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Abstract

This paper investigates boundary-layer solutions of the
singular Keller-Segel system (proposed in Keller and
Segel [J. Theor. Biol. 30 (1971), 377-380]) in multi-
dimensional domains, which describes cells’ chemotac-
tic movement toward the concentration gradient of the
nutrient they consume, subject to a zero-flux boundary
condition for the cell density and a Dirichlet bound-
ary condition for the nutrient. The steady-state problem
of the system reduces to a scalar nonlocal Dirichlet
elliptic problem with a singularity. By analyzing this
nonlocal problem, we establish the existence of a unique
steady-state solution which forms a boundary spike-
layer profile as the nutrient diffusion coefficient ¢ —
0. For radially symmetric domains, we derive explicit
expansions for the boundary-layer steepness and thick-
ness in terms of the domain radius (for small € > 0),
which quantifies the influence of radius on the pro-
file and thickness. Additionally, we prove the nonlinear
exponential stability of this boundary-layer steady state
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MYRG-GRG2024-00082-FST-UMDF,
MYRG-GRG2025-00051-FST, in radially symmetric domains. The key challenge in
UMDF-TISF/2025/006/FST our analysis is the emergence of a singularity for small
¢ in both stationary and time-dependent problems. To
address this, we reduce the nonlocal steady-state prob-
lem to a local one and conduct a refined analysis via the
barrier method and Fermi coordinates, yielding sharp
estimates for the local steady-state solution near the
boundary. This approach enables us to determine the
asymptotic profile of the nonlocal problem’s solution as
€ — 0, accurately capturing and properly resolving the
singularity to establish our main results. For the time-
dependent problem in radially symmetric domains, we
employ a variable transformation to eliminate the sin-
gularity, ultimately proving the nonlinear stability of the
unique steady-state solution. Our analysis leverages the
equation governing the radial mass distribution func-
tion relative to the steady state, along with delicate
time-weighted energy estimates.

MSC 2020
35K57, 35Q92, 92D25

1 | INTRODUCTION

Proposed in [19], the well-known Keller-Segel model with logarithmic chemotactic sensitivity in
a smooth bounded domain Q C R" reads as

11)

u, =Au—V-(puVlogw) inQ,

w; = eAw — uwh in Q,
where u(x, t) denotes the bacterial density and w(x, t) the chemical (oxygen or nutrient) concen-
tration at position x € Q and time ¢t > 0. ¢ > 0 is the chemical diffusion coefficient, p > 0 denotes
the chemotactic coefficient and 8 > 0 the chemical consumption rate. The most prominent feature
of the Keller-Segel model (1.1) lies in the logarithmic sensitivity log w which leads to a singularity
at w = 0. The logarithmic sensitivity was used by Keller and Segel in [19] based on the Weber-
Fechner law to explain the propagation of traveling bands driven by the Escherichia coli bacterial
chemotaxis observed in the celebrated experiment of Adler [1], but later was employed to describe
many other important biological processes such as the initiation of angiogenesis [23, 24], bound-
ary movement of chemotactic bacteria [33], reinforced random walks [22, 34], boundary-layer
formation of bacterial chemotaxis [4, 41], and so on. The mathematical derivation of logarith-
mic sensitivity was given in [22, 34] based on the random-walk framework. It was experimentally
confirmed in [18] that E. coli bacteria use logarithmic sensing for chemotactic movement.
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Mathematically the singular logarithmic sensitivity was necessary to generate traveling wave
solutions from the system (1.1) (cf. [19, 31]). This singularity brings various challenges to analysis
but attracts immense attention due to the interest in its own right. Up to now, most studies are
limited to the case 8 = 1 except the existence of traveling wave solutions (cf. [42]) and a recent
work [4] on the boundary-layer solutions in one dimension. When § = 1, a clever Cole-Hopf type
transformation [22] can be used to remove the singularity. This stimulated massive interesting
works, for example, the stability of traveling waves, see [5, 6, 9, 17, 25, 29] for instance, global well-
posedness of solutions, see [8, 27, 28, 30, 32, 36, 40, 44, 45] in one-dimensional bounded domain
with various boundary conditions or R, and [10, 13, 26, 27, 37, 38, 43] in multi-dimensional spaces,
just to mention a few. Among other things, this paper will be focused on the boundary-layer
solutions of (1.1) and hence will only review the relevant results in this direction.

The observation of boundary-layer formation driven by chemotaxis was first reported in [41]
where the chemotaxis model was coupled to fluid dynamics, with numerical studies followed in
[7]. The analytical result of boundary-layer solutions of (1.1) was not available until in [14-16]
where the Neumann boundary condition was imposed. It was shown therein that the (spatial)
gradient of the solution instead of the solution itself possessed boundary-layer profile near the
boundary. This is not consistent with the experimental observation of [41] where the model was
imposed by the zero-flux boundary condition for u while Dirichlet boundary condition for w.
Therefore, the authors [4] later considered the Keller-Segel system (1.1) with 8 > 0 in the half-
space Rt = [0, co) endowed with the zero-flux boundary condition for u while Dirichlet boundary
condition for w at the boundary x = 0. The unique steady-state boundary-layer solution was
explicitly obtained and shown to be locally asymptotically stable. The work [4] took advantage
of the fact that the steady-state problem of (1.1) in Q = [0, o) can be explicitly solved and hence
the vanishing limit of the solution as ¢ — 0 can be determined. In addition, the technique of tak-
ing anti-derivative or working at the level of the mass distribution function can be used in one
dimension to establish the stability of the boundary-layer solution. All these advantages can only
be used for one-dimensional space, and therefore the multi-dimensional problem still remains
open. The main goal of this work is to fill this gap and consider the singular Keller-Segel system
with physical mixed zero-flux and Dirichlet boundary conditions

u;, = Au— V- (puVlogw) in Q,

w, = EAW — uw in Q, 12)
(Vu—puVlogw)-»=0, w=>b ondQ,

(w, w)(x, 1) = (ug, wo)(x) in Q,

where b > 0 is a positive constant denoting the boundary value of w, and v is the unit outer nor-
mal vector of 0Q. We note that in this paper we consider the case 8 = 1 only to avoid excessive
technicalities. We start with the steady-state (stationary) problem of (1.2). First we remark that
the integration of the first equation of (1.2) immediately gives

/Qu(x, t)dx = /Quo(x)dx =m

which entails that the mass of u is preserved, denoted by m > 0, where u, > (# 0) denotes the
initial value of u.
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Then the steady-state solutions of (1.2), denoted by (U, W), satisfy

AU -V -(pUVlogW) =0 in Q,

EAW —UW =0 in Q, 13)
(VU —-pUVliogW)-v=0, W =>b onodqQ,

JoUx)dx = m.

Multiplying the first equation of (1.3) by log U — p log W, and integrating the equation on Q, we
have

/ U|V(ogU — plogW)|?dx = 0. (1.4)
Q

Since we are interested in the nonnegative solutions, we have U(x) > 0 and W(x) > 0 for any
x € Q. Applying the strong maximum principle to the second equation of (1.3), we have W(x) > 0
for any x € Q. We next write the first equation of (1.3) as

YW p
AU + pvUuY 4
PVE Sy

V|2
v = pu VY

E W2 > 0.

Then by the strong maximum principle and Hopf’s boundary point lemma along with the fact
fQ Udx = m, one has U(x) > 0 for all x € Q. Thus, it follows from (1.4) that

logU — plogW = ¢,

for an arbitrary constant c,,. Therefore, we get a constant 1 = e‘ > 0 such that

m

U=IWP, } = ————,
Jo Wrdx

(1.5)

where the constant A = is obtained by the mass constraint in (1.3). Then the second

m
JoWPdx
equation of (1.3) can be rewritten as a nonlocal problem as follows:

eAW = — " wptl in Q,

JoWrdx (1.6)
W=b>0 on JQ.

As such, the steady-state problem (1.3) is reduced to a scalar nonlocal problem (1.6) with (1.5). That
is, the existence of solutions to (1.3) is equivalent to that of (1.5)—(1.6). The Keller-Segel system
(1.2) was considered in a one-dimensional half space Q = [0, c0) in our previous work [4], and an
explicit expression of the unique solution W of (1.6) was found. Making use of this explicit formula,
the steady-state solution (U, W) was shown to be of a boundary spike-layer profile (i.e., U isa Dirac
mass concentrated at the boundary x = 0 and W is a boundary-layer profile) as ¢ — 0, which is
nonlinearly asymptotically stable as time tends to infinity. However, the explicit solution of (1.6)
cannot be obtained in a multi-dimensional domain. As we know, the time-dependent problem
(1.2) and nonlocal steady-state problem (1.6) in general multi-dimensional domains largely remain
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unexplored. Before proceeding, we recall a related nonlocal problem considered in [21] given by

AW =—"___y exp(pW) in Q,

/o exp(pW)dx .7
W=b>0 on 0Q,

which results from the steady-state problem of the Keller-Segel model with linear sensitiv-
ity (i.e., replacing logw in (1.2) by w). It was shown in [21] that the nonlocal problem (1.7)
admits a unique solution which forms a boundary-layer profile as ¢ — 0. When Q is radially
symmetric, the expansion of the boundary-layer profile and thickness in terms of € was further
explicitly identified.

Compared to (1.7), the nonlocal problem (1.6) is significantly more difficult to study. A major
difference in the analysis lies in the nonlocal term in (1.6) which may become singular (i.e.,
fQ WPdx — 0)ase — 0and hence brings considerable difficulties to study the e-vanishing limit of
solutions, while the nonlocal term /Q exp(pW)dx in (1.7) inherently has a positive lower bound.
Nevertheless, some ideas developed in [21] like the barrier method and the use of Fermi coor-
dinates strongly inspire a part of the present analysis. This paper has multiple goals as outlined
below.

(G1) Establish the existence and uniqueness of the solution to (1.6) in any dimension n > 1,
denoted by W,(x), which along with (1.5) yields a unique steady-state solution (U,, W,) of
(1.2) satisfying (1.3) (see Theorem 2.1).

(G2) Prove that the solution (U,, W,) is a boundary spike-layer profile as ¢ — 0, namely U, con-
verges to a Dirac mass concentrate at the boundary and W, to a boundary-layer profile with
boundary-layer thickness at the order of € as ¢ — 0 (see Theorem 2.2).

(G3) Explore how the boundary curvature affects the boundary-layer profile and thickness when
the domain is radially symmetric (see Theorem 2.3).

(G4) Prove the nonlinear stability of the unique boundary-layer profile (U,, W,) of Keller-Segel
system (1.2) (see Theorem 2.4) in the radially symmetric domain.

Strategy of achieving our goals and structure of the paper. As already mentioned, our
current polynomial nonlinearity in (1.6) is much more difficult to deal with compared to the
exponential nonlinearity, since estimating the nonlocal term fQ WPdx is significantly more chal-
lenging as it is not bounded from below by a positive constant. To overcome this difficulty, we
first relegate the nonlocal problem to a local problem and compute the integral /Q WPdx based
on the constructed sub- and super-solutions for the local problem. It is crucial to observe that as
the diffusion coefficient ¢ tends to zero, the integrals of the sub- and super-solutions share the
same leading-order term. This allows us to determine the leading-order behavior of the nonlocal
integral for the small € > 0. Once this relationship is established, we can effectively treat the non-
local problem as a local one and extract further quantitative estimates on the solution needed for
our purpose. We briefly further elaborate these ideas below.

For our goal (G1), inspired by the idea of [21], we first consider the nonlocal problem (1.6) by
replacing the term m/ /Q WPdx with a constant 4 and reducing (1.6) to a local problem parameter-
ized by A. Then we establish the existence and uniqueness of the solution to the local problem by
the standard monotone iteration scheme and comparison principle, a similar strategy used in [3].
By studying the continuity and the asymptotic limits of /Q WPdx with respect to the parameter
A, we finally obtain the unique solution for the nonlocal elliptic problem (1.6) via a fixed point
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argument in the parameter 1 (see Theorem 2.1 and its proof in Section 3). This unique solution,
along with (1.5), gives a unique solution to (1.3). We remark that it was recently shown in [2] that
(1.6) admits a unique positive solution when Q C R? or Q is a ball in three or higher dimensions.
Here we establish the existence and uniqueness of solutions for the nonlocal elliptic problem (1.6)
in a general domain Q across all dimensions,

To study the asymptotic behavior of the solution to (1.6) near the boundary as € — 0, that is,
our goal (G2), we treat the product of the diffusion coefficient ¢ and the integral /, WPdx as a
unified diffusion coefficient and reformulate the nonlocal problem as a local one. Then we derive
some quantitative results that describe the asymptotic behavior of the reformulated local problem
near the boundary by constructing sharp sub-solutions and super-solutions based on the barrier
method (cf. [39]) and a representation of Laplacian operator in terms of Fermi coordinates proved
in our previous work [21]. Then based on these results, we can find how the integral fQ WPdx in
the nonlocal problem (1.6) depends on € and finally identify the asymptotic profile of W ase — 0,
which is shown to be a boundary-layer profile with boundary-layer thickness of the order of e.
Further with (1.5), we show that U, is a Dirac mass concentrated at the boundary as ¢ — 0 (see
Theorem 2.2 with its proof in Section 4 and Remark 2.1).

In (G3), we are devoted to investigating how the boundary curvature affects the boundary-layer
profile and thickness. This turns out to be a very difficult problem due to the nonlocal singu-
lar term. Hence we compromise to consider a radially symmetrical domain where the boundary
curvature is the reciprocal of the radius. For the radially symmetric domain, we can gain more
detailed estimates on the integral /Q WPdx and find the expansion for the slope of the solution
on the boundary in terms of the radius as € > 0 is small, and further identify how the boundary-
layer thickness depends on the radius. It turns out such expansion is not a regular one as expected,
but a nonregular one (see Theorem 2.3(i) with its proof in Section 5). This is due to the singularity
of the nonlocal term in (1.6). In the radially symmetric case, we further can find the explicit asymp-
totic behavior of the solution (see Theorem 2.3(ii)) as p — oo (strong chemotaxis) which was not
found for the general domain. Based on our findings for the radially symmetrical domain, we con-
jecture that the boundary-layer thickness for the general domain is proportional to the boundary
curvature times the volume of the domain, which remains unproved in our present work but has
been verified by numerical simulations (see Figure 2 and Figure 3).

Finally, we consider our goal (G4) concerning the stability of the unique boundary spike-layer
profile (U,, W,) for the time-dependent problem (1.2). There are two challenging issues to study
the stability. The first one is the singularity at w = 0, and the second one is that the Dirichet
boundary condition on w is insufficient to gain the regularity of gradient of w required by the first
equation of (1.2). To overcome the first barrier, we use a change of variable to transform the prob-
lem (1.2) into a new one (6.6) without singularity. To overcome the second one, we consider the
radially symmetrical domain to employ the technique of taking anti-derivative or the radial mass
distribution function reducing the order of the first equation of (6.6) so that the Dirichet bound-
ary condition can be fully used. Then we perform sophisticated time-weighted energy estimates
to obtain the nonlinear and exponential stability of (U, W,) for the radially symmetric domain
(see Theorem 2.4 and its proof in Section 6).

2 | MAIN RESULTS AND CONJECTURES

The first result concerning the existence and uniqueness of solutions is the following.
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WA

Qp

(a)

FIGURE 1 (a)A schematic of domain Q,. (b) Illustration of radial boundary-layer thickness.

Theorem 2.1. Let Q be a bounded smooth domain in R" (n > 1) with smooth boundary and let m
and b be given positive constants. Then for any € > 0, the nonlocal problem (1.6) admits a unique
positive classical solution W, € Cl(ﬁ) N C*(Q) and hence the Keller-Segel system (1.2) admits a
unique positive classical steady-state (U, W) € [CL(Q) N C®(Q)]? satisfying (1.5).

Next we shall characterize the asymptotic profile of the steady-state solution (U,, W,) as¢ — 0,
which is a tricky problem since ¢ is a singular parameter. We shall show that U, is a Dirac measure
while W, is a boundary-layer profile near the boundary as ¢ — 0. To state our results, for any
constant p > 0, we define Q, as (see an illustration in Figure 1)

Q, ={x € Q|0 <dist(x,0Q) < p}, 2.1)

and we denote by Q; its complement in Q.

We will say that two functions of one real variable are similar f ~ gifand onlyifr; f < g <
r,g for all values of the variable with some constants r;,r, > 0. We now give the definition of
boundary-layer thickness as a function of the positive parameter e.

Definition 2.1. Let u(¢) be a nonnegative function satisfying u(¢) — 0 ase — 0and W,(x) be the
solution of (1.6). Denoting #, = dist(x;,,, dQ2) for any interior point of Q, we say the boundary-layer
thickness of W (x) is the same order of ¢ as u(¢) if the following conditions are fulfilled:

/% =0, then lim__,, W (x;,) = b.

Mig) =L € (0, o), then lim,_, W,(x;,) € (0, ).

f .
#(Z) = oo, then hms—>0 WE(xi") =0.

(1) Iflim
e—=0

(2) Iflim
e—0

(3) Iflim
e—0
Then our second main result is stated below.

Theorem 2.2. Let Q C R" (n > 1) be a bounded domain with smooth boundary. Then for any small
fixed constant & > 0, the solution obtained in Theorem 2.1 satisfies
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2
dist(x,0Q)\ » |
U.(x) ~ 1 = W (x) ~ (1 + g) " in Qs, 2.2)
( dist(x,60)> €
e(1+ —

and there are some constants c;,c, > 0 independent of € such that

2
Ul <26 and W, (0l < 167 in Q5 23)

Moreover, the boundary-layer thickness is of order of €.

Remark 2.1. From (2.3), we can see that U,(x) — 0 ase — 0 provided x is away from 9Q. With the
fact [, U.dx = m, we get that in the sense of distribution

U, = mdq as € = 0,

where §; denotes the Dirac mass located in the (n — 1)th Hausdorff dimension set Q. From
(2.3), we also have that
=0,

}:1_1;% ”WE”Loo(Q_g)

but W, = b > 0 on Q. Hence W (x) is a boundary-layer profile as ¢ — 0.

In Theorem 2.1, the existence and uniqueness of nontrivial steady-state solutions of the Keller—
Segel system (1.2) are established. In Theorem 2.2, we further show that the nontrivial steady-state
solution (U,, W,) obtained in Theorem 1.1 is a boundary spike-layer profile as ¢ — 0 and find
the explicit asymptotic profile of (U,, W,) near the boundary as ¢ > 0 is small as given in (2.2).
Now we proceed to investigate how the boundary curvature affects the boundary-layer profile
and thickness, for which we can only give an answer when Q = B(0) with radius R > 0 where
the boundary curvature is %. In this case, we are able to find how the slope of boundary-layer
solution at the boundary r = R depends on the boundary curvature 1/R and hence quantify the
boundary-layer thickness in terms of the radius. Below we sketch this idea. We first show the
radial boundary-layer profiles U, (r) and W,(r) are strictly increasing with respect to r, and derive
the expansion of their slopes at the boundary r = R in terms of R for small € > 0. Then for a given
level set such that W,(r,) = c € (0, b), the distance from boundary = R to the point r, varies
with respect to R. To be precise, for any ¢ € (0, b), we define

r.(R,c) := W;l(c) and T.(R,c) :={re[0,R] : W, €[c,b]} =[r.(R,c),R] 2.4)

as functions of R and ¢, where I',(R, ¢) is a closed interval with width R — r.(R, c) = O(¢) which is
nothing but the boundary-layer thickness (see an illustration in Figure 1b). Then we shall quan-
titatively expand R — r.(R, c¢) in terms of R and ¢ up to the first-order expansion to see how the
boundary-layer thickness depends on R and . Precisely we have the following results.

Theorem 2.3. Let Q = By(0), where By(0) denotes a ball in R"(n > 1) with radius R > 0. Then
(1.3) admits a unique steady-state (U, W, )(r) with r = |x|, which is radially symmetric and satisfies
Ué(r) >0, Wé(r) > 0. Furthermore, the following conclusions hold.
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(i) Ase — 0, (U, W,)(r) has the following expansion at the boundary:

‘m3 loge
U/R) = e l+O<i>,
2(2 + p)2wiR3(n-1) g2 €

(2.5)
pmb 1

WER) = ——
«(R) 2+ p)w,R1 €

+ O(loge),

where w,, denotes the surface area of the unit ball in R". Furthermore, the boundary-layer
thickness has the following expansion:

2n(p + 2) a,(R)e

R-r.(Re)=((b/0)? —1) TRt Os 2.6)

wherer (R, c) is defined in (2.4) and a,,(R) = %R” denotes the volume of By (0).
(i) As p — oo, it holds that forany e > 0

w, " U.(r) = m8(r — R) in the sense of distribution, 2.7)
W.(r) = b in C(By), (2.8)

where 8(r — R) is the Dirac function centered atr = R.

Remark 2.2. In the expansion of W/(R) given in (2.5), one generally expects that the second term
should be of constant order, but surprisingly it is of order loge. Consequently, the second order
term of U/(R) is k’% instead of % These unexpected results stem from the singularity in (1.6) (i.e.,
% — x)ase — 0.

Remark 2.3. From the expansion (2.6), it seems that the boundary-layer thickness increases with
the boundary curvature 1/R. We suspect that this extends to general domains: The boundary-
layer thickness increases with the boundary (mean) curvature. While we have not yet proven this
conjecture, we present two sets of numerical simulations to illustrate its validity. In the first set,
we consider two domains, where one is a disk and the other is an ellipse, with distinct geometries
but identical areas. We then numerically solve (1.2) in these domains using the same parameter
values and initial data, with the resulting boundary-layer patterns plotted in Figure 2. From these
results, we observe that the boundary-layer thickness increases with boundary curvature. In the
second set, we consider an arbitrary domain exhibiting significantly varying boundary curvatures
across different regions of its boundary. The numerical profiles are shown in Figure 3, where
clear boundary-layer structures are observed, and the boundary layer is thicker in regions of the
boundary with greater curvature. All these numerical results are consistent with our speculation
on the influence of the boundary curvature on the boundary-layer thickness.

Finally, we state the nonlinear stability of the unique radial steady-state solution, which forms
a boundary-layer profile as € > 0 is small. This result is valid for 1 < n < 3 by using the Sobolev
embedding theorem in the corresponding a priori estimates in Proposition 6.6.
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Stationary Pattern U Stationary Pattern W
2 2f
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4 0.8
> 0 0 0.75
3
0.5 0.5 07
5 0.65
-1 -1
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0.5
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X X
Stationary Pattern U Stationary Pattern W
2 2
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-0.5 -0.5
15 0.75
-1 -1
1 0.7
-1.5 -1.5
0.65
5 0.5 5
2 1 0 1 2 2 1 0 1 2
X X
FIGURE 2 Numerical simulations of steady-state boundary-layer profiles of (1.2) in a disk (first row) and in
an ellipse (second row) with the same area, where the parameter values are p = 5,¢ = 0.1, b = 1 and initial value
(uo, wo) =(1,1).
Stationary Pattern U Stationary Pattern W
0.8 0.8 1
2.4
0.7 0.7
06 22 0.6 0.95
0.5 2 0.5
0.4 s 0.4 0.9
0.3 e 0.3
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0.2 14 0.2
0.1 1 0.1
1.2
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-0.2 fee -0.2 0.75
-0.3 1§0.6 -0.3
0.4 Mo 0.4 o7
-0.4 -0.2 0 05(2 0.4 0.6 0.8 -0.4 -0.2 0 0).(2 0.4 0.6 0.8
FIGURE 3 Numerical simulations of steady-state boundary-layer profiles of (1.2) in a two-dimensional

general domain, where the parameter values are p = 5,& = 0.1, b = 1 and initial value (u,, w,) = (1, 1).
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Theorem 2.4 (Nonlinear stability of the radial steady state). Let Q = Bg(0) in R"(1 < n < 3) and
the initial data (u,,w,) be radially symmetric with u, > 0 and w, > 0, and that u, € H*(Bg),
w,—be Hé (Br) N H%(ByR). Let (U, W) be the unique steady state obtained in Theorem 2.3 with
m= '/BR uy(x)dx. Then there exists a constant §, > 0 such that if the initial datum satisfies

(g — U, wy — W)”HZ(BR) <6y,
the system (1.2) admits a unique global radial solution (u, w) € C([0, +c0); H*>(Bg)) satisfying
”(u’ -U,w- W)(’ t)“LOO(BR) < Ce_yt’ (29)

where C and u are positive constants independent of t.

3 | EXISTENCE AND UNIQUENESS

This section is devoted to proving the existence and uniqueness of nonnegative solutions to (1.3)
stated in Theorem 2.1. It suffices to prove the existence and uniqueness of solutions to the nonlocal
problem (1.6) due to the relation given in (1.5).

3.1 | Existence

In the sequel, without confusion, we shall denote W, by W. Then the problem (1.6) is equivalent
to the following local Dirichlet problem:

eAW = AWItP in Q,
3.1
W=b>0, on 4Q
subject to the constraint
/1/ WPdx =m (3.2)
Q

for a given constant m > 0. Note that we are concerned with positive solution for W only (see
the discussion in the Introduction). Clearly W, ,.. = b and W, = 0 are a super-solution and
sub-solution of (3.1), respectively. Since the function f(W) = WP*! is increasing, by the method
of standard super-sub solutions, we immediately get that for any 4 > 0, Equation (3.1) admits a
unique classical positive solution depending on A, denoted by W, which must be nonconstant.
Now it remains to show that there is a unique 4 > 0 satisfying (3.2), namely 1 /Q Wfl’ dx=m. It
turns out this is difficult since how W depends on 4 is unknown. Here we overcome this barrier
by introducing a change of variable

1
v, =ArW

and rewrite (3.1) as

1+p .
eAv, = v in Q,
{ AT (3.3)

1
v, =4Pb>0 on 38Q,
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and (3.2) as

/ vydx = m. (3.4)
Q

In the new transformed problem (3.3)-(3.4), we see that the parameter A only appears in the
boundary condition. The existence and uniqueness of classical solutions to (3.3) for each given
A > 0 is clearly obtained by the method of super-sub solutions (or directly from the existence of
W). The crucial point is to find a unique A such that the constraint (3.4) holds for given m > 0.
Next we prove this in the following two steps.

Step 1 (continuity and monotonicity of /Q vff dx with respect to 1). We denote the solution of
(3.3) by v; and prove that /Q vf dx is continuous with respect to 4. We start by showing that v, (x)
is nondecreasing with respect to A. Indeed, for any two positive numbers 0 < 4; < 4,, we claim
thatv; <vy,.Ifitis false, thenv; —v; admits an interior global maximum point g € Q due to
the boundary conditions in (3.3) and the maximal value is positive. Then we have

1+ 1+
eA(v/l1 — v,lz) =0 P_ v, P>o (3.5)

in a small neighborhood of g, which is a contradiction for g to be an interior maximum. Thus the
claim is proved. Next, we observe again that denoting by vy ;, = vy, — v, , thenv, ; satisfies

1+ 1+ :
Av; 5 = UAZP —v, P>0 in Q,

1 1 (3.6)
Ui h, = </12p —/11p>b on 0JQ.

By the strong maximum principle either v, , is constant, which is false due to (3.6), or

1 1

0< vy 4 < </127’ —/11‘_’>b for xeQ (3.7)

which yields the continuity of v; with respect to 4. As a consequence, the continuity of /Q vf dx
with respect to A is proved. Moreover, the function /Q vf dx is increasing in A. Assume other-
wise [, vﬁ’l dx = [, vfl’zdx, since v; < vy, for some 0 < 4; < 4,, then it follows that vy = v, in
Q, which is false in view of their continuity and the boundary condition in (3.6). In fact, one
can additionally prove that v; <wv;, , this requires an argument using the Hopf-boundary point
lemma that we do not detail here for brevity.

Step 2. We claim that fQ vfl’ dx can take any value in [0, c0) as A ranges in [0, +o0). First notice
that /, v;dx — 0as 1 — 0since v; — 0as A — 0. Next, we study the case that 1 > 0 is large. We
set

_1 _1
O() = A P vy (A7 y). (338)
Then O(y) satisfies

eA® = @1tP in Q4
(3.9)

®=5b on 804,

35UBD17 SUOWIWOD dAIRea.ID 3|gedt|dde auyy Ag pausenob afe sajdie YO ‘8sn Jo S3|nJ oy Aelq 1T auluQ 8|1\ UO (SUO N IPUO-PUR-SWLIBYW0D AB 1M Ale.q | |uluo//:SdNL) SUOIPUOD pue SWiS | 8Y3188S *[9202/20/2T] Uo AiqiauljuQ AB[IM ‘2ZT0. SWId/ZTTT 0T/I0p/Wod A8 1M Alelq | U UOd0SURWPUO|//:Sd)y Wol) pepeojumod ‘Z ‘9202 ‘Xir209rT



BOUNDARY SPIKE-LAYER SOLUTIONS OF THE SINGULAR KELLER-SEGEL SYSTEM 13 of 57

where Q% is defined as
1 _1
Q'={y|1 2y e Q}

By standard elliptic regularity theory, we gain that ||®[|c1 1) < C}, for some uniform positive
constant C;,. We choose ¢ such that C,,¢ < g. Then in the following set

Q} = {y | dist(y,00") < ¢}, (3.10)

we have
b
It is not difficult to check that
n—1
|Q’;| = ¢CqA 2 for some constant C(, > 0 depending only on Q.
Consequently,
/ oPdx =27 / OP(y)dy > A2 / @P(y)dy
Q 0% ol
/ (3.12)

p n e p
> <g> FC AT = chA%G) .

Therefore, /Q vf dx — o0 as 1 - +o0, and the claim is proved.

Combining the conclusions in Step 1 and Step 2, by the mean value theorem, we can find a 4
such that [Q vPdx = m for the given m. Then we obtain a solution for (3.3)-(3.4), which gives a
solution to (3.1)—(3.2) and hence to (1.6).

3.2 | Uniqueness

In Section 3.1, the existence of solutions to the nonlocal problem (1.6) has been obtained. Now we
prove the uniqueness of solutions to (1.6). Supposing there are two distinct solutions W, W,, we
shall prove W, = W, by the argument of contradiction and divide our analysis into two steps.

Step 1. We prove that either W, > W, or W, < W,. Without loss of generality, we may assume
JoWPdx > [, Whdx. Under this assumption, we claim that W, > W,. If it is false, then there
exists a point g € Q, such that

Wy =Wyl = inn(Wl -Wy <o.

As a consequence, we have

1+p 1+p
W, W,
( P D > <0,
JoWidx  [oWidx q
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which yields

W1+p W1+p
EA(WI—WZ)—m< LI )] > 0.
P P
l JoWidx  [oWrdx .

Contradiction arises. Thus, the claim holds. Therefore, for any two solutions W, and W,, either
Wiz2W,orW; <W,.
Step 2. Next we prove thatif W, > W,, then W = W,. Set Q = % It is obvious that
2
Q>1inQ and Q=1o0ndQ.
Suppose that Q # 1 and

Q(qy) = mng > 1.

Then
WP( ) WP
; o > —; in Q.
W2 (qO) W2
It implies that
ey (W e o
> , an - > 0. .
Wh(qy)  JoWhdx JoWhdx  [oWhdx “
On the other hand, it is known that
0> AQ|,, = V-(VWl'WZ_Wl'VW2>
0 W2
2 do
AW, - W, =W, - AW \A'%
_ 1 2 1 2 2VQ - 2
w? w,
2
do (3.14)
_ AW1(qo) - W1(q0) — W1(qp) - AW,(qo)
Wg(%)
wP wPb
_ mW1(g0)W2(go) 1 2
eW3(qo) JoWPdx [, wPdx

where we have used VQ(q,) = 0 since q, is the maximal point of Q in Q. Using (3.13) we see that
the right-hand side of (3.14) is positive, then contradiction arises and Q = 1 holds. Thus, we finish
the proof.

Proof of Theorem 2.1. The existence and uniqueness of the solution to (1.6) has been proved in
Section 3.1 and Section 3.2. Since the existence of (1.3) and (1.6) has one-to-one correspondence
via (1.5), we obtain the existence of unique positive solution for (1.3) and complete the proof. []
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4 | BOUNDARY-LAYER PROFILE AND THICKNESS

This section is devoted to the proof of Theorem 2.2. We start with the following auxiliary problem:

(4.)

eAv =v*P in Q,
v=>b on 0Q.

Lemma 4.1. Let v, € C®(Q) be the unique solution of (4.1). For any compact subset K C Q and
sufficiently small € > 0, there exists a positive constant Cy independent of ¢ such that

max v, < Cger. 4.2)
Proof. Let us first remark that we can reduce to analyze the case b = 1in (4.1) by a simple scaling
argument. In fact, take 0 = v/b, it is simple to show that it satisfies

eb™PAD = 0P in Q,
(43)

v=1 on 9Q.

Then proving the estimate (4.2) for the problem (4.1) with b > 0 is equivalent to prove
1
max 0, < C(K)erb!

for the solution of (4.3) or equivalently to prove (4.2) for the problem (4.1) with b = 1. Thus, in the
rest of this proof, we assume b = 1.
When n = 1, without loss of generality we can assume that Q = [—1, 1]. It is straightforward to
check that the following function:
T T
v (%) = 14 X1 +1+1_lx .= 3<3+1>,

1
cpzi cpsi p\p

provides a super-solution to the above equation. Indeed, by direct computation
_2+2p _242p

p
x+1 +1+1—x <P

CpE?
Together with the trivial fact v, ; > 1at x = +1, one can easily conclude that v, < v, ; by the strong
maximum principle. Then (4.2) follows easily.

Now we give the proof for n > 2. For any g € Q, we select R, such that BRq(q) C Q and
6BRq (@) N 8Q # B. Then we consider the solution 0, of the following intermediate problem:
ehv, =07 in By (9).

U, = on aBRq(q).

C,

(4.9)

=
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By the standard comparison argument, we obtain that v, < U, in BRq(q). Next, using the method
of moving planes, we see that U,(x) is a radially symmetric function with respect to q. We write
U.(x) = 0,(r) withr = |x — g|. Then itis not difficult to find that U,(r) is a nondecreasing function
in r and verifies that

~! n—1 - 5 _
{E(UE + 540 ) - @) =0, .5)
GE(Rq) =1, UQ(O) =0.

We claim that

—p =l 2 R p R
2max{n 2,5 ’P}(l q] ) p’ for re]|o, q/Z],
Ug

< (4.6)

_on=l 2 R—r\ P
=25 ’p}(1+‘1—1’> ", for rel[Ry/2R,,

where C is some positive constant independent of € to be determined later. It suffices to prove the
claim for r € [R,/2,R,] while the rest one for r € [0,R;/2] follows easily by the nondecreasing
property of the function. We define a barrier function for r € (0, R,] by

2

R \¢ R —r\ ¢

ﬁs,l=<7q> <1+ d 1 ) ,
Ce2

where a is a constant determined later. By a straightforward computation, we have

~ ~ N1 . n—1_ ~ N1
AU, — (Og) TP = E<U£,,l + Ué,l) = ()P

,
_2
R; Rg—ry\ ?
=ea(a+2—-—n)——| 1+
ra+2 1
Cez
_24p 4.7
12 Z Rq_r b @7
+£2C—(n—1—2a) — |1+ -
p Ce2
_22p

c? R \ 2P\ R“ R —r P
()
r r Ce2

We choose a = max{n — 2, ”7_1 %}. Then the second term on the right-hand side of (4.7) is
nonpositive. For the first and third terms, we can rewrite them as

Ry Ry—r E Ci R\ "\ Ry Ry—r 5
fsa(a+2—n)raJr2 1+ T + E—<T> pry 1+ T
Ce2 Ce2
" _zp
R R —r p
=F(E,}")—q<1+ 1 > R
ra 1
Ce2
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where
1 2 ap
1 262 1 D\ S (R
F,r)=—=a(@a+2—-n|e+=—=—®R,-nN+—=R,—r)° |+=—-(— ] .
() = —a( =Ry =1+ Ry )+ 5 — (=

Considering the function F(e, r), in the limit case ¢ = 0 we have

1
ap _ ap—2 _ AV 2.ap\ _ pap
r'?F(0,r) = = (r ala+2 n)(Rq r)” + c,r ) R,

1
< E(a(a+2—n)+cf) —C2>R3p,
ap—2
q

taking C > \/a(a +2—n)+ clzj + 1, we see that F(0,r) is negative for r € (O,Rq]. Thus, if € is

where we have used the fact that a +2 —n > 0 and r*?~2 <R by the definition of a. Now

sufficiently small, we see that F(e,r) < 0 for r € (0, Rq]. On the other hand, it is straightforward
to check that
0. (Ry) =1 and lir% U, ,(r) = . (4.8)
, 5 Ve,

By the standard comparison argument we obtain that v, < 0, forr € (0, Rq]. Then the claim (4.6)
follows directly. As a consequence, for any point x € BRq /2(q) we have

el 2 R, \ *
U, (%) < U.(x) € Q27 ’P}<1 + ql > . (4.9)
2Ce>

Since K is a compact subset of Q, there exist finitely many open balls

Bqu/z(qj) c Bqu(qj) Cc Qwithqg; €K, j=1,..,m,

such that K C UT=1 Bqu 2(q;)- Let Ry = min, ;¢ Ry, Then by (4.9), we have

1

axinn. nl 2 R, \ ?
v (x) < 2™ ’p}<1+ 0 ) , VxE€K,
2Ce2

which implies (4.2). Hence we finish the proof. O

From (4.2), we shall deduce that W, — 0 as ¢ — 0 for any fixed compact subset K of Q (see
the proof of Theorem 2.2 later). To capture the behavior of W, near 0Q, we introduce the Fermi
coordinates for any x € Qgs, that is,

X :(,2) €E0QXRY — x=X(¥,z) =y +zv(y) € Qs,

where v is the unit normal vector on dQ, and Q; is defined in (2.1). There is a number §,, > 0 such
that for any & € (0, §,), the map X is from Qs to a subset of O (cf. [20, Remark 8.1], where

O ={(,z) € Q0 x(0,26)}.
It follows that X is actually a diffeomorphism onto its image N = X (). For any fixed z, we set

r,y)={peQlp=y+zv(y)}
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It is straightforward to check that the distance between any point of I',(y) and dQ is |z|. Hence
we have the following results for the Laplacian operator in terms of Fermi coordinate shown in
[21, Lemma 6.1] motivated by [35, Lemma 10.5].

Lemma 4.2. The Euclidean Laplacian A can be computed by a formula in terms of the coordinate
(y,z) €Oas

Ay =08} —Hyp )0, +Ar,, x=X(y,2), (2)€0,
where T',(y) is the submanifold

L,y ={y+zv(y) |y €90Q},

and Hy_(, is the mean curvature at the point in T',(y) and Ay () stands for the Beltrami-Laplacian
operator on T',(y).

Lemma 4.3. Let Q be a smooth domain in R" (n > 1) and v, € C>*(Q) N Co(ﬁ) be the unique
solution of (4.1). Then there exist positive constants €, and &, such that for any € € (0,¢;,) and § €

<0, min{%, 50}), it holds that

1 1
€2 g2

_2 _2
3 p 3 p
b1<1 + b2M> <v, < b3<1 + b4M> in Qs (4.10)

where the definition of Qs is given in (2.1) and by, ..., b, are positive constants independent of .

Proof. When n = 1, we can repeat almost the same arguments of Lemma 4.1 for b = 1 to derive
the upper bound, just replacing the barrier function by the following one:

P p p )
b2(x+1 b2(1—-x
Cp£2 cpgz
While for the lower bound, we set the barrier function by
_2 -2
|| bix+1)|” bia-x)|"
2(x 2 — X
v ==||14+ —= +|1+ ———
L) 1 1
CPEZ cpgz
Then
_22p _22p
P p )4 p
p bz(x+1 bz(1—x
eAv,, — v TP b 2P[11+ ( ) 1+ ( )
’ &l 21+p 1 1
Cpe? CpE?2
_2 _2qip
p
b2(x+1 bz(1—x
-1+ ( - ) 1+ ( - )
CpE? CpE?
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Using the classical inequality (a, + a,)'*? < 2°(a,*? + a,"P) with a;, a, > 0, we directly see that
the right-hand side of the above equation is positive. Then by the fact that v,; < b at x = +1 and
comparison argument, it follows that v, ; is a sub-solution, and the lower bound for v, is provided.

Now we give the proof for n > 2. Without loss of generality, we may assume that Q is a simply
connected domain for simplicity, while the case for multiply connected domain can be proved
similarly. We first derive the lower bound for v,. Since Q is simply connected, dQ is a smooth
connected manifold of dimension n — 1. We set v, ; by

_2
p
. dist(x, 0Q
v () = (26 — dist(x, Q)| 1 + &1) for x € Q5.
CpE?
It is easy to see that
26, on 0Q,
v (x) = (4.11)
0, on 0dQ,5\0Q.
A straightforward computation based on Lemma 4.2 gives
_2
p
1 z
eAv, | — v£l+ = (saﬁ —&Hyp ()0, + €Ap_(,))(26 — 2)| 1 + —
CpE?
a2
p
p+1 z
— (26 -2) 1+ —
c,e?
p
(4.12)
12
p
1 2(26 — 1
:EZHFZ(y)< 4 X Z)+sz+£> 1+ =
pepHr,(y) pep €p c €z
o2
p
+(26 —2)(1 - (26 — 2)P)| 1+ = ,
CpE?
where we have used the fact that % = 1byrecallingc, = % (% + 1). We can choose § and
p
¢ small enough such that
4 2(26 — z) 1 z
o v =0 Hro e Hrg) + —Hr,) 20
PCp PCp p

and 1 — (26 — z)P > 0 for z € (0,268). Then
EAUS,I — Uffl >0 in 025.

Together with that v, > v,; on 6Q; and the classical comparison argument we have

05205’1 m ‘0‘25’
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which implies that

While for the upper bound, we set

_2
b2 dist(x,00) | ©
+—1

Acpsz

UE,b =b|1

where A is a large constant to be determined later. A direct computation yields that

p+1
eAv, ), — Ve p
_2 2+2p
bg p bg p
2z 2Z
= b(saﬁ - EHrz(y)aZ + EAFZ(y)) 1+ T b1+P 1+ T
Acpsz Acpsz
242p _zp
) bg ) bg P (4.13)
2z 1 2Z
pr(= -1t - +eab P =g |1+ —E
Acpsz Acpsz
22
1 P p
1 2¢3 pzHr, bz
= A2 + #Hfz(y) + —(Iy\)z — 1|1+ 2Z1
b:PpAc, (p+2) Acpe?

Thus, for any ¢ € (0,1) and z € (0, 25), we can always choose Cy ; sufficiently large such that for
A € (Cs 4, +00), the term in the bracket of the right-hand side is negative. For the behavior of v,
on 0Qs, we have v, , = v, on dQ, while on dQ; \ 9Q, we have v, < C—El/P due to Lemma 4.1.

Then we choose Cj , large enough such that for any A > Cs ,, it holds that

2 1
b1+ bzal > C—cP. (4.14)

Acpz-:z

Then we choose A = max{C;s;, Cj,} in the definition of v, ; and using (4.13)~(4.14) we see that
v, , provides a super-solution to (4.1) in Q5. We finally choose

bl = 5, b2 = Cp,

to finish the proof. O
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Returning the original nonlocal problem (1.6) which can be written as
+1
A AW, =W xeq,
(4.15)

W,.=b>0, x € 0Q,

where 4, = % Ja WPdx > 0is a constant. Then we have the following result.

Lemma 4.4. Let W, be the solution to (4.15). Then there exist two positive constants d, d, such

that

die < / W Pdx < d,e.
Q

Moreover, for any 8 > 0 as in Lemma 4.3, we obtain a precise behavior at the boundary given by

_2 . _2
b, (1 b, d1$t(>:,6(2)> b <W. < b7<1 +by d1st(3:,6(2)> - Qs

for some positive constants bs, bg, b, bg independent of ¢.

(4.16)

Proof. By Lemma 4.3, we can find four positive constants bs, by, b, bg which are independent of

¢, such that

dist(x, 6Q) dist(x, GQ)
6 1 8T 1

bof1+b <W.<b|1+b

82/12 52/12

in Qa,
while in QC by the Equation (4.2) we can find a positive constant Cor such that
1L
max W(x) < Cgre? A/
Qc s
S

By (4.17)-(4.18), we can get a lower and upper bound for the term [, W_Pdx, that is,

-2
m/15=/WEpdx>/ b?|1 196M dx
Q Qs 82/12
-2
/ / bY|1+bs—= | dydz
r,(» s 212
E
1 1
>bieid; min [T.()] +O(eA),

(4.17)

(4.18)

(4.19)
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and
-2
ma, _/Wpdx / b |1+ b, T 0D) dx+/ CP e,
Qs 3 /12 Q9
-2
(4.20)
/ / bPl1+bg——| dydz + O(e,)
r,(») 2 /12
€

1 1
<bPera? Zg(l&)%) IT, ()| + O(eA,).

As a consequence of (4.19)-(4.20), we derive that ¢ ~ A, since mA, < bP|Q| by the maxi-
mum principle comparing to the constant supersolution b > 0. Then the conclusion follows
directly. O

With the above preparation, we give the proof of Theorem 2.2.

Proof of Theorem 2.2.. By (4.16) in Lemma 4.4, we get the profile for W, given in (2.2) for any small
constant § > 0. From (1.5), we know that
Wp
U.=m Ep_ (4.21)
JoWedx

Using Lemma 4.4 we obtain the profile for U, given in (2.2). Applying Lemma 4.1 to (4.15), we
immediately observe that

2
IWellLeo(ag) < CeP.
Then using (4.21) and Lemma 4.4 again, we derive that

U,<Ce for xe Qg.

Now it remains to show that the boundary-layer thickness is the order O(¢) to finish the proof. Let
us denote ¢, = dist(x;,, Q) for any interior point x;,, of Q. We just need to check the conditions
of Definition 2.1 with u(e) ~ O(e).

Casel:. If limg_,o L = 0, we set w(y) = W_(ey). Then w* satisfies

me

€ p+1
—/Q WP (odx (W )P, (4.22)

Aywi(y) =

in Qf = %Q Recall that, by maximum principle, we have

lw Ol e aey = W)l oo < b-

Following the standard elliptic estimate and the fact that the right-hand side of (4.22) is uniformly
bounded in Q by Lemma 4.4, we get

[w WL (os) + IDyW W (as) < C, (4.23)
(@) + 15y @)
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where C > 0 is a universal constant independent of €. This implies that
|D, W, (x)| < Ce™™.

Let x, € 0Q be the boundary point such that |x;, — x;,| = dist(x;,, Q). We get that |x, — x;,| =
o(¢) from lim, _,, % = 0, then

|W5(x0) - Wa(xin)l < ClDXWE”xO - xinl < C£_1|x0 - xin' = 05(1)- (4~24)

This implies that lim,_,, W.(x;,) = b, verifying the statement in Definition 2.1-(1).
s = L. In this case, we first show that lir% W,(x;,) > 0. Indeed, by Lemma 4.4
E—

e—0 ¢

and lim,_,, #, /e = L, we have

Case 2: lim

2

lim W, (x;,) > bs <1 + b6ﬂL> ">o.
e—0 dl

To show lir% W.(x;,) < b, we claim that
E—>

_2
M) " in 0 (4.25)

W (x) < b(l +C,

for some suitable positive constant Cy,. Let d, be defined in Lemma 4.4 and W, be the solution
of the following equation:

b (4.26)

AW, , = 2w in Q,
’ d, ¢
W.,=>b on 9Q.

By the maximum principle, we get that W, < W_ ;. Now we shall prove that

2
dist(x,0Q)\ »
Ws,b<W5:=b<1+b9%> " in

for some suitable positive constant by. Indeed first we can always choose by small enough such
that

_2
w> * on 804\ 30 4.27)

To see this, we denote Q, = Q \ Q5. Then by Lemma 4.1 applied to (4.26), we get

2
max W, < CgeP. (4.28)

Then for each x € Q5 \ 9Q, it has § = dist(x, Q). By choosing b, sufficiently small, we will
have

2
2 : -3
Cqer < b<1 + by dist(x,0Q) am) " (4.29)
12

*
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Then (4.27) follows from (4.28) and (4.29). Since W ;, = W5 = b at 0Q, we conclude that

_2
by dlSt():, oQ) > P 50;.

Wa,b < W5 = b(l +
By a direct computation, we have

2 m a+p _ [ 2.2 2 dist(x, 0Q) m,
3 AW5 - d_2W5 = <Cpb9b + EEbgHrz(y)<1 + bgf — d_zb +p

(4.30)

2
dist(x,8Q)\ > »
) o,

><<1+b9

Since by is chosen to be sufficiently small, the first bracket in the right-hand side of (4.30) can be
made negative. By the comparison principle, we infer that

w

€ < WE,b < W5 in Qa.

Hence the claim (4.25) is proved by identifying C, with by and we get that
2
lim W (%) <b(1+CyL) » <b.

Thus, Definition 2.1(2) is verified.
Case 3: lim,_,, % = 4o00. The conclusion in Definition 2.1(3) is a direct consequence of
Lemma 4.1in Q5 and Lemma 4.3 in Q.

Collecting the above three cases, we complete the proof. O

5 | THE RADIAL CASE

In this section, we consider the special case Q = By(0) := By in R"(n > 1) to find the refined
solution structure near the boundary as € — 0. With this, we can explore how the radius of the
domain (and hence the boundary curvature) affects the boundary-layer profile and thickness, and
further show the asymptotic profile of the radial steady state as p — oo (namely the chemotactic
sensitivity is very strong).

5.1 | Asymptotic profile near the boundary

We first establish the following result.

Lemma 5.1. Given b > 0, the system (1.3) has a unique smooth positive solution (U, W) that is
radially symmetric in Bg(0). Moreover, (U, W) satisfies U, > 0 and W, > O withr := |x|.

Proof. The existence and uniqueness of smooth solutions come from Theorem 2.1 directly. The fact
that the unique solution is radially symmetric is a consequence of Gidas-Ni-Nirenberg theorem
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[11] applied to the following problem:

e AW = WPl x € Bo(0),
{ ‘ 2(0) )

W=>b>0, X € 0Bg(0),
where 4, = % /BR WPdx > 01is a constant. Note that (5.1) is the analogue of (4.15) for Q = B(0).
By Theorem 4.4, we see that 1, ~ €. Next we prove the monotonicity of (U, W)(r). Indeed, the
steady-state problem (1.3) in the ball B;(0) can be written as

Wr
U, = pUS£, r € (0,R),
W, + LUw, = uw, r € (0,R), 52)
U,(0) = W,(0) = 0, W(R) = b, '
w, fOR r"=LU(r)dr = m.
Write the second equation of (5.2) as
e(r"w,), = rluw. (5.3)
Noting W,(0) = 0, we integrate (5.3) over (0,r) and get
W.(r) >0, vr € (O,R]. (5.4)

Using the first equation of (5.2), we further get U,.(r) > 0 for any r € (0,R]. Hence U(r) is
monotonically increasing on [0, R]. O

In this section, we shall study the boundary expansion for the problem (1.3) in the ball. To start
with our discussion, we shall first analyze (5.1). In the sequel, we set o = eA, for simplicity, we can
rewrite (5.1) as

a(W” + n_—IW/) —wHr =0, for re(0,R],
p (5.5)

W(R)=b, W'(0)=0.

We remind the reader that ¢ ~ €2 by Theorem 4.4. Our aim is to derive sharper upper and lower
bounds of the solution to (5.5) than in the previous section.

Lemma 5.2. Let W be a solution of (5.5). Then we have W ;(r) < W (r) < W, (r) forallr € [0,R]
with

2

2 2
b2(R—r) a 14 P
W (r) i=b| 1+ ———=| , W_,(r) :=1 b(E) 1+ bz(R—lr) . ifn=2, (5.6)
c,02 " ¢p102
P ) % 1
5 p
b 1+b2(R;r) +CPC; , ifn=1,
cp02 RP
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2
ayo
bPR?

wherecy,; = c,(1 - )"1/2 and a, = max{%, %}.
Proof. We denote the left-hand side and right-hand side functions of (5.6) by W, ; and W ,. First
we show that W_; < W_. By direct computation we have

_2+p
P

> 0. (5.7)

1
2

, 14p _ 2(n—1)o
WE,I) - Ws,l -
pCpl"

n—1
r

p
2 b2(R -
o(WS”1 + | PRCE )

D=

c,0

p

Now we claim W_; is a sub-solution of (5.5). Indeed, W ;(R) = b = W (R) and W ; — W cannot
possess an interior local positive maximal value due to maximum principle and (5.7). At the zero
point, we have

/ ' !
W/ (0) = W(0) = W/ ,(0) >0

which entails that 0 cannot be a local maximal point. Thus, we obtain the left-hand side inequality
of (5.6).

While for the upper bound, we shall divide our discussion into three cases.

Case 1: n > 3, by a direct computation we have

7 n—1 /’ 1+p
O-<VVE,2+ ¥ Ws,2>_Ws,2
_2
(n-DG-n), = s biR-r)| "
— — n— n+. 2 —_
_an= ) - PR T T 14 =
cpoi
_2+2p
(n=1)p (n—-1) P p
(n-1p () 2 o
e (5) 7)) e R
r r 1
CpO'Z

<0.

Together with that W ,(R) = W (R) = b and W_,(r) — +co asr — 0, we see that W, provides
a super-solution.
Case 2: n = 2, following the computations as we did in (4.7) and using a), = max{%, %} we have

1 n-— 1 ’ 1+p
G<Ws,2 + ¥ Ws,z) - Ws,z
2 _Zt2p
2 P 21p P »
oa brR-r)| P pa a ba(R—r
<bl 5|1+ ( 1) + £ —bP<£> p<5>p1+(—1)
r €p102 o1 r r €p102
Denoting
oar[  pI(R-7) ’ cybP R\P%
FE(V’R) = r2 1+ l cz bp(7>
Cp,10'2 p,l

85UB017 SUOWILOD) 31RO 3|qed![dde sy Aq pausenob ae sajoiike O ‘8sn JO SenJ Joj Areuq i auluQ 8|1 UO (SUOIPUOD-pUe-SWBI0Y A8 1M AReIqRU1UO//SdNY) SUONIPUCD PUe SWis | 81 89S *[9202/20/2T] uo AriqiT8uluo A8|IM ‘ZZT0. Swd/ZTTT 0T/I0p/Wo0 A8 1m AReIq Ul UO™D0SYRWPUO |//:Sdny W) pepeo|umoq ‘Z ‘9202 ‘XvZ09rT



BOUNDARY SPIKE-LAYER SOLUTIONS OF THE SINGULAR KELLER-SEGEL SYSTEM 27 of 57

Using the definition of ¢, ; we can rewrite F(r, R) as

2 2 2
r R Cpil

1 P
2 2 2 2 = 21 E
a,(R—r) pa oa oa 202a*b2(R—r)
r

FE(V,R):bp< - 2

Cp,1

We claim that F,_(r, R) is strictly negative for sufficiently small € (¢ small implies that o small).
Using the fact pa, > 2 and the well-known inequality

(1+x)P>1+px+%p(p—1)x2 for x>0, if p>o2.

Then

a’(R—r)? r? + pa,(R—r)r+ 2pa,(pa, — 1)(R —r)?
Fg(r,R)ng< - +1- L A

e 1 r

1 b
oa? aalz) 202 alz)b 2(R=r)

_r__?
r? R? Cpal?
2 L2
_ PR % 1 pay—1) ) - pa,pr R0 4 207 a,br k=)
r 0123,1 20 PP P Cpar?
2 2
oa, 04
r2 R2
- a; 02 2 (2
For the coefficient c;—’; — pay(pa, — 1), where ¢, ; = 1 %E and ¢, = > (; + 1), one can
' T bPRZ
easily check that
2 2 4
a a alo
p 1 _p 1 P 1
a " PuP D=5 G s~ PPy D
pl p )4 €
<af) 1a(a 1)=a L p2+p3a
PP T Y E S P Ty
2.3 2
+
2 4+2p p 4+2p P 2+p

As a consequence, we have

1 )
Sa2ho(p _ 2 2
p bp(R_r)z—pa pr_r+2azapb2(R r)+aap_c:ap

F.(r,R) < — .
R < 2+p 2 Pey Cpal? r2  R?
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Then we choose o as

2

pa,b? p bPchp,1

0oy = | min T 3o —, 1
8a, + 8ajb2 b 4a§)cp,1 + 8a§b2R

R2 cpaR

One can easily check that if o € (0,0,), then F,(r,R) < 0 for r € (0,R]. Thus, we see that W,
provides a super-solution of (5.5).
Case 3: n = 1. In this case, we consider the original problem for x € [—R, R] and set

bE(R )_5 P T
2 —_ 2
W,y i=b|l1+———22| 41+

N
o

c,0

P

As we have shown that in last section this provides a super-solution. Together with the trivial fact
that W, < W, for x € (0, R), we finish the proof for the right-hand side of (5.6) in this case. []

In the following lemma, we shall derive a useful expansion of the normal derivative for the
solution W, of (5.5).

Lemma 5.3. Let W, be a solution of (5.5). Then on the boundary 0Bk (0) we have for 0 < 0 <« 1

2 e 1 2(n—1b
W/(R) = | —2—b _AnZ 0o .
B =1/5320 7~ rar 7AW

Proof. First multiplying both sides of (5.5) by W/, and integrating the result from 0 to r, we get

1o, v2_ 1 p+2,.\ _ 1P +2 _ rl’l_—l 12
SW = e (WP - WP o) - [ A twieras 59)

Using (5.5), we have

r
orn_lwg'(r):/ s"IW P (s)ds. (5.9)
0

So by the increasing property of W, one has

w!(r r
() -1 / sIWP T (s)ds < 1Wf“(r). (5.10)
0

O' —
r r’ n
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Then forr € (%,R), it follows that

"n=1_, =1,
a/ —W_(s) ds=a/ W(s) ds+o/
o S 0 s £

L n e (RY M=) (Y
<p+2 n W <4>+ R S 0 W (n)dr |Wi(s)ds,

(5.11)
where (5.10) and (5.9) have been used in the first and second terms, respectively. For the second
term on the right-hand side of (5.11), using Lemma 4.1 and Lemma 5.2, we have

r

n—1
TW;(S)ZdS

S
/ Wf+1(f)dr <
0

>—1—§ (5.12)

R
/ wPdr < Co. (5.13)
0

As a consequence, we have from (5.11) and (4.2) that

Rn-1 1+2 L [E 1
o / W/(rydr < Co "» +Co3 ﬂ W(r)dr < Co2. (514)
0 r 1
4

Returning to Equation (5.8), we can see that %Wf +2(r) is the predominant term on the right-hand

pt+4
sideforR — r < Co4+2) *7 for some sufficiently small positive number y. Indeed, with Lemma 5.2,
we have

_2p+2)
p

D
1 1 | _1
WPy Zpr2[ 14 g > Co™ 3.
g g Cp

p+a
Hence forr € (R —Coped 7 R), we can apply the Taylor’s expansion to rewrite (5.8) as

o —ot 2wl 1+0( Ve @Y 4 o o fy ST Ws)ds
E p+2" wE(r) WP (r) ’

where the leading coefficient in the second and third terms are negative. With this, we resort (5.14)
to derive that
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Rn—1 K -1
a/ ——W!(r)dr > cr/ pea W/(r)*dr
0 r R—Co ¥p+2) tr r

1
—1o2 R P_
,(n-Boz [ 2 / b W2 (OW(dr
R p+2 R_CU4(p+2)+y
R

1 w2,

+ O(O'Z) p+4 . TWg(r)dr

R—Co¥p+D ™" WPT B (5.15)
£

R o fy B=W(s)%ds
+O(Gi)/ pa > W!(r)dr

Co 4(p+2) +r bt

WF ")

1
=(n—1)ai 2 2 o+ L0 ;+L‘;—P7f4y’
R p+2p+4

1
where we have used that W_(0) < Co? by applying Lemma 4.1 to (5.1) with ¢ replaced by o = ¢4,
there, and o / " "S Ly (s)zds C0'2 from (5.14). While on the other hand, using (5.8), we have

Rn-1 . —1
cr/ ——W!(r)’dr = o/ p+d W!(r)*dr
0 r R—Co4p+2) +r r
p+4

R-Co¥p D7 1
+0o / ——W!(r)*dr
0 r

. (5.16)
—1)o>2 P
< (n 234 / 22 24bz+2
R—Coio ™ VPFT2PY
R—Ca“pp-:t) +y n
+0 / dr.
0
For the second term on the right-hand side of (5.16), using (5.11)-(5.12), we see that
G +4z> 4 1 i +42)
R—Co¥p+ = R—Co4p+ !
4C(n —1)o2 W (r)
O'/ E(r)zdr < M/ E—Zdr
0 R R 1+2
4 R—r p
(1+2)
Co2
R
+ /4 n-—- 1WPJrl(r)W’(r)dr
o N (5.17)

3 p+2

p+4
< CoZ‘TVW<R - CJ4(P+2)+y>

1 n-1
+ mTWf+2(R/4)

1, p+4  p+d
2 p

< CC' 4p+8
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where the lower bound of W () given in Lemma 5.2 has been used. From (5.16) and (5.17) we get

R —_ _ 3 1, p+4 p+4
o/ R Lyrypar < D72 [ 2 2 gk oot
0 r R p+2p+4

Combined with (5.15), we finally arrive at

R _ : 1, p+4  p+d
o/ n-—- 1Wg(r)2dr _(m=Do2 [ 2 2 gk of iten-SrY
0 r R p+2p+4

Evaluating (5.8) at R and using Lemma 4.1 yields

1 2 “in-1 2 4 P _1
W!(R)? = Embl’“—a — ,/p+2p+4b2+z +0,(1)0" 2. (518)

This implies the desired conclusion. O

Sl

Next we shall use Lemma 5.2 and the conclusions obtained in the last section to derive a more
accurate estimate on the integration /BR (0) WePdx of the original nonlocal problem.

Lemma 5.4. Let W, be a solution of the following nonlocal problem:

eAW = —2 _ WP in  B,(0),
{ Jo WPdx =(0) (5.19)

W=>0b on 0Bg(0),

JoWPdx
m

and A, = . By w,, we denote the surface area of the unit sphere in R", then we have

w2bPciR"2

A = £+ O(&? loge).

m2
Proof. In the following, we shall consider the case n > 2, while the case n = 1 can be treated simi-
larly with simpler calculations. Using Lemma 5.2 for n > 2 (with o replaced by €1,) and inequality
(4.2) we have

2 —=
’ p(E)[ 1+ 22D fr> &
bZ(R—V) r 1 1 s lr/Z’
b|1+ - < W, (r) < cpeZd;
c,e2? 11
P Cyer Al ifr < %,
_ . aZel
where 6 = "Tl,ép =cpforn>3and6 =a,,¢, =c,; forn = 2withc,; = c,(1 - b’;—R;)‘l/z and
a, = max{%, %}. As a consequence, we deduce
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-2
R p
b2(R—r
Wpdewn/ " IpPl1 + ( 1) dr
BR(0) 0 I
R Cpe2d;
bgR L1 (n-1)
p 1 L p 11 G 2?2
=w,b2¢,e21;7 /"PEMSZ 1+r?3rR-2—= 0 “r dr
0 bz (5.20)
D
b2R
p 1 1 l% R 2y
— SA 3 712ph—1 _ _ =52 cpe2 A
=w,b2¢,e22;/R (n 1)concp£/1£/0 P (1+r)2dr+0(£/15)

Bl 1 -
=w,b2c,R" teap?2 + E(n — l)wnclz)R” e, log(ed,) + O(ed,)

and

Bg(0) /2
)
R ép b2(R —
<a)n/ r"—le(5> 1 ( 17') dr + Cel,
R/2 r .
Cpe2 s
(5.21)
L1 n—1 p(n—1)
6pe212 0
bIR_ R- -+ R°P
1 12 b2
= conbg g s%lsz /Zfﬁ“fz dr + O(el,)
p 0 (1 + l")2
p 1 % n—1 1 2n—2
=w,bZc,e2A/R" + E(n —1—-0p)w,c," “eld.log(ed,) + O(ed,).
Therefore, we conclude that
1 L
WPdx = w,b?c,R™ 6112 + O(el, log(ed,)).
Bg(0)
This together with 4, ~ € implies that
1
A2 = w,bsc, R e + 0(e: 1
mi; =w,b2c, €2 + O(e2 loge).
As a consequence, we get
cuflbl"clz)RZ”‘2
/ WPdx = ————¢ + O(* log ) (5.22)
Bg(0) m
and the desired conclusion of Lemma 5.4. O
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5.2 | Asymptotic profile as p - «
We can characterize the profile of the steady-state (U, W) as p — oo.

Lemma 5.5. Let (U, Wp)(r) be the unique radial solution of (1.3) in Bx(0). Then as p — o, Up
concentrates on the boundary dBg(0) and W , converges to the boundary value b. That isas p — oo,
it holds that

canr”_1 Up(r) — md(r — R) in the sense of distribution, (5.23)

W ,(r) = b in C(Bg), (5.24)
where 8(r — R) is the Dirac mass centered atr = R.

Proof. The proof consists of three steps.
Step 1. Since w,, ]OR p1 Up(r)dr = mand U ,(r) is monotonically increasing on [0, R], by a con-
tradiction argument, one can see that for any 0 <7 < R, there exists a constant M, > 0 such that

Up(r) <M, foranyr € [0,R —17]. (5.25)

Hence by the Helly’s compactness theorem and the diagonal argument, there exists a sequence
Dx — oo such thatforany0 <7 <R

Up, (r) — some U,(r) pointwise on [0,R — 7] as p; — oo,

and U (r) € L'(0, R — 1) is monotonically increasing.

W . o
Step 2. Set F), := (WL). Then (U, , F) satisfies
P

{(Upk), = pU, Fy, r e (0,R), (526)

eFy, +&- 2F +cF2=U,, re(O,R).

r Pi>

By (5.4), we get F; (r) > 0 for any r € (0,R].
We claim U, =0 on [0, R). Otherwise, there exists r, € [0, R) such that U_(r,) > 0. By the
monotonicity of U, we assume r, > 0. Taking r; € (¥, R), then

U,@)>Uy(ry) :=d; >0forr €[ry,r] (5.27)
Write the second equation of (5.26) as
e(r" 'R, + e Fp =0,

Integrating this equation over (0, ) for r € (r,, r;) yields

R
_ _ m
er 1 F(r) < /0 r" 1Upk(r)dr =" forr € [ry, 1]

n

85UB017 SUOWILOD) 31RO 3|qed![dde sy Aq pausenob ae sajoiike O ‘8sn JO SenJ Joj Areuq i auluQ 8|1 UO (SUOIPUOD-pUe-SWBI0Y A8 1M AReIqRU1UO//SdNY) SUONIPUCD PUe SWis | 81 89S *[9202/20/2T] uo AriqiT8uluo A8|IM ‘ZZT0. Swd/ZTTT 0T/I0p/Wo0 A8 1m AReIq Ul UO™D0SYRWPUO |//:Sdny W) pepeo|umoq ‘Z ‘9202 ‘XvZ09rT



34 of 57 | CARRILLO ET AL.

Thus, Fi (r) < W”L_l Vr € [ry,7;]. When py is large enough, the second equation of (5.26) further
0

gives
eF(r) S Up, (r) < 2U(ry) for r € [ry, 1.

Thus, F}(r) is bounded in C!([r,,r;]) with respect to p,. Thanks to the Arzeld-Ascoli theorem,
there exists F, € C[r,, ;] such that after passing to a subsequence of p; — oo,

F;, — F in C([ry,r D).
‘We next claim
there exists 7 € (v, r;) such that F () > 0. (5.28)

Otherwise, F, = 0 on [r,, r]. Multiplying the second equation of (5.26) by a test function ¢ €
Cy’((rg,r1)), then

r r n—1 r r
E/ Fk¢,dr+£/ Fk¢dr+s/ Fiqbdr:/ Up, ¢dr.
r -
o o o o

Sending p, — oo and using the Lebesgue Dominated Convergence Theorem, we get

1
/ Uy ¢dr = 0forany ¢ € C;°((rg,ry)).
o

Thus, U, = 0 on (r, r;), which contradicts the assumption (5.27).

By (5.28) and the continuity of the function F_ (r) on [r,, r,], there exists an interval [r,,r;] C
[rg,71] such that F(r) > d, on [r,,r;] for some constant d, > 0. Now integrating the first
equation of (5.26), in view of (5.27), we have

r d
U, () =U, (roe™ Jrg Fiete)de —21 ePc2=12) for > .
It then follows that

T3 d r3
m > / r"‘lUpk(r)dV 2 ?1/ P 1ePka(r=1) gy 5 oo as D = 0,
2

r;
which is a contradiction. Therefore, U, = 0 on [0, R), which implies

@,r"'U,, (r) = m8(r — R) in the sense of distribution,

n

due to '/BR U, (x)dx = m > 0.
Step 3. It remains to show the limit of W,. On one hand, by the maximum principle, 0 <

W, (r) < bforr € [0, R]. On the other hand, since Up, (%) <M z, integrating (5.3) gives

1
rn—l

r r
— -1 R 1 -1 R
0 <e(W,),(r) = /O U, W, <bU, (5) /0 sl<chorre|o7] (529

2/ -l
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Moreover, for r € [% R], there holds that

1 "o R\"1 R
0$€(ka)r(r)=rn_1/§s Up Wy ds+e(5) Wy (3)

S b<%>n_l /OR riU dr + E(%)H_I(ka»(%)

) v (8) <

n

where we have used & o <1 in the second inequality. Hence Wy, llcrory < C- Thanks to the
Arzela-Ascoli theorem, there exists W, € C([0, R]) such that after passing to a subsequence of
P = oo, W, — W in C([0, R]), which also indicates that W (R) = b. Integrating (5.3) twice
gives

R "1 S a1
— n—
zszk(r)—r:ka<2)—/}_2 s”—l/o T Upkkadrds.
2

Now sending p; — oo and recalling U, — 0 pointwise on [0, R), by the Lebesgue Dominated
Convergence Theorem, we have

W (r) = Woo(§> forany r € [0, R].

Therefore, W (r) = b. Since the limit (U, W) is unique, all the convergence statements made
above hold without passing to a subsequence. O

5.3 | Proofof Theorem 2.3

First, the existence and uniqueness of radially symmetric solutions with monotonicity follows
from Lemma 5.1. By Lemma 5.3 and Lemma 5.4, we get

pmb

which gives the expansion for W/(R) in (2.5) directly. With (1.5) and (5.22), the expansion for U’(R)
in (2.5) is obtained. In the following, we shall use Lemma 5.2 (with o replaced by ¢4, there) to
derive the first-order expansion of R — (R, ¢) ase€ — 0 fora given ¢ € (0, b). By Lemma 5.2, using
the sub-solution of (5.19) given by W_ ,(r), we can solve W_,(r) = ¢, to obtain we have

1]
1]

_ b2 —¢ 11
ri(c) 1= W&ll(c) =R-— b}_,—[_,cpsz/lgz.
2¢2
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Next, we use the supersolution of (5.19) given by W, (r) in (5.6) (with ¢ replaced by ¢4, there) and
solve W, (r) = ¢, to get

b p .
—_ 1 =
R-DEZC e voer),  ifnz2,
rz,E(c) = W;;(c) = bIEJZCZE o
rR-2 p_ 52 cpei/lg +0(e2/PtY), ifn =1.
b2c2

It is easy to see thatr, .(c) < r.(R,c) < ry((c), then we have

22 .
—_ 1 =
r.(R,c)=R - bz . 22 cpezd + O(g2/P+1y,
bzc2

Using Lemma 5.4, we further get that

P P 2 pn—1
3 S wucsR

b p

r.(R,c) =R — ¢

e+o.,(1)e

[S]iss}

c
which yields (2.6) and hence completes the proof of Theorem 2.3(i).

The conclusion of Theorem 2.3(ii) comes from Lemma 5.5. The proof of Theorem 2.3 is
completed. O
Remark 5.1. The expansion (5.30) differs from the linear sensitivity problem (1.7), where the
second-order term in the expansion is of order one, as shown in [21].

6 | NONLINEAR STABILITY OF THE RADIAL BOUNDARY-LAYER
STEADY STATE
6.1 | A preliminary result

The monotonicity of the radially symmetric steady-state solution (U, W) will be essentially used
later to prove the stability result. We further show the following result concerning a sign property.

Lemma 6.1. SetV :=logW. Then it follows that
(""'v,), > 0 foranyr € [0,R].
Proof. Since W > 0, dividing the second equation of (5.2) by W, we get

W, w,\* n-1 W,
— . .—=U. 6.1
E<W>r+E<W> e W 6D

Noting V, = %, one can see from (6.1) that V satisfies

er" V), =TI U —eV)). (6.2)

35UBD17 SUOWIWOD dAIRea.ID 3|gedt|dde auyy Ag pausenob afe sajdie YO ‘8sn Jo S3|nJ oy Aelq 1T auluQ 8|1\ UO (SUO N IPUO-PUR-SWLIBYW0D AB 1M Ale.q | |uluo//:SdNL) SUOIPUOD pue SWiS | 8Y3188S *[9202/20/2T] Uo AiqiauljuQ AB[IM ‘2ZT0. SWId/ZTTT 0T/I0p/Wod A8 1M Alelq | U UOd0SURWPUO|//:Sd)y Wol) pepeojumod ‘Z ‘9202 ‘Xir209rT



BOUNDARY SPIKE-LAYER SOLUTIONS OF THE SINGULAR KELLER-SEGEL SYSTEM 37 of 57

Since U(0) > 0 and V,(0) = 0, there exists 7, > 0 such that
"V, >0, Vr e (0,r].

We claim (r*~1V,), > 0 for all r € [0, R]. Otherwise, denote by r; € (ry, R] the smallest number
such that (r"~1V,), | r=r, = 0. In other words (r"v,), > 0, Vr € (0,r;), and hence the function
r"~1V_(r) is monotonically increasing on (0, r,). In view of (6.2), we have

U(r)) — EVrZ(rl) =0. (6.3)

Moreover a simple calculation for (6.2) along with (6.3) gives

V,r(rl)r;‘_1 =—(n- 1)rf_2Vr(r1). (6.4)
Differentiating (6.2) in r gives

"V, = "N U, = 2¢V,V,) + (n = Dr'A (U — VD).
Now by (6.3) and (6.4), we have
s(r”_lV,)rrlrzr1 =, - 2eV.Ve )i,
= r?‘lUV(rl) + 2e(n — l)rf_ZVf(rl) >0,

where we have used the monotonicity of U(r) in the last inequality (see Theorem 5.1). Thus,
the function r"~'V,(r) takes a local minimum at r = r;, which contradicts the fact that it is
monotonically increasing on (0, r;). Therefore, (r*~'V,), > 0 for all r € [0, R]. O

6.2 | Nonlinear stability of (U, V)(r) on B,(0)

In this section, we study the asymptotic stability of the steady-state (U, W) to the system (1.2)
under radial perturbations. Since the n = 1 case has been achieved in our previous work [4], we
only consider the case n = 2, 3.

Theorem 6.2. Letn = 2, 3. Assume that the initial datum (u,, w,) is radially symmetric with u, > 0
and w, > 0, and that uy € H*(Bg), wy — b € H}(Bg) N H*(Bg). Let (U, W) be the unique steady
state obtained in Lemma 5.1 with /BR U(x)dx = '/BR uy(x)dx. Then there exists a constant §; > 0
such that if the initial datum satisfies

”(u’O - U’ Wy — W)”HZ(B ) 519

then the system (1.2) admits a unique global radial solution (u,w) € C([0, +0); H*(Bg)), which
satisfies u(x,t) > 0, w(x, ) > 0 on By X (0, +00), and

l(u—U,w-W), DI} < Cll(ug = U, wy = Wl €7 (6.5)

H2(Bg) > H?(Bg ¢

where C and u are some positive constants independent of t.
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Corollary 6.3. By the Sobolev embedding theorem, we further have the following asymptotic
convergence:

u—U,w—W)1)|* — < Ce ™,
IIC )¢ )||C(BR)

Theorem 2.4 is a direct consequence of Theorem 6.2 and Corollary 6.3. To show Theorem 6.2,
we first note that since w| 9BR(0) = b > 0, if wy(x) > 0 for all x € Bg(0), then by the maximum
principle, we have w(x,t) > 0 for all x € Bz(0) and ¢t > 0. Thus, one can remove the logarith-
mic nonlinearity of the sensitive function of (1.2) by setting v : = log w. Then the system (1.2) is
transformed into

u;, = Au— pV - (uVv), x € Bg(0), t >0,

v, = eAv +¢|Vu|? — u, X € Bg(0), t >0,

u(x,0) = uy(x), v(x,0) = vy(x) :=logwy(x), x € Br(0), (66)
g—:‘—pug—z =0, v=Ilogh, x € 3Bg(0), t > 0.

Let (U, W) be the unique positive solution of (1.3) with Q = Bz(0) and m = /BR u(x)dx (see
Lemma 5.1). Set V' = log W. Then it is straightforward to check that (U, V) satisfies

AU - pV - (UVV) =0, X € By(0),

AV +¢|VV|?=U =0, X € Bg(0),

U )4 (6.7)
i pUg =0, V =logb, x € dBy(0),

Jp, Udx = [p up(x)dx,

which implies that (U, V) is a steady state of (6.6). Using the uniqueness of positive solutions of
(1.3), one can immediately show that (U, V) is the unique solution of (6.7).

We next investigate the stability of the steady state to (6.6). Applying the contraction mapping
theorem, one can readily derive the local well-posedness of (6.6). The routine and tedious proof
details are omitted for brevity.

Proposition 6.4 (Local well-posedness). For any E > 0, assume that the initial datum (uy, v,)
satisfies

0 < uy € H*(By), v, — logb € Hy(Bg) N H*(By) and |lug — Ullg2 + vy = Vg2 < E,

where (U, V) is the unique solution of (6.7). Then, there exists a constant T > 0 only depending
on E such that the system (6.6) has a unique local solution u € C([0,T]; H*(Bg)), v —logh €
C([0,T]; Hy(Bg) N H*(Bg)), (u,v) € L*((0, T); H*(Bg)), and for t € [0,T] it holds

t
Sl[lp] ”(u - U’ L — V)(’ T)”i[2 + / ”(u - Ua v— V)(a T)“?_ISdT < 4”(“0 - U’ UO - V)”?_IZ
7€(0,t 0

Noting that the system (6.6) is rotationally invariant, by the uniqueness of solutions, one can see
that if the initial data (u, v,)(x) is radially symmetric, then the solution (u, v)(x, t) is also radially
symmetric. In the radial setting, we have the following stability result for the reformulated system
(6.6).
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Theorem 6.5. Let n = 2,3. Assume that the initial datum (u,, v,) is radially symmetric, and that
0 < uy € H*(Bg), vy —logb € H}(Bg) N HA(By). Let (U, V) be the unique positive solution of (6.7).
Then there exists a constant 8, > 0 such that if the initial datum satisfies ||(uy — U, vy — V)| g2 <
8,, then the system (6.6) admits a unique global radial solution (u,v) € C([0, +o00); H>*(By)), which
satisfies u(x,t) > 0 on By X (0, + ), and

”(u L5U V )(5t)”22 < C”(u() L,UO J )llzze_lﬂ’ (68)
H H
where C and p are positive constants independent of t.

To show the global existence result claimed in Theorem 6.5, by the local well-posedness result
and the standard continuation argument, it suffices to establish the corresponding a priori esti-
mates of (u — U,v — V). In order to achieve the proofs of Theorems 6.5 and 6.2 at the end of this
section, we introduce the notation

N(t) := sup {lI(u—=U)C, Dl + 10 = VI Dl §- (6.9)

7€[0,t]

By the Sobolev embedding theorem, for n = 2, 3, we have

sup {[|(u — UG, Dlipe + 10 = V) Dl b < CN(D). (6.10)

7€[0,t]

Then the following a priori estimates, proven below in a sequence of iterated lemmas, can be
established.

Proposition 6.6 (A priori estimate). Let n = 2, 3. Assume that (u,v)(x, t) is a radially symmetric
solution of the system (6.6) obtained in Proposition 6.4 on [0, T for some T > 0. Then there exists a
constant h > 0 independent of T such that if N(T) < h, it holds that

t
el — U, 0 = V)(, DI, + / el — U, 0 = V)C, DI3,d < Cli(uy = U,vo = VI,
0

H
(6.11)
foranyt € [0, T], where C and u are positive constants independent of t and h.
We now write the system (6.6) in the radial coordinates as
u, = rn{l [ u,), — p(r"'uv,),], re€(O,R), t >0,
U = g (7o), Helv, 1~ u, re(O,R), t >0,
9 u(]’, 0) = uO(r)ﬁ U(rr 0) = log wO(r)r re (O’ R), (612)
u, — puv, =0, v =logb, r=R,t>0,
u.=0,v, =0, r=0,t>0.

Using the boundary condition of U, one can see that the steady-state (U, V') of (6.12) satisfies

U, =pUV,, r € (0,R),
rnL_l(r"—lvr), +¢elV,?-U=0, re(0,R), (6.13)
U,(0) =0 = V,(0), V(R) = logb.
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Thanks to the conservation of mass, it holds that /BR u(x, t)dx = fBR ug(x)dx. Since

/BR uy(x)dx = —/BR U(x)dx,

we have
/ u(x, t)dx = / U(x)dx forallt € [0,T],
Br Br

that is,

R R
wn/o u(r,t)r”_ldr=cun/0 U(r)r"tdr,

where we have used the fact '/BR fx|,0)dx = w, /OR f@r,t)r"~ldr with w, denoting the sur-
face area of the unit sphere in R”. This inspires us to take the relative difference between
the radial mass distribution function of any solution u(r, t) to the unique steady-state U(r) or

“radius-dependent anti-derivative” to reformulate the problem. Precisely, if we set

$(r,0) 1= —— / (s, £) = UGS)S™ds, $(r.0) = v(r ) = V(D).
rn— 0

Then by L’Hépital’s rule, we have

$(0,1) —hm— / (u(s, t) — U(s))s" Lds = (”(r D-UW)-r_,

n—1

and
R
PR, 1) = / (u(s, t) —U(@s))s" tds =0
0

Substituting (6.14) into (6.12), one can find that (¢, 1) satisfies

n—1
¢ = (Gtr) —pv, ~PU% Oy, re©RLE>0,
¥ = S (), + 26V, +e] — r” (f)r, r € (0,R),t >0,
(¢,%,)(0,1) = (0,0), (¢, P)(R, 1) = (0,0), t>0,

with initial data

(P, Po)(r) 1= ( nl_l / (up(s) — U(s))s" " ds, log w(r) — V(r)).
r 0

(6.14)

(6.15)

(6.16)

We next establish the a priori estimate (6.11). We begin with the basic L? estimate. In what
follows, we shall abbreviate /OR f(r)dr as fOR f), /Ot fOR f(r,s)drds as fot /OR f(r,s), and B(0) as

By, for the sake of notational simplicity.
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Lemma 6.7. Let the assumptions of Proposition 6.6 hold. If N(T) < 1, then there exist two constants
C > 0 and u > 0 independent of t such that

t
e“((1¢C DI, + B¢ DIIZ,) + / e (luC, 7) = UOIZ, + [, DI, )de
0 (6.17)

< CligollZ, + Igoll2,)

holds forany t € [0, T].

rn—l ¢
and the second one

Proof. Integrating the sum of the first equation of (6.15) multiplied by i

multiplied by pr*~'4), we have alongside the integration by parts

1d (S, (1), R RO
24dt Jo ( TR +/0 W“”/O " ¢r+p€/0 V)P

s ’/OR(rn_1¢)r¢[<%)r + PZ,] —p ’/OR ¢(r"—[1]¢)r1/’r + pe '/OR Vn_1¢¢3'

A simple calculation from the first equation of (6.13) yields

1 pV,
=) + =0.
(5),+ 7%

(6.18)

From Lemma 6.1, we get (r"~1V,), > 0. The last two terms of (6.18) can be estimated as follows.
By Holder’s inequality, we can derive that

R |(rn—1¢) |2 R rn—1¢2
< ||¢||L°o/0 ,,n——1Ur+”¢”L°°/O U -

RO 2 Y
<eno ["(1DE L1

/ Ko=), 9,
o U

and

R R
< I|¢||Loo/0 r”_lleSCN(t)/o e,

Ja

where we have used the fact based on (6.10)

lpC, Ol oo < Cllul-,t) = U)o < CN(2)
and
1DC, Oll Lo < CN(2).

Since U is continuous and positive in B, then max U(x) = Uy, > U > U,,;, = min U(x) > 0
XEBg XEBpg

AT A G2 N i )

and hence
U Umin ’ -1y z rn-l Umax

. Then substituting the above estimates into (6.18),
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we obtain
R n—142 R n—1 2
& (S o)+ a-peney [ DL

t U ma

. (6.19)

+2[pe = (pe + p/Upin)CN(1)] / "yl <0
0

Recalling the transformation (6.14), we get

r"'¢), = (u— U, (6.20)

from which we further have

R |(yn—1 2 R
r
/ I( é)| — / rn—llu _ U|2dr = i |u — U|2dx.
0 0 ©n /By

rh—1
Noticing that fOR rlp2dr = wL fBR |V1|?dx, we have from (6.19) that

1 lu—Ul|?dx <0, (6.21)

Bg

d R rn—l 2 Lo
— + pr'"” + \Y
at /s wn< T pr ¢> pE BRI Y|

where we have used the assumption that N(t) is sufficiently small such that, for instance, 1 —
PCN(t) > 1/2 and [pe — (pe + p/Upmin)CN(t)] > pe/2. By (6.14), we also have

R R 1 r 2
/ $?dx = con/ rlg? = con/ — / (u—U)s"tds
By 0 o M1\ Jo
R R 1 r
con/ (u—U)Zr”'ldr/ 1/ s"ldsdr
0 o M Jo

w, R?

= / (u — U)*dx.
2n Jp,

Noting that 1|55, = 0 from the equations in (6.15), it follows from Poincaré’s inequality that

R
W, / r"t= [ Pfdx<C [ |Vy|Pdx.
0 Bg By

Now, multiplying (6.21) by e#, where ¢ > 0 is a constant to be determined, we get

t
( —+p/ ¢2)+/em<L -0+ pe [ |V¢|2>
Bg By 0 Umax By Bg
,ur< 2 ng 2
<#/e —+p/¢ + —+p/1,b0
Br Br BRU Br
‘ 1 2 2 1 2 2
pr 1
<Iu/O ¢ <Umin BR¢ +p/BR¢>+Umin BR¢O+p/BR¢O
t
<Cl«l/ ef”( (u—U)2+p/ |V¢|2)+C/(¢é+¢§>.
0 Bg By By

Thus, the desired estimate (6.17) holds by choosing u > 0 to be suitably small. [l
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We next establish the L? estimate for u — U.

Lemma 6.8. Let the assumptions of Proposition 6.6 hold. If N(T) < 1, then it holds that

t
.0~ UOIE, + | e IVac.0) - U,

(6.22)
< Clllug = UIEZ, + o2, + I1goll,).
foranyt € [0,T], where C > 0 is a constant independent of t.
Proof. Using (6.20), we write the first equation of (6.15) as
$=w-U),-pV,(u—-U)—-pUy, —pu—-U)p,, re(0,R),t>0, (6.23)
$(0,1) = ¢(R,1) =0, t>0, '

with the following identity:
¢ M= U), = (" (u = U)), = (u = U)"'9),,

= ("=, = (" = V)P,

Then multiplying (6.23) by r"~!(u — U), and integrating the result by parts along with Young’s
inequality, we have

1d [* .. 2 L 2
—— M u-U)+ " u-U
g A A (RO

R

R
_ n—1 _ _ n—1 _
=0 [ V-, +p [ g a-0),

R
+ p/0 " (u—U)(u - U), (6.24)
<3 /R " —-0), " + C/R Vi - UY + Uy}
2 0 r 0 r r

R
e / = U,
0
Using (6.10), we have
luC, ) = Ul o < CN(1) (6.25)

and hence get

R

R R
/ P — U1, 2 < = Ul / P12 < ON(EY / R (626)
0 0 0
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Substituting (6.26) into (6.24), since ||[VV |1 = ||V, |lz» < C and ||U||; . < C, we have
illu(' D —UOIZ, + IV, ) = UIZ, < ClluC, ) = UG, + ClIpe, ol ? (6.27)
dt ’ L2 ’ L2 =X ’ Lz ’ H]- .

Now, multiplying (6.27) by e and integrating the resulting inequality in ¢, from Lemma 6.7, we
obtain the desired estimate (6.22). O

We proceed to derive the H! estimate for 1.

Lemma 6.9. Let the assumptions of Proposition 6.6 hold. If N(T) < 1, then it holds

t
NIV, DI, + / IPC DI, < CUIglI2, + 1ol12,), (6.28)
0
foranyt € [0,T], where C > 0 is a constant independent of t.
Proof. We write the second equation of (6.15), using the Cartesian coordinates, as

{¢t=5A¢+2£VVV¢+€IV¢|2—(L‘—U)’ X € Bg, t >0, (6.29)

¢=0’ xE@BR,t>0.

Multiplying (6.29) by Ay and integrating the resultant equation by parts alongside Young’s
inequality, we have

1d / 5 2
1d [ gy +s/ 1Ay

=—2¢ /B VVVYAY — ¢ /B |V |? A + /B (u—U)AYP (6.30)

3¢
4

<X

gl +4£/ IVVPIVI + 1/ u-UPR+e [ VpI*
Bg Bg € JBg Bg
By the Sobolev embedding theorem for n = 2, 3, we get
/ VI < ClIRIIE, < CN@? 19112, (63D)
Bg

where we have used the fact ||{p(-, t)|| 2 < N(¢) from (6.9). Employing the standard regularity
theory for the Poisson equation:

AYp =f, x €Byg,
lp:O, anBR,

we have

1Pl 2, < CLll fllz2,) = CLlAYI 28, (6.32)
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It then follows from (6.30)—(6.32) that

1d 2 € 2 2 / 2, 1 2
- — \Y +| — —CN(t -t < Ce \Y + = u-—Uj-.
21 Jy, [Vl <4Cf ®) >||¢( ] [ 5 V| c BRl |

Thus, if N(t) < 1 such that 457 —CN(t)? > 8%, we have

1 1
d/ 2, € 2 / 2 2
— \Y% + — .t <C \Y +C u-—Ul-.
T BRl Y| 4Cf”1’b( ] BRl P BRl |

Now, multiplying this inequality by e, integrating the resulting equation in ¢, and using
Lemma 6.7, we obtain (6.28). N

We also need the H'! estimate for (u — U).

Lemma 6.10. Let the assumptions of Proposition 6.6 hold. Assume that N(T) < 1. Then it holds
that

t
emwwuo—mm@+/kmthan;<awwgﬂmruﬁﬁ4%ﬁg
0

foranyt € [0,T], where C > 0 is a constant independent of t.
Proof. First the Equation (6.23) gives rise to
e < Cri(J(w = U, 1P + VE(u = U)? + UY2 + (u— U)*p)). (6.33)

Integrating this inequality multiplied by e’ and using the boundedness of VV and U, we obtain

t t
/emwmgsc/emqu—mﬁfww—Uﬁfﬂww@+Wu—Uﬁaww@)
0 0

< Clllug = UIZ, + o 12, + goll%,).

where in the second inequality we have used (6.25) and Lemmas 6.7-6.8. Similarly, using the
Equation (6.29), the inequality (6.31), Lemma 6.7 and Lemma 6.9, we get

t t
/ewwmgsg/wwwﬁpwa;+w—uﬁ»<awﬂ;+Wﬂ;> (635)
0 0

We next estimate ||¢,(-, t)||;2. Differentiating Equation (6.23) with respect to ¢ gives

{% = —U),, — pV,(u—U), — p(u—U),p, — p[U + (u— )Y, re(O,R), (6.36)

$,0.5) = ¢,(R.1) = 0.
Note that
(U= V)", = (= U)r"7'9)), — (u = U), ("),

=((u—- U)[rn_1¢[)r - rn_ll(u - U)z|2
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and
—plU + (u = Ul r" "¢, = = p([U + (u = DY~ ¢y), + plU + (= U], "',

+plU + (u— Dpr" ' (u—-U),,

where (6.20) has been used. Multiplying Equation (6.36) by r*~'¢, and integrating by parts along
with the boundary conditions in (6.36), we have

1d [R

R
142 -1 2
T ; r" ¢t+/0 r"Hw - U),|

R R
- p / V¢ u—U), - p / 8,8 u - U),
0 0 (6.37)

R R
tp / [U + - D)]Lgr" g, + p / [U + (= D)l (u — U),
0 0

R R
< —/ r”_1|(u—U)t|2+C/ rTU + Wiy + 7+ [ — U, 1]+ (u— U7,
2 Jo 0

where we have used the boundedness of V., U, and U in the last inequality. By Holder’s inequality
and the Sobolev inequality for n = 2,3 (cf. [12, Theorem 7.10]), we get

R TINPY

o [ rtwei= [ivesr< ([ vur) ([ )
< 22 t2 (638)
<ClylP?, /BR|V¢|

< CN(t)? Ve, |%
Bg

where we have used |[|)(-,t)||z2 < N(¢) again from (6.9). Similarly, noting ||(u — U)(-, )|z <
N(t), it holds

R
on [ - ULPE = [ VG- 0P < Clu- UL, [ 1VoR<eNe? [ Ve
0 By By By

By (6.25), we get

R

R
/ "l u - Ul < CN(t)z/ rll.
0 0

Observe that the second term of (6.37) satisfies

R R
/ =), [ = / r
0 0

R
= [ (7 2 D - )
0

2

("¢,

rh—1
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R R
= ) =D [T - DR
0 0

1
> — [V, |2 (6.39)

@y, By

It then follows from (6.37) that

d (R 1 (R 2 1 R
a rn—1¢f+§/0 r"u - U),| +<2w —CN(t)z)/ |V¢t|2<C/ r"H e + PD).

dt Jo n By 0
If N(t) < 1 such that % > CN()?, then
d R 1 R 5 R
4 [T rage / - U)[P < C / PG 4 D). (6.40)
tJo 2 Jo 0

Now multiplying (6.40) by e and integrating the resulting equation in ¢, by the estimates (6.34)—
(6.35), we have

t
e [ g [ [ 0-UNP < CUBIE, + i~ UL, + IolE). (640
Bg 0 By

where we have used $7(-,0) < C(|(ug — U),|* + (ug — U)* + 2+ 3 ) owing to (6.33). Using
Equation (6.23) again, by (6.41) and Lemmas 6.8-6.9, we have

e [ Wu-P <ce [ @ w07+ 1viP)
By By (6.42)

< CUIgolIZ, + llug = U2, + Iol1Z,)-
The desired estimate follows from (6.41) and (6.42). O

The H? estimate for 3 is as follows.

Lemma 6.11. Let the assumptions of Proposition 6.6 hold. Assume that N(T) < 1, then it holds

t
g, DI, + /0 HTIPC DI, < CUIol, + lltg — UIZ, + 1%l12,),  (643)

foranyt € [0,T], where C > 0 is a constant independent of t.

Proof. Differentiating Equation (6.29) in ¢ yields

{1p” = Ay, +2eVV VY, +2eVYVYh, — (u—U),, x € By, t>0 (6.44)

P, =0, X €0Bg, t > 0.
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Multiplying (6.44) by ¢, and integrating by parts, we get

- — \Y

s f, vive ) 1o

= 28/ VVVYp, + 25/ ViV, — / (u—U)3; (6.45)
Br Bg Br

< % IV, 2 +C [ (VVEP[ P+ [u—=U), >+ 19, +C [ VPP ]2
Br Bg Bg

As in (6.38), by the Holder and Sobolev inequalities, we get

2 2 4 % 4 % 2 2 2 2
/BR|V¢| % <</3R|Vz/)|> (/B w) <C”¢”H2/3R'V‘b" <CNQ /BRWzm.

If N(t) < 1, it then follows from (6.45) that

g e [ vur<e [ auprie-ne

Multiplying this inequality by e# and integrating in ¢, by (6.35) and Lemma 6.10, we have
t
e [ giae [ [ VBRI + o= U, + Il (649)
B 0 By

where we have used ||, (-, 0)||i2 < C(||1,Lv0||£[2 + [lug — Ulliz). Write (6.29) as an elliptic equation

—eAY = =1, +2eVVVY +¢|VP|> = (u—U), x € By, (6.47)
4) = Os X e aBR ’
Thanks to (6.31) and (6.32), it follows that
e“ 1112, < CeH (I 112, + 112, + llu = U112,
(6.48)

< CUIgolIZ, + llug = U2, + Iol12,),

where we have used (6.46) and Lemmas 6.8-6.9. Applying the regularity theory of elliptic
equation for (6.47), (cf. [12, Theorem 8.13]), one has

125 < CURB 2, + 1912, + IVPPIZ, + llu—UJ2,). (6.49)
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By (6.31) and the Sobolev embedding theorem, we get

n
|||V¢|2||§,1<C/B |V¢|4+CZ/ VY1182, oI
R

i,j=1

<CN@PIgIR, +C Y (/ |V¢|4> (/ 8 wr‘)

i,j=1
<ClIIZ, + ClBIZ, 112,
<CIIZ, + CN@ IR,
Substituting this inequality into (6.49), when N(t) < 1, we get
1112, < A2, + 1912, + llu = UIZ,). (6.50)
Multiplying (6.50) by e# and integrating in ¢, by (6.35), (6.46) and Lemmas 6.7-6.9, we obtain
/0 I DI < CUIB I, + Nty — UI, + 1901, (6.5
The desired estimate (6.43) follows from (6.48) and (6.51). O
Finally, we establish the H? estimate for (u — U).

Lemma 6.12. Let the assumptions of Proposition 6.6 hold. If N(T) < 1, then it holds

t
) = UCHIZ, + / el = U DI < Clllug = Ul + IlI2,),  (652)
0
foranyt € [0,T], where C > 0 is a constant independent of t.

Proof. To simplify the notation, we set j := Vu — puVv and J := VU — pUVV. Then (u — U)
satisfies

u-U),=V-(-J), x€Bgt>0,
(G-D-v=0, X € dBg,t > 0.

Differentiating the above equations with respect to ¢ yields

wu-0U);=V-(j—-J), x€Bg,t>0, (653)
(G- -v=0, X € 0By, t > 0.
Multiplying (6.53) by (u — U), and integrating the result by parts, we have
st f, @-vi== [ G-nve-o, (6.54)

A direct calculation gives

(=9 =Vu-U),—pu-U)VV —pu-U),Vp - pu—U)Vyp, — pUV,.
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It then follows from (6.54) that

2 2
dt (u U); +2/ [V(u—U);|

(@ =U)PIVVI + [u— UP|V, > + U Vi) (6.55)
Bg

+C/ |V¢|2|<u—U>t|2+1/ V- U),
Bg 2 Bg

Noting fBR (u—-"U),dx = % /BR (u — U)dx = 0, when n = 2,3, it follows from Poincaré’s inequal-
ity that

l(u —U)llps < ClIV(u = U)llg2,
which implies

2100 2 4)? _ 4?2 2 _ 2
/BR|V¢| =), <</BR|V¢|) </BR'(” U)t|> <CN(@) /BRIV(u U,

where we have used || VY (-, £)||4 < Cl[P(, |l g2 < CN(¢). Thus if N(t) < 1, using the bounded-
ness of VV and U, by (6.10), we get from (6.55) that

d [w-vp+ /IV(u U)t|2<c/<|<u—U>t|2+|V¢t|>

Multiplying this inequality by e#’ and integrating the result in ¢, by (6.46) and Lemma 6.10, we
have

t
[a-vpe [fe [ va-opp
By 0 By

< CUlIgoll2, + Ity = UIZ, + ko l1Z, + 1@ = UYL OIIZ,)

< Clllug = U112, + 1gol12,).

(6.56)

where we have used the following inequalities:

2 2
Igol12, < Cllug — Ul2 < Cliug — Ul

(= UYL O)I1Z, < Cllug = UIZ, + 1gol12,,).

We next estimate ||(u— U)(-,t)||y2. Set h :=ue P’ and H := Ue PV, then by the first
equation of (6.6), h satisfies

h, = Ah — phv, + pVhVv, x €Bp, t >0,

oh _
6_7/_0’ xGaBR,t>0,

h(x,0) = uo(x)e_l’vo(x), X € Bg,

35UBD17 SUOWIWOD dAIRea.ID 3|gedt|dde auyy Ag pausenob afe sajdie YO ‘8sn Jo S3|nJ oy Aelq 1T auluQ 8|1\ UO (SUO N IPUO-PUR-SWLIBYW0D AB 1M Ale.q | |uluo//:SdNL) SUOIPUOD pue SWiS | 8Y3188S *[9202/20/2T] Uo AiqiauljuQ AB[IM ‘2ZT0. SWId/ZTTT 0T/I0p/Wod A8 1M Alelq | U UOd0SURWPUO|//:Sd)y Wol) pepeojumod ‘Z ‘9202 ‘Xir209rT



BOUNDARY SPIKE-LAYER SOLUTIONS OF THE SINGULAR KELLER-SEGEL SYSTEM 51 of 57

and (h — H) satisfies
{—A(h —H) = —h, — phy), + pV(h — H)VV + pV(h — H)Vy + pVHV3), x € By,

d(h—H) _
5—1; = 0, X € aBR

Thus, it holds

|ACh — H)|* < C/ (R} + W} + (IVVI? + |VID)IV(h — H)|? + [VH*|V)[D).  (6.58)
Bg Bg

A direct calculation gives
h—H=u-U)e PV Uye PV (e P - 1), (6.59)
which implies
IRl < 1h = Hllzw + 1Hllze < C, V(R =HDIIZ, < C(llu = U2, + 1917,
and
112, < QI = U2, + 19 012,)-

By the Holder’s inequality and the Sobolev embedding theorem for n = 2, 3, we have

g V12 IV(h— DI < VY12 V(R — EDII?, < CIIRIZ, Ilh — HIZ, < CN(0)*[|h— HIPZ,.
R

It then follows from (6.58) that
1A = DI, < C(lI@ = UY 2, + 1,112, + 1w = UNZ, + 19112,) + CN@ |k = H2,,. (6.60)

As in (6.32), by the standard regularity theory for the Poisson equation, we get from (6.60) and
(6.59) that

lh = HI?, < C(IAG = DI, + [Ih — HI1%,)
< C(Iw = D2, + I l2, + llu = UIZ, + 1112,)
+CN(? Ik~ H2, + Cllh - HIIZ,
<CUI@ =D, + Il2, + llu = UIZ, + 1912, + N@©? Ik = HIZ,).
Thus, if N(t) < 1, then we have
llh = HI%, < C(I@ = U2, + 112, + = UIZ, + 19113,)- (6.61)
By (6.59), we also get
u—U = ePV(h — H) - UeP¥ (e ¥ - 1), (6.62)
which in combination with (6.61) leads to

lu = UI2, < CUIR = HIZ, + [$12,) < UG = UNIE, + 1912, + = U2, + 1912,).
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It then follows from (6.56), (6.46) and Lemmas 6.8 and 6.10-6.11 that
e llu—Ull7, < Cllug = Ull7, + 1%oll7,). (6.63)

As in (6.50), by the regularity theory of elliptic equation for (6.57), we are led to

t t
/ eTli(h— H)(, D%, < € / TN, + 191, + Il = HIZ, + [B112,,):
0 0

Thanks to (6.62), we further have

t t
HN(u— DI, < C/ (I = U7 + Wbl + lu = UG, + 19117,)
/0 H3 0 H1 H! H? H3 (664)

< Clllug = UIZ, + 1oll%,).

where we have used (6.35), (6.46), (6.56) and Lemmas 6.7-6.11. The desired estimate (6.52) follows
from (6.63) and (6.64). O

Proof of Theorem 6.5.. First note that Proposition 6.6 is a direct consequence of Lemmas 6.11-6.12.
The a priori estimate (6.11) guarantees that if |[(u, — U, vy — V)||2 is small enough, then N(¢)
is small for all ¢ > 0. Therefore, applying the standard extension argument, we obtain the global
well-posedness of the system (6.6) in C([0, +0); H%(By)). Moreover, the estimate (6.11) implies the
exponential stability of the steady-state (U, V) in H(By). By the Sobolev embedding theorem, we
further have

I = UG Ol < Cllw = UG Dl < Cllug = Ulle-
Thus,

u(x,t) 2 U(x) = Cllug = Ullgz 2 Upin = Cllug = Ull2 > 0,

provided that ||[ug — Ullz < 6, 1= % This completes the proof. O
Proof of Theorem 6.2.. We complete the proof in two steps.

Step 1. We first show the uniqueness of solutions for the system (1.2) in the space Y defined
by

Y i={w,w)(x, t) | ulx,t) > 0,w(x,t) > 0, (u,w) € C([0, T];HZ(BR))}.

Without loss of generality, we only consider the case of n = 3. Suppose that in Y the system (1.2)
has two solutions (u;,w;) and (u,, w,) with the same initial data (u,, wy)(x). Set ® :=u; —u,
and ¥ := w; — w,. Then a direct calculation yields the equations of (¥, ¥)

q>t=Aq>—pv.<§vw—%w+ M@), X €Bp, t >0,
1

1W3 w1
Y, =AY —w, P —u,Y, X €Bg, t>0,
(6.65)
®(x,0) = ¥(x,0) =0, X € Bg,
90 _ U d¥ _ wp¥ dwy | @ dwyy =
5 (wlav wlwzav+w1 1) =0, ¥=0, x€OBg, t>0.
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Multiplying the first equation of (6.65) by ® and integrating the equation on By, we get

D2+ [ VO
sai ), 190+

" yeve / LV e + Y 4va
=p — - P E— p B .
B W1 By WiW; By W1 (6.66)
u w|Vw, | Vuw, |?
sl/ |Vq>|2+Cp2/ —22|V‘P|2+Cp2/ 2 22 l112+ch2/ Ve |7 le @?
8 JBg By W} By wiw) By W
For convenience, set Q; := By X (0,T), A;(T) := (rr;l% w and Cy(T) := ||(ul,w)||c([0T HZ)f or

i = 1,2. By the Holder’s inequality and the Sobolev inequality, we get

2 o2
u 2llpe ce(T
[ Zivep < — 29 [ pup < 20 [ vue
Bp Wy min w; Jg, A (T)
(x,)EQr

Similarly,

us|Vw, |* cCc(T 3 3
[ S ] ) ([ )
By Wiws A1(T)AN(T) \ /3, By

1
com i
< Tl /|W|

CC(T)

<— V|2
A(T)AY(T) J,

By the interpolation inequality, one has

1 1
|Vw, |? Cp? 2 2
CPZ/ Lo« 2 vuw,p? /|c1>|4
By W A(T)\ /B, Bg

1

p? 1 3

2 2

< ey e 19I5 1917,
Cp2Cy(T) :
<o 0|
1P,

Cp*C{(T) cCp*C/(T
<3 [ vep+ p41 e CY) / |D|2.
4 /B, AN(T) A(T) By

It hence follows from (6.66) that

4 / @2 + 1 / IVO|? < C(T) / Ve + o) | @ 6.67)
dt Bg 4 Bg Bg Bg
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Multiplying the second equation of (6.65) by 2% and integrating the equation on By, we get

i/ |‘P|2+2€/ VP2

dt BR BR

=—2/ wlqalp—z/ u,¥?
Br Br

< ||w1“L°°(QT)/ |®|* + ”w1”L°°(QT)/ |lp|2+2”u2“L°°(QT)/ |w|?
Bg Bg By

(6.68)

<cem [ ok + 1),
Br
Multiplying (6.68) by a large constant K and combining the equation with (6.67), we obtain
& [ qop vk < [ qop+xiup),
dt BR BR
Noting (®, ¥)(x, 0) = (0, 0), it follows from Gronwall’s inequality that

/ (|®]? + K|®|?) = 0forany ¢ € [0, T],
Br

which implies
((I)’ lIj)(x’ t) = (09 0) on QTa

and hence (u;, wy)(x, t) = (u,, w,)(x,t) on Q.
Step 2. We next construct a global solution for the system (1.2) in Y. Recall that v, and w,
satisfy

-w
vy —V =log <1 + wOW > (6.69)

By the Sobolev embedding theorem, it holds that |[wy — W/« < Cllwyg — W||g2. Then with

minW(x) > 0, when ||lw, — W||2 < 1, by Taylor’s formula, we get from (6.69) that
XEBR

lvg = Vg2 < Collwg — Wi
Now we take §, = 1+5_Zc’ where 9§, is the constant obtained in Theorem 6.5. If (u,, w,,) satisfies
0
I(up — U, wy — W)llp2 < 65,
then the initial value of the system (6.6) satisfies

l(ug — U,v5 = Wiz < A+ C)lI(ug — U,wy — Wiz < (1 +Cy)d; = 6,.

Thus, by Theorem 6.5, the system (6.6) has a unique global radial solution (u, v) satistfying u(x, t) >
0, (u,v) € C([0, +0); H*(Bg)) and the exponential convergence (6.8). Now we define w(x, t) =
e"™1)_ Then it is easy to verify that (u, w) € C([0, +00); H2(By)) is the unique global solution of
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the original system (1.2). Moreover, since w — W = e’ —e" = e"(e¥ — 1) due to (6.14), we further
have by the Taylor’s formula again

2 2 — 2 2
lw = W12, < CIIBIZ, < Ce ™ (llug — UIZ, + Igoll2,,).

which, along with the convergence of (u — U) in Theorem 6.5, gives the estimate (6.5). We
complete the proof. O
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