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Abstract. In this paper, we consider the exogenous chemotaxis system with physical
mixed zero-flux and Dirichlet boundary conditions in one dimension. Since the Dirichlet
boundary condition can not contribute necessary estimates for the cross-diffusion struc-
ture in the system, the global-in-time existence and asymptotic behavior of solutions
remain open up to date. In this paper, we overcome this difficulty by employing the
technique of taking anti-derivative so that the Dirichlet boundary condition can be fully
used, and show that the system admits global strong solutions which exponentially sta-
bilize to the unique stationary solution as time tends to infinity against some suitable
small perturbations. To the best of our knowledge, this is the first result obtained on the
global well-posedness and asymptotic behavior of solutions to the exogenous chemotaxis
system with physical boundary conditions.

1. Introduction. Chemotaxis, the directional movement of cells in response to a
chemical stimulus gradient, is important for bacteria to find food (e.g., glucose) or to flee
from poisons [33] and critical to early development, normal function such as wound heal-
ing/inflammation and pathological process like cancer metastasis [34]. Mathematical
models of chemotaxis were firstly developed by Keller-Segel in 1970s with two proto-
types describing endogenous and exogenous chemotaxis, respectively. In the endogenous
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chemotaxis, cells respond to a chemical signal that is released from cells themselves.
While in the exogenous chemotaxis, cells respond to an external chemical signal (such
as oxygen, light or food). The typical example of endogenous chemotaxis is the spon-
taneous aggregation of Dictyostelium discoideum (Dd) cells in response to the chemical
cyclic adenosine monophosphate (cAMP) secreted by Dd cells [3], which was first modeled
mathematically by Keller and Segel in [I7]. For such aggregation Keller-Segel models,
the homogeneous Neumann boundary conditions are usually prescribed to reproduce the
aggregating patterns [IT,[12]. The prominent example of exogenous chemotaxis was re-
ported in [I] where motile Escherichia coliplaced at one end of a capillary tube containing
an energy source and oxygen migrate out into the tube in the form of traveling bands
clearly visible to the naked eye. The mathematical model was subsequently proposed by
Keller and Segel in [I8], which reads as

u=Au—V-(uVeé(v)) in Q,

vy = DAv — uv™ in Q,

(1.1)

where u and v denote the bacterial density and oxygen concentration, respectively, at
position x € 2 and time ¢ > 0. D > 0 and m > 0 account for the chemical diffusivity
and consumption rate, respectively, and ¢(v) is called the chemotactic sensitivity function
which typically has two prototypes: ¢(v) = Inv (logarithmic sensitivity) and ¢(v) = v
(linear sensitivity). The logarithmic sensitivity was originally used in [I8] based on the
Weber-Fechner law (the sensory response to a stimulus is logarithmic) which has various
biological applications (cf. [I0,1521]). It was mentioned in [I8, p.241] that the oxygen
diffusion rate D is negligible (i.e. 0 < D <« 1) compared to the bacterial diffusion rate.
The existence of traveling wave solutions to (1) with logarithmic sensitivity with D > 0
was shown in [I6LBILB5] for any 0 < m < 1, while the stability of traveling wavefronts
for the case m = 1 was obtained in [6,&,23H25.[30] and the instability of pulsating wave
for the case m = 0 was investigated in [9,27].

When considering the exogenous chemotaxis system ([LT]) in a bounded domain 2, the
relevant physical boundary conditions (for instance see the experiment in [I]) are

Opu—ud,v =0, v=uv, on 99, (1.2)

where 0, = % is the normal derivative on the boundary with v denoting the outward
unit normal vector of 02, and the constant v, > 0 denotes the boundary value of v.
That is, the zero-flux boundary condition and Dirichlet boundary condition are imposed
to cell density w and chemical concentration v, respectively. The Keller-Segel system
(LI) subject to the boundary condition (I.2]) has also been used in the chemotaxis-fluid
model in [32] to describe the boundary accumulation layer of aerobic bacterial chemotaxis
towards the drop edge (air-water interface) in a sessile drop mixed with Bacillus subtilis
bacteria. The model in [32] reads

ug+w-Vu=Au—V - (uVv),

v +w-Vov=DAv — uv,

(1.3)
p(wi +w - Vw) = pAw + Vp — Vygu(py — p)z,

V-w =0,
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where u and v denote the bacterial and oxygen concentrations, respectively, and w is the
fluid velocity governed by the incompressible Navier-Stokes equations with the pure fluid
density p and viscosity u. pis a pressure function, V,gu(p,—p)z denotes the buoyant force
along the upward unit vector z where V;, and p, are the bacterial volume and density,
respectively, and ¢ is the gravitational constant. With boundary conditions in (L.2) and
the non-slip boundary condition for the fluid: w|sq = 0, the works [7,20132] have shown
that the system ([3) can numerically reproduce the key features of experiment findings
in [32] in two and three dimensions.

Compared to a large number of results available to the endogenous chemotaxis models
with Neumann boundary conditions (cf. [2[11L[12]), the basic questions like the global
well-posedness of the exogenous chemotaxis system (1)) with physical boundary condi-
tions in ([2)) still remain poorly understood and only very limited analytical results are
available so far. The primary obstacle is that the estimate of Vv, which is needed for the
global boundedness of solutions due to the cross-diffusion structure in the first equation
of (), can not be achieved through the second equation of (L)) with the Dirichlet
boundary condition which gives no information on Vv. On the half line Ry = (0, 00),
the existence and stability of the unique stationary solution (u,?) of (LI)-(T2) with
¢(v) = Inv was recently established in [5] for any m > 0, where (@,?) is of a boundary
(spike, layer) profile as D > 0 is small. When ¢(v) = v, the existence of stationary solu-
tions to (LI)-(T2) with m = 1 was proved in [I9] for all dimensions and the existence
of global weak solutions was established in [36] in one dimension. The local existence
of weak solutions to ([3)) on the water-drop shaped domain as in [32] with ([2]) and
wloa = 0 was proved in [26]. These appear to be the only results in the literature for
the Keller-Segel system (ILI]) subject to the physical boundary conditions given in ([2)).
We also mention another result in [4] where the existence of stationary solutions of (L))
with ¢(v) = v and m = 1 was established for all dimensions when the Dirichlet condition
for v in ([I.2)) was replaced by a boundary condition based on Henry’s law modeling the
dissolution of gas in water. The purpose of this paper is to further make a progress in
this direction for the Keller-Segel system (L)) with linear sensitivity and boundary con-
ditions in (I2)) on a bounded interval Z := (0, 1). Specifically we consider the following
problem

Up = Ugy — (U in Z,
vy = Dvgy — uv in Z, (1.4)
(u,v)(x,0) = (up,vo)(xz) in T
subject to the following boundary conditions:
(ug — uvg)|z=01 =0, v(0,t) =v(1,t) = v, it D >0, (1.5a)
{ (ug — wg)|z=01 =0 it D=0. (1.5b)

By integrating the first equation of (4] along with the boundary condition ([C5al), one
immediately finds that cell mass is conserved:

/Iu(a:,t)dx = /Iuo(x)dx =M,
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where M > 0 denotes the initial cell mass. Then the stationary solution (@, ) of (L4)
with D > 0 satisfies

Ugpe — (U04)s = 0, rel,
D’me—a’ljzo, J?EI,

/Iadas =M, (16)

(’17,93 — ﬂ@m)‘x:071 =0, ’U|m:071 = VUx.

The results of [19] assert that the stationary problem (L6)) with D > 0 admits a unique
non-constant classical solution (@,7) which is of a boundary layer profile as D > 0 is
small. While for the case D = 0, the system ([4) with (L5h) clearly has a unique
constant solution (M, 0).

The goal of this paper is to show that if the initial datum (ug,vg) is a small pertur-
bation of the stationary solution (@, ?), then the system (L4) with (L5a)—(L5h) admits
a unique solution (u,v) satisfying for any D > 0:

[I(u,v) = (@, 0)|| L~ — 0 exponentially as ¢ — oo,

where (@,7) = (M,0) if D = 0 and (@, 9) is the non-constant stationary solution satisfying
(T8 if D > 0. As we know, this is the first result on the global well-posedness and
asymptotic dynamics of the system ([LI)-(L2). We note that it was shown in [19] that
the unique non-constant stationary solution of (@) enjoys a boundary layer profile as
D > 0 is small, while only constant stationary solution exits when D = 0. With this fact
and the boundary conditions in ([[H]), we may speculate that the solution of (L4)—(T5al)
with D > 0 will not converge to that of (L4)-(L5hH) with D = 0 as D — 0, where
the boundary layer will arise to correct this discrepancy. Therefore the convergence of
solutions to ([CA)—(THa) with D > 0 as D — 0 is a very interesting question and we
shall investigate it in a separate paper. When ¢(v) = Inv and the Dirichlet boundary
condition for u and Robin boundary condition for v are given, the convergence of solutions
for () with ¢(v) = Inv and m = 1 as D — 0 has been shown in [I3[I4]. But they
are completely different from the convergence of ([4) with ([5a) as D — 0 due to the
distinct sensitivity function ¢(v) and boundary conditions.

Sketch of proof ideas. As mentioned previously, the boundary conditions for v in
(L3 refrain from deriving the estimates of v,, which is, however, necessary to establish the
global well-posedness of solutions of (L) (L) due to the cross-diffusion structure in the
first equation (4. To overcome this barrier, by observing that the first equation of (4]
is conserved with zero-flux boundary condition on u, we develop an idea by considering
the primitive function of u in space, say g, and establish the equation of ¢ which no
longer has cross-diffusion structure and the Dirichlet boundary condition of v can make
essential contributions. As such, we derive the boundedness and stability of (g, v) by the
delicate (weighted) energy estimates first and then transfer the results to (u,v). This
is our rough idea, and precise procedures are presented in section 3 for the case D > 0
and in section 4 for D = 0. Indeed, the analysis for the case D = 0 appears to be easier
than D > 0 since its background profile is constant, and thus no weighted estimates
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EXOGENOUS CHEMOTAXIS SYSTEMS 721

are needed. However, since v-equation is an ODE and lacks the diffusive dissipation,
we need to make full use of the ODE structure along with the explicit formula of v to
derive some delicate higher-order estimates which, in turn, requires stronger smallness
constraints upon the initial datum compared to the case D > 0.

The rest of this paper is organized as follows: In Sec. [2 we state our main results.
In Sec. Bl we investigate the asymptotic behavior of solutions to the system with D > 0.
Finally, the asymptotic behavior of the solution for the case D = 0 will be proved in

Sec. @

2. Statement of main results. In this section, we introduce the results on the
stationary problem (@) from [19] and state our main results on the asymptotic stability
of stationary solutions. Throughout the paper, we denote by L>, L? H} and H* the
standard function spaces L>(Z), L?(Z), H}(Z) and H*(Z), respectively. We denote by Z
the closure of Z and by C' a generic time-independent constant which may take different
values in different places. In the sequel, we often omit Z without ambiguity.
PROPOSITION 2.1 (Theorem 2.1 in [19]). For any M € (0,00), the problem (L6)) with
D > 0 admits a unique classical non-constant solution (@, v) € C*(Z) N C*°(Z) such that

_ M 5 _ =
Ut=—-———¢", >0, 0<v<Lv, forany ze€Z. (2.1)
Jrevdx

Our first result is the asymptotic stability of stationary solutions obtained in Propo-

sition 2] for the initial-boundary value problem ([4]), (L5al) as time goes to infinity.

THEOREM 2.1. Suppose that ug € H' and vy € H? with ug > 0, vo > 0 such that
J7 uodx = M. Let (@, v) be the stationary solution given in Proposition ZIlwith [ adx =
M and define

oofe) = [ (wols) ~ a(s)) dy.
Then there exists a constant dg > 0 such that if

leollZ + llvo = vll72 < b,
then the initial-boundary value problem (L[4), (LCha) admits a unique global solution
(u, v) satisfying
u € C([0,00); H') N L?(0,00; H?), v € C([0,00); H*) N L*(0, 00; H?),
and the following asymptotic decay:
(v —a,v—0)(-,t)||p= < Ce™*" for any t > 0, (2.2)

where a and C' are positive constants independent of ¢.

REMARK 2.1. If the chemical concentration v takes different values at the endpoints
of the interval, say v(0,t) = a > 0 and v(1,t) = b > 0 with a # b, the existence
and uniqueness of stationary solutions can be obtained by similar arguments as in [19].

However the stability result in Theorem[2.I]lcan only be shown to hold under the condition
that D(a — b)? is small or the total mass of the bacteria M is large. The key difference
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is that if a # b, then the stationary solution component © may be monotone in [0, 1]. If
this happens, we can only show that the estimate ([812]), which is essentially used in the
proof of Lemma B3] is guaranteed if D(a — b)? is small or the total mass of the bacteria
M is large.

When D = 0, (L4]) becomes a PDE-ODE system which has a unique constant steady
state (M,0) with M = [ uodz satisfying the boundary condition (L5D). Then we have
our second result below.

THEOREM 2.2. Let (ug,vg) € H' x H? with ug > 0, vg > 0 such that fz uodr = M and
define

wole) = [ (uo(w) = M)y,
0
Then there exists a constant d; > 0 such that if

lwoll 7 + llvoll7 < 61,

then the initial-boundary value problem ([4)), (I.5D) admits a unique solution (u,v) in
7 x (0, 00) satisfying

u € C([0,00); HY) N L*(0,00; H?), v € C([0,00); H?).
Furthermore, we have the following decay estimates:
|(w— M,v)(-,t)|| L < Ce™ " for any t > 0, (2.3)

where ay and C' > 0 are positive constants independent of ¢.

3. Asymptotic stability for the case D > 0. In this section, we will study the
asymptotic stability of the steady state of (L4)), (L5L) for D > 0 by the method of
energy estimates. Before proceeding, we present an well-known inequality that will be
frequently used in the sequel.

LEMMA 3.1 (cf. [28]). For any f € H'(Z), there exists a constant ¢; > 0 such that

1l < er (1ALl Fe + 172 ). (3.1)

Furthermore, if f € H}(Z), then it holds that

1 1
[fllee < collfllZ2lfallZ2 and ([ flloe < es|lfollze (3.2)
for some constants cs, c3 > 0.

3.1. A priori estimates. First of all, integrating the first equation in (L0, we see that
the stationary solution (@, ) satisfies

Doy, —uv =0, (3.3)
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EXOGENOUS CHEMOTAXIS SYSTEMS 723

with [;udz = M. In view of the zero-flux boundary condition in (L5a) for u, we
know that the mass of the bacteria is conserved for all time. This along with the fact
J7uodz = [ dx = M implies that

/I (u(z, £) — a(2))dz = 0

for any t > 0. Define

ol t) = / (u(y, 1) — a(y))dy, ¥ =v 1,
0
that is
u=@,+u, v=19Y+0. (3.4)

Substituting ([B34) into (I4]), integrating the first equation with respect to x and using
B3), we obtain the following perturbation equations:

Ot = Pz — Pz — Wy — Pzy,
wt = D'l/}mc - ﬂ¢ — Vg — ‘Pz’l/}a

(3.5)

with the initial datum
(.10)(x.0) = (g0 0) = ( [ twato) — ). w0 - ) (3.6)

and the boundary conditions

(va w)(07t) = (%W(laf) =0. (37)

By the standard fixed point theorems (cf. [22/[29]), one can prove the local existence of
solutions to the initial-boundary value problem @B3)-@B1). Precisely, for any T > 0, if
we define

X(0,7) = {(p,¥) ¢ € C([0,T]; Hy 0 H?) 1 L*(0, T HY),
Y € C([0,T]; Hy N H*) N L*(0,T; H?)}
and denote
N(T) := JSup (lelizze + lel2)
then we have the following local existence result.
PROPOSITION 3.1 (Local existence). Let ¢g € H} N H? and ¢y € H} N H? such that
oz + =0, Yo+v=>0

for any z € Z. Then there exists a positive constant Ty depending on N(0), @ and
¥ such that the initial-boundary value problem EI)-(B7) admits a unique solution
(p,9) € X(0,Tp) satisfying N(Tp) < 2N(0) and

Y +u2>0, Pp+0v>0
for any (x,t) € Z x [0, Tp).
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724 G.-Y. HONG aAND Z.-A. WANG

In order to study the asymptotic behavior of solutions to the problem (I4]), (L35al),
we first establish the global existence result for the initial-boundary value problem (B.5])—

@B).

PROPOSITION 3.2. Assume the conditions of Proposition 3.1l hold. Then there exists a
positive constant §* such that if ||¢ol|3,: + [[¢ol|72 < 6%, then the problem B.35)—(B7)
admits a unique global solution (p, ) € X (0, 00) which satisfies that for all ¢ > 0,

leC I + 1w lZ: < Ce™ Y, lpua( )2 + ¢ OE <C - (3.8)
for some constants av; > 0 and C' > 0 independent of ¢.

To ensure the global existence of solutions to the problem BH)—(@X), by the local
existence result and the standard continuation argument, it suffices to prove the following
a priori estimates.

PROPOSITION 3.3 (A priori estimates). For any T' > 0 and any solution (p,) € X (0,T)
to the problem [B5)—(B7) with (@0, ) € H} N H?, there exists a suitably small Cy > 0
independent of 7" such that if [|po |3 + [[¢o]|3: < Co, then we have

le (Ol + 9GO < Ce™, llpae( )72 + e (- )7 < C in [0,T]

and

t
/0 (lellzrs + 19l1Zs + lorllzn + l-l7n) d7 < C (leollze + IwolE2) in [0,71,
where a7 and C are positive constants independent of 7.

We shall prove Proposition [3.3] by the argument of a priori assumption. That is, we
first assume that the solution (¢, ) to the problem @BA)-B1) satisfy for any ¢ € [0, T,

leCot) e + 190Gz <260, (lewa (3 )lL2 + 19 ()l < 20 0 [0,T], (3.9)

where 0 < § < 1 and o are positive constants to be determined later, and then derive the
a priori estimates with (.6]) to ensure the global existence of solutions. Finally, we show
that the solution exactly satisfies the a priori assumption (€6 and close the argument.

Before proceeding, we note that by (3.9) along with 1)), (32) and B.1), we get
Ioll e < C [l < CO%02, |l < CO+Co20% (3.10)

for some constant C' > 0 independent of §, o and T
The following simple properties on the stationary solution are of importance in study-
ing the asymptotic behavior of solutions.

LEMMA 3.2. Let (@,?) be the stationary solution of (L4, (I5a) stated in Proposition
211 Then it holds that

0<Cil<a,v<C (3.11)
for some constant C7 > 0, and that

Dv2 < v*a. (3.12)
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EXOGENOUS CHEMOTAXIS SYSTEMS 725

Proof. According to Proposition 2] the proof of ([BI1) is trivial and hence we prove
BI2) only. Since 0 < (x) < v, for any = € Z, then there exists an xg € (0, 1) such that

0 < (o) = minv(z) and v,(zo)=0.
€l

Multiplying the second equation in (L8] by o, followed by an integration from zq to x,

we have

D T v(x) v

—? :/ uvvydy = )\/ se’ds < )\/ se’ds,

2 To o(zo) 0
with A = fe—]\/v{dx’ where we have used the following identity

z
M _ _
= ————¢e" =\’ (3.13)
Jrerda

from (2I). Hence, we get, thanks to (BI3) and integration by parts, that

D2 72e? X\ (7 RN RET]
<\ — —/ s2e%ds = — 5/ s2e%ds < .
0 0

2 = 2 2

The proof is completed. |

Now let us turn to estimates on the solution (p,1). Throughout the rest of this

subsection, we denote by C' a generic positive constant which is independent of ¢, §, o
and the initial data. We begin with the following weighted L? estimate.

LEMMA 3.3. For any solution (¢,v) € X(0,T) to the problem B.3)-(B.7) satistying (3.9),
it holds that

2 2 t
/I (ﬁ N w_) di + / (lgxllZz + [19:]122) d7 < C (I polZs + [wol2:)  (3.14)

u v
for any t € [0, T, provided that § is suitably small.

Proof. Multiplying the first equation in ([B.35) by £ followed by an integration over Z,
we get after using integration by parts that

1d 2 2 1 2P P
- wTde+/<p_,zd$:_/@§0x U+ | = dx—/%wdx—/wdx.
2dt T u 7z Uu T U . T T u

(3.15)

By the first equation in (B3], we have

1 Uy 1 __
(f) + /UT i (ua: _ufvm) :Oa

u U u2

_/IWI [UI n (%)z] dz =0, (3.16)

Thanks to (BI0) and the Cauchy-Schwarz inequality, we get

and thus

(s
/Ide <@l 1¥allrzllezllze < C8 (lloxllie + [[¥al32) - (3.17)
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726 G.-Y. HONG aAND Z.-A. WANG

Inserting (3.16) and (B17) into (BIH) gives
1d

_d +/ %cdx < - /%g@dx +C6 (|lall2e + |[¢al22) - (3.18)
2dt .

To proceed, multiplying the second equation in (BA]) by % and then integrating the
resulting equation over Z, we have

319

where, by virtue of (L6]) and (BI2)), it holds that
u Duv Du?
/[ ¢2+D¢¢w }dx— /¢ (v Yer UBx)dx
=2
_ 222 2 Dv_x
/11/1 <2v 73 dr
3[4 ., u L[,
Tz U z U 2 Tz U

For the last term on the right hand side of (B19), by (32), (89), (311 and the Holder
inequality, we get

Yoz
—/Iwa < Clellz=l9llzzllealce < ClleallLalvalzs < CollvollZs-
We thus have from [BI9) that
2 —
/¢ dz +D/ wfder /wdxg —/Wmdx+05||wz||iz. (3.20)
2dt z U T

Adding (B20) with [BI8]), we then arrive at

1d LY vz p¥s | W’
so [ (B4 D) [(240% + 20 ) ar <o (ol + 0al?e).

This along with (BI1) implies that

1d 2 1
[ (542 ) o+ Lminf0 D) (el + elis) < 5 (loulls + il

2 dt
Therefore it holds that
d e
& L(E+S) ao (el + i) <o, (3:21)

provided that

=

1
< _ i = .
Co < 3, min{l, D} 5 (3.22)

Integrating ([3.21]) over (0, t), we then get (B.I4]). The proof of Lemma[3.3]is complete. O
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EXOGENOUS CHEMOTAXIS SYSTEMS 727

In the next lemma, we are going to derive the estimate on ¢,..

LEMMA 3.4. Under the conditions of Lemma B3] let (¢,1) € X(0,T) be a solution to
the initial-boundary value problem [BH)—((X) satisfying ([89). Then for any given o > 0,
it holds for any ¢ € [0,T] that

ez + 1072 < C (Ieollzn + llvollz2) e, (3.23)

provided ¢ is suitably small, where «; is determined by ([B332), C > 0 is a constant
independent of ¢, §, o and the initial data.

Proof. Multiplying the first equation in (3.5]) by ¢; and integrating the resulting equa-
tion over Z, we get by integration by parts that

1d

—— [ p2dz+ / oide = —/ P Uzpprda — / U ppda — / V1P da. (3.24)
2dt Jz T T T I

Next we estimate the terms on the right hand side of ([3.24). By BII)), (812) and the

Cauchy-Schwarz inequality, we deduce that

—/Isomﬁzsotdx < Tell=lleallze el e < ellgeliz + Celleallze, (3.25)

_ _ 2
—/Imbz%dw < |lallllellze l¢allce < ellgelie + Ce l4a 7

for any £ > 0. For the last term on the right hand side of [3.24]), it follows from (B.I0)
and the Cauchy-Schwarz inequality that

~ [ tpatiade < loallim ot 10l <€ (54 €810 ) (el + 1 ]22).
z
(3.26)
Substituting (325)—B20) into (324) and choosing § small enough such that

1 1 1
202 ) < — .
0(6—1—0(5202)_4, (3.27)
we get after taking ¢ suitably small that

1d 9 1 9 9
—— dr + = dr < (P 2
5 Isom x Z/Zsot r < Clte| 72 (3.28)

Adding B28) with 2I) multiplied by a sufficiently large constant K > 0 such that
%Kﬁ > (C, it then follows that

d <P2 ¢2 2 2 2 2
a —+ —+t; |dr+ 5 (”%c”Lz + ||¢96||L2 + H<Pt||L2) <0 (3.29)
T u v

for some (7 > 0. Multiplying ([3:29) by e®'* with a; being a constant to be determined
later, we have

d ast o > 2
&t { A(E*?**pw)dx
2 2

o pm Y
to t[ﬁl<|%||i2+||wx|%z>— i a1(3+?+¢i)dw} <0, (330)
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728 G.-Y. HONG aAND Z.-A. WANG

where we have ignored [¢:]|2, on the left hand side of ([B3:29) due to 5, > 0. By B.2),
B.7), BII) and the Sobolev inequality || f||z2 < C||fz||z2 for any f € H} asserting

2 2
A(g+¢)mgcmw;+wmm

u v

for some constant C' > 0, we get from (3.30) that

d t @2 P? 2
— e 4+ = < 31
dt{e /I<a+®+<px dz ¢ <0, (3.31)

provided that

1
a; < 3 min {%, ﬁl} . (3.32)
This along with [BIT)) gives rise to
ez +1elZ2 < C (Ipollzp + llvollz2) e™". (3.33)
We thus finish the proof of Lemma [3.41 O

In what follows, we derive some higher-order estimates for the solution.

LEMMA 3.5. Let (p,9) € X(0,T) be a solution to the initial-boundary value problem
BR)-B1) satistying ([B3) and assume the conditions of Lemma B3 hold. Then it holds
for any ¢ € [0, 7] that

3
loaellze + lvella < 5% (3.34)

and that
t
/O (lpallZr + 1eelFn + lorllzn + loellFn) dr < C (ol Bz + lIvollhz),  (3.35)

provided that § and ||¢ol|%: + [|10]|%. are suitably small, where o is given by (B.51).

Proof. Let us begin with the estimate on v,. Multiplying the second equation in (3.0)
by 1, followed by an integration with respect to x, we get

%% (Dy2 + ap?) dx+/¢fdx=—/wtsowwdx—/wmwtdx, (3.36)
T A A T

where, thanks to (8.2), (39) and the Cauchy-Schwarz inequality, the terms on the right
hand side can be estimated as follows:

—Am%wusmwmqmmw%mz

< Cllvpall 2l 22 ozl 22
< C8 (ellZe + lvalliz)

- / Upstrde < [[ollze ll@allre [$ellre < elellre + Cellesllze
T

for any € > 0. We thus update ([B:30), after taking e and § suitably small, as

d _
G [ ou sty ar+ [ tar <o (o + 1wl
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EXOGENOUS CHEMOTAXIS SYSTEMS 729
This along with (811 and (BI4) implies for any ¢ € [0,T] that

t
()7 +/0 I+ l1Z2d7 < ClidoallZs + C (lpollZz + IlvollZ2) - (3.37)

To complete the proof, it now remains to derive the H?-estimates. Differentiating
B3) with respect to ¢, we get
Ott = Pazt — VoPat — Wat — Potz — Paat,
Vit = DiPgat — Uy — Vipry — Q) — oty

Multiplying the first equation in ([B38]) by ¢ and the second one by v, integrating the
resulting equation over Z, we get

(3.38)

1d )
2 | D)ot [ (@ D+ awd) do
T T
= —/ﬁm%gt@tdx—/ﬁ¢xt¢td$—/ﬁ¢wtwtdx— / @xwmgatdx
v v v v
- / ortibda — / et — / ortnprda. (3.39)
v v T

We now estimate the terms on the right hand side of (339). By BI1l), (312) and the
Cauchy-Schwarz inequality, we have

— /T)zgomaptdx — /m/)mtgotdx - /T)apztwtdx < 5/( 5,5 + goit) dr + C, / (tp? + 1/1?) dz
z z z z I
(3.40)

for any € > 0. Thanks to (39), BI0) and the Cauchy-Schwarz inequality, we derive for
0 <6 <1 that

—/%%ct@tdx—/%W%dx—/%?ﬁ?dx
A A A
< Clleallpe [$aellczlleelce + 9l Lo ll@aell 2 19l 22 + Cllpall 2llee)1 72

< C(5+ 80 ) lunlrelienlize + Co3 ot gualalville + Collunll3:
< C8F (Iatllfe + llpmilF) + C (0 + 830 ) (leelFe + [ell3s) (3.41)

For the last term on the right hand side of [339]), we get from ([3.2]) and Young’s inequality
that

3 1
—/ Pattoprdr < Cllostl 22 leel 22 1alre < ellpatllts + Celledlliallvallze  (3.42)
z

for any £ > 0, where we have used the fact ©:(0,t) = @:(1,¢) = 0 due to B1). Substi-
tuting (B40)-B22) into (B39) and then taking ¢ and § small enough, we get that

1d 1 _
53t Lot et [ (2 Do) o
2dt J; 2 );

<(1+380) [ (et +02) da+ lalallnle (3.43)
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730 G.-Y. HONG aAND Z.-A. WANG

Recalling (B.14) and (3.:28), we have

t t
/I P2de + / / P2dadr < [loalla + C / lalPadr < C (lpollZ + IWol2) |
(3.44)

provided ¢ is small enough and ([B27) holds. Combining B31) with (B43) and (B44),

we then get

t
[t vdyans [ [ @+ vkt aud) doar
A 0 JTI
t
s 0<7<t 0 JI
N t
+C(1+(5§U)/ /((pi-l—l/k%)d;vdT
0 JT
< C (Iposallfs + 0s I3 + Ipoal3z) + C(1+ %) (Ioll3z + l1boll3:)

1 2
+C0%0|[osl[72 + C (IpollEn + lollZz) (lvollZe + Ioll) (3.45)

for any t € [O, T], where <Pt‘t=0 = Pozz — Pozlz — 1_“/)0:10 - @Oaﬂ/)O:c and 1/}t|t=0 = D1/)0m -

Whg — Vpor — pozto from BH) have been used. From BIl), BII), BI2), the first
equation in (B3] and the Cauchy-Schwarz inequality, we have

[erdozc (et i) dot ol [ o2
z z z

< C/I (30? + 903; + '(/)920) de +C (||50w||L2H<pa:w||L2 + ||(P90H%2) /I’(/)?Udl‘

1

<C [ (¢ + 2 +92) do + gloaslla +Cllealls (19l + IlEs).

and thus
/Isogzmdw < C/I (o + 9% +93) dz + Clloalie (I0al7e + ¥al72) -

This together with (B14), B.31), (8.44) and (3.45) yields that

1
/I @2z < C (9osellZ2 + [0 3 + llg0slZ2) + C(1+ 6% (lollZs + voll2:)
1 2
4 CotolloslZe + C (lpollZe + olZ2) (leollZe + bolZn)?,  (3.46)
and that
t t t
/ / 2 dadr < C / / (@2 + @2+ 42)dadr + sup ([dalle + [allt) / lpal2adr
0 7T 0 T 0<r<¢t 0

2
< C (llpoll i + lIollz2) + (leollZz + llvollZz) (Iollzn + llwollZ2)
2
< C (lollz + 1ollz2) (1 + llollZe + llvollF )™ (3.47)
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EXOGENOUS CHEMOTAXIS SYSTEMS 731

where ([B.27)) has been used. Similarly, recalling (8:2), 31), B33), B.310), B.44), (3.43)

and the second equation in ([B.1]), we have

/ Wode < C / (42 + 9%+ ¢2) do + [ / p2da
v T 7T
<c / (2 + 62 + 92) o + [l g2 10 | 12 / P2dz
v v

1
< C (lponalls + I90a 3 + lo0all3) + C(1+6%0) (ool + do]22)

1 2
+ 0070 |[osl[7z + C (Ipollz + llvollZ2) (lvollZe + I¢oll) (3.48)

and

t t t
[ [ tastr<c [ [w2evt+ ot (swp ol [ [ taedr
0o Jz 0o Jz 7€[0,¢] 0o Jz

< C (I[ollFn + llwollzz) + C (lwollze + llvollZz2) (I¥ollFn + llwollz2)
< C 1+ llwolze + llvollz2) (leollZ> + llvollZn) - (3.49)

Combining (337), 340) and B48), we arrive at
t
P (- DIIZ + (162 )12 + / / (2, + 02, + @) dadr

< Ca (I PoasllZe + loalliss) +C (1 +650) (ol + oll32)

1 2
+C6%0|[toallLz + C (IpollEin + llollZ2) (lvollZe + IollEn) " (3.50)

where Cy > 0 and C' > 0 are constants independent of ¢, §, o and the initial data.
Consequently, if we take

0% = max {4C; (|| ozaF2 + [¥oel3r) 1} (3.51)
and set both & and [[¢g %1 + [|[¢0]|5 2 small enough such that B27) is satisfied, and
C(1+840) (Ileolld + Ioll3z) + Cotolluo I3
+C (Ipoll3 + loll?2) (leol3s + ltol3n)” < 20 (3.52)
in (350), then it holds that

t
_ 9
el Ol + O + [ [ (62 2+ ) dodr < Jot. 359)

This gives (334)). Differentiating the first equation in (0] with respect to = leads to

Przz = Pat + VgaPar — VgPx — aw'(/)w - 'Ewww - Sowmwm - (waa;wa

which in combination with (6), BII), BI12), BI4), B41), (Z9), B53) and the
Sobolev inequality (B.1]) yields that

t
/0 /I P2 ondadr < C (ol + 1dollZe) (3.54)
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732 G.-Y. HONG aAND Z.-A. WANG

provided |¢ol|%: + Hd)g”iz is suitably small. Similarly, we utilize 8.3), (11, 312,
B.14), B.46) and (B.53) to get

/ / 2, dedr < O (|lgollZe + [dol%e) (3.55)

provided o |3 + llboll 72 is suitably small. Combining (347), (3.49), (3:54)) and (]335])
we then obtain (830 and finish the proof of Lemma 3

Proof of Proposition B3l According to Lemmas B2H3.0] to finish the proof of Propo—
sition B3] it suffices to close the a priori assumptions ([B3)). To this end, we first fix o
by ([B51) and choose 6 and [|¢ol|3,: + H¢0||2Lz suitably small such that (822)), 32Z17) and

B352) hold. Then in view of B23) and ([B34), the a priori assumption ([39) is closed
provided that [[¢o||%: + H¢0||2Lz is small enough. The proof is completed. O

3.2. Proof of Theorem 21 With the unique solution (¢, %) € X(0,00) obtained in
Proposition to the reformulated problem BI)-@7), in view of ([B4]), we conclude
that the initial-boundary value problem ([[4l), (I5al) admits a unique global solution
(u,v) satisfying,

u € C([0,00); HY) N L*(0,00; H?), v € C([0,00); H?) N L*(0, 00; H?).
Furthermore, according to (3.8), we have

[(u = @,0 =), t)][72 < Ce™ |[(ug — ta, pr — T2) (1) |12 < O for any ¢ >0,

where C' > 0 is independent of ¢. This along with the Sobolev inequality B implies

that
(a0 =), Dl < Cll(u— 8w —0) ()| all (e — v — ) ()]
+ Cll(u—u,v = 0)(-, 1) 2
< Ce 7t for any t > 0.
This gives (Z2) with o = 9t. We thus finish the proof of Theorem 211 O

4. Asymptotic stability for the case D = 0. In this section, we are devoted to
studying the large time behavior of solutions to the problem ([4]), (LEH) with D = 0.
As in the case D > 0, the heart of the matter is to derive some uniform-in-time estimates
on the solution.

4.1. A priori estimates. Now we consider the system (L4) with D = 0:

Up = Ugy — (W0), In Z,

(4.1)
Vg = —Uv in Z,
subject to the following initial and boundary conditions
(u,v)|t=0 = (uo,v0)(x), wo >0, (4.2)
(up — uvg)|z=0,1 = 0.

We shall show that
(u,v) = (M,0) in L as t — 400,
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EXOGENOUS CHEMOTAXIS SYSTEMS 733

where M = fI ugdz. To this end, we first reformulate the problem by defining

x
w(z,t) = / (u(y,t) — M)dy
0
with
x
wlimo = [ (w0 = M)dy = wn(a),
0

which leads to the following problem in terms of (w,v):

Wt = Wyy — MUm — Wy Vg,
vy = —Muv — w,v,
w(0,t) = w(1,t) =0,

(w,v)]t=0 = (wo,vo)(x).

(4.3)

Similar to the case D > 0 studied in the previous section, one can prove the local existence
of solutions to the initial-boundary value problem (@3)) in the following space

Xo(0,T) = {(w,v)|w € C([0,T}; Hy N H*) N L*(0,T; H?), v € C([0,T]; H?)} .
Precisely, we have the following local existence result.

PROPOSITION 4.1. Assume wg € HiNH? and vy € H? such that wo,+M > 0 and vy > 0.
Then there exists a positive constant T, depending on the initial data such that there
exists a unique solution (w,v) € Xo(0,T}) to the problem E3) with [w||%: + [[v]|%: <
2 (llwoll32 + llvollF2) and

Wy +M >0, v>0
for any (z,t) € Z x [0,T%).

Next, we state the global existence result for the initial-boundary value problem [@3]),
from which we can obtain the global existence and large time behavior of the solution

(u,v) to the problem @II), (Z2).

PROPOSITION 4.2. Let wy € H& N H? and vy € H? such that wo, + M > 0 and vy >
0. Then there exists a positive constant &, such that if ||wo||%: + ||vo[|%: < d., the

unique solution of the problem (@3] obtained in Proposition [41] exists globally in time.
Furthermore, it holds that

lwaw (-, )72 + [za (5 122 + Jw( OlFn + o )7 < Ce™@2f t>0,  (4.4)
where C' > 0 is a constant independent of .

To prove Proposition [£.2] by the local existence result and the standard continuation
argument, we just need to establish some a priori estimates as stated in the following
proposition.

PROPOSITION 4.3. For any T > 0, let (w,v) € X(0,T) be a solution to the initial-
boundary value problem (43]). Then there exists a constant Cy > 0 independent of T'

Licensed to Shanghai Jiao Tong University. Prepared on Wed Sep 8 22:46:42 EDT 2021 for download from IP 111.186.53.1.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



734 G.-Y. HONG AND Z.-A. WANG
such that if [Jwol|%: + [lvo|%: < Co, then the solution (w,v) possesses the following
estimates:

lw(, O)lIF + [l )7 < Cem, (4.52)
t
lwae |22 + [vza (-, )17 +/0 (lwllzs + w7 + llor[[72)dr < C (4.5b)

for any ¢ € [0,T], where ao is as in (48], the constant C' > 0 is independent of T'.

Proof. The proof of Proposition B3] consists of Lemmas [Z.THL.3] below. O
Before proceeding, we assume that the solution (w, v) to the problem ([3)) satisfy the
following a priori assumptions:

[l O)llagr + oG )] g < 20, |wee (-, t)|| 2 < 26 for any ¢ € [0, T], (4.6)

where 0 < 6 < 1 and & > 1 are constants to be determined later. We will derive some a
priori estimates for the solution in Lemmas with (6). Throughout the proof of
Lemmas .THZ2] we denote by C' a generic positive constant which is independent of ¢,
5, & and the initial data. Now let us derive the estimates on the H'-norm of (w,v) with

(@0).

LEMMA 4.1. For any T > 0, let (w,v) € X(0,T) be a solution to the initial-boundary
value problem ([@3)) satisfying ([@6]). Then it holds for & > 1 that

[wliFp + [vlF < C@*lvoll + lwollF) for all ¢ € [0,T], (4.7)
provided 4 is suitably small. Furthermore, we have the following decay estimate
lwllZ + [oll3n < C@*lvoll3n + llwollF)e™" for all ¢ € 0,7, (4.8)
where as and C' are positive constants independent of ¢, 7, 6 and the initial data.

Proof. We divide the proof into three steps.
STEP 1. Estimates on w. Multiplying the first equation in (3] followed by an inte-
gration over Z, we have

1d
—— [ w?dz + / wide = — / wMuvg,dx — / Wawvydx. (4.9)
2dt Jz I I I
With integration by parts and the Cauchy-Schwarz inequality, we get
- / wMuv,dz = / Mow,dx < 77/ w2dx + C,) / v?da (4.10)
z z z z

for any > 0. In view of ([0, the Cauchy-Schwarz inequality and the Sobolev inequality

B2), we derive

~ [wawrsds < Ol furl sl e < O (lwale + ealBe). (@11
z
Inserting (@I0) and @II) into @), for suitably small § and 7, it holds that

d
— [ widz + / w2dzr < C/ (v +v2) da. (4.12)
dt Jz T T
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EXOGENOUS CHEMOTAXIS SYSTEMS 735

To proceed, multiplying the first equation in (£3]) by w; and then integrating the resulting
equation over Z, we get

1d
—-— wgdx—l—/w?dfc:—M/vmwtdx—/wmvmwtdx. (4.13)
2dt Jz I T I

For the first term on the right hand side of ([@I3]), we utilize the Cauchy-Schwarz in-
equality to get

M [ vewnde < P + Gyl
z
for any n > 0. For the last term, from (BI]) and (@6, we have
1~1

we||lpe < C5262 + O, (4.14)

which along with the Cauchy-Schwarz inequality implies that
1zl %
/wzvzwtdw < [fwgll o well 2|zl 2 < €626 +3) (lwell7= + Josl72)
z

Therefore, after taking 7 suitably small (e.g., n < %) and choosing 6 small enough such
that

0o 1
0(5%5% +5) <7 (4.15)
we update ([LI3) as
d
— [ wids + / widr < Cllvg||2s.

This together with [@I2) gives

d
— [ (w? + w?)dzx + /(wi +w?)dz < C/ (v 4+ v2) da. (4.16)
dt Jz T T
STEP 2. Estimates on v. In view of (£14), it holds that
M 3IM
— <wy+ M < —, (4.17)
2 2
provided
0 o~ M
C(5756% +0) < 5 (4.18)
Therefore we test the second equation in ([@3]) against v to get
1d [, M 1d
—— dzr + — 2de < - — 2d / » + M)vidz = 0.
53 IU x+2/Iv x_2dt/zv x+ I(w—l— Yo*dx
That is,
d
—/vzdx—i—M/ v?dz < 0. (4.19)
Differentiating the second equation in (£3) with respect to x gives
Vgt = —(M + Wy )V — Weav. (4.20)
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736 G.-Y. HONG aAND Z.-A. WANG

Multiplying ({.20) by v, and then integrating the resulting equation over Z, it follows
that

1d 9 9

—— [ vide+ [ (M +w,)vide = — | wyvv.da (4.21)
with

M M C
— [ warvvnda < Jglvalls + € [ wietde < Joloells + 7ol [ udio

M &°
< Jglvelize + C57 (loallzzllvll e + [Iv]1Z2)

~2 54
< lunlis + € (57 + 372 ) ol
where we have used (B)), (6] and the Cauchy-Schwarz inequality. Furthermore, thanks
to (I1) and the fact & > 1, we have from [@2T]) that

1d 2 M 2 =412
—— — < . 4.22
sqp [ otde+ g [ ot < ot (1.22)
Combining [@22)) with (I9), we then have
d
E/(O’U —|—v)dx+cl/(v +v2)dz <0, (4.23)
z

where ¢; > 0 is a constant which depends on M but independent of &.
STEP 3. Decay estimates. Combining [@23]) with (£18]) yields that

d

dt

where ¢, is a constant depending on M but independent of 6. Consequently, we have

(o v? +0f +w? +wl)da + & ([ollFn + lwellZe + [lwe72) <0,

t
lolFn + w7 +/ (lollF + lwellZz + llwrlIZ2) dr < C(E % volli + llwollFn) (4.24)
0

for any t € [0,T], where we have used the fact & > 1, C' > 0 is a constant independent
of t, &, § and the initial data. The estimate [@7]) is proved. To show the decay estimate
@F), multiplying [#23) by e*t* with 624, < ¢, we deduce that

%{e‘ilt/z(a v2 4+ )da:} <0, (4.25)

which immediately yields that

/(0 v? +vi)dz <e ‘“t/(&‘lvg + 02, )d. (4.26)
z z

Since w(0,t) = w(1,t) = 0, we have |[w|2, < Ci|lw,|?2. for some constant C; > 0.
Multiplying (@IG) by e®2! with &2 < min{3C}, &}, it follows that

4 {edzt/(w +w )dx} < Ceth/ (v 4+ v2) da, (4.27)
dt 7 I

and thus

/w%w@mscmmﬁwﬁwwmqaw,
v
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EXOGENOUS CHEMOTAXIS SYSTEMS 737

where we have used ([@.20) and 6 > 1, the constant C' > 0 is independent of ¢, &, 6 and
the initial data. The proof is completed. O
In the next lemma, we establish estimate for w,..

LEMMA 4.2. Assume the conditions of Lemma [A.1] hold. Then the solution (w,v) €
X0(0,T) to the problem ([3) satisfies

3
lwezllrz < 5& for any t € [0, 71,
provided that & and ||vo|| g2 + ||wol| g are suitably small, where G > 1 is determined by
@.40).
Proof. Differentiating the first equation in (£3]) with respect to ¢, we have
Wit = Wyt — M'Uzt — WytVgp — Wy Ugt- (428)

Multiplying ([£28)) by w; followed by an integration over Z, we get

1d
- — wtzdx—i—/witdx: —M/vmtwtdfc—/wmtvzwtdx—/wmvztwtdx. (4.29)
2dt Jz I I I I

We next estimate the terms on the right hand side of ([@29]). Using integration by parts
and the Cauchy-Schwarz inequality, one has

1
_M/thwtdx:M/vtwmdxg E/wfctdx—l—C/vfdx.
T z z z

Furthermore, recalling [II7) and the second equation in ({3]), we have

/Ivfdx < C/ZUQ(wm + M)%dz < Cl|v|2.. (4.30)
It thus holds that

—M/Ivmtwtdxg 11—6/Iwitdx+0/102dx, (4.31)
provided C (6%5 3 4 5) < % It follows from ([B.2)) and the Cauchy-Schwarz inequality

that

1 1
—/wmvmwtdxg —/wgtdx—l—C/w?vfgdxg —/wgtdx—l—CHth%mvaH%g
T 16 J; T 16 J;

< 15 [ weedw + Cllwnl| e flwen| g2 oz 172
z
1
< ¢ [ e+ Cllunla ol (432
T
For the last term on the right hand side of ([£.29), integration by parts leads to
/ WeyUprwedr = — / WapVpweda — / WV Ward . (4.33)
T T T

Recalling the first equation in (£3), we have

/wixdxg/wfdx—l—Mz/vidx—k/wividx,
z z z z
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738 G.-Y. HONG aAND Z.-A. WANG

where, thanks to the Sobolev inequality () and the Cauchy-Schwarz inequality, we
deduce that

[ utidde < sl [ o2do < € (osles el o + o l2) ol
< %meHQB + Cllwg |72 [lv2 )72 + Cllws|[72 0217 -
It then follows that
/Iwizdx < Ollwil7z + ClwelFellvellze + Cllws |22 vell2- (4.34)
This, along with B2]), (£30) and the Cauchy-Schwarz inequality, yields

—/wmvtwtdxSC/wgmdx—i—C/v?wfdng/wizdfc—l—CHth%w/vfdx
z z z z z

< Cllwsalfe + Cllwell 2 lwesl| 2 llv] 72
1 ) ) ) . (4.35)
< g llwatllze + Cllwsallzs + Cllwel[z:[vllz2

IA

1 2
1—6||wm||2Lz + Cllwll7e + Cllwellzz [0l 72 + Cllwel|Zzlval 2 (1 + [[o2]l72)-

It now remains to estimate the last term on the right hand side of (£33)). By B.J),
#30), (E34) and the Cauchy-Schwarz inequality, we get

1 1
—/wxvthtdxg —/witdx—FC'/vfwide —/witdx—FCwaH%m/vfdx
z 16 Jz z 16 Jz z
1
=16 /Iwitdl"+0 (lwallzzllwae 22 + llwsll72) 0]l

1
< — [ wide + Cllwee||72 + Cllws|[L2llvlz> + Cllwa |22 ]|

16 J;
1

< 15 |, wiedw £ Cllwellzz + Cllws zzllvslz2 + Cllws |32 vz 2
+ Cllwy [2: 0l + Cllws |22 0]135. (4.36)

With (@35) and (£30]), we then update [@33) as
1
/wmvxtwtdx <3 / wiyde + Cllwe| 2 + Cllwl|7z ol g2 + Cllws|Z2lv.I2:
z z
+ Cllwsl|Z2 02172 + CllwsllZ21vll72 + Cllwe |2 017 (4.37)
for any n > 0. Combining (£29), (£31)), (£32)) and [@3T), we arrive at
d
T thzdx + /Iwgtda:

2 2
< Cludllze + Cllwelze U+ [[vll) + CllwalZallvliFn + Cllwal 2 [0l -

Licensed to Shanghai Jiao Tong University. Prepared on Wed Sep 8 22:46:42 EDT 2021 for download from IP 111.186.53.1.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



EXOGENOUS CHEMOTAXIS SYSTEMS 739

Integrating the above inequality over [0, ] for any ¢ € [0, 7], thanks to (@), ([A30) and
Wi|t=0 = Woze — Moy — Wozvo, from (@3], one can show that

¢
/w?dx—i—/ /ngdxdT
z 0 Jz

t
smmmﬁﬁww%+Mmmé+0/nwmmf
0
t t
+ sup nvnﬁnjf (s |22 + llwa]|22) dr + sup nzm%p‘/“nu%n%sz
T€[0,t] 0 T€[0,t 0

< Cllwos 32 + € (62 lvolly: + lwolls ) (1+ 5 leolltp + fwolldy ). (4:38)
Recalling (£1) and (£34), we then get
éwamscww;+cwwémm;+cww;mm;

< Cylwons 32 + C (3w lFn + lwolFn ) (1+ 5 lwollys + oty ) (4:39)

for some constant C3 > 0 independent of ¢ and the initial data, where we have used (7).
Consequently, we obtain

/Iwiwdx < %&2 for any t € [0, 77,

provided
. . 9.
Callwoza Iz + C (5 lvollEn + ol ) (1 + & lvolltn + wollfy ) < 76%  (4.40)
It should be pointed out that the constraint ([@40) on & is reachable. Indeed, if we fix
the constant & € (max{1, 21/Cs||woze| L2}, +00), then [@A0) is automatically satisfied
provided ||vg|| g1 + ||wol| 1 is suitably small. The proof is complete. O
REMARK 4.1. According to (£39), we can fix the constant

= (max{l, 2\/073Hw0mc||lz2}7 -I-OO)

Furthermore, let the constant & suitably small such that (@I5) and #I8) hold. Then by
7)) and Lemma 2] if ||vo|| g + ||wol| g is small enough, the a priori assumption (4.0])
is closed.

Now we have closed the a priori assumptions in ([£8]) and proved most of the estimates
in (£X). To guarantee the global existence of the solution (w,v), we need to derive some
more higher-order estimates (i.e., the rest of the estimates in (1)), and ultimately end
the proof of Proposition

LEMMA 4.3. Under the conditions of Lemmas EIHALZ] we get for any ¢ € [0, T] that

t
lvaa (-, )12 +/ (lwasallzz + llorll32) dr < C,
0

where C' > 0 is a constant depending on the initial data but independent of t.
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740 G.-Y. HONG aAND Z.-A. WANG

Proof. Differentiating the first equation in (£3) with respect to x, we get
Wygy = Wt + M'Uzm + WraVy + WUy -

We thus derive, thanks to B.1)), (1), (@38)) and ([@39), that
t t t t
[ Mwnaladr < [ fwsrladr + [ foalf o + 1 [ oallfar
0 0 0 0

t t
+/ w2 [[02s |2 2dr < c+o/ [0ae [22dr (4.41)
0 0

for any t € [0,T], where the constant C' > 0 is independent of ¢. From the second
equation in ([£3]), we have

v(z,t) = voe Jo (wetM)dT (4.42)
Vige = —(Wz + M)Vpp — Wazal — 2Waq Uy (4.43)

Testing ([@43]) against v, and then integrating the resulting equation over (0, t) for any
€ (0,T], we get

/M(, dx—l—//wx—FM)v dzdr
/ /wmzvvmdxdT— / /wmvzvmdfch (4.44)

where, due to ([{.17), ({41) and ([£42]), it holds that
¢ ¢
/ /wxmvvmdxdTgC/ oIl Lo | Wazs || L2 [|Vez || L2dT
0 Jz

= C/ - 2T||U);m1||L2HU:m||L2dT

t
//v dxd7+/ €™ T T|ugy||22d7 + C (4.45)

for some constant C' > 0 independent of ¢t. For the last term on the right hand side of
EZ4), by BI), (@7) and the Cauchy-Schwarz inequality, we have

t Mot t
—2/ /wmvwvmdxdr < —/ /viwdxdT—I—/ HUIH%x/wixdxdT
0o Jz 0 z

M
/ / o2, dedr + / (o l2s + Ve |22 wns | 22dr

M t

o / [ 2ededr +.C [ uwaal a0 + o). (4.40)
8 Jo Jz 0

Inserting ({45) and (£40) into (£44), by [@I7), it follows that

M t
/vix(~,t)dx+—/ /vfmdxdr
z 4 Jo Jz

t t
<C [ (¥ 4 funalfs) lenalfadr +.€ [ fusalfodr+0 (aan
0 0

| /\

IN
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EXOGENOUS CHEMOTAXIS SYSTEMS 741

for any ¢t € [0,T]. Furthermore, by [@24]) and (£34]), one can show for any ¢ € [0, 7] that

t t t

[ Muwalfadr <€ [ furladr + sup (lenlfs + leslie) [ hwaladr < €. (0.9
0 0 t€[0,T) 0

where the constant C' > 0 depends on ||vg||g1 and ||wgl||g:. This along with [@47) and

the Gronwall inequality implies that

M t
[aes 2 [ [ amese o
z 4 0 JI

Combining (@49) with (@A) further yields that

t
/ | Waze||22dr < C (4.50)
0

for any t € [0, 7], where the constant C' > 0 is independent of ¢. Finally, recalling the

second equation in ([A3)), we get by virtue of (B1)), (7)), (E4S)-E50) that

t
/wunw@wgc
0

for any ¢ € [0,7]. We thus finish the proof of Lemma 3] a

4.2. Proof of Theorem 2.2 With the global existence result on the initial-boundary
value problem (£3) and the decay estimates in [@4]) for (w,v) at hand, by the same
process as in the analysis for the case D > 0 in the previous section, one can easily
prove the global existence as well as decay estimates of solutions to the original problem
(T4), (LED). Therefore we omit the details here for brevity. The proof of Theorem
is completed. O
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