_1=-p"00,0)q;" — "%, p;" — (pBOgB0), — pz,

here we have omitted the terms G j for j >0 for brevity. To make (A.9) true for any ¢ > 0, it
is required that G j =0for j > —2 where in particular G _7 = 0 implies pZ’O = 0. This, upon
the integration with respect to z over (z, 00) along with the assumption (H), gives pf 0 —o.
Integrating this over (z, oo) yields

pB»z, 1) =0, for(z, 1) €[0,00) x [0, T] (A.10)

which, applied to G_1=0, gives

B,1 1 B
pt=—p"0.0g7°.

Integrating the above equation over (z, co) and using the assumption (H) again, we have that
pPt=—p"00,0¢%° =—jpg®, (A.11)

where (A.10) and the first identity in (A.5) have been used.

Step 4. Boundary layer thickness. For later use, we first derive the equation for ¢/-° for
which we substitute (A.2) without the boundary-layer terms p5/, p?/ ¢%J and ¢*/ into the
second equation of (1.3) and immediately get

g/ = pi¥=0. (A.12)

In what follows, we discuss the boundary layer at x = 0 only for brevity and similar arguments
apply directly to the boundary layer at x = 1. Now we insert (A.2) by neglecting p”/ and ¢*/
into the second equation of (1.3). Using (A.12) and (A.10), we arrive at

B,0 1,1 B,1
(g +e%q +e% +--0)

—2e(g" +4q" 0+ &% + %P + )
y (q;’o—i-g’“qf’o—}-s“q;’l +‘1zB’] 4.9 (A.13)

P )

— s(q)f)’co + s_z“qzli’o + e“‘q;’;cl + s‘“qg’l + szo‘q)ff + qfi’z +--)=0,

where in each bracket the omitted terms are higher-order terms of £“. With x = %z, we substitute
the Taylor expansions

(o 0]
. . . 1 .
phiGe.y=pie* . =p" 0.0+ E(a"z)kai‘p”’(O, 1,
k=1 """

o0
) . . 1 .
g™ (6,0 =" (2,0 =q" 0,0+ ) 5 05g" 0,0),
k=1"
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into (A.13) and get

@+ =267 0.0+ %020+ 1= (PP ) = (TR0 +- ) =0,
~—~— ~—— —_—
Sl Sz 53 S4

(A.14)

where in each bracket we only write out the lowest order terms of e, which suffices to find the
value of « by finding the correct balancing so as to generate a boundary layer. Since @ > 0 gives
riseto 1 —a # 1 — 2, S> and S4 can never be together to produce a balance. Hence there are
three possible balancing as discussed below:

e S1~ S3and S, S4 are higher orders. Then the condition requires | —« > 0 and 1 — 2« > 0,
which leads to o < % But this will rule out the possibility of the boundary layer appearing

for g at x = 0. In fact, assuming o < % and letting ¢ — 0 in (A.14), we have th’O = pf’l.

This along with (A.11) gives g2 = —pgB0. Thus ¢B0(z, 1) = ¢80(z,0)e ' = 0 due to
(A.4). This implies that g° does not have the boundary layer at x = 0 as ¢ — 0. Hence this
balancing is inappropriate.

e S1 ~ 8>~ S3 and Sy is higher order. The condition S| ~ S> ~ S3 requires that 1 —a =0
and so « = 1 which indicates that S;, S», S3 = O(1) and S4 = O(e~!). This violates our
assumption that Sy is higher order.

e S1~ 83~ 84 and S is higher order. The condition S| ~ S ~ S4 requires that 1 — 2o =0
and hence @ = % With this, we have S, S3, S4 = O(1) and S» = O(¢'/2) which is consistent
with our assumption that Sy is higher order. This gives a (only) possible balancing to produce
boundary layers.

Therefore from the above arguments, we may conclude that the boundary layer thickness must
be exactly £!/2 if it exists.
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