J. Math. Pures Appl. 130 (2019) 251-287

Contents lists available at ScienceDirect

JOURNAL

Journal de Mathématiques Pures et Appliquées VATHRNTIQUES

www.elsevier.com /locate/matpur

Convergence of boundary layers for the Keller—Segel system n

Check for

with singular sensitivity in the half-plane

Qiangian Hou?®, Zhian Wang

& Institute for Advanced Study in Mathematics, Harbin Institute of Technology, Harbin 150001, People’s
Republic of China

b Department of Applied Mathematics, Hong Kong Polytechnic University, Hung Hom, Kowloon, Hong
Kong

ARTICLE INFO ABSTRACT
Article history: Though the boundary layer formation in the chemotactic process has been observed
Received 16 June 2018 in experiment (cf. [63]), the mathematical study on the boundary layer solutions of
Available online 22 January 2019 chemotaxis models is just in its infant stage. Apart from the sophisticated theoretical
tools involved in the analysis, how to impose/derive physical boundary conditions
MSC: . . . .
35A01 is a state-of-the-art in studying the boundary layer problem of chemotaxis models.
35B40 This paper will proceed with a previous work [24] in one dimension to establish
35K57 the convergence of boundary layer solutions of the Keller—Segel model with singular
35Q92 sensitivity in a two-dimensional space (half-plane) with respect to the chemical
92C17 diffusion rate denoted by € > 0. Compared to the one-dimensional boundary layer
problem, there are many new issues arising from multi-dimensions such as possible
Keywords: Prandtl type degeneracy, curl-free preservation and well-posedness of large-data
Boundary layers solutions. In this paper, we shall derive appropriate physical boundary conditions
Chemotaxis and gradually overcome these barriers and hence establish the convergence of

Logarithmic singularity

3 boundary layer solutions of the singular Keller—Segel system in the half-plane as the
Energy estimates

chemical diffusion rate vanishes. Specially speaking, we justify that the boundary
layer converges to the outer layer (solution with ¢ = 0) plus the inner layer as e — 0,
where both outer and inner layer profiles are precisely derived and well understood.
By doing this, the structure of boundary layer solutions is clearly characterized.
We hope that our results and methods can shed lights on the understanding of
underlying mechanisms of the boundary layer patterns observed in the experiment
for chemotaxis such as the work by Tuval et al. [63], and open a new window in the
future theoretical study of chemotaxis models.
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RESUME

Bien que la formation de couche limite dans le processus chimiotactique ait été
observée expérimentalement (cf. [63]), ’étude mathématique des couches limites
pour les modéles de chimiotaxie n’en est qu’a ses débuts. Outre les outils théoriques
sophistiqués impliqués par I'analyse, la maniére d’imposer/déduire des conditions
aux limites physiques est un état de 'art dans ’étude du probléme de la couche
limite des modeles de chimiotaxie. Cet article poursuit un travail précédent en une
dimension [24] et établit la convergence des couches limites du modéle de Keller—
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Segel avec une sensibilité singuliere dans un espace a deux dimensions (demi-plan)
quand le taux de diffusion, noté € > 0, tend vers 0. Par rapport au probléme de
la couche limite unidimensionnelle, le cas multidimensionnel souléve de nombreuses
difficultés, telles que la possible dégénérescence de type Prandtl, la préservation
de la condition de rotationel nul, et le caractére bien posé des solutions pour des
données larges. Dans cet article, nous établissons les conditions aux limites physiques
appropriées et surmontons progressivement ces difficultés pour établir la convergence
des solutions de couche limite du systéme de Keller—Segel dans le demi-plan lorsque
le taux de diffusion chimique s’annule. En particulier, nous justifions que la couche
limite converge vers la couche externe (solution avec € = 0) plus la couche interne
quand € — 0, ou les profils de couche interne et externe sont dérivés et compris
avec précision. Ce faisant, la structure des solutions de couche limite est clairement
caractérisée. Nous espérons que nos résultats et nos méthodes pourront éclairer la
compréhension des mécanismes sous-jacents des modeles de couche limite observés
dans expérience de chimiotaxie, tels que ceux de Tuval et al. [63], et ouvrir de
nouvelles perspectives pour I’étude théorique des modeles de chimiotaxie.

© 2019 Elsevier Masson SAS. All rights reserved.

1. Introduction

Chemotaxis, the movement of an organism in response to a chemical stimulus, has been a significant
mechanism accounting for abundant biological processes, such as aggregation of bacteria [47,64], slime
mould formation [21], fish pigmentation [50], tumor angiogenesis [3-5], primitive streak formation [51],
blood vessel formation [14], wound healing [54]. As such, the mathematical works on modeling and analysis
of chemotaxis has been greatly boosted in the past few decades. Mathematical modeling of chemotaxis dates
to the pioneering works of Keller and Segel in [29] with linear sensitivity and in [28,30] with logarithmic
singular sensitivity. This paper is concerned with the following Keller—Segel (KS) system with logarithmic
sensitivity:

ug = V- (DVu — x%Ve), (&,t) € Qx(0,00),
(1.1)
¢ = eAc — uc,
where u(Z,t) and ¢(Z,t) denote cell density and chemical (signal) concentration at position &, time ¢ and
the spatial domain Q = R% = {# = (z,y) € R? | y > 0}. D > 0 and ¢ > 0 are cell and chemical diffusion
coefficients, respectively, and x > 0 is referred to as the chemotactic coefficient measuring the strength of the
chemotactic sensitivity. System (1.1) is the KS model proposed in [30] with linear nutrient consumption, and
later found more applications to model the boundary movement of chemotactic bacterial populations [48]
and to describe the dynamical interactions between vascular endothelial cells (denoted by u), and signaling
molecules vascular endothelial growth factor (denoted by ¢), in the initiation of tumor angiogenesis in [33].
Since the chemical diffusion ¢ has been assumed to be negligible (or small) in all these works [28,33,48] due
to both mathematical simplicity and biological insignificancy, an immediate relevant question is whether the
dynamics of (1.1) has significant difference between ¢ = 0 and € > 0 small. Specifically we want to elucidate
whether the solutions of (1.1) with € > 0 converge to those with ¢ = 0 as € vanishes. While attempting
this question, one has to face another challenging issue of (1.1): the singularity at ¢ = 0. Fortunately this
singularity can be salvaged by a Cole-Hopf type transformation (cf. [32,41]):

U:—Vlnc:—ﬁ, (1.2)
c

which transforms (1.1) into a non-singular system of conservation laws:
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up — V- (ul) = Au, (Z,t) € Q2 x (0,00),
Uy + V(| t]? — u) = A7, (1.3)
(u’ 17)(57 0) = (u07170)(f)a

where we have appended initial data for completeness and taken D = x = 1 for brevity but our analysis in
this paper directly carries to generic positive parameters D, x > 0.

Under the transformation (1.2), our question raised above boils down to investigate the vanishing diffusion
limit of (1.3) as ¢ — 0, which is an intriguing mathematical problem alone despite of its relevance to biology,
since the vanishing advection needs to be considered along with vanishing diffusion due to the dual effect of €.
There has been several works investigating the vanishing diffusion limit of (1.3) as € — 0 in the literature.
First in the whole space, it is shown that traveling wave solutions in R (cf. [42]) or global small-data solution
of the Cauchy problem (cf. [52,66]) in R? (d = 2,3) of (1.3) is uniformly convergent in e, namely (u®,7¢)
converge to (u°,7%) in L>®-norm as ¢ — 0, where (u®,7¢) denotes the solution of (1.3) with e > 0. In a
bounded interval Q = (0, 1), the solutions is still convergent (cf. [67]) in € when (1.3) is endowed with the
mixed homogeneous Neumann-Dirichlet boundary conditions

uz|z:0,1 = U|z:o,1 =0 fore>0.

However if Dirichlet boundary conditions are prescribed, the situation is more complicated in that one can
not preassign a boundary value for v° which is intrinsically determined by the second equation of (1.3) with
e=0as 1,201 = volu=01+ f(f u%] =01 dr. Thus the appropriate Dirichlet boundary conditions should be
imposed as (cf. [36]):

(1.4)

U|m:071 = Z 07 ’U|z:071 =v ife> 0,
u>0 ife=0,

Ulz=0,1 = U

where 4 > 0, v € R are constants. Hence if the boundary value for v with ¢ > 0 does not match the one
with € = 0 determined by the second equation of (1.3), boundary layers for the solution component v (i.e.
rapid change of v near the boundary) will be present as ¢ is small. The above results imply that chemotaxis
KS models with conventional Neumann (or zero-flux) boundary conditions will not generate boundary lay-
ers. To describe boundary layer phenomenon driven by chemotaxis observed in the experiment (e.g. [63]),
Dirichlet boundary conditions are more relevant. Indeed boundary layer problem has been an important
topic arising in the study of the inviscid limit of the Navier—Stokes equations near a boundary and has been
one of the most fundamental issue in fluid mechanics attracting extensive studies (cf. [10,12,13,26,65,70,71])
since the pioneering work [55] by Prandtl in 1904. The existence of boundary layers for the transformed
KS model (1.3) subject to Dirichlet boundary condition (1.4) has been numerically verified in [36] and
rigorously proved in [25] in one dimension followed by a recent work [24] on the convergence (stability) of
boundary layers. This paper will proceed to investigate the boundary layer problem of (1.3) in two dimen-
sions, which pertains to more realistic situations (cf. [63]). For simplicity, we consider the problem in the
half plane Q = R2 = {# = (z,y) € R? | y > 0} and hence 9Q = {(z,y) € R?| y = 0}. In two dimensions,
¥ is a two-component vector from (1.2) and we denote ¥ = (v1,v2) in the sequel. Due to the special struc-
ture of (1.3), there are several essential differences between one dimension and two dimensions as detailed
below.

o First from the Cole-Hopf transformation (1.2), the curl for ¢ must be intrinsically free:

VXxiv= 893’02 — (9y’Ul =0. (15)
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This indicates that in order to transfer the results of (1.3) to the original Keller—Segel system (1.1), the

curl-free condition (1.5) has to be taken into account when prescribing boundary conditions. However

no such concern is needed in one dimension. Taking the curl on both sides of the second equation of

(1.3), one can get 0¢(V x ¥) = eA(V x ¥). Hence we ought to impose V x ¢y = 0 along with the condition

V x ¥ |pq = (Ozv2 — Oyv1)|aq = 0 for € > 0 to preserve the intrinsic curl-free condition (1.5). Therefore

the boundary conditions of components v; and vy are dependent and the Dirichlet boundary conditions
of (1.3) with € > 0 are prescribed as:

{u|y_0 = i(x,t), (VX T)|ymo =0, voly—o =0(x,t) ife>0,

_ ) (1.6)

uly=o = u(z,t) ite=0,

where u(z,t) and v(z,t) are functions of x and ¢, and the boundary conditions for v with € > 0 in (1.6)
is equivalent to Oyv1|y=0 = 0,0(x, 1), va|y=0 = U(x, ).

Second, (1.5) implies that V|#]? = 2¢- V#. Then the second equation of (1.3) becomes @+ 2e7-Vi'—Vu =
eAv, which is surprisingly analogous to the incompressible Navier—Stokes (INS) equations by setting
w=7vand p=—u:

{wt—HEVU_i—i-Vp:EA?E, (f,t)EQX(0,00), (17)

V1@ =0,

where @ is the fluid velocity and p the pressure. It is well-known that the inviscid limit of the INS
equations will generate boundary layers if the following physical boundary conditions (e.g. see [8,44])
are prescribed:

{uﬂag:o if ¢ > 0,

117~ﬁ|39=0 if&‘zo,

where 7 is the unit outward normal vector of 0Q2. However, the convergence of solutions of the INS
equations to its limiting Euler equations (namely (1.7) with e = 0), in two or higher dimensions as
¢ — 0 still remains unjustified due to the presence of (degenerate) Prandtl’s boundary layer equations
(see [55]) whose well-posedness in Sobolev spaces is open except for analytic or monotonic data [1,8,15,
43,49]. As such, due to the analogy between (1.3) and the INS equations, a natural concern is whether the
KS system (1.3) with Dirichlet boundary conditions in multi-dimensions will generate similar Prandtl’s
boundary layers making the vanishing limit problem as ¢ — 0 unverifiable? This question does not exist
in one dimension but must be first elucidated in higher dimensions before taking the next step. We shall
show that the Prandtl’s boundary layer will not arise in our problem due to the peculiar structure of
the system (1.3), see details in section 2.

Thirdly the system (1.3) is invariant under the scaling for any A > 0:

ux(z,t) = Nu(Az, \%t), Ox(x,t) = Mz, \%t),

which indicates that d = 2 is the critical space dimension of (1.3) in the framework of Sobolev spaces,
and d = 3 is supercritical while d = 1 is subcritical, same as the Navier—Stokes equations (see [6]). But
analysis of (1.3) is somewhat more difficult than the INS equations due to the lack of the divergence-free
condition which is critical for the existence of large solutions to the INS equations in two dimensions
(e.g. see [11,45]). Indeed, although large-data solutions of (1.3) in one dimension have been obtained,
none of the large-data solutions has been obtained in multi-dimensions so far even for the critical
space dimension d = 2 (cf. [52,66]). Furthermore, when proving the convergence of boundary layers
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in multi-dimensions, the system (1.3) lacks an energy-like structure as in one dimension (see [24]) to
provide a L?-estimate independent of ¢. In this paper, we shall develop a perturbation idea for small
€ > 0, which fits our purpose of exploiting the inviscid limit as ¢ — 0 (see more details in section 4).

Bearing these structural differences between one dimension and multi-dimensions in mind, we shall exploit
the zero-diffusion (inviscid) limit and hence the convergence of boundary layers for system (1.3) with (1.6)
in the half-plane Q = Ri. By the boundary layer theory [55,60], we anticipate that the solution (u®,7¢)
of (1.3) with (1.6) with small € > 0 consists of two parts: inner (boundary) layer profile and outer layer
profile (the solution profile with ¢ = 0). Note that the thickness of boundary layers in one dimension has
been formally justified as O(¢'/2) in appendix of [24], which also holds for (1.3), (1.6) in two dimensions.
Furthermore the inner boundary layer for u-component will be absent since the boundary conditions for «
between € > 0 and ¢ = 0 are consistent. By (u%,7¢) and (u’,7°) we denote the solution of (1.3) with (1.6)
with respect to € > 0 and € = 0, respectively. Then (u®,¥¢) is expected to have the following structure for
some 0 < o, f < %:

uf(z,y,t) = u’(z,y,t) + O("),

05 ot) = 00wy 0) + (087 (@ Tt), o0 2 0)) +0P),

where the outer layer profile (u®,7%) = (u°v?,vJ) is the solution of (1.3) and (1.6) with e = 0, and

(0{3 ’0, vf ’0) denotes the inner layer profile which rapidly adjust from a value away from the boundary layer

(1.8)

to another value on the boundary.

Due to various similarities between the second equation of (1.3) and the INS equations, justifying (1.8)
seems to be a great challenge at first glance due to the possible presence of degenerate Prandtl type equation
(as INS equations do) whose well-posedness with general initial data in Sobolev space still remains as a
grand open question in spite of numerous attempts (cf. [15,23,58,59,68,69]). However, thanks to the special
structure of (1.3), the nonlinear trouble convection term eV|7]? in (1.3) vanishes as € — 0 and the resulting
limit equation ¥; + Vu = 0 is fundamentally different from the Euler equation—limit equation of INS. Indeed
a formal asymptotic analysis will show that the boundary layer equations are not of Prandtl’s type in two
dimensions (see (2.6)—(2.7) in section 2). This key observation promises us a possibility to justifying (1.8),
although we foresee that the presence of ¢ in the front of the nonlinear advection term V|#]? will bring us
additional challenges to derive e-dependence for the estimates of (u®, 7€) needed to explore the convergence
of solutions in €.

We conclude this section by briefly recalling other abundant results obtained for the transformed KS
system (1.3) from various angles and hence for the original KS system (1.1) via transformation (1.2). In
one dimension, the large time behavior of solutions was investigated when @ = R in [19,35] with e = 0
and in [46,53] with e > 0. When ©Q = (0,1), the global existence and asymptotics of solutions under
Neumann—Dirichlet boundary conditions for ¢ = 0 were obtained in [38,72], and later was extended to the
case € > 0 in [62,67]. For the Dirichlet boundary conditions, the global dynamics of solutions was exploited
in [36]. Furthermore the existence and stability of traveling wave solutions were studied in [2,27,37,39-42].
To the best of our knowledge, the known well-posedness results in multi-dimension are merely confined to
local large and global small solutions, see [7,20,34,52,66] for Q = R? (d > 2) and [38] for Q@ C RY (d > 2)
bounded. Recently the well-posedness of the transformed KS system (1.3) with fractional diffusion has been
studied in [16,17] for & = 0 where the gradient term Vu was replaced by a more general term Vu" (1 < r < 2)
in the second equation of (1.3).

The rest of this paper is organized as follows. In section 2, we first present the outer and inner layer
profiles and then state our main results on the convergence of boundary layer solutions of the transformed
system (1.3) as well as the original KS system (1.1). In section 3, we present and prove some necessary
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regularity results on the outer and inner layer profiles required to prove our main results. Then in section 4,
we reformulate our problem and prove the main results. Finally in section 5 (Appendix), we outline the
proofs for the outer/inner layer profiles announced in section 2.

2. Notation and main results
Notations.

o Without loss of generality, we assume 0 < ¢ < 1 since we are concerned with the diffusion limit as
e — 0. We denote by C and Cj generic constants that may change from one line to another with C
independent of € but dependent on T', and Cy independent of both £ and T

o N, represents the set of positive integers and N = N U {0}. For z € (0,00), we denote (z) = v/22 + 1.

e With 1 <p < oo, we use L, and L%, to denote the Lebesgue space LP(R x R,) with respect to (z,y)
and (z, 2), respectively, with corresponding norms || - ||z and || - [[zz_.

o Similarly, ny and HF, for k € N represent the Sobolev space W*2(R x R, ) with respect to (z,y) and
(2, z) respectively, with corresponding norms | - ||z and | - ||z, . Without confusion, we still use HE,
and L?, to denote the two-dimensional vector spaces (HJ,)? and (L&,)* for brevity.

e For k,m € N, we introduce the anisotropic Sobolev space

HfH?:{f<x,z>eL2(RxR+> 3 ||8518i2f(x,Z)Ing<oo}

0<l1 <k, 0<loa<m

with norm || - || g . Similarly Hj H™ will be used if the dependent variable of f is (,y) € R x Ry
o For simplicity, we use || - ||z x (1 < ¢ < 00) to denote || - || La(jo,7);x) for Banach space X.

2.1. Equations for inner and outer layer profiles
This subsection is devoted to deriving the equations for outer and inner layer profiles by applying formal
asymptotic analysis to solutions (u®,v¢) of (1.3) with (1.6) with small ¢ > 0. Hence based on the WKB

theory (see e.g. [24], [22, Chapter 4], [18,57]), the solution (u¢, 7€) has the following asymptotic expansions
with respect to € in Q for j € N:

“(x,y,t Zeﬂﬂ Li(z,y,t) +uP(z,2,1)),

- (2.1)
v5(x,y,t) = 253/2 (079 (2, y,t) + T8 (2,2,1)),
j=0
where the boundary layer coordinate is defined as:
Y
P=m Y € (0,00). (2.2)

Each term in (2.1) is assumed to be smooth and the boundary-layer profiles (u?+, 7 #+7) enjoy the following
basic hypothesis (see also [22, Chapter 4], [18], [57]):

(H) uB7 and v'5+ decay to zero exponentially as z — oo.

In order to obtain the equations for outer and inner layer profiles in (2.1), the analysis will be split into three
steps. First the initial and boundary values follow from the substitution of (2.1) into the third equality of
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(1.3) and (1.6). Then we deduce the equations for layer profiles by inserting (2.1) into the first and second
equations of (1.3) successively. Applying these procedures and using the asymptotic matching method
(details are given in appendix) we deduce that the leading-order outer layer profile (u!-?, 71:%)(z, y, t) satisfies
the following initial-boundary value problem:

ug70 -V (uLOq_j LO) = A’LLI’O7 (l‘7y,t> eRx RJr X (OvT)a
7,10 = vul? =0,
("0, 5 10) (2, ,0) = (uo, %) (,y),

ul0(x,0,t) = a(x, ).

Note that (2.3) is exactly the system (1.3), (1.6) with ¢ = 0, whose solution is denoted as (u",7%)(z,y,1).
Then we conclude that

(!, 5 1Y (z,y,t) = (W°,7°) (z,y,t), (z,y,t) ERxRy x (0,T) (2.4)
thanks to the uniqueness of solutions. The leading-order inner layer profile u?%(z, z,t) satisfies
uPO(z,2,t) =0
and vf’o(x, 2,t), the first component of #'59(z, z,t), solves
ol = 0%P0 (z,2,t) e R xRy x (0,T),

v (2, 2,0) = 0, (2.5)
8211?’0(3:, 0,t) =0,

which gives rise to
o0z, 2, 1) =0, (2.6)
by the uniqueness of solutions. The second component of v/ 20(x, z,t) fulfills

w0 +ti(z, )P0 = 92080 (z,2,¢) e Rx Ry x (0,7T),
vy (x,2,0) = 0, (2.7)
v (z,0,t) = v(x, t) — v&°(z,0,t)

and the first-order inner layer profile uB(z, z,t) is determined by v2%(z, z,t) via

oo

_ B,0
wPa,z,0) = a(at) [ of *(on,t)d, (28)
z
From (2.6)—(2.7), we see that the boundary layer profile (v2°,v2%) is not of degenerate Prandtl type and
hence the justification for the convergence of boundary layers is promising. Moreover, the first-order outer

layer profile (u’!, 5 1)(x,y,t) is the solution of



258 Q. Hou, Z. Wang / J. Math. Pures Appl. 130 (2019) 251-287

S T,1
vy = Vull,

(u"t, 751 (2, 9,0) = (0,0),

ul(z,0,t) = —u(x,t) /UQB’O($,Z,t) dz.
0

For the first-order inner layer profile 72! (z, 2, t), its first component vf ’1(56, z,t) satisfies

Pt — 9uPt = 920P ) (2,2,t) e R x Ry x (0,7),
vz, 2,0) =0,

azle’l(l'a 0, t) = az@(fﬂ, t) — ayU{’O(SU, 0, t)

. B,1
and its second component vy ' (x, z,t) solves

o0

z

Doy ™+ ale, oyt = 920yt = 2(vy (@, 0,1) + 05" 005" + /F(:rm,t) dn,

z
”2371(3772,0):0, (z,2) € R x Ry,
B,1 I,1
Ua (xvoat) = —Uy (:v,O,t)
The second-order inner layer profile u?2(x, z,t) is given as

o0

uP (2,2, t) = a(a,t) [ vy (2, t)dn — [(x,&,t) dédn,
Jorona ]

z

where

D(z, z,t) :=(u"" (2,0,t) + u® 10,030 + dyu”’(z, 0,t)v2"

+ 0.4 (WO (2,0, 1) + 0v20) + 20,u" 0 (2,0, )00

Finally vf’Q (7, z,t), the first component of ¥ 52(x, z,t), solves the following problem:

0o ? = —0,[205° (2, 0,0)05 + vp vl ) + 9,uP? + 9o,
vy (2, 2,0) =0, (xz,2) e Rx Ry,
8022 (2,0,t) = =, vl (2,0,1).

uf’l =V (@) + v (ulto I’O) + Ault, (z,y,t) e Rx Ry x (0,7),

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

The derivation of (2.3)—(2.14) will be detailed in Appendix and their well-posedness will be gradually

discussed in section 3. One can go further to deduce the initial boundary value problems for higher order

1 ; Bj+1 B
layer profiles (u!7,v17), (uB7+1 o7+

2.2. Main results

, Vg J ) with j > 2, but they are unnecessary for our results.

It is well-known that the appropriate compatibility conditions of initial and boundary data on the bound-

ary are needed to get the existence of the boundary layer solution and prove its convergence (cf. [12,24,59]).

Following the convention of [31], by “the compatibility conditions up to order m (m € N) for problem (1.3),
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(1.6) with ¢ = 0”, we mean that dFul;—g = OFu(z,0) on the boundary 0Q = {(z,y) € R?| y = 0} for
0 < k < m, where dFu|;—o are determined by wg, ¥, 4, v and their time derivatives through the equations
n (1.3). Specifically in our present work we shall need the following compatibility conditions:

u(x,0) =ug(z, 0),
Oyu(z,0) =[V - (upty) + Augl(z, 0),
(A1) OFu(z,0) =V - [0y, 0)Ty(z,0)] + V - [ugVug] + Adsu(z,0),
A3u(x,0) =V - [02u(z, 0)To(x,0)] + 2V - [0,u(x, 0)Vug] + V - [ugVyu(z, 0)] + Ad2u(z,0),
otu(z,0) =V - [0Fu(x,0)Ty(x,0)] + 3V - [0}u(x, 0) Vug(z, 0)]
+ 3V - [0yu(x,0)VOyii(x,0)] + V - [ugVOZu(x, 0)T)
and
v(x,0) =vga(x, 0),
(42) 0v(x,0) =0yuo(x,0),
970(x,0) =8y [V - (uoto) + Aug](,0),
870 (x,0) =0, [V - (V - (uo¥h) + Aug)To](,0) + V - (ug@) (,0) + AV - (uo) + Aug](z,0),

where (A1) stands for the compatibility condition for problem (1.3), (1.6) with ¢ = 0 up to order 4 and
(A2) for problem (2.7) up to order 3. They can be derived from (2.3) and (2.7). Similarly the compatibility
conditions for other initial-boundary problems mentioned in the sequel are defined in the same way (cf. [31,
page 319]).

To prove our result, we need the following regularity on solutions of (1.3), (1.6) with e = 0.

Proposition 2.1. Assume that the initial and boundary data satisfy

ug, Uo € HY,, ug >0,V x % =0; 0Fu, 0Fv € L2 ,([0,00); HIO72), 0 <k <5

xy?

and (A1) hold. Then there exists a time Ty with 0 < Ty < oo such that the problem (1.3), (1.6) with e =0
has a unique solution (u°,7°)(z,y,t) on [0,Ty] satisfying V x 5% (z,y,t) =0 and

ofu’ € L*([0,To; Hyg %), k=0,1,2,3,4,5;
oft° € L*([0, T Hyy*%), k=1,2,3,4,5;
7% € L>([0,Ty); Hy,).

The proof of Proposition 2.1 is standard and hence omitted for brevity. The interested reader may be
referred to [34, Theorem 1.1] where the local well-posedness of (1.3) with Q = R? (d > 2) is proved.
Moreover, the curl free requirement is automatically fulfilled by the solution since by applying “Vx” to
the second equation of (1.3) with ¢ = 0, it follows that (V x #°); = 0, which along with the assumption
V X Ty =0 leads to V x 7% = 0.

Remark 2.1. Proposition 2.1 only gives the local existence of large solutions to the problem (1.3), (1.6)
with e = 0. In the sequel, we shall denote the maximal lifespan of solutions to (1.3), (1.6) with e = 0 by
Tinax(0 < Thax < 00) without further clarification. The global existence of large solutions to the problem
(1.3), (1.6) with € > 0 still remains open to date. However if some smallness conditions are imposed on the
initial data (ug, ¥p), the global existence of solutions can be obtained (cf. [56]). Furthermore the regularity
of initial data can be reduced if we only seek the existence of solutions without exploring convergence of
boundary layers which requires higher regularity on solutions.
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We are now in a position to state our main result. For brevity, instead of proving (1.8), we shall prove a
similar result with convergence rate for ¥ by & (51/ 1), and remark that (1.8) can be obtained similarly by
imposing a higher regularity on the initial and boundary data.

Theorem 2.1. Suppose that the initial and boundary data satisfy

uo, Uy € HY,, ug >0,V x g =0; 0fu, 9yv € Li,.([0,00); HI* ), 0< k<5

and the compatibility conditions (A1)—(A2). Let (u°,7°)(x,y,t) be the solution obtained in Proposition 2.1
and let 0 < T < Thax- Then there exists a constant e > 0 decreasing in T with Tlim er = 0 (defined
—00

in Lemma 4.3) such that for any € € (0,er|, the problem (1.3), (1.6) admits a unique solution (u®,v¢) €
C([0,T); HZ, x H2,) on [0,T] satisfying V x 0°(x,y,t) =0 and

||U5(£L',y,t) - uo(x7y7t)||L°°([O,T];Lg9y) < 051/27

g =0 B,0 Yy 1/4 (215)
[0 (z,y,t) — T°(z, y,t) — (0,v3") (=, %at)”LOO([O,T];ng) < Cel/4
where the constant C > 0 is independent of € and
t 0 . ,
vy O, 2, ) = / / ﬁe(zgg +(t=s)u) [a(0 —v)(x,0,8) — Agvy (x,0, s))]dnds. (2.16)
w(t—s

0

Remark 2.2. The convergence rate for ¢ in (2.15) can be enhanced to &(¢'/?) by including the higher-order
profiles (ul2, 71:2), (uP3, 0% v2?) in the approximation (U®, V%) (see Section 4), and then applying the
similar procedures as proving (2.15) based on stronger assumptions on initial-boundary data: u°, 7% € H!!,
ofw, 0 € I3, (10, ocl; HIZ).

Remark 2.3. The regularity of (u®,7¢) in Theorem 2.1 is much lower than that of the given initial data
(uo, 7o) € Hj,, since the conditions (A1)-(A2) only provide the zero-th order compatibility condition for
the problem (1.3), (1.6) with ¢ > 0 (i.e. u(z,0) = ug(z,0) and v(x,0) = vg2(x,0)). By assuming further
that the initial-boundary data satisfy the compatibility conditions of (1.3), (1.6) with € > 0 up to order 4,
the regularity space of (u®,%¢) can be improved to C([0,T]; Hy, x HJ,). However the regularity derived in
Theorem 2.1 is sufficient to derive our main result (2.15).

Finally we transfer the results obtained in Theorem 2.1 to the original KS chemotaxis system (1.1). Note
that the boundary condition in (1.6) for ¥/ is equivalent to [Ve -7+ v(z, t)c]|y—o = 0 by a simple calculation,
where 7 denotes the unit outward normal vector of Q = {(x,y) € R? |y = 0}, namely 7 = (0, —1). Then
the corresponding initial-boundary value problem of the original chemotaxis model (1.1) reads as

ug = V- (Vu—x%Ve), (z,y,t) e Rx Ry x (0,7),

¢ = eAc — uc,

(U,C)(.ﬁ,y,O) = (U’O)CO)(xay)? (217)
uly=o = u(z,t), [Ve-i+0(z,t)c]ly=0 =0 ife >0,
Uly=0 = u(z,t) ife =0.

By Theorem 2.1, we get the following results for the problem (2.17).
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Theorem 2.2. Suppose (ug,lncy) € Hgy X H;g with ug > 0, cg > 0. Let the assumptions in Theorem 2.1
hold with vy = —VC—EO. Then (2.17) admits a unique solution (u®,c*) € C([0,T); HZ, x H3,) for e € (0,e7]
and (u®, ) € C([0,T]; H), x H}9) for e =0 such that

Ty

||UE(.73,y,t) - uo(xay7t)”L°°([0,T];L;j;) < 051/2a

. » (2.18)
||C€(.I‘,y,t) - cC (mayvt)”Loo([O,T];L;%) < Ce /
and
Yy
Ve (z,y,t) — Vco(x,y,t) + (O, co(z,y,t)vf’o (1:, %’t)) ||L°°([07T];Lg°y) < 051/4, (2.19)

where vf’o is defined in (2.16) and the constant C > 0 is independent of .

The results of Theorem 2.2 show that the boundary layers will be present in the slope (derivative) of
solution component ¢ (i.e. Ve) instead of the value of c¢ itself. The first equation of (2.17) indicates that
the presence of boundary layer in V¢ will cause a rapid change in chemotactic flux near the boundary for
small € > 0. This means that chemical diffusion rate € plays an important role for the dynamics in the

vicinity of boundary and can not be neglected, which elucidates the question whether the dynamics of (1.1)
is significantly different between € = 0 and € > 0 small.

3. Regularity of outer and inner layer profiles

To assert the well-posedness of solutions of (2.7)—(2.14), we first exploit some preliminary results. In
particular, to solve (2.7) and (2.11) we introduce the following auxiliary system

0:(x, 2, t) + u(x, t)0(x, 2,t) = 020(x, 2,t) + p(z, 2, 1), (z,2,t) e Rx Ry x Ry,
0(x,2,0) =0, (3.1)
0].=0 = 0.

Then the following regularity result on solutions of (3.1) holds.
Proposition 3.1. Let 0 < T < oo and m € N. Suppose p satisfies for alll € N that
()okp e L2([0,T); H>™ 2% [2), k=0,1,---,m
and u(x,t) satisfies
oFu e L2([0,T]; H*™ 172Ky k=0,1,--- ,m.

Assume further that p and u satisfy the compatibility conditions up to order (m — 1) for the problem (3.1).
Then (3.1) admits a unique solution 6(x,z,t) on [0,T] such that for any l € N

(2)'oFg € L°°([0, T); H2™~**H) N L2([0,T); H*™?*H?), k=0,1,---,m.

We omit the proof of Proposition 3.1 since it is standard and refer the reader to [9, pages 380-388] for
details. To study (2.9) we consider the following initial-boundary problem
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he=Ah+ V- (fih)+ V- (fB) +f,  (z,y,t) ER xRy xRy,
u_)'t = Vh + g,
(h7 w)(xv Y, 0) = (h07 11_]'0)(5(5, y)7
hly=0 =0,
whose well-posedness is as follows.

Proposition 3.2. Let 0 < T < oo and m € Ny.. Suppose that (ho,wo) € HZ~ " x HZ" ' and

Of f € L2([0,T); Hzy = >7%%),  0fg e L*([0, T H2p ' 72%) for k=0,1,--+ ,m—1;

b

OF fi € L=([0,T); H2—172%) 0F fo € L2([0,T); H2M=2%)  for k=0,1,--- ,m — 1.

Assume further that (ho,wWo) and f, g, ﬁ, fa satisfy the compatibility conditions up to order (m — 1) for
problem (3.2). Then (3.2) admits a unique solution (h,w)(z,y,t) on [0,T] such that

Ofh € L*([0,T); HZ %) fork=0,1,-+ ,m;
op@ € L([0,T); Hyy ™ 72%) fork=1,---,m; @€ Lo([0,T; Hy' ).

The proof of Proposition 3.2 is omitted for brevity and refer to [24, Proposition 3.1] for details.
Finally, for the regularity on solutions of (2.10) and (2.14), we introduce the following system

Ui, 2,t) = O2(x, 2, 1) + r(x, 2,1),  (w,2,) e RX Ry xRy,
Y(z,2,0) =0, (3.3)
0.9 (x,0,t) = s(z,t).

For system (3.3), we have the following result.
Proposition 3.3. Let 0 < T' < 0o and assume the integer m > 3. Assume r(zx, z,t) fulfills for alll € N that
()7, ()0 € L2([0, T HY'LY);  (2)'0fr € LP(10,T); H"*LY)
and s(x,t) satisfies
s, Ops € L*([0, T H');  9fs € L*([0,T); H;" 7).

Assume further that v and s satisfy the compatibility conditions up to order 1 for the initial-boundary
problem (3.3). Then there exists a unique solution ¥ (x, z,t) of (3.3) on [0,T] such that for any l € N:

(), (2)'0.4, (2)'0pp € L°([0,T); HY'L2) N L*([0,T); HI'HY);

(3.4)
() 0,00, (2)'02 € L>=([0,T); H™2L?) N L*([0, T); H"2H}).

Proof. The existence and uniqueness for solution of system (3.3) directly follows from [31, page 170, Theo-
rem 5.1] and we omit it for brevity. It remains to derive the desired regularity estimates (3.4) for solution ).
With 0 < j <m and [ € N, we first apply 87 (j-th order differentiation) to (3.3), then multiply the resulting
equation with 2(2)2/97+ in L2 and use integration by parts to derive
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d )
Sl + 2= 003,
=4 V22 2(8,094) (994))dxdz + 2 V2L DI r) (§Iap)dardz
[]# [ [
+2 [ (020.0(2.0.0)(0]0(w,0.0))ds (3.5)
<3 I DE0Z, + ol + D)), + (=)Dl
2 [ (Bis(,0)(0}0(.0,1))ds
with
2 [ (@l ) @(2.0.0)de <2 [ [0s(a, )] 020, 2,8) o do

<Gy / 1095, 8)| |90z 2, )| ara e

1 : 1 . .
<1001z + 5l 059l 7z + CollOgsia,

where the Sobolev embedding inequality has been used. Summing (3.5) from j = 0 to j = m and applying
Gronwall’s inequality, one deduces that

||<Z>l¢||%§f’H;"Lz + ||<Z>laz¢||2L2TH;nL3 <C (3.6)

Here the constants Cy and C' are as stated in section 2. We proceed to derive higher regularity estimates
for 1. Similar to the above procedure in deriving (3.5), we apply 92 to (3.3) and multiply the resulting
equation with 2(2)2920;¢) in L2, to have

d : ,
%IKZV@MMII%L +2|[(=)' 0000|125

1 : j j
<50l + Coll® +1)[[(2)'040-0a + Coll{)'dirllZs, (3.7)

+2 /(3%5(@15))(3%8“/)(9:,O,t))dx

with
7 . . 1 . 1 . .
2 [ (@s(e.0) @206 (2.0, 0)dr <312 01000132+ 31(2)' D000+ Collsl

—0o0

On the other hand, by setting ¢t = 0 in the first equation of (3.3) and noting that 9%¢(x,z,0) = 0 thanks
to the initial condition ¥(z,z,0) = 0 in (3.3), we derive dup(z, z,0) = r(z, z,0). Then applying J; to (3.3)
one finds that ;1) solves a similar system as (3.3) with r(z, z,t), s(z,t) and the initial condition replaced
by 0ir(x, z,t), Ors(x,t) and A(x, z,0) = r(x, z,0), respectively. Thus it follows from (3.5) that
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%H<Z>l@{0ﬂ/f||%gz +2[|(2)!920.00| 72 (3.8)
<[42)'020:0:0 17z, + Co(l® + DI(2)' 0200172, + (=)' 92071 + Col|90esllZ -
We add (3.8) to (3.7) and then sum the results from j =0 to j = m to get
i la 2 la 2 la la ) 2
gt N2 0 e 1z + 1(2) Oty 12) + [1€2) Oeb | rr o 22 + 11(2) 006 |y 2
<Co(I{2)' 0= 3pm 2 + 1) Bl T p2) + Colll(2) 71 Fryn 12 + 162) O T L2 + I3 e + 105 T ),
which along with Gronwall’s inequality leads to

102) 0= 0l170 prye 2 + 142) O | T e rrye 2 + 11€2) Ol b 2 + 1€2) 0200 13 g2 < C. (3.9)

By an analogous argument as deriving (3.9) one can deduce for all I € N that

H<Z>lazat¢”%%cH;”*2L§ + H< > 81521/)HL00H7” 2L2

(3.10)
O g + I OB, sy < C.
Combining (3.6), (3.9) and (3.10), we get the desired estimates and complete the proof. O
With the above results in hand, we establish the well-posedness of (2.7)—(2.14).
Lemma 3.1. Suppose the assumptions in Theorem 2.1 hold. Let (u®,7°)(x,y,t) be the solution obtained in
Proposition 2.1 and 0 < T < Tyax. Then
t 0
B,0 ((z Ik +(t— S)a) L 0 0
vy (x, 2, t) *t ————e Vi [w(v — vy (2,0, 8) — Osv3(x, 0, 5))]dnds (3.11)
0 —o0 B S
is the unique solution of (2.7) on [0,T] satisfying for alll € N that
(2)0fvy* € L>((0,T]; Hy *HL) n L2([0, T); HY**H2), k=0,1,2,3,4, (3.12)
Furthermore, it follows from the equations (2.7) and (2.8) that
(2)'0" € L=(0, T HIHD),  (2)'0p3”" € L=(0, T]; H1H?) (3.13)

and that
(2)oFuBt € L=((0,T); HE?*H?) N L*([0, T); HS 2 H?), k=0,1,2,3,4.

Proof. Observing that for fixed z € R, (2.7) can be converted to the one dimensional heat equation with
independent variables (¢,z) € (0,T) x Ry, which has been explicitly solved by a formula similar to (3.11)
using the reflection method with odd extension in [24, Lemma 3.2]. Thus we omit the derivation of (3.11)
for brevity and refer the reader to [24, Lemma 3.2] for details. We proceed to prove (3.12). Let ¢(z) be a
smooth function defined on [0, o) satisfying

»(0) =1, p(z) =0 for z > 1. (3.14)

Denote @y’ (x, 2, t) = vy °(x, 2,t) — (0(x,t) — v3(2,0,t))p(2). Then one deduces from (2.7) and (2.4) that
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0 + a(w, )0 = 280 4 pla, 2,1),  (w,2,1) € R x Ry x (0,T),

2%z, 2,0) = 0, (3.15)
U2 ’ (‘rvovt) = 07
where p(z, z,t) = (0(z,t) —v(z,0,t))020(2) — O (v(z, t) —v3(z, 0, 1)) p(2) —u(z, t) (v(z, t) —v3 (2, 0,1)) p(2).
The compatibility condition #(z,0) = vz (x,0) in (A2) has been used to determine the initial data of #5°

in (3.15). We next prove that p satisfies the assumptions in Proposition 3.1 with m = 4. First note that for
f(ac, y,t) € Hyf! with fixed ¢ > 0 and k € N the following holds

£ (2, 0,813 72 / |09 f(,0,t)|? da

— 00

oo

7=0
k: .
S NCTETRIE (3.16)

7=0_"

kf o0
Z/naﬁ v,y.1) 3y de < Coll f(ay.1) 2
J=0_"

where the Sobolev embedding inequality has been used. Then it follows from Proposition 2.1 and (3.16)
that

||8§Ug($,0,t)||L2TH;072k < ||af’l)g||L%Hi;72k < C, k= 1,2,3,4,5 (317)

and that [[v9(z,0,t)|| 255 < ||v8||L2TH2y < C. Hence from the above estimates we deduce for | € N and
k=0,1,2,3, 4 that

1)1 0¢ Pl L2 prs—2+ 1.2
<1080/l 2 gy + 10505 (@, 0,8)[| 2 grs—2x ) [1{2) 20| 2

+ (||8f+1U||L2 F10-2(k+D) + Hfj‘k-‘rl (1‘ 0 t)”Lz 10~ 2(k+1))||< > QDHLE (3 18)

k
j - j k—j 1
+ > (1070l 1 grs-2s + 1003 (@, 0,0)]| 13 yrz-20) 105 ™l e o260 () ol 2
j=0
<C,

where [|0F 7| Lo 20k < C has been used thanks to the assumptions on % in Theorem 2.1. Moreover,

it is easy to verlfy that p and @ satisfy the compatibility conditions up to order 3 for the problem (3.15)
under assumption (A2). We then apply Proposition 3.1 with m =4 to (3.15) to conclude that

()'of oy % € L([0,T); HE 2 HY) n L*([0,T); HE "% H?), k=0,1,2,3,4,

which, along with the definition of 55°° and (3.17) gives rise to (3.12). The estimate for u?'! follows directly
from (2.8), (3.12) and the assumptions on @ in Theorem 2.1. It remains to prove (3.13). Indeed, by (2.7)
and (3.12) we deduce for all I € N that

1) 03 s moms < Co(lllzse s ll(2) vy e mrorrs + 11(2) 003 |l Lo o) < C. (3.19)

A similar argument gives ||(z)!0,05°|| rmams < C. The proof is completed. O



266 Q. Hou, Z. Wang / J. Math. Pures Appl. 130 (2019) 251-287

Lemma 3.2. Suppose the assumptions in Theorem 2.1 hold. Let (u°,7°)(x,y,t) and UQB’O(ac,z,t) be
as obtained in Proposition 2.1 and Lemma 3.1, respectively. Then (2.9) admits a unique solutions
(ult, 50N (2, y,t) on [0,T) such that

ofut € L2([0,T): Hyy*h),  k=0,1,2,3,4;

(3.20)
ofv "t e L*([0,T); HY,*%), k=1,2,3,4; "' e L=([0,T]; HY,).

Proof. Let ¢ be as defined in (3.14). We denote @!"!(z,y,t) = u""!(z,y,t) + ¢(y)u(z,t) [;° vz, 2, t)dz.
Then it follows from (2.9) that

dutt =V - (7% + V- (0T ") + Aalt + f,

vt =vi't + g,

(@, 7" (@, ,0) = (0,0),

@' (2,0,t) =0,

(3.21)

where G(z,y,t) = =V [p(y)u(z, t) OOUQBO(x,z,t)dz] and

f(x,y,t) = @(y)o; [u(x, t)

U2B’O($,Z,t)d2] - A[gﬁ(y)ﬂ(x,t) /UQB’O(x,z,t)dz]
0

-V [e(y)a(z, t)7°(z,y, t /v ’Oxztdz}
0

To apply Proposition 3.2 with m = 4 to (3.21) we next verify that 7%, u°, f and g satisfy the corresponding
assumptions. By the Cauchy—Schwarz inequality and Lemma 3.1 we deduce for j = 0,1,2, 3,4 that

oo
i B0
H/@ng dz
0

Thus it follows for £k = 0,1,2,3 that

8—2j5
L HS™%

o0 1/2
< ([r2as) U@ ez < (3:22)
0

k+1
||aff||L%Hg;2k SCQZ”akJrl jUHLz HS 2(k4+1— J>H/8J dZHL‘X’H7 2]”%0”]-[6

k

k—
+Cy 3 [loy T il grr-20-1-0 105 e prm—
i+j=0

/ 0105 | s
+COZ||ak Ju”Lz H8 2(k— ,)H/aj dZHLOOHg 21||()0||H8 <C

Similarly, for £ =0,1,2, 3, one gets ||3f§’||L2TH;;% <C.

It is easy to verify that f, 7, u” and 7° satisfy the compatibility conditions up to order 3 for problem (3.21)
under assumption (A1)—(A2). By the above estimates for ¢, f and Proposition 2.1, we apply Proposition 3.2
with m = 4 to (3.21) to conclude that

oyua’t € L*([0,T]; HS,?*) for k=0,1,2,3,4,
opvlt e L*([0,T); HY,?Y) for k=1,2,3,4, &' e L>([0,T]; HL,),

which, along with the definition of @!** and (3.22), leads to (3.20) and completes the proof. 0O
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Lemma 3.3. Suppose the assumptions in Theorem 2.1 hold true. Let (u®,7°)(z,y,t) and uP1(z,z,t) be as
derived in Proposition 2.1 and Lemma 3.1, respectively. Then there exists a unique solution U{B’l(aj, z,t) of
(2.10) on [0,T] such that for any l € N

()P, () 008, () oP € L0, T); H3L?) 0 L(0, T); HIHY):

! B,1 192, B,1 372 2 3771 (3.23)
<Z> azatvl " <Z> at U1 T e LOO([O,TLHILZ) nL ([OvT]vH:sz>
Furthermore, it follows from (2.10) that
()Pt e Lo([0, T); HSH?),  (2)!'owPt e L=((0,T); H3H?). (3.24)

Proof. Let r(z,2,t) = 0,uP1(z, 2,t) and s(x,t) = 9,0(x,t) — 9,v) (x,0,t). We next verify that r(z, 2, ) and
s(z, t) satisfy the assumptions in Proposition 3.3 with m = 5. In fact, for I € N one deduces from Lemma 3.1
that

l1(z)! THLQ H5L2 +11(2) Orllpzmore + ||<Z>lat27’||L2THng
<2 w2 e + 1(2) 0 M 2 oz + 12)'07u” | 2 prare < C.

Moreover, (3.16) and Proposition 2.1 entail that

IsllLzms + 10esl zms + 107 sl 2.z <N0llLzme + 10727, + 1060l L2 e + 1008 ]| L2 iz,
+ 11070l L2, 1rs + Hafv(l)”L%-H;y <C.

It is easy to verify that the compatibility conditions up to order 1 for problem (2.10) are fulfilled by r and s
under assumption (A1)—(A2). By the above estimates on r(z, z,t) and s(z,t), we can apply Proposition 3.3
0 (2.10) and derive (3.23). Moreover, (3.24) follows from (2.10) and (3.23) by a similar argument as deriving
(3.19). The proof is completed. O

Lemma 3.4. Suppose the assumptions in Theorem 2.1 hold. Let (u°,v%)(z,y,t), (11£8 0 uBl)(z, 2,t) and
(ulL, 75N (2, y,t) be as derived in Proposition 2.1, Lemma 3.1 and Lemma 3.2, respectively. Then (2.11)

admits a unique solution vE (x,z,t) on [0,T) satisfying for alll € N that
(NoFolt e Lo([0,T); HS -2 HY) n L2([0, T); HS~*H?), k=0,1,2,3. (3.25)
Moreover, it follows from (2.11) and (2.12) that
()3 € Lo([0,T); HEHS),  (2)'opy" € L((0,T); H HE) (3.26)
and that
() oFuP? € L=((0,T); HS2*H?) N L2([0, T]; HS**H?), k=0,1,2,3. (3.27)

Proof. Let ¢ be as defined in (3.14). Denote o2 (x, z,t) = v2" (2, 2, t) + @(2)vs* (x,0,). From (2.11) one
deduces that
OP ! + alw, 5P = 9208 + p,
o (x,2,0) = 0, (3.28)
0

o2 (2,0,t) =
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where p(, 2,t) = Oy (2,0, )p(2)+a(z, vy (z,0,)p(2) —v5" (2, 0,1)0%p(2) —2(v9(x, 0, ) +v5 ") D.vy O+
f:o I'(x,n,t) dn with T'(x, z,t) defined in (2.13). For k =0,1,2,3 and ! € N one has

(=)0 p =I(21 ()00 (2,0.1) + ()" 0(2)0% (Al 0] (@.0.0) - (' 02p()Of v} ,0,1)]
=210 (05(,0.8) + o )0.08") + () [ OFT e, ) )
=R — Ra + Rs. )

We proceed to estimate Ry, Ry and Rs. First it follows from (3.16) and Lemma 3.2 that
I,1 I1
1050y (2,0, 6)| 12 s—2+ < 050y | 2 oo <Oy k=1,2,3,4 (3.29)

and that ||v£’1(:c,0,t)\|LzTHg < Hvé’lHLzTHZU < C. Thus by (3.29) and a similar argument as deriving (3.18)
one gets || Ry|| 2.n8-2+12 < C. Moreover, it follows from the Sobolev embedding inequality that

k
j k—ja B0
HR2||L2TH§*2’€L§ SZ(\|3§US||L2TH55%H<Z>Z@ 70,0y HL%ngf?(kfj)Lg

=0
j s k—j B,0
+ ”ag%B O”L?THE*ZJ'HEWZV@ 70,0, ”L%HS“"(’“‘-”LE) <C,

where we have used the following inequality

l l
=0 =0
' ! l (3.30)

l
<Co Y 05 fllz, > 10gllez, < Collfll e rzllgl e z2
=0

Jj=0

for fixed ¢t > 0. By (3.16), Proposition 2.1, Lemma 3.1 and a similar argument as estimating HRQHLQTHgfszQ
one derives for all [ € N and k£ =0,1,2,3 that

1(2)"* 200 [l 3 pyg-2v 12 < C. (3.31)

On the other hand, the Cauchy—Schwarz inequality entails for fixed ¢ € [0, 7] that

||R3||§{S*2kL§ S

I 2
(" [ 10T ) g )

n 2
(@) 2z ([ 1)+ 19ET e i)
0

@) 2z [ ) 2an- [ 1) 20T g o
0

0 0
<Col|(=)" 26T I3

HS2Fp2

<

(VAN
\8 0\8 0\8

which, along with (3.31) gives rise to ||R3HL2TH3_%L2 < C. Then collecting the above estimates for Ry, R
and R3 we deduce for all [ € N and k = 0,1,2,3 that ||<z>lﬁfp||L2THg_sz2 < C. It is easy to verify that
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p and u fulfill the compatibility conditions up to order 2 for problem (3.28) under assumption (A1)—(A2).
Then we apply Proposition 3.1 with m = 3 to (3.28) to conclude that

()oFoyt e L°([0,T); HS2*HY) n L2([0,T); HS2*H?), k=0,1,2,3,
which, in conjunction with the definition of ﬂf L and (3.29), implies (3.25). Then (3.27) follows directly from
(2.12), (3.25) and (3.31). Finally, by a similar argument used in deriving (3.19), one deduces (3.26) from
(3.25), (2.11) and (3.31). The proof is finished. O
Lemma 3.5. Suppose the assumptions in Theorem 2.1 hold. Let 7°(x,y,t), UQB’O(.Z‘,Z,t), ghY(z,y,t) and
uB2(x,2,t) be as derived in Proposition 2.1, Lemma 3.1, Lemma 3.2 and Lemma 3./ respectively. Then

(2.14) admits a unique solution vi*(x,z,t) on [0,T] such that for any | € N,

(Y0P, (2 0.0P2, ()9l € ([0, T); H3L2) N L2(0,T; HEHY):

()'D.052, (2)926B2 e L°([0,T]; HAL?) N L2([0, T); HLHY). (3.32)

Moreover, it follows from (2.14) that
(B2 e Lo([0,T]; HAH?), (2)'owP2 e L([0,T); H2). -
Proof. Let r(x,2,t) = —0,[208(x,0, )05 + vy "vy%] + 0,uP? and s(x,t) = =907 (w,0,1). To apply

Proposition 3.3 to (2.14) we shall prove that r and s satisfy the assumptions of Proposition 3.3 with m = 3.
First, it is easy to verify that r and s fulfill the compatibility conditions up to order 1 for problem (2.14)
under assumption (A1)—(A2). Moreover, for any [ € N we deduce from (3.17) and (3.30) that

1(=)! 07l g sz e <Colllvglleg ms, 1€2)' 0wy g rrare + 1008 | g, I1(2) 03"l e o

B,0 B,0 )
+ [lvs ||L%°H2H£||<Z>latvz ||L’§H;§L§ + H<Z>latUB 2||L2TH;1L§) <C.

Similarly, one derives ||(z>lr||L2TH£,L§ + ||<Z>16§T||L2TH;L§ < C'. On the other hand, it follows from (3.16) and
Lemma 3.2 that

11 11 11
sl 2.3 + 10es 2. 13 + ||31525||L2TH11. < vy ||L2TH;>y + [|0rvy ||L2THgy + (|67 v, ||L2THgy <C.

Combining the above estimates for r(x, z,t) and s(x,t) we then apply Proposition 3.3 with m = 3 to (2.14)
and derive (3.32). By a similar argument as deriving (3.19), we get (3.33) from (2.14) and (3.32). The proof
is completed. O

4. Proof of main results

To show the convergence results in (2.15), we first approximate solutions (u®, 7€) of (1.3), (1.6) with
€ > 0 by a superposition of outer and inner layer profiles derived in the previous section, and then estimate
the remainders by the delicate energy method and bootstrap argument. In particular the approximation
(U, V) (z,y,t) is defined as follows:

U (2, y,t) =u(,y,t) + "/ 2ul (@, y,1) + "/ 2uP! (w % t)
g

+ euB? (ac, %, t) — zsgp(y)uB’Q(ac7 0,t),
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Ve(,y,6) =5 (@, ,0) + (0, 5 (v, 22.t) ) + /25 (@, ,1)

Ve
+ e/ 2Bt (x, %,t) + 8(1}?’2 (x, %,t), O)
and the remainder (U¢, V¢)(z,y,t) is as follows

US(w,y,t) = e 2w = U (w,y,t),  Ve(a,y,t) = V20 = V) (2,9,1),

where ¢ is defined in (3.14) and ep(y)u?2(x,0,t), evP? (1;, %,t) in the definition of U®, V* are used to

homogenize the boundary values of U® and Ve. The initial-boundary problem for the remainder follows
directly from (1.3), (1.6) and initial and boundary conditions in (2.5)—(2.14), and reads as

Ui =2V (USVE) + V- (UV) + V- (VEU?) + AU® + /2 ¢,
Vi = —e32V(|VE[?) = 2eV(VE - V) + VU® + AV +271/25%,

. (4.1)
(Usv Vs)(xv Y, 0) = (Oa 0)7
(U*,V5)(z,0,t) = (0,0), 0,V (x,0,t) =0,
where
fE= AU+ V- (UWV) =U,  §°=eAV+VU* —eV([V?) = V2 (4.2)

.1. Regularity estimates on U and V¢
4 g Yy

This subsection is to prove the well-posedness of (4.1) in space C([0,T]; HZ, x HZ,). In particular, we
derive the following result.

Proposition 4.1. Suppose that the assumptions in Theorem 2.1 hold and that 0 < T < Tax with Tyax derived
in Proposition 2.1. Then there is a positive constant er decreasingly depending on T with %im0 er =0
—

(see Lemma 4.3) such that for any ¢ € (0,e7], the problem (4.1) admits a unique solution (U=,V<) €
C([0,T); HZ, x H2,) on [0,T] satisfying

102 ms, + 1V 3en, + VU 2, + el VV* 3sepa, < CE2 (4.3)
and
N e, + IV ez, + VN2 g, < . (1.4)
where the constant C > 0 is independent of €, depending on T .

We remark that the estimates (4.3) and (4.4) are crucial to prove our main result (Theorem 2.1). Before
proceeding, we briefly introduce the additional difficulties encountered (compared to the one-dimensional
case) and main ideas used in proving Proposition 4.1. When estimating the remainder (U¢,V¢) (cf. [24]),
an L? uniform-in-¢ estimates of (u®,#¢) is used in the one dimensional case (cf. [24, Lemma 2.1]), while
system (1.3), (1.6) in multi-dimensions lacks an energy-like structure to provide such L? uniform-in-¢ es-
timates of e-independence. The challenge in our analysis thus consists in deriving the estimates (4.3) and
(4.4) for (U%,V¢) without any uniform-in- a priori estimates of solutions (uf,7¢). Here we overcome this
barrier and achieve our results by regarding (u®, ¥¢) as a small perturbation of (U?, \7“) and employing the
bootstrap method by choosing € small enough.
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We next recall some basic facts for later use. For Gy (x, z,t) € HEH™ with k,m € N and fixed ¢ > 0, we
have from the change of variables that

Yy 1_m
[CRenEs %J)HHM = F0m Gy (2, 2, ) | s - (4.5)

Similar arguments in deriving (3.16) entail that

k o0
1Ga(,0,0) 7 <Co > / 102G (x, 2, 1) || Frrda = Col|Ga (@, 2, )5 a1 (4.6)
=0

— 00

provided Go(z, z,t) € HEH! for fixed ¢ > 0. Furthermore, if G3(z, 2,t) € H2H? one has

1Gs(e,0,8) |1 < CollGa(, 2, B)llz2 < CollGal, 2 6)]mz.,

(4.7
10:G5(2,0,1)[| L= < CollGs(x, 2, 1) || 32
For Gy(z,2,t) € H2, with fixed ¢ > 0, one deduces by the Sobolev embedding inequality that
|G (= \/%t) HLW — Ga(@, 2, )|z < CollGalz, 2 D)2 (4.8)

For hy(z,y,t) € H %y with fixed ¢ > 0, it follows from the Gagliardo—Nirenberg interpolation inequality that

[hallzs, < CO(||h1||1L/22 | wL1||1L/22 +[lh1llrz,) (4.9)
y Ty Zy y
and
|hallzs < C’0||hl||2/z2 l Vh1||1L/227 (4.10)
Ty Ty zy

provided further hq|,—o = 0. For ho(x,y,t) € Hgy one gets

Ihellzz, < Colllhallzs 1V2hall " + Ihallzz,) (4.11)
and
Ih2llzay, < Collhally 11V2h2ll} (4.12)

provided hs|y=¢ = 0.

We shall prove Proposition 4.1 by the following Lemma 4.1-Lemma 4.4, where a priori estimates on the
solutions (U, V?) is derived based on the L? regularity on external force f(z,y,t) and §¢(z,y,t). The
assumption 0 < € < 1 and the results of Proposition 2.1, Lemma 3.1-Lemma 3.5 will be frequently used in
the sequel without further clarification.

The estimates on f¢ and g€ are given as follows.

Lemma 4.1. Suppose that the assumptions in Theorem 2.1 hold. Let 0 < T < Tax with Tyax derived in
Proposition 2.1. Then there exists a constant C' independent of €, such that

I Nre, <C¥4 0 llng iz, < C¥4.

T Hxy —
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Proof. First it follows from the definition of U®, V', f¢, (2.3) and (2.9) that

fe =/29%u P! +51/282u3’1 +e02uP? + c02uP? — ep(y)02uP?(2,0,t) — euP (2,0, 1) %0 (y)
BQ:vOt)( O 4 el/2ult 4 eV 2Pt 1 cul?)]
uB2(z,0, t)( 0 4 B0 4 c1/2 1y 51/21)53,1)}

( 1/2 11)(51/2v{3’1+sv1 )] +edy (ul ol

(51/2 B1_|_8u )(01,0+61/2 L1 /2, Bl+€U1B2)]

(Io+51/2 11)( +€1/2 Bl)]+€a< 111)

+8y[(£1/2uB’1 +€uB,2) (Uz’ POl /2l 12y, Bl)]

— e29,uPt — e0,uP? + ep(y)duP?(x,0,1).

0a[ -
9| -
0|
O
9y

Moreover, from the transformation z = %, (5.8), (5.10) and (2.6) we deduce that

51/28§u3’1 =122 B = —e7 V21 0(2,0,8)0,08° = —uI’O(x,O,t)ayvf’o,
55‘§uB’2 = — e/ 2102, 0,6)0,08" — V2 (ul (x,0,t) + B H)Dus 0 — dul(x,0,t)v)°

— 51/28yu3’1(vé’0(x, 0,t) + vf’o) - yayuj’o(x, 0, t)@wf’o,
which, substituted into the above expression for f¢ gives rise to

[ =e202uPt 4 e02uP? — cp(y)0?uP?(2,0,t) —582 o(y)uB?(x,0,1)
+ 0. [ — ep(y)uP?(2,0,t) (v + 20" + V2P 4+ 0 ?)]
o[ = eo()ul2(@,0,6) (03" + 07 + 20y 4 e 20

+ 0, [(ul0 4 20l 4 /2B oy B2 (12 vBl | P 2)]
+ 0. [(c 1/2uB,1+EUB,2)(U{,O+€1/QU{,1)] B (ol 4 ed, (ul ol )
+ (u Oz, y,t) — uI’O(J;,O,t) — yayul’o(x,o,t))f)yvf’o
+ (Gyul’o(x,y,t) -0 uI’O(:z: 0 t)) 5oL 1/2( I’O(x y,t) — I’O(:zz,(),t))@yvf’l (4.13)
+ e 2 (w2, y, t) — ul(2,0,1))d, vBO + 2 (030 (2, y, 1) — vy 0 (,0,)) Oyul!
+ 12 [9,ul Oy By g ul B0 4 g0l uB]
+ e, [ul Pt 4 uB (0l 0B uB R (0l B0 4 V2l 4 /2B

e20,uPt — c0uP? + ep(y)duP?(x,0,t)

+e€

where K; represents the entirety of the i-th line in the above expression. We first prove || f¢|| s rz, < Ce3/4

by estimating each K; (1 < ¢ < 10). Indeed, (4.5), (4.6), (4.7) and (4.8) lead to
T,

<el|gllnge 14”2 (2, 0,0) | g ree (10y2 g2, + 100y llegerz, + 10yvp oge 2, + 10,05 Lz r2,)

Ty Ty

+ |0y Bllz w2 (2,0, )| g rz (lvy g Lo + 107l pes, + vy g Lo + vy g s
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1,0 B,0 1,1 B,1
<Ce¥ P2\ Lz 2. (Ilvy gz, + 03 Clligemz. + vy lLgemz, + 05 g mz.)

<Ce,

where 0 < € < 1 has been used. Similar arguments further give the estimates for Ko, K7 and K;; as follows:

1K)l o2, <C¥H[uP?|| pge prz (||Uf’0||L3-°Hgy + 0P pse 2, + ||U{’1||L5>-°H§y + ol pse )
§083/4
and
1K1l Lge 2, <€ *|[uP Mg 2z + €/ HuP?|| L m2rz + Coe([u®?|| L mzmr + 0”2 L 2 12)
and

1Kl Lgerz, <€/ |0 g2, + 02| Lz L2, + Cocllo(W) L2 100w 2| Lge L2y < C*/2
By the Sobolev embedding inequality and (4.5) we have

1Kl oo rz, <(10:5 0N Lgrres + 2108 L Los ) (€2 1P g2, + €l 2| L 12,)
+ (17" e, + 210 g ) (/211000 || L L2, + €l 00u™? || Lge 12,)
+el| Vulogre 107 | Lge 2, + ellu’!

|geree VO L2,
SCO(HﬁI’O”L%OHgy+51/2||77171”L35’H2y)(53/4||UBJHL§S’H;L§+55/4HUB72HL§§H;L§)
+Co€||ul’1HLg9HngﬁI’l

<Ce3/4,

LFHg,

To bound K4, K9 and Ko, we use (4.5), (4.8) and similar arguments as estimating K5 and derive that

1Kl g rz, <Co®*(|u"Cllgems, + lu" Mg mz, + 10 oz mzmz + |02 L3 mzmz)

B,1 B2
X ([l lLsemrine + |lvy ||L39H;L§)

and
[KollLsr2,
B1 7 B0 s ,
30053/4(||UI’0||L°;Hgy||Uz lpgerz, + 1w ogms oo *llosrz, + 1870 Lg ms, 0P | g 2.
and
[K1ollgerz,

<Coe®*[Ilu" Mz mz, vy Nogrzmr + (log oge mz, + 1103 | g m2me) |0 || Lge 12 1]
+ Coe®* (loy llLse s, + 03 Pl mzms + g gz, + 105 g rzars ) 10”2 e L2 112
<Ce3/4,

We come to estimate K¢ by applying the change of variables y = /22, Taylor’s formula, (4.5), Theorem 2.1
and Lemma 3.1 to get
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ULO(J:) Y, t) - U’Lo(q"? 0) t) - yayulvo(x7 0’ t)
2
Y
B0
<el|gu" g res 1220y vyl Lge L2,

<Coe®|[u g s, ()00 | e 2,

§C<€3/4.

24 B0
- 2°0yv

K6l g2, =€ 2

LPLZ,

A similar argument as estimating Kg leads to

[K7llzgerz, < Coe®/*(||u"?

|L%°Hgy\|<z>U2B’O||L%OLgZ + HUI’OHL%OHgy||<Z>3z”§’1HL39L§Z) < et

and

[Ksllrgrz, < Coe®* (|[u" | Lo 112

ry

(2)0:03 gz, + 17 "0l g mz, 1(2)0:u | pger2.) < O34,

zy

Substituting the above estimates for K to K11 into (4.13) we conclude that [|f*[|rgrz < Ce3/4,
It remains to prove ||8tf€||L§9L?w < Ce3/*. To this end, we first note that with Banach spaces X,Y, Z if
Ifgllz < Coll flix|lglly holds for all f € X, g € Y, then it follows that

10:(f9)llz < N10:flixlglly + 1 xNOeglly, (4.14)

provided 0;f € X and 0;g € Y. Thus from the estimates on Kj, (4.14), Proposition 2.1 and
Lemma 3.1-Lemma 3.4, one deduces that

10 K3 Lgerz,

<C¥*|uP || Lo pr2. (||5tvé’0||L%°H§y + [0y °
+ Ce¥*|9,ub?

<Ce/*,

|Lgemz, + 1005 og 2, + 10003 o 2. )

1,0 B,0 1,1 B,1
lgmz, (lo2 e mz, + lv2 gz, + lvo g mz, + vy g nz,)

Similarly it follows from (4.14) and the above estimates on K7, K5 and K4 to K73 that
10Kl Lge 2, < Ce¥*, i =1,2,4,5,--- 11.

Combining the above estimates for 0, K1 to 0,11 with (4.13) we end up with [0y f||pger2, < Ce3/*. The
proof is completed. O

Lemma 4.2. Suppose the assumptions in Theorem 2.1 hold. Let 0 < T < Tpax with Tyax obtained in
Proposition 2.1. Then there exists a positive constant C independent of €, depending on T such that

150722, <Cey 110G gz, < Ce.
Proof. By the definition of g€ in (4.2) we write its first component ¢5 as follows:

95 = [EAU{’O + 53/2Av{’1 + 83/265U1B’1 + 62851113’2 + 52851113’2 + ed,uP? — ep(y)dpu®?(x,0, t)]
— [2eV" 8,V + edyv)?]
I:Ml — MQ,

where the second equation of (2.3), (2.9) and the first equation of (2.10) have been used. We proceed to
estimate M; and M. First (4.5) and (4.6) lead to
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1Myl 2, <Co(ellT" O Lsomz, + %215 | Lgemz, + ™07 g mzre + €407l L 2L
+ 55/4||U?72||L%°L§H§ + €HUB’2HL;°H;H;)
<Cek.

To bound M, we first estimate ||17a|\L%ong by the Sobolev embedding inequality, (4.8) and 0 < & < 1 as
follows

IVllLg L, <Co(Il5 N Lgemz, + 103 lligmz. + 21T g m2,

+ 51/2||U{3’1||L%°H;‘z + 51/2||vf’1 |Lso 2, +5||vf’2||L%oH§z) (4.15)
<C.
Similar arguments further yield
”atVa”LoTcLii;v ”axVa”L%oLgy, ||azat‘7a”L<;L§y <C. (4.16)

Thus by (4.15), (4.16) and (4.5) we obtain

1Mol 2, < Coe(IV |l Lgr e

Ty

3r‘7a\|L;ngy + || B2

|L%°L§y) < Ce.

Hence from the above estimates for My, M, one derives ||¢f[ 1312 < Ce. By (4.14), the above estimates for
My, M and (4.16), we further derive that [|0,97[|rgr2, < Ce. It remains to estimate g5 and 0,g5. Indeed
from the definition of g€ in (4.2) it follows that

95 :[&:Avg’o + 63/2A”U£’1 + s@ﬁvQB’O + 63/2831)23’1 - sc?ycp(y)uB’Q(:c, 0, t)]
+ [25(1)5’0(3:,0,& — vé’o(x,y,t))ﬁyvf’o - 2585,7}23’0(51/21)571 + 51/21)23’1)]
—2e(v] 0 4 V2]t 4 V2Pt L el D) (0,000 + V20,00t + 20,00 4+ ca,00?)
— 2e(vh? + 00 2l 4 2PN (0,080 + V20,00t + V20,08
=Mz + My — M5 — Mg,

where the second equation of (2.3), (2.9) and FY = F} = 0 in (5.13) have been used. First, by (4.5), (4.6)
and 0 < e <1 we get

71

M3l g2, <Coc(||V 1o L mz, + [0

<Ce.

|L7°9H§y + HU§’0||L;°H§L§ + ||U§’1||L%°H3Lg + ||UB’2||L%°L§H;)

By an analogous argument as estimating Kg in the proof of Lemma 4.1 and (4.8) one deduces

[ Mallrsere2,
< 0085/4”7}570”]4%01'1;’1,||<Z>’UQB7O||L%°L§3HZI + Coe®/*||vg°
< Ce5/*,

. B1
g r2m (10 5 g mz, + oy o mz.)

We then use the Cauchy—Schwarz inequality, (4.5) and (4.8) to derive

,(—)'I,l

| M5 g 2, <Coe(|[5"°

X (10,70l g r2, + 10,7 M Lgorz, + 10207 oz, + 10207 | Lo 12.)
<Cek.

|L<;°Hgy + | |L%°H§y + HU{B’IHL?H; + ||Uf’2||L%°H§z)

Moreover, |[Mg||rsr2, < Ce follows from a similar argument. Now collecting the above estimates from Mj
to Mg, we conclude that ||g5[|rser2 < Ce. Finally, from (4.14) and the above estimates from M; to M,
one deduces that [|9;g5||1s 12, < Ce. The proof is completed. O
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We next establish the L2 estimates for U and V.

Lemma 4.3. Suppose that the assumptions in Proposition j.1 hold. Assume further that the solution
(U=, V) (x,y,t) of (4.1) on [0,T] satisfies

1032, + V300, <1 (4.17)

Then there exists a positive constant er (defined in (4.26)) decreasing in T with hm er =0, such that for
T— o0

any € € (0,e7] the following holds true:
- 1
10131, + 1V 32, < Coc¥/? < 5. (4.18)
Moreover, there exists a constant C independent of € such that
IVUl125 1, +elVVEIZ, 1z, < Ce2. (4.19)
Proof. First, it follows from a similar argument as deriving (4.15) that
U Lgeree < C, 100U I Lgerze < Co 0V g < C. (4.20)

Thus we conclude from (4.20), (4.15), Lemma 4.1 and Lemma 4.2 that there exists a constant Cs independent
of €, depending on T satisfying:

U e + IV N gre < Co N Tgere, + 155 5012, < Cac™?. (4.21)

We proceed by taking the Liy inner products of the first and second equations of (4.1) with 2U¢ and Ve
respectively, then adding the results to obtain

d € e € Va3
i 72, +1VENZ2)) + 21 VU |T2 ) + 26lIVVE@)IIE,

2// ePUSVE VU + 22V V- VE)dwdy
0

+2// —UV® . VU® = UV® - VU + 2e(V*- Vo)V - VE)dady
0 —oo

+ 2/ / (€2 fUS + VU - VE 471 25¢ Ve )dady
0 —oo
1111 + IQ + Ig.
The estimate for I follows from (4.9), (4.10) and the Cauchy—Schwarz inequality:
L <26 2|0 s, IV 2, IVUS L2z, + 222 IVEIIZs IV V2 s,
<Coe" U5 IV U1 (IVEILE IV VIS + 17z, )
+Coe® (V12 IVVE iz, + IVENT2 )IVVE 22

zy

§§||VUE||%3y + f”v‘?a”%gy + Co(E?|U%II3s IVFIIZ2, + VT2, (4.22)
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GO U 32, 17213, + =217 llzs, + 2172132 VT2,
1 1 — —

<SIVU 35, + el 974 s, + 200l V* )3,
+ (U3, 17213, + <21V Ilus, + 7= 13, IV V132,

Ty zy

where in the last inequality we have used the estimates (?[|U®||7. ||Y75||2L2 +¢) < 2 thanks to (4.17)
and the assumption & € (0,1). Noting that (4.17) and ¢ € (0,1) further lead to Co(e2||U||2, V|2, +

Ty zy
63/2||V5||L§y + 62||V€H%§y) < 3Cye?/2. Hence by choosing ¢ small enough such that

e < (12Cy) 72, (4.23)

one derives 3Cpe®/? < e and deduces Co(e2(|U%||2, [[V=]2. + 53/2||V8HL3W +e2|Ve|2, ) < Le, which
Ty zy zy

substituted into (4.22) gives rise to
< SIVUS s + 2| VTEI2, + 20|42,
L= 2 L3y 2 L3y 0 Ly
Moreover, by the Cauchy—Schwarz inequality and (4.21), we deduce that

1 1 ¥ a a ¥ ra e
b <SS IVUSIE,, + 2TV, + 8171 U1, + SIU s 179152, + 8V 1 171,

1 1. = .
< IVUEIlL:, + 5ellVVElze, + 8Cs(IUFIIZ:, + VI, )-
It follows from the Cauchy—Schwarz inequality and (4.21) that

1 - , _ )
Iy <7 IVU 33, + CollU% 32 + 1V 132,) + e M2, + 17132,

1 - .
< IVURIEs, + Co(IUF 2 + [IVEIIZ2, ) + Cac' 2,

where the constant Cj is independent of ¢ and t. Now collecting the above estimates for I;—I5, one gets
under the assumption (4.23) that

d . .
ST N3, + IV¥l3s,) + IVO° |35, +ellVVF |2,

(4.24)
<(2Co + Co +8C3)(|U°|[72, + IV¥[I32,) + Cae'/2,
which, along with Gronwall’s inequality yields
”UE”%%’S’L? + HV€||%%°L2 < 03T€(2C0+00+8C3)T51/2_ (425)
To fulfill the assumption (4.23) and to derive (4.18), we set
- -2
e7 = min {(1200)*2, (203Te<200+00+803>T) , 1}. (4.26)

Then for any € € (0,er], the estimates (4.18) immediately follows from (4.25). Finally integrating (4.24)
over [0,T] and using (4.18), we obtain (4.19). The proof is completed. O

The H? regularity estimate on U® and Ve is given in the following lemma.
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Lemma 4.4. Let the assumptions in Lemma 4.5 hold. Then there exists a constant C independent of € such
that

IVU 312, + 9V e, + 1007 2,

e |2 2 e |2 1/2 (4.27)
N0V e, + IVOU N1z 2 +lVOVElLz 2 < Ce™/
Consequently, it follows from (4.1) that
2O g, + 2P g, + 242 s < C. (4.28)

Proof. Taking the Liy inner products of the first and second equation of (4.1) with 20,U® and 20,V*
respectively and using integration by parts, one derives after adding the results

d . .
SIVU I3z, +=IVT[35,) + 200,035, + 210735,

:2/ /(_61/2(]8‘75 -Vo,U® + 53/2|‘7€|2V . 3t176)dxdy
0 —oo

+2 / (=UV®-Vo,U® — UV* -VOU® + 2e(V* - V)V - 9,V dady

0 —oo
9

—1-2/
0

=1y + Is + Ig.

o0
/ (e~ V2 fe0,U° + VU® - 9,V + 125 . 9,V®)dady
(o]

By (4.9), (4.10) and the Cauchy—-Schwarz inequality we have

I <22V2U% s, [VEIl1s, IV OUF |12, +26¥2| V|13 190V 12,
<Coe"2U° 1122 VU= (IVEIZE I VRIS + Vel ) IVOU©] 2z,
+ Coc®2(IV* 12, IV V¥ L2z, + IVEI32 ) IVOV?| e,

zy

1 1 - - - -
<IVOU* 35, + el VOV, + CollU I3, IVUF |3, +<2IV* 35 IVV* 35, + <2172,
Moreover, a similar argument as estimating I and I3 yields:
1 1 — —
I; < 71900 35, + 5ellVOT* IRy, + CollU?I2s, + I7¥IR2,)
and
1 ~ .
Is < LIIVU?[1Z2, + Co(l0:U% (122, + 0:VF(122,) + Cse/2.

We proceed by differentiating the first equation of (4.1) with respect to ¢, then multiplying the resulting
equation with 20,U*¢ in Liy and using integration by parts to derive
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(8,U°V* +U°8,V*®) - VO,U ddy

\8

d o0
SN0V 3y, +2IVOUe 2, =~ 2 [

8

[ oo o)

2// (8(USV) + 0,(UV?)) - VO, U dady
0 —oo

+ 2 1/2 / / O, f20,Udxdy
0 —o©

=I; + Ig + Iy.

The estimate for I7 follows from (4.9), (4.10) and the Cauchy—Schwarz inequality

Ir <Co' 2| VaUe |35 10:U° 125" (IVEIZ IV VIS + Ve les,)
+ Co VAU s, IVUSIE U1 (012 190V + 1871z,
1 € 1 e ‘ ‘ e € v_'e €
<gIVaU|is + gellVaVelis + Coc®(IVeI3s, IVVEIR,, + VN2 )IOUe I3,
+ Cos(|U% 32, IVU*II32, + 0% ||z, VU= [22, )10 V2132

By (4.15), (4.20) and the Cauchy—Schwarz inequality one derives
1 - -
I < LIV s, + OOV s, + 1079 32) + CO#E, + 179I32)
The Cauchy-Schwarz inequality further leads to Iy < [|0,U¢||3. + e '[|9.f¢[|7. . We next differentiate the

second equation of (4.1) with respect to ¢, then take the Liy inner product of 28,5‘75 with the resulting
equation and use integration by parts to have

d B B oo o0 B B B
G +2evoe R, =1 [ [ V005V 7 dady

0 —o0
—4—26//@ WV - oV °)dxdy
0 —oo

oo
+ 2/ / (V@tUs . 815‘78 + 5_1/28t§€ . 8t‘78)d$dy
0 —o©
=Io + I11 + L2
First, (4.9) and the Cauchy—Schwarz inequality entail that
Lo <Coe™ (VAL IV VAN + IVl YOV IV VIS + 118:VE 22 )IVOVZ]zs,
1 _ PR _ . .
Sgé?llvatVslligy + Co(@IVelZe, IVVENZ2 + 2 IVEIlL2, IVVE 22, )0V 72,
T ColE@ P14y, + 27413 IOV, .

Moreover, from (4.15) and (4.20) one gets

1 . . .
In < gEHVatVEH%gy +Co(IVEllZz, + 10:VelZz )
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Finally, it follows from the Cauchy-Schwarz inequality that Iy, < §[|VOU®|2, + e !9, 5°)2. +
Ty Ty

Co||8t175||%2 . Collecting the above estimates for I4—I15 we arrive at
zy

SUVU s, +IVT s, + 1801, + 107°13s,)
U172+ 10:VEII7: + [VOUS |7 + 2| VOV,
< CCEVI, IV I3, + 1U%I22, IVUF 3, (4:29)
+UNF2, + VAN L2, + 1) x (10:U° 32, + 0:VE)F2 +1)

+ 02 e (107 e, + 105 s, ),
where 0 < € < 1 has been used. On the other hand, from (4.1), Lemma 4.1 and Lemma 4.2, we have
10 .y, 032, = = 17 (.03, < = 1 3pss, < O=/2

and similarly [|8;V(x,y,0)||2, = e '[§°(2,y,0)|2, < Ce. Thus we can apply Gronwall’s inequality and
Ty xy

Lemma 4.1-Lemma 4.3 to (4.29) and derive (4.27). The estimate (4.28) follows immediately from the system

(4.1) and (4.27). Indeed, by the second equation of (4.1) and (4.11) one deduces for fixed t € [0, 7] that

Ve I3, <ColIVT* 32 IIV° 13, +2IVV (32, T3, + 2172135 V723,
IO I, + 107203, + g3,
<Co( VT3, 1722, 2Nz, + VP13, 17213
Ve, [V a2, VP32, + U1, + 1072125, + e 113°]32,)
<50Vl + Col IV TN, IV 3, + IV, 1741,
VN3, NV, + 0%, + 10072132, + 4155132, )-

Subtracting 3¢%[[V¢|%2 from both sides of the above inequality, then using (4.27), (4.18), (4.15) and
Ty
Lemma 4.2 one gets

Vi pz, < CeV2, (4.30)

where we have also used HVV“ H%%O 2 < Ce=1/2, which follows from (4.5) and a similar argument in deriving
Ty

(4.15). Moreover, one derives €||UE||%%;H2 +&3||Ve|12; ;s < Ce'/? by a similar argument as deriving (4.30).
xyY T a1
The proof is completed. O !

We come to prove Proposition 4.1 by the results of Lemma 4.3 and Lemma 4.4.

Proof of Proposition 4.1. Noting that the conclusion (4.18) is stronger that the hypothesis (4.17) in
Lemma 4.3, one deduces that all the conclusions in Lemma 4.3 and Lemma 4.4 hold true by the conti-
nuity of solutions under the assumption ¢ € (0,er| (see [61, page 21, Proposition 1.21]). Hence we derive
(4.3), (4.4) and (U=, V<) € C(]0,T); H2, x HZ,). The uniqueness can be proved by the method used in [67],
and we omit the details for brevity. O
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4.2. Proof of Theorem 2.1 and Theorem 2.2

We next prove Theorem 2.1 and Theorem 2.2 by the results of Proposition 4.1.

Proof of Theorem 2.1. First, by the fact that (U¢,V¢) uniquely solves problem (4.1) one deduces that
(uf, 7€) with u = /204U, ¢ = £1/2Ve 4+ V4 is the unique solution of (1.3), (1.6) with & € (0,e7]. Thus
the regularity (u®,7¢) € C((0,T]; HZ, x HZ,) follows from the fact that (U*, Ve), (U, V) e C([0, T); HZ, x
H gy) We next prove the curl-free property of v¢ by applying the operator “Vx” to the second equation of
(1.3) with € > 0 to find

(V x5%); = eA(V x 5°),
(V x 7°)(z,y,0) =0, (4.31)
V X 0¢|y=0 =0,

where the assumption V x @ = 0 and the boundary conditions (1.6) have been used. Consequently, the

uniqueness on solution of (4.31) entails that V x ©¢ = 0. Moreover, (2.16) follows from Lemma 3.1. Then
it remains to prove (2.15). By (4.11), (4.3) and (4.4) we get

¥ Fel/2 Fel/2 2 _3 1 1 _
IVellzgrs, < ColIVPVEll g e IV 1o, + 1Volligrz,) < CleT8 -5 4eh) < CemVh (4.32)
Similarly, it follows that
1U% |z L, < CollVPUR 2 o U I e e < Cem/3 P < (4.33)

Hence, the definition of V¢, the Sobolev embedding inequality, (4.8) and (4.32) lead to

_. = B.,0 Y
||’UE(££,y,t) —UO((L‘7y, ) (0 vy’ )(1‘, ﬁv )HL"CLg?/
<Co("?[1F" ngemz, + 200 g mz, + &/ llvy " gz, (4.34)

B2 -
+ellvr o mz. + €2V |Lg Lo )

<Ce'/4,

Similarly, by (4.33) and the definition of U¢ we have

||’u’s(m7y7 t) - Uo(l‘,y,t)”L%ngoy
SCO51/2(|\UI’1||L§9Hgy + [lu™

my) (4.35)

SCel/Q.
The combination of (4.34) and (4.35) gives (2.15) and completes the proof. O

Proof of Theorem 2.2. By (uf,#¢) and (u”,7°) we denote the solutions of problem (1.3), (1.6) obtained in
Theorem 2.1 and Proposition 2.1, respectively. Let
¢

f@%ﬂ=%@ywm{/[ﬂ70+dff w)(w, ) dr },
(4.36)

t
A(z,y,t) = colx,y) exp /uo T,Y, T }
0
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It is easy to verify that (uf, c¢®)(x,y,t) and (u, c®)(z,y,t) solve (2.17) with e € (0,e7] and & = 0, respectively.
Indeed under the curl-free property V x ¥¢(z,y,t) = 0, one has that

ATF=V(V-0°) =V x (Vx¥%)=V(V-7°). (4.37)
By this, a direct computation on (4.36) leads to

t
Vs v
_ C‘: :_C_CO+/[5v(v~175)—ev|z7€|2+Vu5]dr
0

0
t

. /[aAﬁE — eV|5°? + Vu] dr
(4.38)

0
t

o +/8T175d7'
0

E
v i

where the assumption ¥y = — VCEO

in Theorem 2.2 and the second equation of (1.3) have been used. Thus,
(4.38) along with the first equation of (1.3) with & > 0 implies that (u®,c®) satisfies the first equa-
tion of (2.17). Following a similar argument, one deduces that (u®,c®) solves the second equation and
the initial-boundary conditions of system (2.17) by using (4.37) and the second equation of (1.3). Hence
(uf, c?) solves (2.17) with e € (0,e7]. Similarly, (u®, c?) solves (2.17) with ¢ = 0. We further deduce that
(uf,¢?) € C([0,T); HZ, x H},) and (u°, %) € C([0,T]; H), x H,)) by the regularity estimates of (u®,7°)
and (u°,7%) in Theorem 2.1 and Proposition 2.1. The uniqueness follows from the standard method used
in [67]. Finally, one derives (2.18) and (2.19) by (4.36), (2.15), (4.4) and following the arguments employed
in the proof of [24, Theorem 2.2]. We omit it for brevity. O

5. Appendix
This section is devoted to the derivation of equations (2.3)-(2.14), by employing the asymptotic analysis,
which has been used in [24, Appendix| to derive layer profiles in one dimension and in [25, Appendix] to

determine the thickness of boundary layers. We omit the details for brevity and just sketch the procedure.

Step 1. Initial and boundary conditions. Substituting (2.1) into the initial conditions in (1.3) and following
the arguments used in [25, Appendix], we have

(5.1)

and for j > 1

, , (5.2)
719 (x,y,0) = ¥59(2,2,0) = 0.

For the boundary conditions, we insert (2.1) into (1.6) and use (2.2) to get for j € N that
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u(w,t) =Y 2w (x,0,1) + uP (2,0,1)],

Jj=0
e’}

v(x,t) = Zej/Q [vé’j(x, 0,t) + sz’j(x, 0, t)],
i=0
JOO o]

0="> e [9017 (2,0,t) + e /2007 (2,0,8)] = > /%0, [vy7(2,0,t) + vy 7 (2,0,1)].

j=0 j=0
To fulfill the above boundary conditions for all small € > 0, it is required that

a(z,t) = ulO(x,0,t) + uP0(x,0,1),
o(z,t) = 030z, 0,t) + 02 %(x,0,t),
0=0.07%x,0,1),
0,0z, t) = Dyvy (2, 0,t) + D07 (2,0, 1)

(5.3)

and for 7 > 1 that

0=ul(x,0,t) +uP(x,0,1),
0 =07 (2,0,t) +va (x,0,1), (5.4)
0= A, (,0,t) + 077 (2,0,1).

Step 2. Equations for u// and 7. We first substitute (2.1) without the inner layer profiles (uf+7, v 5:7)
into the first equation of (1.3) to get the equations for outer layer profiles u+:

J
uld =3OV - @RIy = Auld for j € N (5.5)
k=0

To find the equations for inner layer profiles u+/, by a similar argument in [24, Step 2, Appendix], namely
inserting (2.1) into the first equation of (1.3) and subtracting (5.5) from the resulting equation then applying

Taylor expansion to u’7, 717, we end up with

o0
Z 112G (z,2,t) = 0, (5.6)
j=—2
where
G2 — _ 92, Bo
G l=- uI’O(:E,O,t)c')QOB’O — vé’o(az, O,t)@zuB’O - 8Z(uB’OUQB’O) — 83u3’1,

G° =0l — 8, [(u!0(x,0,t) + uP )P0 — 8, (uB 000 (,0,8)) — uPD,0s (2,0, t)
— (W"0(x,0,t) + uP D0t — (W (x,0,t) + uP)D0P 0 — 8,ul 0 (x,0,t)vP°
— 0, uP (W (2,0,t) + 0Pt — 0P (0h O (x,0,8) + 020

— PuP0 — 9*uB? — zayul’o(x, 0, t)azvf’o - zﬁyvé’o(x, 0,t)0,u??,

with G7 = 0 for j > —2. From G~2 = 0 we get 0?u"* = 0, which upon integrations twice with respect to z
over (z,00) along with the assumption (H), yields
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uBO(z,2,t) =0, for (z,2,t) € R xRy x [0,T].
Furthermore, it follows from (5.7), G=' = 0 and the first identity of (5.3) that
2Pt = —ul0(2,0,8)0.08° = —t(x, £)0,05°,
which, upon integration over (z,00) gives rise to
d,ubt = —ﬂ(x,t)sz’O,

where the assumption (H) has been used.
Applying a similar procedure as deriving (5.9) by inserting (5.7) into G = 0, we get

Pul? = — 9, (u"0 (2,0, t)0P0) — ul O(x,0,8)0,08" — (Wl (x,0,t) + uP1)d,00 "

— 9,u"’(,0, 20 — 4P (0l (x,0,t) + 080 — 20,u’(,0, )0, 02"

and then integrating the above equation with respect to z twice, we have

w2 = atet) [ e [ [ 10 dean
z z.n

where

D(z,z,t) =0, (u0(x,0,)v°) + (ul (2,0, t) + uP 1) 00

+ 9,ul0 (2,0, )05 0 + 9.uP (0h 0 (x,0,t) + v3°) + 20,u’ 0 (x,0,)0.v5"°.

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

Step 3. Equations for 777 and v 5+7. Applying an analogous argument as Step 2 to the second equation of

(1.3), we derive

~1,0

v’ —VuLO:O,

71

g, — vult =0,
j—2

_1,j " L Tj—2— j LT ,

Uy ’]—I—ZE V(@hk. ghi=2=ky —wyuld — AGTI72 =0 for j > 2
k=0

and

where FI(z,z,t) = (FJ, FJ)(z, z,t) with

Ft =0,
Fp zatvf’o — 9puB0 — 831}{3’0,
Ft =opwP! — 9,uPt — 920l
F2 =082 + 0,207 2,0, )00 + 020080 1 20102, 0, 1)0F 0 + w0080

B,2 2,,B,0 2,,B,2
—Ozu™" — 0jvy " —0Zvy 7,

(5.12)

(5.13)
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and

ot = —9.uB0,

0 B0 B,1 2, B,0
Fy = 0wy —0,u™" —0zvy 7,

1 B,1 1,0 B,0 B,0 1,0 B,0 B,0 B2 42 B2l
Fy = 0oy 4 2(vy 7 (2, 0,8) +077)0zv 7 + 2(0y7 (2,0,8) + vy )00y — Oou" = vy

which leads to FY =0, FJ = 0 with j > —1 to guarantee that (5.13) holds true for all small £ > 0. Finally,
the initial boundary value problems (2.3)-(2.14) shown in section 2 follow directly from the results derived
in Step 1-Step 3. Indeed, by (5.5) with j = 0, (5.12), (5.1) and (5.3), we derive (2.3). From (5.13) with
7 =0,(5.7), (5.1) and (5.3) one deduces (2.5). Similarly, (2.7) is the combination of (5.9), (5.13) with j = 0,
(5.1) and (5.3) while (2.9) comes from (5.5) with j = 1, (5.12), (5.2) and (5.4). Moreover (5.13), (5.2) and
(5.4) with j = 1 lead to (2.10). The combination of (5.10), (5.13) with j = 1, (5.2), (5.4) and v”° = 0 yields
(2.11). Finally, (2.14) follows from (5.13) with j =1, (5.2) and (5.4).
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