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1. Introduction

The water flows from the higher to lower elevation are termed bores which occur readily in nature.
There are two classes of bores: strong and weak bores. The former refers to the rapid turbulent change
of water level, while the latter have a gently sloping or oscillatory transition between the different water
levels. Although there is a large number of literature that discusses the propagation of bores (cf. [20] and
references therein), little is known mathematically about this phenomenon. While strong bores are hard
to deal with mathematically due to the difficulty of modeling the wave breaks/turbulence, weak bores are
relatively easier to handle. There are two well-known models describing the propagation of weak bores. One
is the Korteweg—de Vries equation (KdV equation for short) which can be expressed in non-dimensional
variables as

V¢ + VVz + Ve = 0.

The other one is the Boussinesq system expressed as follows (cf. [21])
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Pt + Wy + (wp)T =0,
Wi + Pz + WWy — OWggr = 0,

where p(x,t) and w(x,t) represent the height and the velocity of the free surface of the fluid above the
bottom, respectively, and § > 0 is a parameter measuring the strength of fluid dispersion. These two
models contain the nonlinearity and dispersive effect. The Boussinesq system and its variants have been
extensively studied in the literature (see [5,6] and references therein). However it was pointed out in [3,
12,13] that the dissipative effects must be included, at least in the laboratory scale, in order to accurately
predict the wave propagation. The simplest way of incorporating the dissipation is to append a Burgers-type
term to the KdV or Boussinesq system, which then yields the so-called KdV-Burgers equation or the
Boussinesq—Burgers system, respectively. The KdV-Burgers equation has been well studied in the literature
(see [23] and references therein). In this paper, we consider the Boussinesq—Burgers system which reads as

(1.1)
Wy + Py + WWy — Wagt = PWay

{ Pt + Wy + (wp)a: = EPzx,
with e, > 0. Compared to the KdV-Burgers equation, the Boussinesq-Burgers system (1.1) is not so
widely studied. There are a few results on its variants (e.g., see [8,18] and references therein) for the whole
interval R. As we know, the only result of the Boussinesq—Burgers system (1.1) is the existence of traveling
wave solutions obtained in [21] in the whole interval R with bore-like data, where ¢ = u. The goal of
this paper is to study the initial-boundary value problem of the Boussinesq—Burgers system in a bounded
interval. To this end, we make a change of variable as in [21] by letting w(z,t) = 1+ p(z,t). Then the
initial-boundary value problem of the Boussinesq—Burgers system considered in the present paper reads:

up + (UW)y = EUygy, x € (0,1), t >0,

Wi+ (u+ %)y = gy + Sweme, = € (0,1), £ >0, 12)
(u, w)(x,0) = (ug,wo)(x), x €10,1], '
Uz|z=0,1 = W[z=0,1 = 0, t>0

where &, 1,6 > 0. It is noted that when the dissipation and dispersion are ignored (i.e. ¢ = p = § = 0),
the system becomes the well-known water wave equation [9]. As § = 0 and the nonlinear advection term is
“’72 is replaced by —puw?, the model becomes a system derived from the chemotactic movement considered
in [16,17,22]. In this paper, we shall establish the global existence and asymptotic behavior of classical
solutions to the initial-boundary value problem (1.2). We point out that it is physically meaningful to
consider u(z,t) > 0 since the bore is weak (i.e., |p| is small). The main results of this paper are given in the

following theorem.
Theorem 1.1. Assume that (ug,wg) € W2P(0,1) with p > 3 and ug > 0,ug #Z 0. Then, for any €, u,d > 0,
the problem (1.2) has a unique classical solution (u,w) in (0,1) x (0,00) with u > 0 such that (u,w) €
C°([0,1] x [0,00)) N C%1(]0,1] x (0,00)). Moreover there is a constant 3 > 0 such that for all t > 0:

[ — o | L (0,1) + llwll oo 0,1y < Ce™*
where ug = fol uodz denotes the average of ug(x) over (0,1).

2. Local existence

To deal with the nonlinear term (w?/2), and prove the existence of local solutions of (1.2), we need some
regularity assumptions on the initial data. Since the dispersion term w,,; contains the temporal derivative,
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the proof of local existence will be somewhat different from the standard argument for the parabolic system.
Here we shall employ the fact that the dispersion term w,;; has a stronger dissipative effect than the diffusion
W, tO construct a contracting mapping to prove the local existence. Inspired by a result from [15], we depart
with a linear problem

wtféwmt :f(l',t), x € (0,1), t>0,
w(0,t) =w(1,t) =0, t>0 (2.1)
w(z,0) = wo(x), x € [0,1].

For this linear problem, we have the following result.

Lemma 2.1. Assume that wg € W2P(0,1) and f € L?(0,1) for p > 1. Then the problem (2.1) has a unique
solution in the cylinder Q7 = (0,1) x (0,T) for some T > 0, which satisfies

Hw||C([O,T];W2m(o,1)) < ||w0||W247(O,1) + ClT”f”C([O,T];LP(O,l))~

Proof. By a change of variable v(z,t) = w(x,t), the linear problem (2.1) becomes an elliptic problem with
the parameter ¢t € (0,7')

{ Vg — OVzz = f(x,1), 2 €(0,1), t€(0,T) (2.2)

v(0,t) =v(1,t) =0, te(0,T).

If f € LP(0,1), then by the Agmon—-Douglas—Nirenberg theorem [1,2], the problem (2.2) has a unique
solution v € W2P(0,1) such that |[v|lwzro1) < ci|lfllze(,1) for some ¢; > 0, which implies that the

solution of (2.1) satisfies

[we( D) yen o1y < €1llfllzeqo,n)- (2.3)

Noticing that

w(z,t) = wo(x) + [ ws(zx,s)ds

o—_ .

we have
lwlleqo,m;w2r0,1) < llwollwzr,1) + Tllwellco,r);2e (0,1))-
Then the lemma is proved by applying (2.3) into the above inequality. O
Using the above results, we can prove the following local existence theorem.
Lemma 2.2 (Local existence). Assume that (ug,wo) € W2P(0,1) with p > 3 and ug > 0,uq #Z 0. Then
there exists Tpnaz € (0,00] such that (1.2) has a unique classical solution (u,w) € C°([0,1] x [0, Tpaz)) N

C?1([0,1] x (0, Traz)). Moreover, u > 0 in (0,1) x (0, Trnaz) and

if Typaw < 00,  then Hu("t)HLw(o,l) + Hw("t)HLoc(o,l) — 00 ast S Tz
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Proof. Let T € (0,1) to be specified below and denote Q7 := (0,1) x (0,7"). In the Banach space
X :=C([0,T; W>P(0,1)) x C([0,T]; W*P(0,1)),
we define

Xr={(u,w) e X ’ Hu(, < R and Hw(, < R}

t)HCLO(QT) t)HCI’O(QT)

where

R = |luollw2.r0(0,1) + lwollw2ro0,1) + lluollcrjo,) + llwollerjo,y + 1.

With this R, we introduce a mapping @ : X — Xp such that given (@, w) € Xr, &(@, w) = (u, w) where
u is the solution of

Up — EUgy + WUy +wu=0, x€(0,1), t € (0,T),
uz|x:0,1 =0, te (O,T)a (24)
u(z,0) = up(x), x € [0,1],

and w is the solution of

Wy — OWagt = gy + (W22 + 1), x € (0,1),t€ (0,7),
w‘z:O,l =0, te (OvT)v (25)
w(z,0) = wo(x), x € 0,1].

We shall show that for T" small enough @ has a unique fixed point.
For consistency, throughout the remainder of this section we denote

WZLP(QT) - {U ‘ Uy Ugy Uggy Ut S LP(QT)}

for p > 1, equipped with the norm

ullwz1r@ry = lullLe@r) + 1uallLr@r) + vzl r(@r) + [[uellr(@r)-

Since (2.5) is an elliptic problem for w;, the solvability of this problem follows from Lemma 2.1. In-
deed, since (4,w) € Xy, then Wy, (-,t) € LP(0,1) for all ¢t € [0,7]. That is there is a ¢z > 0 such
that sup,co 7] [Waa ()| Lr0,1) < c2. Furthermore (@,w) € Xr, along with the Sobolev embedding the-
orem: W2P(0,1) — C%%(0,1), implies that @, € L°(0,1) and (@?/2), = wiw, € L>(0,1) such that
[(@?/2 + @)s || (0,1) < R(1+ R). Then by Lemma 2.1, we obtain a unique solution w € W**(Qr) to
(2.5) such that

lwllw21r@r) < llwlleqo,rw2e0.1)) + lwellegorw2e0,1)
< lwollw2r0,1) +c1(1+T) [02 + R(1+ R)]
S R + 261 [02 + R(l + R)] =: Cg(R)

where we have used the fact 7' € (0,1) and ||wo||w2.r(0,1) < R. This, combined with the Sobolev embedding
theorem [14, Lemma I1.3.3], upgrades the regularity of the solution such that

||w||c1+9,<1+9)/2(QT) < C4||w||W2,1,p(QT) < c¢5(R) :==cq - c3(R) (2.6)
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where 0 := 1 — % (p > 3). Thus, we have

wler oy < 0. = 0. 0)lloroiar, + 0@ 0 ero,
140
<T7= ||w||co,(1+9)/2(QT) + HU’O”CLO(QT)

146
< es(R)T = + |lwollcrogy)-

If we let T be small such that T < (cE,(lR))l%” then it follows that

||'1,UHcl,O(QT) < ||IU0H01,0(QT) +1=R. (27)

Now we turn to the problem (2.4). Note that (2.6) yields a constant cg(R) > 0 such that [[wl|pec(o,1) +
lwz|| £ 0,1) < c6(R). Due to |lug|lw2.r(0,1) < R, from the linear parabolic LP-theory [10, Theorem 2.3] and
(14, Theorem IV.9.1], we conclude that the problem (2.4) has a unique solution u(x,t) € W21P(Qr) such
that

[ullw210(Qr) < co(B)[uollw2r(0,1) < cs(R) - R =: c7(R).

Using the same argument as deriving (2.6), we can find some constant cg(R) > 0 such that

[ull creo.a400/2(G,) < cs(R).

2

Then by the same idea used for w, if we let T' be small such that 7' < (Cs(lR) )T+ | we obtain

lullgro@ry < lluollerogy +1=R (2.8)

which, along with (2.7), asserts that (u, w) € X for some T' > 0. Hence the function ¢ maps X into itself.
By a direct adaptation of the above derivation, one can easily deduce that if T is further diminished then
@ in fact becomes a contraction on X7. For such T we therefore conclude from the contraction mapping
principle [11, Theorem 5.1] that there exists a unique fixed point (u,w) € Xt such that &(u, w) = (u, w).
This unique fixed point in X7 corresponds to a unique solution of (1.2) in Xp. This solution may be further
prolonged in the interval [0, T},q.) with either Tqp = 00 Or Thpee < 00, where in the latter case

H“('vt)HLoo(o,n + ||w("t)HL°C(O,1) =00 ast / Tiaa,

because Ty depends only on R. Now it remains to derive the regularity of solutions to finish the proof.
Indeed by (2.4), w,w, € C%%/2(Qr) and the classical regularity of parabolic equations [14, Theorem V.6.1],
we obtain

u(z,t) € 02+9’(1+9)/2([0, 1] x [, T]) for all n € (0, Tp).
Similar argument leads to
w(z,t) € C*FHAFO/2((0,1] x [, T]) for all € (0, Tp).
This proves the regularity of the solution (u,w) to (1.2). Finally, the positivity of u results from the

strong parabolic maximum principle, because ug # 0 ensures that u # 0. This completes the proof of
Lemma 2.2. O
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3. Global dynamics
8.1. Global boundedness

Hereafter for simplicity, the norm of the space L?(0,1), 1 < p < co will be denoted simply by || - ||z by
omitting the interval (0, 1). The key in our analysis is the following Lyapunov functional

1
/(ulnu+—+gw )dm (3.1)
0

for which we have the following result.

Lemma 3.1. The classical solution (u,w) to (1.2) satisfies the equality

jtf( (t),w(t)) = —/(6 + )dx for all t € (0, Trnaz). (3.2)

0

Proof. From the first two equations in (1.2), we have with the integration by parts

lnu—l— 1us + wwy da:—f—é/wwwwtdx

2 1 1
fdx + / wdx — / widr — 5/wxthd:ﬁ
0 0

SR
H.]
/\
O\H

||
O\H

1 1 1
+ %/(w3 f/umwdm+5/wmwmdx
0 0 0
1
=— / (E + pw )dx
0
where we have used the boundary conditions ug|y=01 = w|g=0,1 = 0. This completes the proof of

Lemma 3.1. O
Then the following result is an immediate consequence of Lemma 3.1.

Lemma 3.2. The classical solution (u,w) to (1.2) has the following properties for all t € (0, Tyaz):

(w? + dw?)dx < 2F (ug, wo) + 2/e,

o O——

1
/< + pawy >dmds < F(ug,wo) + 1/e.
0
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Proof. Integrating (3.2) over ¢ € (0, Tynaz) We obtain

1

/<—+gw>dx+//< + pwy; >dxds— (up, wp) /uxtlnumt)d

0

for all ¢ € (0, Tinaz)- The fact that —£Ing < 1 : for all £ > 0 completes the proof. O

To elongate the local solutions to the global ones, it suffices to show that ||u||~ and ||w]||L~ are bounded
in time by the extension criterion in Lemma 2.2. Next we shall employ the method of Moser iteration to
derive the a priori L°°-norm of solutions of the problem (1.2). Before embarking on this, we remark that
the L'-norm of u is conserved by integrating the first equation of (1.2) with the boundary condition:

1 1
7:/uda: /u =
0 0

which will be essentially applied in our analysis. Moreover the following interpolation inequality will be used

(3.3)

@ |

later.

Gagliardo—Nirenberg inequality [19]: Let {2 C R™ be a bounded domain with smooth boundary. Let p,q > 1
satisfy (n — q)p < ng and let r € (0,p). Then, for any u(z) € W9(£2) N L"({2), there exists a constant
¢1 > 0 such that

lull o) < erllVull oo llull (o) + c2llull o (3-4)

with a € (0,1) satisfying

ﬁ :a(@—1> +2(1-a).
p q r
Then we are ready to prove the following global estimates on the solution component .

Lemma 3.3. Assume that ug € L' N L>. Then there is some constant c(g, j1,8) > 0 such that the classical
solution (u,w) of (1.2) satisfies

lullpee < ¢ forallt € (0, Trmaz)-

Proof. Multiplying the first equation in (1.2) by puP~! and integrating the result over [0, 1], we obtain with
the Holder inequality that

1

1 1
di/ —p(p - 1)/up‘2\VUI2dw—p(p— 1)/up_1uxwdx
0

0

1 1
/| % |2dz+ -1 /upw_rdz
0 0
1 1
4(p — r 2 2
< -7 /|( 2) ‘da:—l— -1 /updx / wdx
b 0 0
1

g—@/y( 5) |*de +\/§(p—1)<0/1u2pdm> (3.5)

0

l

[NIC
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for all t € (0, Thnqs), where we have used the fact that w|y—p1 = 0 and the first inequality in Lemma 3.2. The
Gagliardo-Nirenberg inequality (3.4) with inequality (a + b)? < 2(a? + b?) yields that || f]|3. < 2¢3(||f| -
Ilfllr + || £]121), which entails that

()l

Then the above inequality with the Cauchy—Schwarz inequality gives rise to

.

2
1 = [lu¥ [0 < 28 (811 ok o+ 7).

L 3
</ d) < 2 h), I + 231+ dean) et I, (3.6)

, Cap
where we choose ¢o = . Then substituting (3.6) into (3.5) yields
1 1 1 2
%/u”daz < —w/u %) ‘ dx + c3 (/u%dx> (3.7)
0 0 0

with 5 = /<2 (p — 1)2¢3(1 + cZeap). Now adding the term fol uPdz on both sides of (3.7), we get

1 1 1 1 2 1
2(p—1
/upda:Jr/updx < —L)/Ku%) |2dx+c4 (/ugdx> +/updx. (3.8)
p xr
0 0 0 0

0

Q.‘Q‘

Based on (3.8), we shall next use the Moser iteration procedure to derive that |lu(-,?)||L~ is bounded
uniformly in time. To this end, we need the following interpolation inequality [14, p. 63]: for any f € W12(£2),
it holds

2(1—a)

If - fl\m(m<C4||Vf||L2(9)Hf||L1(Q ;

where f = ﬁ Jo fdx, a =n/(n+2), and ¢4 is a constant depending only on n and 2. Then applying the
Young inequality: ab < ea? + (ep)_q/”q_lb’i'7 a,b,e;p,q >0, zl) + % = 1 into above inequality and using the
fact || fllz2 = [, fdz = ||f||z gives

1F11Z2 () < €IV FIIZ2 () +es5(1+ € 2)IflI7r (o) for any € >0, (3.9)

where ¢5 > 0 depends on n and {2, but is independent of e. Then employing (3.9) with f =wuz, e = 22—

n=1, 2=(0,1), we have for p > 2
1 2 1
[wrae =0 2 < 220 8) I 4 et 4B 310
0

with some constant ¢g > 0. This, along with (3.8), yields

1 1 1 2
%/updx—i—/updm < cs(1+p) (/u%daz>
0

0 0
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which leads to

1 1 2
%(et/u”dm> < cge'(1+p) (/ugdx> .

0 0

Then the integration of above inequality over the time interval [0,¢] for 0 < t < T4, gives

1 1 1 2
/u”dﬂc < /ugdx +cg(l+p) sup /u%dx : (3.11)
A A 0<t<Tmas 0

Now we define

o=

1
A, = max{||u0|Loo, sup (/ u”dm)
0<t<Tmar 0

Then it follows from (3.11) that

} for all p > 2.

Ay < [er(1+p)] %A%

for some constant c; > 0. Now taking p = 2¥, k = 1,2, - -, one obtains

—k —k
Age < C% k(l —|—2k)2 Agr—

S Cg—k_i_Q*(k—l) (1 + 2k)27k (1 + 2k_1)27(k71)142k72

o—(k—1)

ke (k1 1 —k _
< T (4 ok) P () gkl o (142)% Ay (3.12)

Noticing that 27% + 2-(k=1) 4 ... 4971 <1 and the series Qﬁk + Zkkill + 4 % is convergent, we can find a
constant cg > 0 such that

k (k—1

(1+29% "aa2e ) a2
— k2 gk ) a2 (o= (hmh) gy 927 (971 gy
k

< 9zktaior ot ggr Tt

Thus letting & — oo in (3.12), we have

1
[u(,1)]| oo < coAr =co maX{IuOIILw,Kleg (/Udl’> }
<< \ )

= C9 maX{||uOHL°°7 ||u0||L1}

where cg = c7cg. The proof is completed. O
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3.2. Constant stationary solution

In this section, we shall employ the Lyapunov functional (3.1) to prove that the system (1.2) has only a
unique constant stationary solution. The result is the following:

Lemma 3.4. The only classical stationary solution of (1.2) is the constant pairs (u,0) for u € (0,00), where
u denotes the average of u given in (3.3).

Proof. By noting that the stationary solution (us,ws) of (1.2) is also a solution to the time-dependent
problem, we have

0= %f (us, ws) = /1< /J'[(ws)z]2>dx
0

which indicates that u; = C, and ws = Cs since us; > 0, where C; and Cs are both constants. The boundary
condition of ws immediately implies that C; = 0 and the average u = fol ugdx determines that C7; = u.
This completes the proof. O

3.3. Decay property
From the results derived above, we know that the problem (1.2) has only a constant stationary solution
(u,0). The existence of the Lyapunov functional (3.1) indicates that the time-dependent solution of (1.2)

may converge to the constant stationary solution (u,0). To this end, we first derive some decay properties
of the solution (u,w) of (1.2). By modifying the Lyapunov functional (3.1), we define

1
/(uln——&———l—gw >daj
0

where 4 is given in (3.3). Since the function In s is convex for s > 0, 4 = 4y and hence fo =dx = 1, it follows
from the Jensen’s inequality [9, p. 621] that

1 1 1 1
/ulngdx:ﬂm/glngdxzm)- </gdx> ln</gdx> =0.
u m U
0

0 0 0

IS
IS

Thus, G(u,w) > 0. Except for the non-negativity, the following property of G(u,w) can be proved inspired
by the ideas of [7,22].

Lemma 3.5. Suppose that (u,w) is the classical solution to (1.2). Then the functional G(u,w) satisfies the
following decay property

0< G(u(t),w(t)) < Glug,wo)e™ " for all t € (0, Traz),
where the positive constant o depends only on ug, €, p and 4.

Proof. Using the first equation of (1.2) and the boundary condition, we obtain with a simple calculation
that
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1

d d _
EG(u(t),w(t)) = E}"(u(t),w(t)) - lnub/utdx
1 .2
= %}"(u(t),w(t)) = /<Euz + uwi) d. (3.13)
0

It can be readily verified that slns < s—141(s—1)?for all s > 0. Then with s = u/u, noting fol(u/ﬂ—l)dx =
0 and using the Poincaré inequality [9, p. 275], we find a constant c¢19 > 0 such that

/<><>/[<><>(<>)}
[ (Yo, feore

1
< co /[(u - ﬂ)z}zdx = clo/uxd:r.
0 0

A
Eﬂ“

By Lemma 3.3, for all ¢t € (0,T),4,) one has

1 1 1
2
U U
/uln —dz < cw/u dzx < 010||u||Loo/—dx <cu(e,p,d /—xdx. (3.14)
U U
0 0 0
With the boundary condition w|y,—p1 = 0, the Poincaré inequality provides some c¢12 > 0 such that

L w?da < ci9 L w2da for all t € (0, Thnaz ), which, combined with (3.14), gives
0 0 x

1 1 1
2 1)
SCA/€$+012+ /uwidﬂfﬁ’Y/( +uw>dx
€ U 21
0 0 0

where v = <+ + %. Then with the above inequality, the integration of (3.13) yields

2

1
1
—Gu,w) < —/(ﬂ +uwi)dw < ——G(u,w)
u Y
0

which, upon the integration, gives
G(u,w) < G(uo,wo)ef%t =: G(ug,wp)e .

This completes the proof of Lemma 3.5. O
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8.4. Proof of Theorem 1.1

The first inequality in Lemma 3.2 along with the Sobolev embedding: W2(0,1) — C°(0, 1) asserts that
lwl| oo 0,1y < c13 for some constant ¢y3 > 0. This, together with Lemma 3.3 and extensibility criterion in
Lemma 2.2, indicates that T),., = +00. Hence the existence of global classical solutions is proved. Next we
are devoted to proving the exponential convergence of the global solution by borrowing an idea from [22].
To this end, we first derive from the first equation of (1.2) that the quantity u — u satisfies

(u—a) = (u—1u)ge — (Vw),, z€(0,1),t>0,
(u—u)(z,0) = up(z) — u, x €10,1], (3.15)
(u - a)m‘z:O,l =0, t> 0.

Then multiplying the first equation of (3.15) by —(u — %), and using the Cauchy—Schwarz inequality, we

1 1 1
O/ u—a) dac+0/ O/(u—u)m(uw)zdx

get

N
Q‘|Q‘

This, along with the inequality (uvw)? < 2(w?u? + u?w?) and the boundedness of v and w, gives a constant

c14 > 0 such that
1 1 1 1
/ u — u)’de +/ 2 dx < /(uw)idm < 014/ u + w?) (3.16)
0 0 0 0

Furthermore the second inequality of Lemma 3.2 with Lemma 3.3 yields a constant c¢;5 such that

Sl

1

¢ t 1
2
//uidwds < lu|lpee // %dxds <c15 forallt > 0.
0

0 0 0
Then using the above inequality and integrating (3.16) with respect to ¢, one has

1

1 1
/u—u )odx < / ug — i)2dx + c14(c15 + 1) //w dz < ci6 (3.17)
0 0

0

for some constant ci1g > 0, where the second inequality of Lemma 3.2 has been used.
Next we employ the Csiszar-Kullback—Pinsker inequality (cf. [4]) with Lemma 3.5 to obtain that

1
lu— a2 < 2ﬂ/uln %dx < 2uG (ug, wo)e . (3.18)
0

Notice that the Gagliardo—Nirenberg inequality yields a constant c¢17 > 0 such that

2 1
lu—allz < err([[(w = @)o|[7o - lu—allfs + lu—allz:).
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Then the application of (3.17) and (3.18) to above inequality asserts that
lu— g~ < cige” 8t forallt >0

for some c¢1g > 0. Finally we prove that w converges to zero exponentially. This is obvious. Indeed from
Lemma 3.5, we obtain a constant c¢ig such that

lwllZz + lwellZz < c10G (uo, wo)e ™

Note that if f|;=0,1 = 0, then by the Holder inequality one has

/ [72(6)) de =2 /f (©)de < 20 fllzelfallie < 17120 + 1 Fall2e.

0

Therefore the application of above inequality gives

1 o
wllze < ([wlls + lwall72)* < ver9G (uo,wo)e™ 2",
which completes the proof of Theorem 1.1 by choosing 8 = —%. O
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