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Abstract
This paper considers an SIS model with a cross-diffusion dispersal strategy
for the infected individuals describing the public health intervention meas-
ures (like quarantine) during the outbreak of infectious diseases. The model
adopts the frequency-dependent transmission mechanism and includes demo-
graphic changes (i.e. population recruitment and death) subject to homogen-
eous Neumann boundary conditions. We first establish the existence of global
classical solutions with the uniform-in-time bound. Then, we define the basic
reproduction number R\ by a weighted variational form. Due to the presence of
the cross-diffusion on infected individuals, we employ a change of variable and
apply the index theory along with the principal eigenvalue theory to establish
the threshold dynamics in terms of Ry based on the fact that the sign of the
principal eigenvalue of the weighted eigenvalue problem is the same as that of
the corresponding unweighted eigenvalue problem. Furthermore, we obtain the
global stability of the unique disease-free equilibrium and constant endemic
equilibrium under some conditions. Finally, we discuss some open questions
and use numerical simulation to demonstrate the applications of our analytical
results, showing that the cross-diffusion dispersal strategy can reduce the value
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of Ry and help eradicate the diseases even if the habitat is high-risk in contrast
to the situation without cross-diffusion.

Keywords: SIS epidemic model, cross-diffusion, basic reproduction number,
threshold dynamics

Mathematics Subject Classification numbers: 35A01, 35B40, 35B44, 35K57,
35Q92, 92C17

1. Introduction and main results

1.1. SIS models with cross-diffusion

Infectious diseases [7, 8, 22] have brought in tremendous impacts on public health and the
global economy such as the unprecedented novel coronavirus disease 2019 (COVID-19).
Mathematical modelings and analysis of infectious diseases have had a long history and numer-
ous results are available (see [18, 21, 38]). In epidemiology, the basic reproduction number of
an infection, denoted by Ry, is the expected number of cases directly generated by one case in
a population where all individuals are susceptible to infection. This number is the threshold
determining if an emerging infectious disease can spread in a population. Specifically, the
infection persists if Ry > 1 while becomes extinct in the long run if Ry < 1. Generally, the
larger the value of Ry, the harder it is to control the epidemic. It is therefore of mathematical
and biological importance to properly define and give explicit estimates of R, (see [20, 50]).
It is noteworthy that the value of Ry can vary, even for the same disease strain, depending on
external factors such as environmental conditions, public health policy governing the detec-
tion and movement pattern of the infected population, and so on. Among a large number of
mathematical works based on reaction-diffusion (or with advection) models (see [2, 32, 39,
51] and reference therein), most (if not all) mathematical models have assumed that both sus-
ceptible and infected individuals employ homogeneous diffusive movements. However, this
assumption leaves out the effects of human behaviors and public health quarantine measures
on the mobility of individuals during the outbreak of disease such as COVID-19 [22, 28, 49]).
To fill this gap, this paper aims to introduce the cross-diffusion for the infected individuals
(i.e. the dispersal of the infected individuals depend on the density of the susceptible popula-
tion) into the SIS model and explore the effect of the human intervention on the propagation
of infectious diseases, particularly on the basic reproduction number Ry. There are many SIS
epidemic models, we choose, among others, the SIS model with frequency-dependent trans-
mission mechanism (see [16]) and demographic change (i.e. population growth/recruitment
and death). That is, denoting the population density of the susceptible and infected individu-
als at position x € 2 C R" and time 7> 0 by S(x,?) and I(x, 1), respectively, we consider the
following SIS model with cross-diffusion on I:

Si=dsAS+A(x) —0S—a(x) $5+B(x) 1,  xeQ,1>0,
I,:d,A[’y(S)I]—l—oz(x)SS—_i:[—[ﬂ(x)+n(x)][, xeN,t>0,
0,8S=0,1=0, x€00,t>0,
($(x,0),1(x,0)) = (So,10) , x€Q,

(1.1)

where the homogeneous Neumann boundary condition means that no individuals cross the
habitat boundary 0f2; the susceptible individuals are assumed to move randomly with rate ds
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while infected individuals adopt a density-dependent type cross-diffusion with a positive rate
function v(S) € C*([0,00)) satisfying

7' (S) > 0 forall S € [0,00). (1.2)

Note that A[y(S)]] = V- (v(S)VI) + V - (I7'(S)VS). The cross-diffusion along with the con-
dition (1.2) indicates that the infected individuals will move away from the area with a higher
density of susceptible individuals (like quarantine measure) while dispersing themselves at a
rate increasing with respect to the density of susceptible individuals (crowd avoidance). The
model (1.1) has included demography changes (recruitment and death of population), where
the recruitment of the susceptible population is represented by A(x) — 6S with A(x) being a
non-negative Holder continuous function on  and 6 > 0 being a constant; «(x), 3(x) and
n(x) are non-negative Holder continuous functions on §) accounting for the disease transmis-
sion rate, recovery rate, and death rate of the infected individuals, respectively.

Relevant results on (1.1) with «(S) = 1. To put our research into perspective, we recall
some related results developed for the SIS model (1.1) with v(S) = 1. When the demographic
changes are not considered (i.e. A(x) =6 =n(x) =0), by integrating the sum of the two
equations of (1.1), one immediately finds that the total population is conserved, namely

/[S(x,t)+l(x,t)]dx: (So+1)dx=:N, Vt>0,
Q Q
where the constant N > 0 denotes the number of total population. For this case, Allen et al [2]
first introduced the basic reproduction number Ry via a variational formula and established
the existence, uniqueness and global stability of the disease-free equilibrium (DFE) if Ry < 1.
When R, > 1, they proved the existence and uniqueness of the endemic equilibrium (EE), and
explored the asymptotic behavior of the unique EE as dg — 0. Particularly, they conjectured
that this unique EE is globally stable, which was later confirmed in [41] for the cases of d; = dg
or ax) = r(x) with constant » > 1. The results in [41] imply that the disease will persist
in the high-risk domain Q (namely [, a(x)dx > [, 5(x)dx). When o and 3 are temporally
and spatially inhomogeneous, Peng and Zhao [43] showed that the disease will persist in the
high-risk domain €2, and the joint effect of spatial heterogeneity and temporal periodicity may
enhance the persistence of the disease. In addition, [19] explored the existence of traveling
wave solutions. When the demographic changes are included (i.e. A(x), 6, n(x) > 0), the total
population is no longer conserved and the analysis will be more involved. The first result
seemed to be obtained by Li ef al in [31] where the global existence and boundedness of
classical solutions as well as the threshold dynamics in terms of the basic reproduction number
Ry were studied. By the uniform persistence theory, they showed that the disease will persist
uniformly and hence at least one EE exists in the high-risk domain. The asymptotic profiles of
EE for large and/or small of dg or d; were further obtained in [31]. These findings imply that a
varying total population may enhance disease persistence, thereby posing greater challenges to
the disease control. In addition, Li et al [33] introduced an infectious population oriented taxis
advection term for S (i.e. the susceptible moves away from the density gradient of the infected
individuals) with varying/conserved total population and showed that such a cross-diffusion
does not contribute to eradication of the disease. Last but not least, we refer readers to [34, 47,
48] for some results on SIS models with taxis movement in the S-equation, and [11, 17, 32,
42, 52, 53] and the references therein for more results on various SIS epidemic models with
random diffusion.

This paper aims to study the SIS epidemic model (1.1) with cross-diffusion for 7 and explore
how the cross-diffusion dispersal strategy can play positive roles in controlling the spread of
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disease. Since this cross-diffusion describes the outcome of quarantine measures to the pop-
ulation mobility during the outbreak of infectious disease, our results will elucidate whether
the quarantine measures help to control the disease spread from a theoretical perspective. As
we know, this is the first work on the SIS epidemic model (1.1) with cross-diffusion (i.e. v(S)
is non-constant) and there are no results available for such kind of models. Our main goals
include the following:

e Establish the global well-posedness of solutions (global existence and stability) to (1.1)
under suitable conditions;

o Investigate the effects of cross-diffusion on the persistence and extinction of the infectious
disease.

The main challenge in the analyses arises from the cross-diffusion structure in the /-equation.
The SIS model with taxis-like advection in the S-equation considered in [33] is significantly
different from (1.1) with the cross-diffusion in the /-equation. For the model of [33], the L>°
boundedness of I can be directly obtained from the /-equation based on the boundedness of L
by using the result ‘L'-boundedness implies L>°-boundedness’ for classical reaction-diffusion
equations proved in [1]. But for the cross-diffusion SIS system (1.1), the boundedness of /
can not be obtained directly from the /-equation alone. This needs more complicated coupling
estimates to establish the global boundedness of solutions under the structural hypothesis (H2)
below, as shown in section 2.

1.2. Main results

Throughout this paper, we suppose that the initial value (S, ) satisfies
0< S € W™ (Q), Iy € C(Q) with [j > 0 and / I (x)dx > 0, (1.3)
Q

and the following conditions hold:

(HO) The functions A(x), a(x), B(x), n(x) are positive and Holder continuous on €2, and @ is
a positive constant.

Moreover, (S) is assumed to fulfill the following conditions:

(H1) 7(8) € €3([0,00)), 7'(S) > 0 and 7(0) = 1;
(H2) There exist some positive constants Ky and K such that v(S) < Ko and v/(S) < K.

Note that in the hypothesis (H1), v(0) can be any positive constant, which however can be
absorbed into d;. Hence, we simply assume v(0) = 1 without loss of generality.
Our first main result concerning the global boundedness of solutions is given below.

Theorem 1.1. Let Q@ C R? be a bounded domain with smooth boundary and hypotheses (HO)-
(H2) hold. Then (1.1) with (1.3) admits a unique classical solution (S,1) € [C(2 x [0,00)) N
CH1(Q x (0,00))]? satisfying S,1> 0 on 2 x (0,00). Moreover, there exists a constant C > 0
independent of Ky such that

IS]lwoe + Ml < € (14 K1) €U+ = M(K,) for all t > 0. (1.4)
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Remark 1.1. When considering the mass action infection mechanism (see [26]), namely S—H is
replaced by S7in (1.1), theorem 1.1 can hold without the assumption (H2) since the bounded-

ness of S can follow directly from the comparison principle.

Next we shall explore how the cross-diffusion affects the basic reproduction number Ry. To
this end, we consider the stationary problem

dsAS+ A (x) —0S — a()SH—i—ﬂ( x) = xeQ,
diA [y ()N + o (x) 2 = [B(x) +n(x)] 1= 07 x€eq, (1.5)
0,S=0,I=0, x € 00.

It is easy to check that (1.5) has a unique semi-trivial solution (S(x),0) =: (S,0) satisfying
0<8< Fmax g A(x) and
dsAS+A(x) —0S=0inQ; 9,5 =0 on 2.

(S, 0) is called the DFE. An EE, denoted by (S(x),1(x)), s a solution of (1.5) satisfying I(x) > 0
and ] (x) Z0on Q. In fact, if EE exists, then the maximum principle and the Hopf boundary
lemma for elliptic equations assert that S(x) > 0,1(x) > 0 in Q. By the nomenclature from [2],
we define the low-risk site 2~ and the high-risk site Q7 as:

O ={reQ: a() < +nE}, O ={xeQ: al)> A0}
The domain (2 is called a low risk domain if [, a(x)dx < [;,[3(x) +n(x)]dx and a high-risk
domain if [, a(x)dx > [, [B(x) +n(x)]dx.

Now we deﬁne the basic reproductlon number Ry of (1.1) by the following variational form
(see the motivation detailed in section 3.1):

Jo o (x)widx .
o;éweHl(Q fQ{d,W(w() w) 2+ (B(X)‘f'??(x))wz}dx

When the infected individuals take random movement (i.e. v(S) = 1), we denote the basic
reproduction number by R given in [31]. Below we present some qualitative properties of R
in terms of d;, which can be readily proved by the proofs of [2, lemma 2.2] and [36, lemma
3.1]. We skip the details here for brevity.

Proposition 1.2. Let q;(x) := a(x)y'(S), ¢2(x) := [B(x) +n(x)]7~1(S) and q(x) := Z;gg
with v~ (S) = l/v(g) Under hypotheses (HO)-(H1), the following results hold.

Ro:=Ro(d1,7(S)) = (1.6)

(i) Ro is strictly decreasing in di provided that Q= and Q% are nonempty. Moreover, Ry —
max{q(x) : x € Q} asd; — 0and Ry — [, q1(x)dx/ [, q2(x)dx as d; — oo;
(ii) Ifoql X)dx > quz x)dx, then Ry > 1 for all d; > 0;
@iii) If fQ q1(x)dx < fQ q2(x)dx, then there admits a unique positive constant d; such that
Ry>1 (resp Ry < 1)f0r d; < dj (reps. d; > df) when Q= and Qt are nonempty.

Remark 1.2. If Q= and Q' are nonempty and A (x) is a constant, then S > 0 is a constant. This
along with the monotonicity of Ry in proposition 1.2-(i) yields Ry < Ry, and hence implies that
the cross-diffusion can reduce the value of Ry. In other words, the intervention measures are
effective for controlling the spread of diseases (see more discussion in section 5).

Remark 1.3. If Q is a high-risk domaln namely Jo a(x)dx > fQ +n(x)]dx, we can

choose a rate function (S) such that [, or( S)dx < fQ +n(x )] 1(S)dx (see a spe-
cific example in section 5). By proposition 1 2- (111) there ex1sts a unique dj such that Ry < 1
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whenever d; > dj, which is substantially different from the well-known results with random
diffusion (i.e. v(S) = 1) for which the basic reproduction number Ry > 1 for all d; > 0 (e.g.
[31, proposition 3.2 (c)], [43, theorem 2.5 (a)]).

The basic reproduction number R, normally can determine threshold dynamics.
Specifically, if Ry > 1 (resp. Ry < 1), the disease persists (resp. becomes extinct). The follow-
ing theorem indicates that R, defined in (1.6) can determine the threshold dynamics locally.

Theorem 1.3. Let hypotheses (HO)-(H2) hold. Then the following statements hold.

(1) If Ry < 1, then DFE (S,0) is linearly stable;

(il) If Ro > 1, then DFE (S,0) is linearly unstable and (1.1) admits at least one EE.

Remark 1.4. The uniqueness of non-trivial EE in general and the existence of non-trivial EE
when Ry < 1 remain open.

Finally we prove the global stability of DFE and EE depending on the sign of 1 — Ry.

Theorem 1.4. Let (S, I) be the solution obtained in theorem 1.1. The following statements hold.

() If a(x) < B(x) + en(x) with any fixed constant 0 < € < 1, then Ry < 1 and DFE is globally
asymptotically stable with

1S =S (x) [|oe + |[{]|zoe < Mye™™ forallt> 1. (1.7)

(ii) Assume that A, «, 61 n are all positive constants. If o> [+ (i.e. Ry > 1), then the
unique constant EE (S,1) defined in (4.8) is globally asymptotically stable provided that
0 =nand

2dsd; + 4dsdiMy > 3K+ d3 + diKC H (K, (1.8)

with M» = 4n[A(a—B—n)+no]
27 Ta—B=ny(A+n)

Remark 1.5. If v(S) = 1, the global stability of DEF can be proved with the mere condition
Ry < 1 (see [31]). Here we give a more sufficient condition. If A, «r, 3, 7 are positive constant,
it follows from proposition 1.2-(i) that Ry = B%Zrn Thus, a > 8+ nisequivalentto Ry > 1. In
addition, # = 7 is a technical assumption, which is not needed in the case y(S) = 1 and d; = ds
(see [31)).

Remark 1.6. Since M(K;) > 0 is an increasing function of 'y and M, is independent of Ky,
the condition (1.8) can be achieved by choosing K; small. For example, fixing A=n=0 =

ds=1,a=d;=2.5, §=0.5 and taking v(S) = Ky — ’g‘:]l with 1 < Ky < 2, then v/(S) =

(’gjr—*l)lz < (Ko —1) =: K. Let Ky beclose to 1 (i.e. K be close to 0) such that d;KC1 H(K) < 1,

then 2dgd; + 4dsdiMy =75 > d32> + d3 + 1 =27 > di K} + d% + d;)K, H(K ), and thus (1.8)
holds.

The rest of this paper is organized as follows. In section 2, we shall establish the global
existence and boundedness of solutions to (1.1). Then we are devoted to introducing the basic
reproduction number R, and discussing the properties of Ry as well as the threshold dynamics,
especially the existence of EE in section 3. In section 4, we focus on exploring the globally
asymptotical stability of solutions to (1.1). Finally, in section 5, we use numerical simulations
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to illustrate some applications of our analytical results and speculate some possible results for
future study.

2. Global boundedness and existence: proof of theorem 1.1

In this section, we will study the global existence and boundedness of solutions to (1.1).
Throughout this paper, we abbreviate [, fdx and |[f||;»(q) as [,/ and ||f]|z», respectively. c;
and C; (i =1,2,3,---) are used to denote generic positive constants, which may vary in the
context and are independent of 7 and ;.

2.1 Local existence and preliminaries
We first show the local solvability of (1.1).

Lemma 2.1 (local existence). Let the conditions in theorem 1.1 hold. Then there admits
a Tax € (0,00] such that (1.1) has a unique classical solution (S,I) € [C(Q X [0, Tinax)) N
CP1(Q % (0, Timax))]* with S,1 >0 on Q x (0, Tynax ). Moreover;

if Tnax < 00, then t_l>11Tn ([IS]lwr.0e + |||z ) = o0. 2.1

Proof. Denote U := (S, I)T, where 7 represents the transpose. Then (1.1) can be rewritten as
U=V -MU)VU)+F({U), x€Q,t>0,
0,U=0, x€00,t>0,
U(x,0) = (So.1o)" . xe,

where

B dy 0 0 B A(x) —0S —a(x) S ,+ﬂ()
M(U)‘(dm'@ dm(S)) adF(U)‘( a(x) 2L~ [B() Fn ) )

By (1.3) and the assumption (H1), we see that the matrix M(U) is positive definite, which
implies that (1.1) is uniformly parabolic. Moreover, M(U) is a lower triangular matrix. Then
the existence and uniqueness of local classical solutions and (2.1) follow from [4—6], while the
positivity of S and / follows from the strong maximum principle, see e.g. [25, lemma2.1]. O

In the rest of this paper, we denote

g+ = mlng and g* = max g for g € {A (x),a(x),8(x),n(x)}. (2.2)
xeQ x€Q

Lemma 2.2. Let (S, 1) be the solution obtained in lemma 2.1. Then there exists a constant
C > 0 such that

ISCoO) |+ LGy || < Ch forall t € (0, Thax ) -

Proof. Adding the first two equations of (1.1) and integrating the result by parts, we get

S (S+I)+m1n{977*}/ (S+1) < A*|Q).

This along with Grénwall’s inequality indicates

ol
J 0% gy [ o m =

where 7, and A* are defined in (2.2). Hence, the proof of lemma 2.2 is completed. O
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Lemma 2.3. Let (S, 1) be the solution obtained in lemma 2.1. Then there exists a constant
C, > 0 such that

/ o /Q P < Csforallt € (0, ), (2.3)
t
where T is a constant such that
0 <7 <min{1, Ty } and Tonayx := Tmax — T (2.4)
Proof. We add the first equation of (1.1) with the second one to get
(S+1),=A(dsS+dry(S) )+ A(x) —0S —n(x)1,
which, along with hypothesis (H2), can be rewritten as

(S+1),+ A(dsS+dry (S)T) = (8dyy (S) — 0 (x)) I+ (6ds — 0) S + A (x)

2.5
< (6dKo — n) I+ (5ds — 0) S+ A* < A*, (22)

where ¢ := min { ;7

ke ds } >0, and A is the self-adjoint realisation of —A + § subject to

homogeneous Neumann boundary conditions in Z?(£2). Then A is invertible with bounded
inverse by the Fredholm alternative theorem. Hence there is a constant ¢; > 0 such that

A b2 < c1]|@|2 forall ¢ € L2 (), (2.6)

and

4740l = [ oAt oas <ol forall o € 12(9). @7)
We multiply (2.5) by A~'(S+1) > 0 to get

2dt/|,4-* S+DP+ /(dSS—kdm(S) V(S+1) < /A (S+1),

which together with (S) > 1 (see hypothesis (H1)) gives a constant ¢, := min{ds,d;} such
that

2dt/ A3 S+1)|2+c2/ (S+1)° /A (S+1). (2.8)
Using (2.6) and (2.7) along with Holder inequality and Young’s inequality yields
A*)?1Q]c}
A*/ AN (S+D) < A*|Q‘%CIHS+I||L2 < %HS—&-IH%; + ()cﬁ, 2.9
Q 2
and
/ |A” (S+1)| (2.10)
4C1
We substitute (2.9) and (2.10) into (2.8) to obtain
d 2(A%)? Qe
—/ |A’%(S+I)|2+&/ |A*%(S+1)|2+cz/ (S+1*< AT )
dr o) 2C1 o) 9] 2

Applying Gronwall’s inequality to (2. 11) and using (2.7) again, one has

/|A—* (S+D*< +c1(|\so||Lz+||10||Lz) =cy. (2.12)
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We integrate (2.11) over (z,¢+ 7) and apply (2.12) to get

+T t+1 )
02/ /12<02/ /(S+I) <c3tay,
t Q t Q

which yields (2.3) by letting C, := (c¢3 + ¢4)/c5. This finishes the proof of lemma 2.3.
O

Lemma 2.4. Let (S, I) be the solution obtained in lemma 2.1. Then there exist two positive
constants Cs and Cy4 such that

VS (-,1) Iz < Cs forall t € (0, Tmax) » (2.13)
and
=+ .
/ / |AS]* < Cy forall t € (0, Tinax) » (2.14)
t Q

where T and Tmax are defined in (2.4).

Proof. We multiply the first equation of (1.1) by —AS and apply Young’s inequality to get

2dt/ \vs\2+ds/ |AS]> = / AS+9/SAS+/ ( S+1 — B (x) >
<A*/Q|AS|—H/Q|VS|2+(a*—|—ﬁ*)/QI|AS|

d * 4 B*)? A Q
<i/|AS|2—0/|VS|2+(a +B)/I2_’_( )l ‘,
2 Jo Q ds Q ds
which indicates

d
CT/ |VS|2+20/ |VS|2+dS/ |AS|2§6‘1/12+62 = h(1), (2.15)
tJa Q Q Q

where ¢| = (a%ﬁ)z and ¢, = M . Moreover, it follows from (2.3) that f TTh h(s)ds <
¢1Cy + ¢ =: c3. This along with [23 lemma 2.4] gives

/ |VS|2 <e3+2 (HVS()H%} +3c3 4+ 607 4¢3 /20T + 1) = C%,
Q

which implies (2.13) directly. Integrating (2.15) over (¢,7+4 7) yields

4T
ds/ /|AS|2 <C3+C§.
t Q

Thus (2.14) holds with C4 := (c3 + C3)/ds and the proof of lemma 2.4 is finished. O

2.2. Boundedness of solutions
We first derive the a priori L*-estimate of 1.

Lemma 2.5. Let (S, 1) be the solution obtained in lemma 2.1. Then there exists a constant
Cs > 0 such that

170 2 < e forall 1 € (0, Ty - (2.16)

9



Nonlinearity 38 (2025) 055010 J Chu and Z-A Wang

Proof. Multiplying the second equation of (1.1) by I and integrating the result by parts, one

has
1d SP
33 =t [ AV =ai [ 1 )98- VI+ [0 $ - [ B@nel?

<—d1/v(S)|VI|2+d1/7'(S)IIVSHVII+6Y*/12—(ﬂ*+77*)/12,
Q Q Q Q

which, along with hypotheses (H1) and (H2), gives

d

—/12+2d1/ |VI|2+2(6*+n*)/12<2d11C1/I|VS||VI|—|—2a*/12. (2.17)
dt /o Q Q Q Q

With Young’s inequality and Holder inequality, we have
24K / 11S||V1| < dy / V1P + ik |12 VS,
Q Q

which, substituted into (2.17), gives

d .
" I2+d1/ \v1|2+2(ﬂ*+n*)/12<d,1c%||1||§4uvs||§4+2a 11]3. (2.18)
Q Q Q

On the other hand, we use Gagliardo—Nirenberg inequality in two dimensions to get
1712 < e (192l + [121172) (2.19)
and the estimate (see [24, lemma 2.5])
IVSI7s < c2 (IAS] 21 VSlliz + [ VSIIZ) < e2C5 ([|AS] 2 + C3), (2.20)
where we have used (2.13). The combination of (2.19) with (2.20) yields

A2 VSN e <diKCiereaCs (IIVI 2 M1l 22 + 111172) (| AS] 12 + Cs)
<diKi 1 G|V 2 | 2 | AS 2 + dikCe1c2 G| V| 12 |1 12
+diKic1c2Ca||[7.]|AS] |12 + diKieie2 G317
2
|V + KL ASI 7 + s (14 K3) (1117

2.21)

1 di(1 CZ 2
with 3 = d[C%C%C% and Cq 1= %

cs5 := ¢4 + 2™ such that

. Substituting (2.21) into (2.18) gives a constant

d 2
Sl < [earctlas|Z: +es (1437 13- (2.22)

Furthermore, (2.3) motivates us to find a positive constant #; € [(t—7)+,t) for any r €
(0, Trmax ) such that

(1)1 < max{|[Io||;2,C2/7} =: 6. (2.23)

It then follows from (2.14) that

H+1
/ / |AS]> < Cy. (2.24)
1 Q
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Notingt; <t <t +7 <t + 1, (2.23) and (2.24), we integrate (2.22) over (#,7) and get

1) e < ) B 3 NS0 toes (1413
< C6€c‘3IC?C4+C5(1+K:?)2 < e((’ﬁ+L‘3C4+C5)(l+)C%)2.
Hence (2.16) follows by letting Cs := (cg + ¢3C4 + ¢5) /2 and the proof is finished. O

Lemma 2.6. Let (S, I) be the solution obtained in lemma 2.1. Then there exists a constant
Ceg > 0 such that

1S () 1+ < e for all 1 € (0, T - (2.25)
Proof. We rewrite the first equation of (1.1) as

Sr—dSAS—G—HS:A(x)—a(x)%—i—ﬁ(x)lz:H(x,t). (2.26)
Applying (2.16) gives

1 (0 1z < A" + 07T+ BT < 1o, @.27)

where ¢, = A*|Q]2 + (a* + 8*). By (¢2),~0 we denote the Neumann heat semigroup in 2.
Then applying Duhamel’s principle to (2.26) yields that

t
S(-,1) = e/ dsA=0g, 4 / el BA=OH (. 5)ds, (2.28)
0

which, along with (2.27) and well-known semigroup estimates (see e.g. [10, lemma 2.1]), gives

t
IVS () [l < (| Ve 2080 +/ Vel EA=DH (- 5) || 12ds
0

t
e NSt [ (1 =97 ) e NI () s
0

22 3
< k1 [V Soll s + raer e (14T (1/4) (dshi) |

2
< CZGCS(LHC%) )

where positive constants «; (i = 1,2) and \; are independent of K;, and ¢, := k1 ||[VSol| ;4 +

ke[l +T(1/4)(dsA;)3]. Here T(-) denotes the Gamma function defined by I'(z) =
fooo £~'e~'dr. Hence, (2.25) follows by letting Cs := c; + Cs5 and we complete the proof of
lemma 2.6. O

Lemma 2.7. Let (S, I) be the solution obtained in lemma 2.1. Then there exists a constant
Cy7 > 0 such that

2
(1) s < (14 K3) S0 for all 1€ (0, Thna) - (2.29)
Proof. We multiply the second equation of (1.1) by /? and integrate the result to get

1d

P =24 / v (S)I|VI]* —2d; / Py (S)VS-VI
3dt Jg Q Q

SP
+ oW [ B@ @

1
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which, together with hypotheses (H1) and (H2), gives

d
—/I3+6d1/I|VI|2+3(ﬂ*+17*)/I3<6d11C1/12|VS||VI|+3a*/13. (2.30)
dz /g Q Q Q Q
Applying Young’s inequality, Holder inequality and (2.25), one has
6dIIC1/12|VS|\VI|+3a*/I3 gsd,/1|v1|2+3d,/C%/13|vs|2+3a*/13
Q Q Q Q Q

<3d, / 1[I+ 32 [ VS|12 + 30|21
Q

3
155

§3d[/1|v1|2+610'] (’C])HI
Q
which substituted into (2.30) gives
d
—/I3+3d,/I|V1|2+3(ﬁ*+n*)/I3<c101 (K1) M1 2.31)
dr Jq Q Q

where ¢; 1= 3d; 4 30*|Q|7 and 0 (K;) := 1 +IC%62C“(1+K%)2 > 1.
3 3
From (2.16), we have [[I2(-,0) s = [lI(-,)]] < e3GUHKD’ . Then using Gagliardo—
Nirenberg inequality in two dimensions and Young’s inequality, one derives

3 3,40 32 3
cro0 () |15 = cron (K1) |12 |7 <ereaon (K) (IIwz 0721y + 1172 ||ig>

<eson (K1) (V1 +1) (2.32)
03 (K1)

W +C302 (IC1),

4d, 3
<FIVEIRL+

where ¢3 :=cjc; and 05(K;) := (1 +IC%)e(2C6+3Cs)(1+’C?)2 > 1. The combination of (2.32)
with (2.31) implies

d
s +3(Be +n) M7 < caos (Ko, (233)

where ¢4 :=c3 + %112 Then (2.33) gives

B cs03 (K _
MIEs < &m0 3 + 3(5£L77)) (1= ) <aod ()

with ¢g := ¢4/(3B, +3n.) + |[Io]]3;. Therefore, (2.29) follows by letting C; := cé +2Cs +
3Cs and the proof of lemma 2.7 is completed. O

Lemma 2.8. Let (S, I) be the solution obtained in lemma 2.1. Then there exist two positive
constants Cg and Cq such that

1S (o) [l < (14 K2) 045D for all £ € (0, Tinay) (2.34)
and

(0 e < (14 K2)° 04 for all 1 € (0, Tonay) - (2.35)

12
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Proof. By (2.29), we conclude from (2.26) that
|H(0) || < A"+ a1+ 8% < e (1 +IC2) C7(1+’Cf)2 =:c103 (K1), (2.36)

where ¢j := A* |Q\% + a* + B*. Applying the semigroup estimates to (2.28) and using (2.36),
one has
1

t
G0l < s Sl s [ (1 (=97 ) e X0 s
0

t
<H3||SOHLOQ +H46'10'3(IC1)/ (]+(t_s) §) —0(t— s)ds (2.37)

0
< 03 (K1),

where ¢, 1= K3 (|So]| ;0 + Kaci[1 +T(2/3)63] with constants k3 and 4 independent of K.
Similarly, (2.36) along with the semigroup estimates yields

t ; '
VS (1) [[1e < c3][Sollyree + liz/ (1 + (t—s)fg) e BN || H (-, 5) || 2ds
0

< C403 (Kl)

(2.38)

Here ¢4 := ¢3S0l 1. + #2¢1[1+T(1/6)(dsA)¢]. Then, (2.38) alongside (2.37) gives (2.34)
by letting Cg := ¢; + ¢4 + C7.

Multiplying the second equation of (1.1) by ~!(p >2) and integrating the result, one
derives

1d

b I”:fd,(pf1)/{27(S)IP*Z|VI|27d1(p71)/91" Ly (S)VS- VI

+ [ - [ B+t

which, along with hypotheses (H1) and (H2) and (2.38), gives

lélt/1”—|—d1(p—1)/11’_2|V1|2—|—(6*+n*)/1”<d1(p—1)a4(lC1)/ P+ /11’
Q

/IP VI + 05 (K1) /1”

where 04(K1) 1= ¢k (14 K2)eC1+KD” and o5 (K1) := w . Hence, we obtain

/1!’+p(p Dé; /1”‘2|V1|2§a5(IC1) /11’ csao6 (K1) p(p —1)/1177 (2.39)
dl Q Q

where 06(K1) := (14 K2)%e2C0+KD" > 1 and ¢5 M are independent of p. We add
p—1) fQIP to the both sides of (2.39) and denote ¢6 := cs5 + 1. Then the inequality (2.39)
can be rewritten as

d [ 1)/1p<”(”_1)"’/1P2|vz|2+c606(/c1)p(p1)/1P. (2.40)
dr Q 2 Q Q

Based on (2.40), we can proceed with the same procedure as the proof in [12, lemma 3.6] to
find a constant ¢; > 0 only depending on €2 such that

2
11(-,) [l < 2°csmax {Cy, || o], } < co (1 _’_’C%>6e4c7(1+lcf)

13
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with ¢g := c606(K1)c7 max {1, %} + 12/ +1 and ¢g :=29(C1 + [[Io| ) (csc7 + % +
|©2] 4+ 1). Hence (2.35) holds with Cy := ¢g +4C7, and we finish the proof of lemma 2.8.
O

Proof of theorem 1.1. The combination of lemma 2.8 with lemma 2.1 yields theorem 1.1. [

3. Basic reproduction humber Ry: proof of theorem 1.3

In this section, we study the properties of R, and the threshold dynamics of (1.1) in terms of
Ry. Below we always suppose that hypotheses (HO)-(H1) hold.

3.1 Properties of Ry and stability of DFE

Motivated by the ideas in [2], we consider the linearized eigenvalue problem of (1.1) at (g, 0):

dsA¢ —~9¢+[5(x)— (xX)] +Xp =0, x €1,
dIA[Y(S)Y] + [ (x) = B(x) —n(x)] ¥ +Xp =0, xeQ, 3.1)
81/¢ = 81/'(/) = 0, x € 0f).

Obviously, the differential operator defined in (3.1) is not self-adjoint and hence inconvenient
to be studied by the conventional variational approach. To treat (3.1) variationally, we introduce
a change of variable

u="(8)v,

which, along with the fact that the mapping ¢ — () is bijective due to 1 < (S) <~ (Ae ) ,

reformulates (3.1) as

dsAd —0¢ +[ﬁ(x)—a(x)]7_l(§)u+>\¢ =0, xeQ, (32
diAu+[a(x)—B(x)—nx)]y~ (E)u + My~ (g)u =0, x€Q, (3.3)
0y =0,u=0, x€ o, 3.4)

where we denote v~ !(S) = 1/~(S) hereafter. The reformulated eigenvalue problem (3.2)—
(3.4) is an elliptic system with self-adjoint operators and a weight function y~! (§) For the
weighted eigenvalue problem (3.3) with d,u = 0, it follows from [30, remark 1.3.8] that there
exists a principal eigenvalue A* € IR, which is simple and corresponds to a unique positive
eigenfunction u* up to a constant multiple. Since the weight function v~!(S) is strictly pos-

itive, we may use the variational formula (e.g. [9, pp. 102] and [13]) to characterize A\* as

o e JadI VWP B+ n() —a @]y (S)widx
0AWEH! (£2) fQ A1 (g) w2dx :

This inspires us to define the basic reproduction number

—1(¢ 2
Ro= sup Jo.o ()77 () widx >0, (3.5)

0AweH () [o) {d,Ww\z +(B(x)+n(x)y! (§>W2} dx

14
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which is equivalent to (1.6). The above transformation makes the analysis on the properties of
Ry more tractable. To explore the threshold dynamics in terms of Ry, we establish the following
property of Ry in addition to those stated in proposition 1.2:

Ro>1 iff \* <0, Ry = Liff \* =0and Ry < 1iff \* >0, (3.6)

which can be proved by the same argument of the proof of [2, lemma 2.3].
Next, we shall show that the linear stability of DFE (S,0) can be classified by the value of
Ro.

Lemma 3.1. The DFE (S,0) is linearly stable if Ry < 1, and unstable if Ry > 1.

Proof. We first show the linear stability of (§,0) under the assumption Ry < 1. This amounts
to show that if (A, ¢,u) is a solution to (3.2)—(3.4) with ¢ # 0 or u # 0, then Re(\) > 0. We
have two cases to proceed.

Case 1: u=0and ¢ #Z 0. Hence (A, ¢) is an eigenpair of the following eigenvalue problem

dsAp —0p + X =0, xE€Q; 9,6 =0, x € . (3.7)

Since the Laplacian operator A in (3.7) is self-adjoint, \ is real. Multiplying the first equation
of (3.7) by ¢ and integrating the result, we immediately get A > 6 > 0.

Case 2: u # 0. In this case, (\, u) is an eigenpair of the eigenvalue problem (3.3) with 9, u =
0. It follows from (3.6) and Ry < 1 that Re(\) > A* > 0. Therefore, DFE (g, 0) is stable if
Ry < 1.

We now show that (g, 0) is linearly unstable if Ry > 1. First (3.6) indicates that A* < 0. On
the other hand, one can easily check that

dsA¢ —0¢ + [B(x) —a(x)]y! (g)u* +XNP=0,xeQ; 0,9 =0,x€00

has a solution ¢*. Then (\*,¢*,u*) is a solution to (3.2)—(3.4) with u* > 0 and A* < 0, which
shows that (S,0) is linearly unstable. O

3.2. Existence of EE with Ry > 1

In this subsection, we shall establish the existence of EE for Ry > 1. Usually the existence of
EE can be established based on the uniform persistence theory. But this is inapplicable here due
to the cross-diffusion structure in the /-equation. Below we shall directly explore the existence
of positive solutions to the stationary problem (1.5). To this end, we introduce a change of
variable

Z=~()1,
and reformulate (1.5) into the following problem without cross-diffusion

dsAS + A (x) — 05 — o (x) S-S0 4 B(x)Zy~1 (S) =0, x€Q,

. STZy1()
dAZ+ o (x) S=1 — [B() + 1 (x)] 277 (8) =0, xeQ, (38
8,8=08,2=0, x € 0N,

Thus, (1.5) admits a positive solution if and only if (3.8) admits a positive solution. In the
spatially homogeneous environment, it is easy to verify that (1.5) admits a unique constant
EE if Ry > 1. For the spatially inhomogeneous environment, to establish the existence of EE
for Ry > 1, we first prove (3.8) admits a positive solution by applying the index theory and
principal eigenvalue theory.
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We start by giving a result on the eigenvalue problem, which will be used later.
Lemma 3.2. ([15, 35, 46]) Ler \((d,r) be the principal eigenvalue of
dAu+r(x)u+du=0, x€Q; Ou=0, x€ . (3.9)
Consider the weighted eigenvalue problem
—dAu+Mu=pM+r)u, xeQ; Ju=0, x€9Q, (3.10)

where function r(x) € C(Q), d >0, M > 0 and M+ r > 0 on Q). Then the following statements
hold:

(1) If \i(d,r) <0, (3.10) has an eigenvalue p smaller than 1;
(ii) If \i(d,r) > 0, (3.10) has no eigenvalue p smaller than or equal to 1.

Next we derive a priori estimates for the positive solutions of (3.8).

Lemma 3.3. Let (S, Z) be a positive solution of (3.8) and assumptions (HO)-(H2) hold. Then

A
=:CsandZ < =:Czin{, 3.11)
cods cody

S<

where the constant ¢y := min { b dl}

Proof. Adding the first two equations of (3.8), one gets
A(dsS+diZ) + A (x) —0S —n(x) Zy ' (S) =0,
which, along with hypotheses (H1)-(H2) and (3.8), gives

(3.12)

A (d5S+d1Z) +A* —cg (dsS+dIZ) >0, xe Q,
8y (dss+d12) :07 x € 0N.

Denoting v:=dsS+d;Z and applying the maximum principle [37, proposition 2.2] to
equation (3.12), we get max(dsS + d;Z) = maxv <A This gives (3.11) and the proof of
Q Q

lemma 3.3 is finished. O

With lemma 3.3 in hand, we introduce some notations as in [46]:
X={peC'(Q)NC*(Q)| 8,6 =0o0n0},
E=c(Q) x (@),
W=C*(Q) x C* () with C* (Q) = {p € C(Q) | ¢ >0},
D={(S,2)eW|S<1+4+Cs, Z<14+Cz} CW.
Then for any constant 6 € [0, 1], we define a operator Ts : D — W by

T [~ () Z2hy + 80 () +m—0)S]
Ty [mZ+ 60 () 2% — (80 + (1) 277 (5)]

where m > 0 is a large constant such that m — [3(x) +n(x)]y~1(S) — 8 > 0 for all (S,Z) € D,
and 7;*1 (i = 1,2) denote the inverse operators of 7; under homogeneous Neumann boundary
conditions, respectively, with 71(S) := —dsAS +mS for S € X and 7>(Z) := —d;AZ + mZ for
Z € X. Lemma 3.3 shows that (3.8) admits a positive solution if and only if 7'; has a positive
fixed point on D. Moreover, one can check that the operator 74 is compact and T, (D) C W

Ts (S, Z) = , V(S,Z2)eD

16
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by applying the elliptic regularity theory and compact embedding theorem, and (§,0) is the
unique non-positive fixed point of 7 on D.

Then, we shall show that indexw (71, (S,0)), as defined in [27, definition 1.2.1], exists and
compute it.

Lemma 3.4. Let the conditions in lemma 3.3 hold and assume A (dy,m,(x)) % 0. Then

indexW(Tl, (g, 0)) = {

where my(x) := [a(x) — B(x) —n(x)]y~1(S).

Proof. By a straightforward calculation, the Fréchet derivative DT (S,0) of T; at (S,0) is
given by

0, lf)\l (d,,m2 (X)) < 0,
1, lf)\l (d,,m2 (X)) > 0,

moon (T

where m; (x) := [8(x) — a(x)F(S,0)]y~'(S). We shall prove that DT;(S,0) has no non-zero

fixed point in C(2) x C*(Q). If not, then we obtain

dsA(b—e(ﬁ—le(X)w =0, xe,
diAY +my (x) =0, x €, (3.13)
81/¢ = 8,/(/J = 0, x € 0N).

It follows from the first equation of (3.13) that ¢ =0 if ¢ =0. Hence, ¢ € C*(2)\{0}, this
along with [30, theorem 1.3.6] gives A; (dj,m(x)) =0, which contradicts the assumption
A1 (dr,my(x)) # 0. Therefore, DTy (S,0) has no non-zero fixed point in C(Q2) x C*(€2), this
means that indexy (T}, (S,0)) exists.

To compute indexW(Tl,(E,O)), we shall employ principal eigenvalue result given in
lemma 3.2 and the index theory (see [14, 45]), which is presented in [46, lemma 3.1]. Choose
W5 ) = C(82) x CcT(Q), H o) =C(Q) x {0}, Ego) = {0} x C(?) such that E=H, ® E,

and W(E,o)

T, ' m+ma(x)], where P: E— E, is a projection operator. If A;(dj,ma(x)) <0, by
lemma 3.2, we know that 7,~' [m -+ m(x)] has an eigenvalue bigger than 1. This along with
[46, lemma 3.1] gives indexy (T}, (S,0)) = 0. If \; (d;,my(x)) > 0, lemma 3.2 shows that all
eigenvalues of the operator 7;1 [m + my(x)] are smaller than 1. Thus, [46, lemma 3.1] yields

is a generating cone. Then it follows from [46, lemma 3.1] that P o DT} (5, 0)=

indexy (T, (E,O)) = (fl)e,
where ¢ denotes the sum of algebraic multiplicities of the eigenvalues of DT (g,O) restricted
in H 3.0) which are greater than 1.

We next prove that DT (g,O) restricted in H ) does not have eigenvalues greater than

) (5,0
or equal to 1. Assume that DT (S,0) has an eigenvalue o > 1 associated with eigenfunction
(¢,9) = (#,0) € H 5, fulfilling ||¢[|;> = 1. Then we have

—dSAgb—i—mqb:'ui(m—G)(b, x€Q; 0,0 =0, xe .
0

Since A (ds,—6) >0, lemma 3.2 gives ﬁ > 1. This contradicts o> 1. Hence
indexy (T, (S,0)) = (—1)¢ = (—=1)° = 1 and the proof of lemma 3.4 is completed. O

17



Nonlinearity 38 (2025) 055010 J Chu and Z-A Wang

Lemma 3.5. Let the conditions in lemma 3.3 hold. Then (3.8) admits at least one positive
solution when Ay (dj,my(x)) < 0.

Proof. Assume that (3.8) has no positive solution, then (g,O) is the unique fixed point of T
on D. Lemma 3.3 indicates that 7' has no fixed point on 0D (i.e. (I—T;)(0D) #0), and
thus degy, (I — T1,D,0) is well-defined (see the definition in [27, definition I1.2.2]). Then the
excision property [3, corollary 11.2] shows that

degy, (I — T1,D,0) = indexw (T}, (S,0)),
which, along with A; (d;,my(x)) < 0 and lemma 3.4, gives
degy, (I—T1,D,0) =0. (3.14)

On the other hand, for each ¢ € [0,1], T's has a fixed point (S, Z) iff (S, Z) is a solution of
the following problem

dsAS+ A (x) —GS—a(x)%—i-ﬁ(x)Z'y’l (S)=0, xe€Q,

dGAZ+ 00 () $E=5 —[B(x) +nW)Zy (=0,  xeq, (.15)

0,8S=0,Z2=0, x € 09.

Proceeding with the similar procedure as the proof in lemma 3.3, we get that all fixed points of
Ts satisfy (3.11) for each 6 € [0, 1], which means that (I — Ts)(9D) # 0. Hence, the homotopy
invariance of the topological degree [3, theorem 11.1] implies

degy, (I—T5,D,0) =degy, (I — T1,D,0) = degy, (I — Ty, D,0). (3.16)

When ¢ = 0, (3.15) only has a unique solution, which is denoted by (§0,0). Hence, the excision
property implies that

degy, (I — Ty, D,0) = indexy (To, (5°,0)). (3.17)
Following the same proof as in lemma 3.4, one can check that
indexw (7o, (5°,0)) = 1,

which, together with (3.16) and (3.17), gives degy, (I — T, D,0)) = degy, (I — Ty, D,0)) = 1.
This contradicts (3.14). Hence (3.8) admits at least one positive solution and the proof of
lemma 3.5 is completed. O

Using lemma 3.5, we further establish the existence of EE when Ry > 1. To achieve this
goal, we show that the principal eigenvalues of the weighted and unweighted eigenvalue prob-
lems have the same sign.

Lemma 3.6. Assume that d >0, r(x) € C(Q), and the positive function a(x) € C(Q). Let
A1(d,r) and <* be the principal eigenvalue of (3.9) and

dAu+r(x)u+ca(x)u=0, x€Q; Ou=0, x€0Q,
respectively. Then it follows that

sign (¢*) =sign [\ (d,r)]. (3.18)
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Proof. Denote the positive eigenfunctions associated with \;(d,r) and ¢* by v* and w*,
respectively, satisfying ||v*||ze = ||[w*||L~ = 1. Then we have

dAV +r(x)vF + A (d,r)v* =0, xe€Q,
dAW* +r(x)w* +¢*a(x)w* =0, xe€Q, (3.19)
oV =0,w* =0, x € 0N.

We multiply the first equation of (3.19) by w* and the second by v*, and integrate the results
by parts. Then subtract the resulting equation, we get

q*/a(x)w*v* =\ (d,r)/w*v*.
Q Q

This along with the fact that a(x), w*, v* are positive gives (3.18) directly and hence completes
the proof of lemma 3.6. O

Lemma 3.7. Let the conditions in lemma 3.3 hold. Then (1.5) admits at least an EE when
Ry > 1.

Proof. Taking d =d;, r(x) =my(x) and a(x) =~"'(S) in lemma 3.6, then (3.18) along
with (3.6) indicates that sign(\; (dj,m,(x))) = sign(A*) = sign(1 — Rp) < 0. Thus, lemma 3.5
implies lemma 3.7 directly. O

Proof of theorem 1.3. Combining lemma 3.1 with lemma 3.7, we get theorem 1.3. O

4. Global stability: proof of theorem 1.4

In this section, we shall explore the globally asymptotical stability of non-negative steady
states of (1.1). We first improve the regularity of the solution (S, I).

Lemma 4.1. Let (S, I) be the solution obtained in theorem 1.1. Then there exist constants k €
(0,1) and Cyo > 0 such that

|| (S7I) (7t) ||C2+N’l+%(ﬁ><[t,t+l]) g C107 Vi > 1. (41)

Proof. Using (1.4) and Holder estimates for quasilinear parabolic equations (see [44, theorem
1.3 and remark 1.4]) along with the parabolic Schauder theory [29], one obtains

||S(7l‘) ||C2+R’]+%(ﬁ><[t,t+]]) + ||]<7l‘) HC""%(EX[I,H-]]) <c, Vi>1. “4.2)
Rewrite I-equations of (1.1) as
L=dry(S)AI+2dy' (S)VS-VI+G(x,0)I, x€Q,t>0,

0,1=0, x€ o0, t>0, 4.3)
I(x,0) = I, x e,
where G(x,t) :=dry’(S)AS +dpy'"'(S)|VS|> + a(x)s%l — B(x) — n(x). Applying (4.2) and
the parabolic Schauder theory [29] to (4.3) give (4.1) directly. O
For convenience, we cite the following result [40, lemmal] for later use.

Lemma 4.2. Let a and b be positive constants. Assume that p,v) € C'([a,)),(t) = 0 and
¢ is bounded from below. If o' (t) < —byp(t) and ¢’ (t) < K in [a,00) for some constant K, then
lim,_s o0 4(7) = 0.



Nonlinearity 38 (2025) 055010 J Chu and Z-A Wang

Proof of theorem 1.4. We first prove the results claimed in theorem 1.4-(i). With the given
condition, it is obvious Ry < 1 by the definition (1.6). Integrating the second equation of (1.1)
by parts yields

g Lrra=a [awi= [ law -0 -ene|r

dt Q
g/ﬂ[a(x)—ﬁ(X)—ﬂ?(x)]lv

which, along with a(x) < B(x) +en(x) and € € [0,1), implies
d
= 1+(1—s)n*/1<0.
dr /g Q

This indicates that for all >0
Il < &= o (44)

We utilize Gagliardo—Nirenberg inequality in two dimensions to find a constant ¢; > 0 such
that

2 1 _(=e)n«
e < ex (I 1S + ) < ese™ 5921, v 1, @5)

where we have used (4.1) and (4.4).

It follows from the first equation of (1.1) that
~ ~ ~ 1
(S—S)t:dsA(S—S)—H(S—S)—a(x)SS—_H—Fﬂ(x)I. (4.6)

Applying Duhamel’s principle to (4.6), one has

S—S=e@A=N[s(., 1) -] + / - (@s2-0) [5 (x) —a(x)
1

s
2 (2 dz.
S—H}(’Z)Z

By the standard heat Neumann semigroup estimates (see e.g. [10, lemma 2.1]), we get
from (4.5) that

t
15l <ese I =Sl e [0 (140-971) | (50 - 7 ) 16| e
1 S+1 12
4 1
<ese IS (1) = Sl + 3 (8" +a") / e (14 (1=2) 73 ) 1(2) 2z
1
ot 1. « ! —0(t—2) _1\ _(=e)ns,
Scge” " F e (T +a”) [ e ‘ (l+(t—z) 2)e 3%z
1
t
<C4e_6’+03cz\§2|%(ﬁ*+a*)/ e 0079 (l—l—(t—z)_%)e_“zdz
1
< e, 4.7)

where ¢5 1= %min {6, (1 —€)n./3}. Therefore, combining (4.5) with (4.7) indicates (1.7) dir-
ectly. This completes the proof of theorem 1.4-(i).

Next we proceed to prove theorem 1.4-(ii). When A(x), a(x), S(x) and n(x) are posit-
ive constants, it follows from proposition 1.2-(i) that Ry = BLM Clearly there exists a unique

constant EE (S, 1) iff Ry > 1, where

A(B+n) 5 _
naB-mroGrn ™ T p-mnre@rn

20

S§= (4.8)
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We define

£(r) ::/Q{(S—l—l—i-l)— (S+1+1)- (S+i+1)1n§i§ii}

v _476701 — /S2 {(1—% - (1+1) - (1+ l)lnéi H .

By Taylor’s expansion, one gets that for all z,zg > 0

Z 20 2
z—zofzolng o (z—2z20)" 20, (4.9)

where 7 is between z and zo. With (4.9), one can directly check that £(r) > 0 where ‘=" holds
iff (S,1) = (S,1). Next, we show that 4&(t) < —e1 F () for some ¢; > 0 and function F(f) > 0.
For simplicity, we denote

StItl
S+I1+1

) . I+1
{1+1 1 )—(1+1)1n * }
T+l

E=E@SD)=+1+1) = (S+1+1) = (§+1+1)In

aﬁn

and

SI SI
D=A—-0S—a— 43I I e
hy (S,1) N aSHHB, hy (S,1) = W, (B+n)1

Hence, one gets
d
*g(l‘) = EsS; + Efl;
dr Q

(4.10)
:/ [E5h1 (S,I) +E1h2 (S,I)] +/ [dsEsAS—Fd[E[A (’y (S) 1)] = J1 +J2,
Q Q

where Eg := g—g and E; := %. Noting A = S +nl, B +n = S+1 S and 6 = 7, we have

I+8S+1
Ji=] (1=2 Yy (s,1
! /Q( S+I+1) 1(’)+/Q

I1+5+1 4 I1+1
:/Q(lSi]il)(AgsnI)Jr(oc—ZoiW/g](llil)(wﬂ ")
S_Sa1—0, . - 4 (1701(ﬁ7§f+ﬁ419
A e U A B (50 ($+1)

—/<I>B|<I>T,
Q

_(_s=S§ -
where ® = ( TSI m) , T represents the transpose, and

1—

I+S5+1 dna ( _I+l) 7 (S,

S+I+1  (a-pB—n) I+1

1 4na I(S+1+1)
B, = K 2 [277_ B (1+1)<S+1)}
Y {2 dna | 1(S+l+1)} na(Bin) | HSHHD
2 |9~ Ta=p—m) " GF1)(5+D) (a—f—n)?  WrDE+H T

21
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A direct calculation gives that |B; | = (ai"ﬁzizn)z : (Ilffgf;i)l) (1 - &f&;’i)])) > 0, which yields

a constant ¢; > 0 such that

a2 N2
le_/chlchg—cl/ ((S_S) + (=1 )go. (4.11)
Q Q

S+I+1 S+I1+1

With simple calculations, we find

S+1+1
Egs=Egq=Ejs= 23
(S+1+1)
and
_ S+I+1 dna I+1 (S+1+1)2
(S+1+1)° (a—B—n)?S+I+1\ I+1
(5+1+1) [1+Mof(S.1)
B (S+1+1)° ’

here My :— 4n[A(a=B—n)+na] dAS.T = (SH=£L 2 Thus. J b :
where Mo := =i =5= (i) an AS,I) = 71 ) - Thus, J> can be rewritten as

Jzifds/E55|VS|2*ds/ESIVI'VS*dI/’Y(S)E[SVI'VS
Q Q Q
—d]/’Y(S)E][|VI|2—d]/ I’}//(S)E15|VS|2—d1/I’}//(S)EHVI'VS
Q Q Q

= —/ VB, v
Q

with ¥ = (VS, VI) and

B, = dsEss +dilvy' (S)Es dSESI+dW(S)?S+dIM S
dsl‘?.s‘[‘i‘dﬂ’(*S‘)EZIS'""[’I’y (S)En dlpy (S> E”

With direct computation, we can show that B; is positive definite iff
81(8.0) > g (S.1), (4.12)
where
g1 (S.1) = 2dsdyry (S) +2d;1y" (8) 7y (S) [1 + Mof (S, 1)] + 4dsdyy (S) Mof (S, 1),
§2(S.1) = dj [y (S)]” +d5 +dpy' (S)I[1+Mof (S,1)] {2ds +dily' (S) [1 + Mof (S, D)} -

By hypothesis (H2), (1.4) and 1 <f(S,I) < (S+1+1)?, (1.8) ensures that (4.12) holds.
Therefore, there is a constant ¢, > 0 such that

Jzzf/ UB, U7 < fcz/ (VS| +|VI]*) <0,
Q Q

which along with (4.11) substituted into (4.10) gives

dery < icl/g ( (s-8)° (-1 ) e F ).

dr S+I+1 S+1+1

22
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Calculating directly, one derives

7= 7/52

which along with (4.1) gives

(I-D°(Si+1) 2D

(S+I1+1)? S+I+1 |’

(s=8)%(s+1) 2(s-3)S

(S+I1+1)? S+1+1

),

F%OéLF%0|§/"KSfo+([fbﬂBAJA+2K87$&L+ﬂUf@L
Q
<c, V> 1.

for some constant ¢; > 0. Noticing that £(¢) > 0 for all 7 > 0, by lemma 4.2, we get

Jim (118 = 8|z + 11~ l2) = 0. (4.13)
Applying the Gagliardo—Nirenberg inequality in two dimensions for any u € W'>°:

Il < es (Il s + N2

we obtain from (4.1) and (4.13) that lim (IS = S|z + /I = I|| =) = 0. This finishes the proof
e el

of theorem 1.4-(ii).
O

5. Numerical simulations and discussion

This paper investigates an SIS model with cross-diffusion dispersal strategy for the infected
individuals describing the public health intervention measures (like quarantine) during the
outbreak of infectious diseases. The considered SIS model adopts the frequency-dependent
transmission mechanism and includes demographic changes (i.e. population recruitment and
death). Apart from the global boundedness of solutions established in theorem 1.1, we define
the basic reproduction number R by a variational formula and study the threshold dynamics of
the model based on R (see theorems 1.3 and 1.4). Below we shall use numerical simulations
to illustrate the applications of our analytical results and speculate some results not proved in
the paper. We set £2 = (0,2) in all simulations.

In a special case where the recruitment rate A(x) of susceptible individuals is constant, we
see that cross-diffusion dispersal strategy (see remark 1.2) reduces the value of R, namely the
basic reproduction number Ry for v/ (S) # 0 is less than Ry, where Ry is the basic reproduction
number when (S) = 1. We can see a numerical example shown in figure 1(a). This implies that
public health intervention measures limiting the mobility of infected individuals is effective in
controlling the spread of infectious diseases. However, if A(x) is not constant, we are unable to
prove Ry < Ro analytically. Below we use an example to illustrate this conclusion numerically
for non-constant A(x). To this end, we take

v(8)=¢ (5.1)
satisfying hypothesis (H1) and
ds=0=1, (5.2)

as well as

A(x):—%xS—&—xz—l—Zx, ax)=2x+1, Bx)=x, nx)=138. (5.3)
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Figure 1. Graphs of functions Ry and Ro versus d; > 0, where functions and parameters
are taken as follows: (a) ¥(S) =2 — (S+1)"Lds=0=A(x) =1, and a(x) =x* +
2x+1.5,8(x) = > +0.5,1(x) = x +2.5; (b) The functions and parameter values are
given in (5.1)-(5.3).

Spatial Profile of (S,I) at t=300 Spatial Profile of (S,l) at t=300

3 35
——8S(x,300) ——5(x,300)
25|~ - -1(x,300) 37|~ - -1(x,300)
25
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Figure 2. The profile of susceptible and infected populations with d; = 0.2. (a): v(S) =

1; (b): y(S) = 5. Other functions and parameter values are given in (5.2) and (5.3). The
initial value (So, /o) is set as a small random perturbation of (2,1).

Then A(x) is positive on € and one can check that S= —%x3 +x?+2> 0. The graphs of
functions Ry and Ro are numerically plotted in figure 1(b), where we observe that Ry < f?o.
However, whether or not the cross-diffusion dispersal strategy reduces the basic reproduction
number so that Ry < Ry for all 7(S) satisfying the hypothesis (H1) remains an outstanding
theoretical question for future efforts.

When +(S) is constant, namely the infected individuals undergo random dispersal, the clas-
sical results showed that the disease would persist in the high-risk domain 2 (see [31, pro-
position 3.2, theorem 3.1], [43, theorems 2.5 and 3.3]), as numerically shown in figure 2(a)

24
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where we assume v(S) = 1 and d; = 0.2 while other functions and parameter values are given
by (5.2) and (5.3). The results in proposition 1.2 along with theorems 1.3 and 1.4 indicate
that the cross-diffusion dispersal strategy will help eradicate the infectious disease even in the
high-risk domain. To illustrate this result, we use the functions and parameter values given
in (5.1)—(5.3). With them, we can verify that

/0[a(x)—ﬁ(X)—n(X)]dx=0~4>0,

which means that 2 is a high-risk domain. In this case, the asymptotically stable spatial profile
of (S, I) is numerically plotted in figure 2(b) which demonstrates that the disease will be eradic-
ated in the whole domain. By (5.3), we find f02 [a(x) — B(x) —n(x)]y~(S)dx ~ —0.0083 < 0,
Q" ={x: 0<x<0.8}and Q" = {x: 0.8 < x <2} are nonempty. This alongside proposi-
tion 1.2-(iii) and the figure 1(b) show that Ry < 1 if d; = 0.2 > d; ~ 0.151. Therefore, it fol-
lows from theorem 1.3 that DFE is linearly stable, which implies that the disease may be erad-
icated. This is well supported by numerical results shown in figure 2(b). However, we can not
conclude the global stability of DFE based on theorem 1.4-(i) since one can check that the con-
dition a(x) < B(x) +en(x) for all x € 2 with some ¢ € [0,1) is not satisfied by the functions
chosen in (5.3). The numerical simulation of the asymptotically stable spatial profile shown
in figure 2(b) indicates that DFE may be globally asymptotically stable even if the condition
in theorem 1.4-(i) is not fulfilled. Therefore how to relax the condition of theorem 1.4-(i) is
another interesting question remaining open in this paper. The best situation we anticipate is
to replace the condition of theorem 1.4-(i) by Ry < 1, but this can not be proven based on the
method in this paper.
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