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ABSTRACT. The existence of a global weak solution to the Cauchy problem
for a one-dimensional Camassa-Holm equation is established. In this paper,
we assume that the initial condition ug(z) has end states u+, which has much
weaker constraints than that ug(z) € H'(R) discussed in [30]. By perturb-
ing the Cauchy problem around a rarefaction wave, we obtain a global weak
solution as a limit of viscous approximation under the assumption u_ < u4.

1. Introduction. In this paper, we are concerned with the global existence of weak
solutions to the Camassa-Holm equation

Opu — 020pu + 3udyu = 20,ud?u + ud>u, (1.1)

with initial data
u(0,2) =up(z) - ugr as x — Foo, (1.2)
which is formally equivalent to a dispersive shallow water equation [1]:

ou+ud,u+ 0, P=0, t>0x€eR

Py =3 [ e (a2 4 S ) (i

— 00

(1.3)

where u is the fluid velocity in the = direction(or equivalently the height of water’s
free surface above a flat bottom). The equation (1.1) is completely integrable (see
[15], [8] for the periodic case and [3], [10], [13] for the non-periodic case). A few non-
linear dispersive and wave equations are lucky enough to be completely integrable
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in the sense that there exist a Lax pair formulation of the equation. This means in
particular that they enjoy infinitely many conservation laws. In many cases these
conservation laws provide control on high Sobolev norms which seems to be quite
an exceptional event. For the general discussion on complete integrability in infinite
dimensions, we refer to [19] for a detailed exposition. Quite a number of PDEs have
been discovered to be completely integrable. However, most of them still remain
obscure due to the lack of any physical significance. The equation

ou+ 2K 0,u — (ﬁ@tu + 3ud,u = 281u8£u + u@i’u, (1.4)

which was discovered by Funchssteiner and Fokas [20], has enjoyed such obscurity.
But a few years ago, this equation was rederived by Camassa and Holm [6] using
an asymptotic expansion directly in the Hamiltanian for Euler’s equations in the
shallow water regime. They showed that (1.4) is Bi-Hamiltanian, i.e., it can be
expressed in Hamiltanian form in two different ways. The novelty of Camassa and
Holm’s work was that they gave a physical derivation for (1.4) and showed that, for
the special case K = 0, (1.4) possessed a solitary waves of the form cexp(—|z — ct|)
with discontinuous first derivatives, which they named “peakon” (travelling wave
solutions with a corner at their peak). More importantly, the peakons are or-
bitally stable (cf. [17])which means that the shape of the peakons is stable so that
these wave patterns are physically recognizable, moreover, these peakons are soli-
tons (cf. [16], [4]). Another feature of the Camassa-Holm equation is that it can
be treated as a generalization of the Benjamin-Bona-Mahoney(BBM) equation or
the Korteweg-de Vries(KdV) equation in some sense(See [6]). These three vari-
ous equations all gave the good and consistent approximation for the full inviscid
water wave equation in the small-amplitude and shallow-water regime. However,
the Camassa-Holm equation has several important features that distinguish it from
the BBM and KdV equations. Namely, while all solutions to BBM and KdV are
global, the Camassa-Holm equation has global smooth solutions as well as smooth
solutions that blow up (cf. [12]). Moreover, the only way singularities can develop
in a solution corresponding to a smooth initial data decaying at infinity is in the
form wave breaking: the slope u, becomes unbounded while u stays bounded (cf.
[9]) (this elaborate statement can be also found in [2] and [30]). Since the physical
significance that (1.4) exhibits, which was discovered by Camassa and Holm, (1.4)
has attracted a broad interest from researchers(see [1, 3, 4, 11, 15]). Cooper and
Shepard [18] derived a variational approximation to the solitary waves of (1.4) for
general K. In [7], the numerical solutions of time-dependent form and a discussion
of the Camassa-Holm equation as a Hamiltanian system was presented. Boyd [2]
derived a perturbation series for general K which converges even at the peak limit
and gave three analytical representations for the spatially periodic generalization of
the peakon called “Coshoidal wave”. In [26], zero curvature formulation are given
for the “dual hierarchies” of standard soliton equation hierarchies including the
Camassa-Holm equation hierarchy. As pointed out exactly in [14], (1.1) represents
the equation for geodesics on the diffeomorphism group.

In the paper [30], Xin and Zhang obtained the global-in-time existence of weak
solutions to Camassa-Holm equations for the special case K = 0 with initial data
uw(0,2) = up(z) € HY(R). Recently, Bressan and Constantin in [5] obtained the
unique global conservative solutions of the Camassa-Holm equation with initial
data in H'. We observe that the assumption ug(z) € H*(R) implies ug(z) — 0 as
x — +o00, which is a rigorous constraint in applications. The aim of this paper is
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to establish the global existence of the weak solution to problem (1.1)-(1.2) with
initial data ug(z) — uy as @ — oo, where the initial data with end states uy has
much weaker constraints than that ug(z) € H'(R). Toward this end, we assume
that the limits ux of the initial data ug(x) at & = £oo satisfy u_ < ug, ie., a
hyperbolic wave is a rarefaction wave. Under this circumstance, we perturb the
Cauchy problem (1.1), (1.2) around the rarefaction wave w?(z/t) which satisfies
the Riemann problem (2.1). Then we reformulate the Cauchy problem (1.1), (1.2)
to a new Cauchy problem (3.1) and prove the global existence of a weak solution to
this new problem, and thus a global weak solution of original problem (1.1), (1.2)
follows. Moreover, we study the asymptotic behavior of the solution of problem
(1.1), (1.2) and show that the solution tends to a rarefaction wave as t — occ.
Before giving the precise statements of the main results, we introduce the defi-
nition of a weak solution to the Cauchy problem (1.1)-(1.2) similarly as in [30]:

Definition 1.1. A continuous function v = w(t,z) is said to be a global weak
solution to the Cauchy problem (1.1)-(1.2) if
(1) ult, ) — é(t,x) € C([0,00) x R) N L>([0,00); H'(R)) and

lu— 9l g1y < C(lluo — ¢oll @y +1), V>0,
ug(x) — ug as x — o0,

where C' is a positive constant depending only on uy,u_ and ¢(t, z) satisfies

¢ + 3¢0:¢ = 0,

Uy +u_ UL —U_

6(0,2) = ¢o(x) = + K, /O "1 )y, (1.5)

2 2

Here o > 0is an arbitrary constant and K is chosen such that K, fooo (14y*) "1 dy =
1 for each ¢ > 1/2.

(2) u(t,x) satisfies equation (1.1) in the sense of distributions and takes on the
initial data pointwise.

The main result of this paper is as follows.

Theorem 1.1. Suppose u_ < uy, ug — ¢o € HY(R) and ¢g given in (1.5). Then
the Cauchy problem (1.1)-(1.2) has a global weak solution. Furthermore, the global
weak solution u = u(t,x) satisfies

lim |u(t,z) — ¢(t,z)| =0 (1.6)

t——+oo
for all x € R.

Theorem 1.1 can be regarded as the extension of Theorem 1.2 in [30] as u_ =
uy = 0. Our main goal is to study the stability of the simple wave to the Camassa-
Holm Equations. That is, one shall be interested in the following initial-boundary
problem

Oru — 920pu + 3udu = 20,ud?u + udiu, x € (0,00)
u(t,0) = u_,t >0, (1.7)

u(0,2) = up(x) — ug, as x — +00.
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Since the solution of (1.7) has a boundary at = = 0, the signs of the characteristic
speeds uy divide the asymptotic state into five cases (c.f. [23]):

(1) u- <uq <0,
(2) u- <ugp =0,
(3) u_ <0< uy, (1.8)
(4) 0=u_ <ug,
(5) 0 <u— < ug.

When u_ < 0 and uy = 0, we observe that ¢(x) = u_e™? is a stationary solution to
(1.7). The interesting problem is to study the asymptotic behavior of solutions to
the system (1.7), i.e., one can show that the initial-boundary problem (1.7) admits
a unique global solution u(t,x) which converges, as t — +o00, i) to the stationary
solution or ii) to the rarefaction wave of the Burgers equation. However, the key
point is to obtain the existence of the weak solutions. This is the main purpose of
this paper. The stability of the simple wave to the Camassa-Holm Equations will
be discussed in further work.

The main idea of proving Theorem 1.1 closely follows the method developed by
Xin-Zhang in [30]. The major difference is that our assumption on initial datum
is not in H!(R), not even in L?*(R). One key observation is that we can perturb
the initial datum with a rarefaction wave define by (2.1) because of u_ < .
The difference quantity, v, between the solution u to the original problem and the
rarefaction wave ¢ satisfies another new “shallow-water-like” equation (see (3.1)).
The initial datum of this difference converges to zero as |x| — +oo. The crucial
element is to show that this new problem has a global weak solution. Note that
the rarefaction wave ¢ is not in L(R) for any ¢ > 0, although it is smooth enough.
Some extra efforts have to be made to deal with the complexity of the appearance
of ¢ (when ¢ = 0 this new problem is nothing but the problem in [30]). We obtain
the global existence result by using the vanishing viscosity method as performed in
[30]. Tt turns out that the Young measures play a role in passaging limits of the
approximate viscous solutions v¢. A further question can be addressed: is this global
weak solution u close to the rarefaction wave ¢ in some sense? Indeed, the positivity
of ,.¢ and the estimates for the approximation v® gives us the integrability of v(-, x)
for a.e. z. This, combined with the control of d,v, in turn shows that v(¢, x), i.e.,
u(t,z) — ¢(t,x) converges to zero as t — +oo for all z.

The rest of this paper is organized as follows. In section 2 we establish some pre-
liminary estimates for the smooth rarefaction wave ¢. In section 3, we reformulate
the original problem to a new equivalent Cauchy problem and establish the global
existence of this new problem with viscosity. In section 4, we show the existence of
a global existence of problem (1.1) and (1.2) and examine the asymptotic behavior
of solutions.

NoTATION: Hereafter, we use C' to denote generic constants without any con-
fusion, which may change from line to line. When the dependence of the con-

stant on some index or a function is important, we highlight it in the notation.
LP = LP(R)(1 < p < c0) denotes usual Lebesgue space with the norm

1l = (/ @) da:> " 1<pec

[fl|ee = esssup|[f ()],
z€R



WEAK SOLUTIONS TO CAMASSA-HOLM EQUATION 887

and the integral region R will be omitted if it does not cause any confusion. In the
double integral, the differential dzdt will be omitted often for the simplicity of the
presentation, i.e., the integral fot Jg f(t, x)dzdt is briefly denoted by fot [t ).

2. Preliminaries. To investigate the Cauchy problem (1.1) and (1.2), we first
consider the following Riemann problem for non-viscous Burgers equation

Oyw? + 3w, wh =0,

R  Rrin Ju—, <0, (2.1)
wi0.0) = uf) = { 1 TS0

It is well known( for more details, see Smoller [27] ), when u_ < u4, that the solution
of the Riemann problem (2.1) is the center rarefaction wave wft(t,z) = w®(z/t)
which reads

u_, r < 3u_t,
wi(z/t) =< x/3t, 3u_t <z < 3uit,
Uy, T > Juyt.

It is clear that the solution wf(x/t) is discontinuous. Using a similar approach
applied in [24] and [28], the smooth solution of the Riemann solution w¥ (¢, z) can
be approximated by ¢(¢, ) which satisfies

.6+ 0, <g¢2> 0,

Uy + u_ Uy — U_
+ + K

oo (2.2)
00.2) = (o) = S+ g, [ )y

1
with ¢ > 0 an arbitrary constant and K, chosen such that for each ¢ > 3 it holds

that Kq/ (149%)"% dy = 1. Tt is straightforward to check that ¢o(z) — us as
0

r — Fo0.
Since ¢g(z) is monotonically increasing, the method of the characteristic curve
allows a unique smooth solution in all time. Then we have the following lemma.

Lemma 2.1. There exists a unique smooth solution ¢(t,z) to problem (2.2) which
1

has the following properties by setting u = §(u+ —u_)>0:

(1) u— <@t x) <uy,0:0(t,x) >0 for all (t,x) € [0,00) x R;

(13)  For any p with 1 < p < oo, there exists a constant C,, 4 depending on p,q such
that

10.6(t)l|s < Cp g min(o’ i, avt ),

p—1 p—1

. 21 _ 1—-y1-Lty._p=t 7 _p-1
Ir < Cpg min (02 v, 020720 g~ 5 15 ) |

)
) (

1036(t)| L < Cpy min (03*%a%,a(0,a,t)) ,
) in (
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where
alo,a,t) = 0311(1+0ut)%7 o2(=3)0=20) =5 =% —(1=5)+3)
+o )0 2L)ﬂ_zpml15_1_22;7@11,
b(o,i,t) = oi(l+oit)s 0 +oC P0G He 05+
4B 0-39)5 732;;t =%

i1i)  There exists a constant C, depending on q such that
q

/ (8252 } H (0:0)° <Cq min(o2i, o' "G 2t %),
/ (8352 ' H 83¢ < Cy min (@(o* + o), B(q, 0,7)),
/ (8%‘2’55) T ' H 82‘% . < Cy min (@ + @*)o*, (g, 0, @),
where
TG 4ol 4 dot) 6 + 0P Baq sat %

3

B(q,o0,u) = o ag Tt
T@ a0 4 ot a(1 4 diot) S 4 o2t 4 002 g2 Rt

v(g,0,0) =0
(iv) 0L0Fd||Le < Clwy —w_|"TFHL 1k >0, 1+ k < 4;

(v) suplo(t,z) —wi(z/t) =0 ast— .
R

Proof. The proof of the global existence of solutions to the Cauchy problem of
conservation law (2.2) is very routine, which follows from the method of character-
istics directly. It only remains to prove the last inequality in (ii7) since the rest of
estimates have been proved in [24, 25, 28, 32].

Indeed, the method of characteristic curve yields for all time ¢,

o(t,z) = do(zo(t, z)), (2.3)
where z¢(t, x) is given by the relation
x = xo(t,x) + 3¢o(zo(t, x))t. (2.4)
Noting that
Oxg(t, x) _ 1 , Oxo(t, ) _ 3¢o(xo) , (25)
Ox 1+ 3¢ (x0)t ot 1 43¢0 (o)t

we have from (2.3),(2.4) and (2.5),

$p(z0) (o)
Opp(t, ) = m’ 32¢( x) = m (2.6)

and

D201o(t,x) =

_ 3do(x0)¢t’ (z0)  9dp(w0)¢t (o) | 27¢o(w0)(dg(0))*t (2.7)
(1 + 300 (zo)t)* (1 + 3¢ (z0)t)* (1+ 3¢y (xo)t)> '

where the prime means the derivative with respect to xg.
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From (2.2), one has

o6(20) = Ki(1+ (010)?) %0 < Kyiio, (2.8)
|64 (x0)| < 2q0 (K ai0) ™2 | (x0) |21, (2.9)
|64 (0)] < 29(2q + 3)0? (0 K q@) 7 | (o) |+ 7. (2.10)

In addition, when xy > 1, we have

|64 (20)| > 2q0> (K ytior) ™7 | ¢ (o) | 5. (2.11)

Thus the Cauchy-Schwartz inequality gives the following estimate

/’ (020,0)?

/'1+3¢0 o) ’ ( 3do(z0)¢0 (xo) 90 (o) g (o)
(o) (1+36(zo)t) (1 + 3} (wo)t)"
27¢0(20) (¢4 (20))%t\ > dzo. 4
IR PATAE ) g ) dmo

160(0) 6 (z0)]? 94 (@0) 4 (20)?
/% (w0) (1 + 30} (20)D° IO+C/(1+3¢6(500) jo o

o (o) B (o) 2|2t
a0 (1 + 30 (2.12)

IN

+C

where we used the variable transformation dzg = %dm.

Next we are going to estimate the three integrals on the right hand side of (2.12)
respectively. To estimate the first integral, we break the integral domain R into two
parts in order to use the inequality (2.11). That is

/ |¢0 x0) ¢y (20)]? diy = / / (2.13)
¢o(w0) (1 + 3¢5 (o)t |zo|<1 |xo|>1

Then we proceed to estimate the integrals on the right hand side of (2.13). Indeed,
noting that ¢o(zg) is bounded, we get from (2.8) and (2.10)

/ [fo(z0)d (@o)l*
wol<1 9(0) (L + 364 (@0)0)°

122 EACD
e /|| (3 + 305 (woyip

< Cuot qffE(l—l—uK ot)” / |¢6(x0)|1+% dxg

|zo|<1

< Cyotu(l + i) 5, (2.14)

IN

the last inequality resulting from the fact that [, (¢ (20))" dzg < Crqo" 0", which
is clear from (2.8).
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Now we introduce the variable transformation y = ¢{(xo)t and deduce from

(2.10) and (2.11) that

/ |66 (x0)¢6" (o) |? deo
|zo|<1 ¢6($0)(1 + 3¢6(‘T0)t)6

< ¢ /W”t 98 (o)
- 0 y(1+ 3y)%|¢g (o)
'
< C (2q02(Kq&0)7%)71 (2q(2q+ 3)02(ang)*%)2 /Ooo % d
< Cpo¥iaTur T /Ow(1+3y)6+% dy
< Cuo*aaat (2.15)

Thus the combination of (2.14) and (2.15) completes the estimate for the first
integral on the right hand side of (2.12). Next we estimate the second integral on

the right hand side of (2.12). In fact, it follows from (2.9) that

/ P (o) Pg (0)? deo
(1 + 3¢p(w0)t)°

d—’o 0) /7
< o (M0 ubtl,,
0 (14 3y)°
oo / 1+%
< -\ — a2 ylep (o)l
< 2Cqo(K,uo) 2t /0 T d
<

C.o%at—? / vy
‘ o (+3y) o

< CqUQﬂtfz.

(2.16)

Furthermore, we estimate the third integral on the right hand side of (2.12) by

[P0 (20) 9 (w0)?]*t?
&6(w0) (1 + 3¢5 (0)t)®

~\2,2 |¢ ($0)|3
< (K ou)?t /0 (10+ e d

B 00 (b” Zo 3
e Ll
0y (14 3y)” 2

dl‘o

o0
3 3 3 3
< anf’—z—qa?—z—qt—l—z—q/ (1+3y) ST2ady
0
< Cotdarheiod,

Substitution of (2.14),(2.15),(2.16) and (2.18) into (2.12) yields

/‘ 820,)?

dx < v(q,0,1),

3
2q¢ 172

e+ octu(1 + aot) "¢ + o?at =2 4 o° “20%

(2.17)

(2.18)

(2.19)

3
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On the other hand, since ¢j(xo) > 0, it follows from (2.12) that

J1%

< ¢ |¢¢<( )) da +0/|¢0 solofan)Pdso + 0 [ L g,
< ot [ (@) o + G0t tat [ () Hdoo
+C,0t 873 / (60 (o)) + 7 dag
< Cyoti+ Cyotad. (2.20)
Putting (2.19) and (2.20) together completes the proof for the last inequality in
(#91) of Lemma 2.1. O

Corollary 2.2. Let 0 = @,q = 1 in the Lemma 2.1, then the solution ¢(t,z) to
(2.2) satisfies the following properties:

(1) u_ < @t,x) <uy, OzP(t,x) >0 for all (t,z) € [0,+00) x R;

(13)  For any p with 1 < p < oo, there exists a constant C,, depending on p such
that
1
18:6(t)||r < R(@)Cp(1+ )77,

1026(t)|| e < B(@)Cp(1 + t)*%,
1026(t) || Lr < h(@)Cy (1 + t)_2+%7

2 1\2
H(‘?ﬁ @) < Ch(a)(1+1)"%,
H(a%f (t) < Ch(a)(1 +1t)~2

H e < Ch(a)(1+1t)~?

Lt

where h(w) is a function of G4 and satisfies 1in% h(a) = 0;

(’”’Z) ||81€8§¢”L°° < C|’LL+ - u*|l+k+17 la k > 07 I+ k < 4;

(iv) sup |o(t,z) —wP(x/t)] — 0 ast — oo .
R

3. Global existence for the normalized problem with viscosity. Let v =
u— ¢, we can recast the Cauchy problem (1.1) to the following reformulated Cauchy
problem

v — 0200 + 30, (v + ¢)? — ¢?)
=2(v+¢)02(v+¢) + (v + ¢)0 (v + ¢) + 020:9, (3.1)
v|i=0 = vo(x) = uo(z) — ¢o(x) — 0, = — +oo.

For the convenience of presentation, we define f(v) = 2 ((v + ¢)* — ¢*) and

g(v, 00,020, 30, 0201v) = 20, (v + )02 (v + @) + (v + )02 (v + @) + 020;¢ + 2 0;v.
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Then (3.1) takes the following form

0w + 0. (f(v)) = g(v, v, 020, 030, 0%0v), (3.2)
V|t=o = vo(x) — 0, = — *o0. '
It is formally equivalent to the following problem
v + 00,0 + 0 (P + ¢v — ¢?) = 0,
(t,x) € [0,00) X R,
(3.2

(=02 + NP = 5(0:v + 0:0)" + (v + 6)?,
v(0,2) = vo(x),
where I denotes the identity operator. We plan to obtain a global solution of (3.2)

as a weak limit of a viscosity solution approximation, which solves the following
viscous problem

00" + 04 (07)) = 027 + (0, Dy, 0207, 007, 02040°),
(t,z) € RT xR, (3.3)
ve(0,2) = vi(x) — 0, = — Foo,

where 0 < ¢ < 1,v§(x) = 1. * vo(z) and 7. denotes the standard mollifier.

Next we are devoted to proving the global existence of solutions to problem
(3.3), which consists of a local existence and the a priori estimates. For the sake
of simplification, we will drop the superscript € in v¢ (¢, z) to denote the solution of
(3.3) in the rest of this section if there is no any ambiguity.

Since we can rewrite (3.3) as follows

Opv + 00,0 + 0 (P + ¢v — ¢?) = 02w,
(t,x) € [0,00) x R,

(=02 4+ 1P = 5(0:v + 020)* + (v + ¢)?,
v(0, z) = vo(x),

(3.4)

by the standard argument for a nonlinear parabolic equation (cf.[30] also), one can
obtain the local well-posedness result for vo(x) € H?(R). Precisely, we have the
following local existence result.

Lemma 3.1. (Local existence). Let vg € H*(R). Then for each ¢ > 0, there exists

a positive constant T > 0, such that the Cauchy problem (3.3) admits a unique
smooth solution v(t,z) € C([0,T), H*(R)) N L*([0,T), H3(R)).

To obtain the global existence, it only remains to derive the a priori estimates,
which is given in the following lemma.

Lemma 3.2. ( A priori estimates). Let vy € H%(R) and v(t,x) be a solution
obtained in Lemma 3.1, then it holds that

O + [ [ oot + @) e [ [(@ar + @)
<Culleoly +h@). 65

t
[0Zv(6)]| 2 + 8/ /Iai’v(& P dads < Ca(1 + |[voll7p + (@) (3.6)
0
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where C1 > 0 is a constant independent of € and Co > 0 is a constant depending on
€.

Proof. We first prove inequality (3.5). To this end, we multiply (3.3) by v and
integrate it with respect to x over R to get

;jt/(v + (0,v)? )dx—i—s/(@mv)Qd:v—f—/vam(f(v))dx

(3.7)
= /vam(v + )02 (v + ¢)dx + /v(v + )92 (v + ¢)dx + /(ﬁ&gbvdx.

The third term of the left hand side of (3.7) is estimated as

/U@m(f(v))d:v = —g/ 28mvdx—3/¢vvmdx = g/(’?ﬂmvzdw. (3.8)

Moreover, the second term of the right hand side of (3.7) can be rearranged as
/ (v+ ¢)03 (v + ¢)da /8 (v(v + ¢))92(v + ¢)da
= -2 / 00, (v + )0 (v + ¢)dx — / 002 PO vdx — / 00, $O? pda:
+ / 0, v0%vdx + /¢8m¢8gvdx
= / 00, (v + ¢)0% (v + ¢)dx + = / V203 pdx — / Dy 02 puda:
—% / D, (Dy0)2da + / 02 ($0, d)vd. (3.9)

Substituting (3.8) and (3.9) into (3.7), we get the following identity

1d
2.dt

= 5/83@; da:—/angaﬁqﬁv dx+/8§(¢8m¢)v da:+/a§at¢v dz.  (3.10)

(v? +(8v))d:c+a/(8v) do + 2 /(%cgbv do + = /&Ed)av)

Applying Young inequality and Corollary 2.2 yields
% / B pv? dx — / D02 v da + / 02(p0d)v da + / D20;pv dx
%Hagqsum /v2dac—|— l/am¢v2dx+/(5§¢)2aw¢dx+ i/@mqﬁvzda@

. /(a%sf;@ wid o0t /(522?

Ch(a)(1+ 1)~ /Uzdw-f— %/v261¢dx+ Hamlloo/(@iqﬁ)zdw

(02($0,))? @200)°
+/ D20 d“/ 5nd

Oh(ﬂ)(1+t)’4/v2da:+ Z/v28z¢d:z:+0h(~)(1+t) 3

(03(¢9:9))°
[

IN

IN

IN

+Ch(a)(1 +1t)72 +/ dx. (3.11)
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In addition, noting that ¢(t, z) is bounded, we have from Corollary 2.2 that

/(85@81@)2 o /<2am¢az¢+¢as¢+<ai¢>2>2 "

D )
0 #(020)° (020
< C/am(b(azqﬁ) d:c+O/T¢d:c+O/ 5o
2 1\2 2 (8g¢)2 2 2 (8g¢)2
< Cloolin [@oPde+Clolfie [ F0-do+clotoli [F0 o
< Cha)(1+t)~2 (3.12)

Therefore, substituting (3.12) into (3.11), one has that
%/8§¢v2 dz—/@mqﬁaid)v dx—l—/ai(qﬁ@z(b)v da:—|—/8§8t¢v dx
R
< Ch(a)(1 +t)*4/v2 dx + g /angvz dx + Ch(a)(1 +t)~2 (3.13)

Hence, the substitution of (3.13) into (3.11) yields
Ld
2dt

< Ch(a)(1 +t)_4/v2 dx + Ch(@)(1 +t)~2. (3.14)

/( 24 (0,0)?) da + % /8m¢v2 dx 4+ % /8m¢(8wv)2 dx + 5/(8wv)2dx

Integrating (3.14) with respect to t over [0, ], we arrive at

/(v2+ ((9mv)2)d:v+/0t/6m¢(v2+ ((91v)2)d:vd7+E/Ot/(ﬁmv)dedT
< Ch(a) /Ot(l + s)*4/v2 dzdr + ||vo|3: + Ch(q), (3.15)

which implies

t
/02 dx < Ch(a)/ (1+ s)*‘*/v2 dzdr + ||voll3 + Ch(@). (3.16)
0

Applying Gronwall’s inequality to (3.16) gives us the inequality
/v2 dzr < C(h(@) + ||vol|3)- (3.17)

Substituting (3.17) into (3.15), we obtain that

o(0)|12 +/Ot/am¢(v2+(aw)2) dgch—i—E/Ot/(amU)?dxdT < (vl +?(a))).
3.18

To finish the proof of (3.5), it remains to estimate fot [ 102v|?dzdr. Toward this
end, we differentiate the first equation of (3.4) with respect to  and get

0,0, + (9pv)? + v02v + P — (%((%v +0,0)2 + (v + ¢)2> + 92(¢v — ¢?) = edPv.
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We integrate the above equation to derive that

;;lt (0 + (By0)? )d:c+5/((8 V)2 + (920)2)dz

— 5/81(v2)¢d:17+§/3zv(3m¢)2 /8%58

—/8m¢(8zv)2d:17+/8z¢(8mv)2d:c—|—2/(b@ngamvdx

IN

§/8mv((9m¢)2dx+2/¢8§¢8Ivdx+/qub(amvfd:v—i—1/83¢v2d9€

</8m¢8v dz+/( 0:) d:z:> /81(;581) )2da +/¢282¢’ da

+ [ 0000 do + 508 i o]

IN

2092 4)2
< 7 [ov00pdr+s [@opde+ [ L do kg 0%6] 1 ol

Integrating the above inequality, and applying Corollary 2.2 as well as (3.18), we
get the boundedness of fot [ 102v|?dzdr. Together with (3.18), we obtain (3.5).
Next, we derive (3.6). Indeed, it is straightforward to deduce from (3.4) that

2dt/|82 t$|2dz+5/|83 (t,z)|*dx

= 2/(v61v8§v)(t,x)dx +/ [a% (va% + =(0,v)* + P+ ¢v — qs?)} (t,z)dz

< 2ottt e + 5 [ 18300t 00 do + 2 ole, )3 [020(e,
—/81} t;v)dx+—/|P1t:c|dw+1/|av(tx)| dx
4y [Pt o+ 5 [ (0%ott,n) s + 2 ott, o)~ ote, I
+2 [ 0,0(t,0) Pda + [0l 102612: + 02011, .19
where

Pi=g [ @0+ 0,07 )y and Pa= g [ 6+ 0P )y
Then we have
1PL(t, )22 < Cll(8av + 029)(t, ) zs < C(18z0(t, )| 7o + 00, -)l|74)  (3:20)
and
182 Pa (2, -)II7.2
Cll(w + @) (t, ML 150 + 020)(t, )72 + Cll(@ov + 0u) (2. )| 74
C(llo(t, Mo + 6t i) 1030, )72 + [976(t,)1Z2)
+C|0zv(t, )24 + CllOwd(t, ) 1a- (3.21)
By the Gagliardo-Nirenberg inequality, it follows that
18z0(t, ) 7s < Cllu(t, )1 l|0Fv(t, )l|72- (3.22)

INIA
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Substituting (3.22), (3.21) and (3.20) into (3.19), one has

C

2, 3y

where C' = C(e, ||v(t, -)|| e, h(w)), which can be chosen independent of time due to
[o(t, Mz < V20t ) < V2[vollm +C,V t € [0,T). (3.24)

Now integrating (3.23) with respect to t over [0,¢] and applying inequality (3.5)
establish inequality (3.6). Hence the proof of Lemma 3.2 is completed. O

The combination of Lemma 3.1 and Lemma 3.2 gives the global existence theo-
rem.

Theorem 3.3. Assume v§(z) € H*(R) for each € > 0, then there exists a unique
solution v¢ = v¢(t,x) € C([0,00); H*(R))NL2([0,00); H3(R)) to the Cauchy problem
(3.8). Furthermore, the solution v°(t,x) satisfies (3.5) and (3.6).

4. Existence of a weak solution. In this section, we will prove the global ex-
istence of weak solution to problem (3.2) using the vanishing viscosity method. It
turns out that the difficulty is how to pass limits of the viscous solution v¢. A Young
measure argument guarantees the weak limit v which corresponds to a global weak
solution to (3.2). As a consequence, u = v + ¢ is a global weak solution to the
Cauchy problem (1.1)-(1.2). Before giving the proof, we first establish some crucial
estimates for 9,v°.

Lemma 4.1. Suppose (v, P.) satisfies (3.4). Then there exists a positive constant
C' depending only on ||vo|| g1, h(@), |u—|, |us| such that

2
8zv5<¥—|—0, Vit>0, xR

Proof. Let q- = 0,v°. Then it satisfies
0vqe + (U + ¢) 2 Qe + qu + 0:0q: — QE = A,
q:(0, ) = 0,v°(0, ) = Ipv§(x),

where A. = (v° + ¢)? — P +5/2(0,0)% — 02¢v° + 200, ¢. It follows from the fact

(4.1)

+oo
Pte) = [ e (08 4020 + 5007+ 0,02 0.0)) ay

— 00

that for any ¢ > 0,

1P=(t, ) oo ()

+oo +oo
< 1) @00t dirg [ I 0P dy
1
< 5 (100076 Y+ 100000, V) + 2010% (1, ) Fe + 1600, ) 30)
< 50106, Ve + 102006, Vs + 606, )l )
< Cllwoll o, (@), -, . (4.2
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Then we can deduce that

[ Ac | Lo @+ xm)

< 5 sup ([o°(t, )7 + 1Ot )T + [P (t, )] e
0<t<o0o
+020(t, )70 + 1026, )7 [J0e (¢, )| )
< C(lJvollgr, h(@), [u—], [uy]). (4.3)

Since |0,¢q:| < 2¢2 +2[0,¢(t,-)||3 , it follows that

1 1
Ovqe + (vs + (b)azq‘s + Z‘ﬁ - Eaiq‘s < ZRQ,
for some R > 0. Let Q.(t) solves the following ODE
d 1 o o
EQE + ZQs - R

Q:(0) = max{0, J,v§}.

Then the comparison principle gives us
0% (1, ) = qe(t, ) < Qc(1).

2
Direct computation tells us that Q. (t) < n + 4R, which in turn implies our Lemma.
O

Using the same technique as in [30] and the previous estimates for ¢ and v°, we
get the following uniform local space-time higher integrability estimate for d,v°.

Lemma 4.2. Let a« = 2k/(21 + 1) with k,l € N and |l > k. Assume a > b and
T > 0. Then there exists a positive constant C = C(a,b, T, ||vol| g1, h(@), @), but
independent of €, such that

T rb
/ / 10u0° (¢, )2+ dadt < C.
0 Ja

Proof. Let 0 < x < 1,x € Cg°((a — 1,b+ 1)), and x = 1 on [a,b]. Set 0(¢) =
(1+a) fog max{1, s*}ds for £ € R. Multiplying the equation (4.1) by &{(x)6’(¢.) and
integrating the resultant equation on [0,7] x R, we get

/OT/X(ar) <QE9(QE> - %qf@’(q5)> dedt
-/ X(“’”(%):— / T/ (@rx + (0 + 00l ot + T/ \0560:0 (g:)dadt

T T
—|—a/ /X/G/(qs)azqsd:cdt—k (8zq5)2x9”(q5) - / /Asx9/(q5)d:cdt. (4.4)
0 0

By the definition, we have

T
1
/ /x(iv) (qaﬁ(qa) - 5(139'((15)) dzdt
0
r -« 2+« g 1 2
> X\ lge |7 + alg:| | dedt + xla+sg g |“dxdt
0 {I‘klzl} 0 {I‘ZE|<1}
a T
(1— —)//X|qa|2+adxdt.
2 0

V

Y
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Based on the estimates for ¢ and v°, all the terms on the right hand side of (4.4)
can be controlled by some constant depending only on a,b, T, ||vo| g1, (@), and «
(c.f. [30]). According to the definition of y, the Lemma is established. O

Lemma 4.3. There exists a subsequence {vej, P-;} of the sequence {v., P.} and
some functions (v, P) with v € L*([0,00); H'(R)) and P € L“([O,oo);Wllo’fo(R))
such that ve; — v as j — +oo uniformly on each compact subset of Rt x R and
P.j — Pin L] (RT xR) as j — +oo for 1 < ¢ < +o0.

loc

Proof. Tt is shown in Lemma 3.2 that {v.} is bounded in L>®(R*, H*(R)). Let
_ 92 _ l £ 2 _ 92 _ 5 2
(=0; + )P = 2(811; +0:0)%, (=05 +1I)Poc = (v° + )7,

Then it is easy to see that P. = P;. + P». and

1

1Pt ) = 5 /Pu(amva +0:0)* < [P(t, )|z (17 (E )0 + 100602, )1Z2),

as well as

102 Pz (¢, ) 122

- / ( / (0,07 4+ 0,6) (1, y) (v + 9 (¢, y>dy) dr

< e+ o [ ( [ +ay¢><t,y>|dy)2d:c
< N+l [ ([ ety [0, + 0,07 pay ) do
<

20 + o) [ ([0 + 0,02y ) do

= Al + o)t )L 190" + 0y @) (t, )| 2
< 81 + o)t ) (10507t IIT2 + 10yt )Z2) -

Here we have used Holder inequality and Fubini theorem. Now it is easy to deduce
from (4.2), Corollary 2.2 and Lemma 3.2 that

100 Pe(t, )l L2 < C

for all t > 0, where C' is a constant independent of € and ¢. Then it is clear that
{0:v¢} is bounded in L2([0, T]xR) for any T > 0 from the above inequality, equation
(3.4) and Lemma 3.2. Therefore there exist some function v € L> ([0, 00); H(R))
such that

v = weakly in  L>°([0,00); H*(R)),
v — v uniformly for any compact set in RT x R.

It can be also easily shown that { P.} is uniformly bounded in L>([0, co); Wlf)g (R)N
L>°([0, 00); W2(R)) for any r € [1,400). Note that

loc
oP. _ e 9 8q.
(=02 + D)5 =205 +0) (a—“t + 8—?) + (g +0:0) (8—‘1 + amateﬁ) .
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One can show that (v¢ + ¢) (86—7’: + g—‘f) is uniformly bounded in L?([0,T] x R) for

any T' > 0. Furthermore, it holds that

0q-

(QS + aﬂc¢) (E + 6mat¢)

= 0+ 00)(0" + )0t — 54+ 000) — Dr(az + 02)

+A5(q5 + 8x¢) + 53§(Ja(qs + 890(25) + 8taz¢(QE + 8x¢)
= 30 ((F 4 ) — Dl + 6)0ue — 0u0(ae + D10
+e0, (QEazQE) - 5(890QE)2 + (QE + 8x¢)(As + 8tam¢)v

which is uniformly bounded in L*([0, T); V[/lgcl "'(R)). By the standard elliptic regu-
larity theory and the fact that W " (R) — W,, "7 (R) for any 6 > 0 and r > 1,7

oc

close to 1, we obtain that {9,P.} is uniformly bounded in L*([0,T); W, °"(R)) for

loc

some § > 0,7 > 1. So P. € WhH(RT x R)) N L>2([0, 00); W, (R)) and there exists

ocC
P e L([0,00); W,'°(R)) such that
Pj—P in Li(RY xR).
This completes the proof of Lemma 4.3. 0

Now let 1t ,(A) be the Young measure associated with {g.} = {0,v°}, see [30].
Then for any continuous function f = f(A) with f(\) = o(|A\|") and drf(\) =
o(|A[""1) as || — oo and r < 2, and V ¢ € L5(R) with 1/s+ /2 = 1, there holds

lim / F(ge (b, 2))b(e)de = / F@w(@)de

e—0t

uniformly in each compact subset of R*. Here

@) = / FNdpe (V) € C([0,00); LT (R))

with 7/ € (r,2). Moreover, for all T > 0, we have

T T
lim //g(qs)wdzdt://mgad:cdt
e—0+ 0 0

Ae Ll (R xR x R,dt @ dz @ du; »(\)) forall <3,

loc

and

where g = g(z,t,\) is a continuous function satisfying g = o(|A|') as |A\| — oo for
some | < 3, and ¢ = @(t,x) € L™([0,T] x R) with I/3 + 1/m < 1. And also
A€ L([0,00); L*(R x R, dx ® dpug (X)), (t, 2) = Opu(t, ).

We furthermore give the following Lemma.

Lemma 4.4. ji; ,(\) = 05(.0)(A) for a.e. (t,2) € RT x R.

Proof. We sketch the proof which is comparable to the proof in [30]. The main
difference is that the appearance of nontrivial ¢ in the present case. The proof is
divided into six steps.

Step 1.
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Let E = E(\) € W2°(R) be a given convex function with E(\) = O(|\|) and
DE(N) = 0(1) as |A| — oo. Then it follows that
0y (E(ge)) + 0x ((v° + 9) E(g:))
1
= ¢:E(q:) + 0:0E(q:) — §quE(QE) — 0:0q-DE(qe)

+DE(q:)Ac + €0: (DE(qe)02q:) — ED2E(q€)(6mqa)2.
Since {\/€0,q.} is uniformly bounded in L?(R* x R), we obtain that

O E(q) + 0:((v+ ¢)E(q))

< qE(q) — %qQDE(q) + 0:9E(q) — 009D E(q)

DB (040 = P+ 5(0.0)" — 0200+ 20016

In the following we will denote A = (v + ¢)? — P + %(81@2 — 02 + 200,
Step 2.
A similar argument as above applied to F(\) = A give us that

1
g+ 0 ((v+ ¢)g) = §q2 + A.

So O + (v + ¢)0.q = %q_Q — % — 0,¢q + A. It can be shown that

OB + 0x((0+ )E(@) = 010+ DEW) + DE@) (57~ - 007+ 4).

Hence we get

0.FT@) - E@) + 0. (v + 9)(B@) - E@)
< [ (ABO) - JXDER) +2.6(50) ~ ADE) ) dis ()

~3DE@(@ - ) + (DE() - DE@) A

+3DE@T ~ () + 0.0aDE[) — B(@) (4.5)

Step 3.
Define Lo N
5A if |\ <R
— 2 ? — )
o ={ EN 3w, W SR
and Q‘};(A) = X>01Qr(A), Qr(N) = X{a<0y@r(A), where R > 0 and x4 denotes
the characteristic function of the set A. Since Qg(\) is convex, we have

0 < Qr(q) — Qr(@)

5@ -7 = 5 ([N = RPx s i ) = (7~ B3 )

It can be shown that §(¢,7) — qo(z) = O,vo(x) as t — 07 in L?(R). Then

tin [ (qtt,0)do > [ (ola) P
t—0
However, the energy estimate gives us

lim [ (q(t,z))*dx < /?(t,x)dx < /(qo(:v))de.

t—0+
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Therefore, lim [ (q(t,z))*dx = /(qo(:zr))Qda: and

t—0+

tiy [ (QF@) - Q5@) (t.)d =0 (4.)

0

Step 4.
Since ¢ (t,z) and g(t,z) are bounded from above by 2/t + C, supppu () C
(—00,2/t+ C). Applying (4.5) to E(X\) = Q% (), we obtain that for R > 2/t + C

0(Qh(a) — Qr(@) + 0:((v + 9)(QF () — Q%@)))

/\2 S
— 0 TX{AZO}dUtx( )+3x¢ X{q>0}+( Qh(q) — DQK(T ))

(DQE(@ - PQL@) A,

IN

IN

where we have used the fact that %QX{ A>0} is a convex function and d,¢ > 0. Then

for ¢t > we derive that

RC’

which is

5 [@ -2 <5 [@ -2

d:c—f—/ /Aq+—q+d:vds

where hy = max{0,h}, h- = min{0, h}. Letting R — +o00, we have

/@_qi)(t,x)dz < 2/0 /A@_q+)dxds. (4.7)

Step 5.
Applying (4.5) to E(\) = Q% (A), we get

0:(Qr(9) — Qr(@) + 0:((v + ¢)(QF(0) — Q%(@)))

R
) (/ AA+ R)Xa<—rydpe,e(N) — GG + R)X{q<R})

IN

5 DQR@ @ ~ 1) + A (DQrla) - Q@)
vy ( @) = AD@w( i (3) ~ @il@) - aDQR@)) L (48)
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Note that

/ (Qr(N) — ADQR(N)dur.(N) — (Qn(@) — TDQR(@)

0 )\2 R2 q2
—/ <7X{R<A<O} + 7X{>\<R}> dpig,e(N) + 5 X{~R<g<0}
-R

2
+—X{§<—R}

- /QR Ve (V) + Q@) /R At R)Xpremydiina(N)
+R(q + R)X{qS—R}

< - / RN+ R)xr<—rydpe,(N) + R(@ + R)x(g<—r}-

Then integrating (4.8) over [0,t) X R, and using (4.6), we have
0) - Qx(@)) (t,2)da

/ (@

//(/ A+ R)xpa<— R}dﬂsw()\)—_(§+R)X{q<R}> dads
_//q —7)(s xdsd:c+// DQy(q) DQE(@)) dds
//8z¢( / (A + R)xr<— R}dusm()\)—l-R@—l—R)X{qS_R}) dzds.

Step 6.
From the identity

Qr(9) — Qr(q)
= % (q_Q_ - ﬁQ_) - % (/()\ + R)*Xp<—mpdina(N) — (@+ R)QX{QS—R})
and (4.7), (4.8), we get

/ (%(Z—aﬁ) +Qrla) - QM)) (t, x)d
//( @ -7 +@—Q§(a)> (s, 2)duds
2 [ ([ RO+ R e — BT+ Rixgs- ) deds
+/Ot/‘4 (DQr(a) - DQR(@) + 77 — . ) duds
¢ /Ot/ (‘ / R()‘+R)X{A<R}dﬂs,m()‘)+R(§+R)X{q<R}) dads,

where C' > 0 is a constant such that ||0,¢| Lo m+xr) < C.
Note that

0<DQr(q)—DQr(@+Tr -7y = — /()‘"FR)X{Ang}th,m()\)'i‘(a'i'R)X{ﬁSfR}-
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Let L > 0 be a constant such that [|Ac||p~ @+ xr) < L/2 (see (4.3)). Then
t
/ [ 4(Dx0) - D@ + 75 -7, ) dods
L _
> // (/ (B+Xxpae-mydiea(A) — H(R+ Q)X{ES—R}> dzds.

So for R > 2V/L + 4C, we have
I / / ( [ RO+ Bixiemyduea(3) - B@+ R)X{a<R}> duds
+//A Wg(q)—DQg@Hﬁ—m) dads
+C// ( / R(A+ R)X{x<—rydps,z(A) + R(T + R)X{QS—R}) dxds

< %/O/{/ (R (1 - %) - 20) (A + R)X{r<—Rrydis,o(N)

L _
< 0.

Therefore for R > 2v/I + 4C, we get

/(%(E_qu—QR( ) — Qr(@ )) (t, z)dx

//( 17+ Qr0) - QR(G)) (s, z)dwds.

Gronwall’s inequality implies that for R > 2v/L + 4C,

| (3@ -7+ @@ - Q@) e =0, vizo

Letting R — +00, one obtains that

/(q_‘é’—qQ) <0, Vt>0.

So / 2= / g’ for all t > 0. Consequently, one has that

ftx(N) = 50,0 (N),  ae. (t,z) e RT xR,
The proof of Lemma 4.4. is finished. O

Now we are in a position to prove the main results, i.e., Theorem 1.1.

From Lemma 4.2 and Lemma 4.4, we deduce that 0,0 — O0,v as ¢ — 07 in
L (RT x R), which implies u(t,z) = v(t,x) + ¢(¢,z) is the desired global weak
solution to the Cauchy problem (1.1)-(1.2). The proof is standard, see, e.g., [30].
So we omit the details. To ﬁnish the proof, it remains to investigate the asymptotic
behavior of the solution v(¢, x). Recalling (3.5), we have

/ /&Ed)de:cdt <C.
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Fubini’s Theorem gives us that

/(amqs/ooo v (t, x) dt) dx < C.

Hence there is a Lebesgue measure zero set N1 C R such that
v(-,2) € L*(R) for all x € R\ Ny. (4.9)

On the other hand, it follows from the proof of Lemma 4.3 that ||0,P(¢, )|z <
C for all ¢ > 0. This, (3.2") and the estimates for ¢,v gives us that dv €
L°°([0,00); L2(R)). We may assume that

sup /(8tv(t,3:))2d:17 < 400.

teRt

Denote

E, = {z € R|(dv(t,x))> >n for some ¢ >0}

n— teRt+
and V & € R\ Ny, there exists some M € N, such that

and Ny = ﬂ E,. Tt follows that n|E,| < sup /(8tv(t,3:))2d:1:. Then |Nz| = 0,
1
(Opv(t,z))> < M for all ¢ > 0. (4.10)
Let N = Ny U Ny. Then |N| =0 and (4.8) (4.9) gives

tligrn [v(t,x)] =0 for x € R\ N. (4.11)

For any = € N, there is a sequence {z;} C R\ N, such that z; — =z as j — +o0.
Since

|U(t,$€)| < |’U(t7xj)| + |’U(t7$) _’U(tvxj)l
1
< fult )]+ o — )2 ot ) |
< fu(t, )|+ Cla — a7,
we conclude that
, ligl [v(t,x)] =0, for ze€ N. (4.12)

Then (1.6) follows immediately from (4.10), (4.11). This completes the proof of the
Theorem 1.1.

With Theorem 1.1 and Lemma 2.1 (v), it is easy to observe that the weak solution
u(t,z) of Cauchy problem (1.1) and (1.2) approaches, as ¢ — oo, the rarefaction
wave w?(z/t) determined by (2.1). We summarize this observation in the following
Theorem.

Theorem 4.5. Let u_ < uy and ug — wif € HY(R) and wl given in (2.1). Then
the Cauchy problem (1.1)-(1.2) has a global weak solution uw = u(t,x) satisfying

lim |u(t,z) — w®(x/t)| =0, forall x€R.

t——+o0
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