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Introduction

Consider the nonlinear programming problem (NLP):

min  f(x)
st. gi(x) <0, iel:={1,...,m},
hi(x) =0, jeJ:={m+1,...,m+q},

where f, gi, hj : R" — R are assumed to be smooth functions.

KKT conditions, originated with [?] and [?], are the well-known first-order
necessary conditions for local minima of (NLP).

KKT conditions are useful in the design of optimal algorithms as one can
compute a KKT point at most.

We denote by C the feasible set and by S the set of optimal solutions of
(NLP).
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Introduction

(NLP) has a local minimum at x
= the following KKT condition ¢

plus a constraint qualification

)+ Y uiVei(x)+ > nVhi(x) (ni > 0).

iel(x) jed

Constraint qualifications include:

o LICQ [7]
o MFCQ [7]
o ACQ [7]

o GCQ (weakest CQ) [7]
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Introduction

Literature review

Another approach to study optimality conditions is by virtue of exact
penalty functions. [?] and [?] used /; exact penalty functions to derive
KKT necessary optimality conditions.

On the other hand, [?] and [?] used I,(p € [0,1]) exact penalty functions
(see [?] to derive KKT necessary optimality conditions together with some
nonpositivity condition on the second-order directional derivative of the
constraints.
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Introduction

Let 0 < p<1,0°:=0and gy (x) = max{gi(x),0}. A particular penalty
term associated with (NLP) is of the form

SP(x) = _&h () + D Ih(x)IP vxeR",

icl jed
while the /, penalty function associated with (NLP) is of the form

Fp(x) = F(x) + pSP(x).

@ p =1, the classical / penalty function, see [?] and [?].

@ p < 1, referred to as the lower order /, penalty function, first
introduced in [?] for the study of MPEC and was rediscovered from a
unified augmented Lagrangian scheme by [?] and [?].
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Introduction

A penalty function is said to be exact if any optimal solution of (NLP) is
also one for the penalty problem.

By definition, Fq is exact at any local minimum of (NLP). It was shown in
[?] that F, with 0 < p < 1 is exact if and only if the following generalized
calmness-type condition holds:

jiminf (1) = 5(0) > —00,
u—0 HUHP
where 3(u) is the optimal value of the optimization problem

min  f(x)
s.t. g,-(x) <u, I€ /, hj(X) = Uj,j e J.

When p = 1, this result was established in [?] and [?].

Xiaoqi Yang (PolyU) April 1, 2019 7 /68



Introduction

Let f be locally Lipschitz. If the following error bound condition holds
Td(x,S) < SP(x), x € X

then F,(x) is an exact penalty function.

The exact penalty function plays a key role in deriving KKT conditions.
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I(x) :=={iel]gi(x) =0}
I()_(v W) = {i el | gi()_() =0, <Vgi()_<)7 W> = 0}

The first-order linearized tangent cone to C at X is

(Vgi(x),w) <0 Vielx) } .

Le(x) = {W e R" <th(>_<)7 w)y=0 VjeJ

The Dini upper directional derivative of a function ¢ : R" -+ R at x € R"
in the direction u € R" is defined by

Dy ¢(x; u) = limsup dlx+ tu) - (b(x).
0+ t

The generalized Clarke second-order directional derivative of a C1+!
function is

t T, _ T
&0 w) = limsup Vely +tu)'w—Vegly) 'w

y—x, t—=0+ t
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sy B0l e | e
_ Py) <
If Fp(x) = f(x) + 12 e &, (x) is exact at X, then

DiFp(X;u) >0, YueR"

Thus
V) u+ NZ Digf (X;u) >0, YueR"
iel

Then,

> Digl(xiu) <0=VFf(X)Tu>0, VYueR"

icl
By Farkas lemma, which says that exactly one of the following two
systems has a solution:

System 1 Au<0, ¢c'u>0, forsome u,

System 2 AT =c, u>0, forsome y,

we establish that the following KKT condition holds:

VAR)+ > wiVei(®) =0 (ui>0).
iel(x)
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The case p € (0,1).

Lemma
[?2]. Let h(x) = (max{h(x),0})? with p € (0,1) and h be continuously
differentiable at x.
(i) If h(x) < 0, then D, h(x;d) = 0;
(ii) If h(x) = 0 and (Vh(x),d) < 0, then D, h(x;d) = 0;
(iii) ifp € (0.5,1), h(x) =0, (Vh(x),d) =0 and h**(x; d) is finite, then
Dy h(x;d) =0;
(iv) If p=0.5, h(x) =0 and (Vh(x),d) =0, then

Dih(x;d) < \/max{%hoo(x; d),0};

(v) Ifpe (0,0.5), h(x) =0, (Vh(x),d) =0 and h°°(x;d) < 0, then
Dy h(x;d) = 0.

Xiaoqi Yang (PolyU) April 1, 2019 12 / 68



LOQECLIG G ERI (R by Dini-directional derivative

By estimating the upper Dini-directional derivative of F,(x), we have

Theorem
[?] If Fp(x) is exact at X and in addition, one of the following conditions is

satisfied:
(i) pe(3,1], gi(i € 1) and hj(j € ) are C1,
(i) p=3 and, for every w € Lc(X), it follows that
g’ (x;w) <0, Vie l(x,w),
h?°(x; w) = 0, VjeJ,
(iii) p€[0,1/2), g =0 (i.e., there is no equality constraint) and,
for every w € Lc(x) with w # 0, it follows that

g (x;w) <0, Vie l(x,w),

then KKT(x) # 0.

Xiaoqi Yang (PolyU) April 1, 2019 13 / 68



LOQECLILG G ERIE (I by contingent derivative

Let M : R" = R® be a set-valued map and (x,y) € gphM. The
contingent derivative of M at (x, y) is defined by the set-valued map
DM(x,y) : R" =% R® such that

gph(DM(x,y)) = Tgpnm(x, y).

In particular, when M is single-valued at x, i.e., M(x) = {y}, we use
DM(x) to denote DM(x, y) for simplicity, and define the kernel of DM(x)
by

KerDM(x) = {u € R"| 0 € DM(x)(u)}.
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LOQECLILG G ERIE (I by contingent derivative

Now, define an optimality indication set of (NLP) with respect to C and X
as follows:

M(C,x) :={p €[0,1] | KerDSP(x)* C KerDS(x)"}.
By estimating the contingent derivative of F,(x), we have

Theorem

?] If there exists p € T1(C, x) such that the |, penalty function F, is exact
P P
at x, then KKT(x) # 0.
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KKT conditions of (NLP) [ESYEETLY: STV oV

In what follows,
@ we distinguish a point x € C for consideration;

@ let ¢ : R" — Ry U {400} be a lower semicontinuous function such
that

C={xeR"|$(x) =0l

@ ¢ is called a penalty term associated with (NLP)

@ The function of the form

f+pue

is called a penalty function associated with (NLP), where 1, a
positive number, is often referred to as the penalty parameter.
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KKT conditions of (NLP) [ESYEETLY: STV oV

Definition

We say that the penalty term ¢ is of KKT-type at x if the KKT
condition holds at X whenever the penalty function f + ¢ is exact at x.
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KKT conditions of (NLP) [ESYEETLY: STV oV

Theorem

Consider the following conditions:
(i) [rerdg(X)]* € Le(X)".
(i) 9(%) C Le(R)*.
(iii) The penalty term ¢ is of KKT-type at X.
Then (i) = (ii) < (iii).
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KKT conditions of (NLP) [ESYEETLY: STV oV

Theorem

Let 0 < p < 1. Consider the following conditions:
(i) [kerdSP(x)]* = Lc(Xx)*.
(i) 8SP(X) = Le(X)*
(iii) SP is a KKT-type penalty term at Xx.
Then (i) = (ii) < (iii).
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KKT-type Penalty Terms and Their Characterizations

In what follows,
@ we distinguish a point x € C for consideration;

@ let ¢ : R" — Ry U {400} be a lower semicontinuous function such
that

C={xeR"|$(x) =0l

@ ¢ is called a penalty term associated with (NLP)

@ The function of the form

f+pue

is called a penalty function associated with (NLP), where 1, a
positive number, is often referred to as the penalty parameter.
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KKT-type Penalty Terms and Their Characterizations

Definition
We say that the penalty function f + u¢ is exact at x if, f + u¢ admits
a local minimum at x with some finite penalty parameter.

[exactness of penalty function at X = X being a local minimum of (NLP)]

It is well-known that 1
Fp with p = 1is exact at X = KKT condition at X.
But in general,

Fpwith 0 < p < 1is exact at X 7= KKT condition at X.

1See Theorem 4.8 of [?]-
gl 2018722 68



KKT-type Penalty Terms and Their Characterizations

Definition

We say that the penalty term ¢ is of KKT-type at x if the KKT
condition holds at X whenever the penalty function f + ¢ is exact at x.
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KKT-type Penalty Terms and Their Characterizations

We will employ the tools from Variational Analysis, see [?].
For any f : R" — R and a point X with f(x) finite,
@ The vector v € R" is a regular subgradient of f at X, written
v € Of(x), if
F(x) = F(X) + (v, x — %) + ofllx — %II).

e For any w € R", the subderivative (or Hadamard directional
derivative) of f at x for w is defined by

df (x)(w) :== liminf flx+rw)) = f()_()

70+, W —w T

f(x) = {v e R"| (v,w) < df(X)(w) Yw € domdf(x)}.
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KKT-type Penalty Terms and Their Characterizations

Lemma

Suppose that the function 1) : R" — R has a local minimum at X with
Y(X) finite. Then we have

[domdy(X)]* C 94h(%) C [kerdh(%)]". (1)

Moreover,

@ The first inclusion in (1) is an equality if and only if the regular
subdifferential 3@0( ) is a cone;

@ The second inclusion in (1) is an equality if and only if
[domdy(X)]" = [kerdy(X)]*;

o If the subderivative di)(X) is a sublinear function as is true when 1 is
regular at X (see Definition 7.25 of [?]), then

clpos(9u(%)) = [kerd(R)]". (2)
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KKT-type Penalty Terms and Their Characterizations

We recall the variational description of regular subgradients:

Lemma

(2], Proposition 8.5). A vector v belongs to Of (X) if and only if, on some
neighborhood of X, there is a function h < f with h(x) = f(x) such that h
is differentiable at x with Vh(x) = v. Moreover h can be taken to be
continuously differentiable with h(x) < f(x) for all x # X near Xx.

Remark

This variational description is a contribution to the basics of variational
analysis, as pointed out on p.347 of [?].
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KKT-type Penalty Terms and Their Characterizations

We can obtain from Lemmas 9 and 10 the following.

Theorem

Consider the following conditions:
(i) kerd(R)]* C Le(R)"
(i) B6(%) © Le(R)"
(iii) The penalty term ¢ is of KKT-type at x.
Then (i) = (ii) < (iii).
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KKT-type Penalty Terms and Their Characterizations

Theorem

Let 0 < p < 1. Consider the following conditions:
(i) [kerdSP(x)]* = Lc(Xx)*.
(i) dSP(X) = Le(X)*.
(iii) SP is a KKT-type penalty term at x.
Then (i) = (i) <= (iii).

Remark

In the case of p =0, (i) and (ii) are equivalent, and moreover Theorem 12
recovers a well-known result that the GCQ [T¢(x)* = Lc(X)*] is the
weakest one ensuring KK'T conditions.

Remark

In the case of 0 < p < 1, we are not aware of the equivalence of (i) and
(i), although they are the same in many situations.
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By a direct calculation using the chain rule for second subderivatives of
piecewise linear-quadratic functions 2, we have

dS2(%)(w) = 400 Yw & Lc(R),
and if w € L¢(X), we have dS%()_()(W)

V2 2
= — iVogi(x) + V2 hi( w,w ),
2 \| peKKTo(3), | pllco=1 Z piVE(R) + D

jeJ

where

Zp,Vg, (%) + > piVhi(x)

KKTy(x) := icl jed
pi >0 Viel(x), pi=0Vie \I(X)

denotes the degenerate KKT multiplier set at X.
But we have no idea the explicit formula of 9SP(x), though we are sure
that

9S2(x) = {v | (v, w) < dSz(X)(w) Vw}.
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KKT-type Penalty Terms and Their Characterizations

Proposition
Sz is of KK T-type at x if one of the following conditions is satisfied:
(i) Forevery w € Lc(x), it follows that
(w, V2gi(x)w) <0Viel(x,w), (w,V2hj(x)w)=0V)€ J.
(3)
(ii) For every w € Lc(X), there exists some z € R" such that
(Vgi(x),z) + (w, Vg (X)w) <0 Viel(x,w),
(Vhj(x),z) + (w, V2hj(X)w) =0 V)€ J.
(iii) For every w € Lc(X), it follows that
Ai( ; Aj h; = 0.
Ae}g(?‘;(x Z (w, V2gi(x +Z (w, V2hi(X)w)
JjeJ
(4)
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KKT-type Penalty Terms and Their Characterizations

e Condition (3) was originally given in [?]. In general, we have
o LICQ #= (3). Consider x3 — x; < 0 and x = (0,0).
o (3) #= LICQ. Consider x3 <0 and x = 0.

e Condition (4) is newly obtained, and we have
MFCQ = (4),

because the MFCQ at x «—= KKTo(x) = {0}.

Example
Let x = (0,0) and let

C:{XER”

o Neither the GCQ nor (3) is satisfied at .
@ (4) holds and KKTy(Xx) = R+ x {0}.
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KKT-type Penalty Terms and Their Characterizations

6 6
4r o 4 =\ QD (%
xiwe <0 Tco(z) = kerdSP(z)
2 2
.L% —x1 <0 0<p< %
0 0
-2 -2
-4 -4
-20 -10 -20 -10
6 6
4 . 4 o »
kerdS? () L (z) = kerdSP(
2 1 2
5<P=<j z<p=l
0 0
-2 -2
-4 -4
-20 -10 -20 -10
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KKT-type Penalty Terms and Their Characterizations

TC()_() = R+ X (—R+), LC()_() = R+ X R, and

Ry x (=Ry) if 0<p<g,
kerdSP(x) =< Ry x (—Ry)U{0} x Ry if £ <p<i,
Ry x R if 1<p<l.
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Second-order Necessary Conditions via Exact Penalty Functions
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Second-order Necessary Conditions via Exact Penalty Functions

Denote the set of all KKT multipliers at x by KKT(x) and the critical
cone at x by

(VF(x),w) <0
V()= weR" (Vgi(x),w) <0 Vielwithgj(x)=0
(Vhj(x),w) =0 VjeJ

The second-order necessary condition (for short, SON), originated with [?],
holds at a local minimum x of (NLP) if

sup  (w, V2 L(X,\)w) >0  Vw e V()
AEKKT(x)

where the convention sup () := —oco is used.
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Second-order Necessary Conditions via Exact Penalty Functions

@ /; exactness = (SON). See Corollary 4.5 of [?].
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Second-order Necessary Conditions via Exact Penalty Functions

For any w and z, let

I(x,w) = {i € I(x) | {(w, Vgi(X)) = 0},
I(x,w,z) = {i € I(x,w) | (z, Vgi(X)) + (w, V3gi(x)w) = 0},

and let the second-order linearized tangent set to C at X in the direction
w € Lc(X) be given by

(Vgi(X),z) + (w, V2g(X)w) <0 Viecl(x,w)

LE(x | w) = {Z <th(;),z> +(w, V2hj(X)w) =0 VjeJ
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Second-order Necessary Conditions via Exact Penalty Functions

The parabolic subderivative of f at x for w with respect to z is defined by,
see [?]

PER)w | 2) = liminf [CHTWHFTZ) () — (%) (w)
. T7—=0+,2' ==z %7_2 .

Theorem

Let x be a local minimum of (NLP). Suppose that the penalty function
f + po is exact at x. If

L%(x | w) C clconv[kerd?p(X)(w | -)] Vw € V(x), (5)

then the SON condition holds, and in particular when L% (X | w) = (), the
supremum in the SON condition is +oc.
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Second-order Necessary Conditions via Exact Penalty Functions

Let x € C and let ¢ = SP.
We shall give sufficient conditions in terms of the original data for the

inclusion
LZ(x | w) C kerd®SP(X)(w | -)  Vw € L¢(R) (6)

to hold, which is slightly stronger than (5) since in general
kerd?SP(X)(w | -) is not a closed and convex set and V(X) C Lc(X).
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Second-order Necessary Conditions via Exact Penalty Functions

Theorem

Let X be a local minimum of (NLP). Suppose that the I, penalty function
is exact at x. If, in addition, one of the following conditions is satisfied:

(i) pe (3,11,
(i) p= % and, for every z € L%(x | w), it follows that

1
(w, V2gi(X)z) + gg,-(?’)()?)(w, w,w) <0 Viel(x,w,z),
1
(w, V2hi(%)z) + §h}”(x)(w, w,w)=0 VjeJ,
(7)

(iii) p€[0,3), g =0 (i.e., there is no equality constraint) and,
for every z € L%(x | w) with (w, z) # 0, it follows that
1.0

(w, V°gi(0)2) + 38!
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Second-order Necessary Conditions via Exact Penalty Functions

Remark

(a) Let p=1. By applying the second-order Taylor expansion we
have

LZ(x | w) = kerd®S(X)(w | -) Vw € L¢(R), (8)

which implies that condition (6) holds. This recovers a
well-known result that the (SON) condition holds at x when
the i penalty function is exact at x, see [?].
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(b) Let 0 < p < 1. It can be shown that
kerd?SP(x)(w |-) C L2(X | w) VYw € kerdSP(x). (9)
Thus, condition (5) holds if and only if

[%(x | w) = clconv[kerd?SP(X)(w | )] Vw € V().
(10)

Moreover, it is clear that
TE(x | w) = kerd®S°(X)(w | ), VYw € T¢(X).

Condition (10) with p = 0 reduces to the so-called SGCQ),
originated with [?], which holds at x if by definition

LZ(x | w) = cleconv[T2(X | w)] VYw € V().
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Second-order Necessary Conditions via Exact Penalty Functions

(c) It was shown by [?] that if the linear independent constraint
qualification (for short, LICQ) holds at x, then

Le(x |w)=TE(x|w) Yw e Lc(X),

and hence (6) holds for any p € [0, 1].
Simple example can be given to demonstrate that condition
(7) may not hold even if the LICQ holds at x.
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KKT conditions of (SIP) and (GSIP)
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KKT conditions of (SIP) and (GSIP)

Consider the following semi-infinite program, denoted as (SIP):
minf(x) s.t. g(x,t) <0,te€Q,

where f : R” — R and g : R” x 2 — R are smooth functions, and €2 is a
nonempty and compact set of parameters in R,

Let x* be a locally optimal solution of (SIP),
X ={xeR":g(x,t)<0,t € Q}
be the feasible set and, for x € X, let

Qo :={teQ:g(x,t)=0}
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KKT conditions of (SIP) and (GSIP)

Literature review

Three types of optimality conditions for (SIP):
0 € conv{VF(x*), V.g(x*,t) (t € Qe)},

(see Fritz John (1948), Pschenichnyi (1971), Hettich and Jongen (1978),
and Borwein (1981),)

0 € VF(x*) + cl cone{V,g(x*,t) (t € Qu+)},
(see [?], Li, et al (2000),)
0 € VF(x*) + cone{V,g(x*, t) (t € Qu=)},

(see Pschenichnyi (1971), Lopez and Vercher (1983), Hettich and
Kortanek (1993), Zheng and Yang (2007).)
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KKT conditions of (SIP) and (GSIP)

Literature review

By a Farkas lemma, see [?],

0 € VF(x*) + cl cone{Vyg(x*,t) (t € Qu~)}, (11)

is equivalent to
(VF(x*),d) >0, Vd € D(x*), (12)
where D(x) ={0# d € R": (Vxg(x,t),d) <0Vt € Q,}.

In this talk, we will study (11) but using the form of (12).
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KKT conditions of (SIP) and (GSIP)

Literature review

[?] introduced the following /; integral penalty function

F(x) +p /Q 800 D)

where Q(x) := {t € Q: g(x, t) > 0}, but too weak penalty for infeasibility.

Let p > 0. For (SIP), [?] also introduced the following /, integral penalty
function

F(x) + p /Q &? (x, £)du(t)

and established the convergence of the solution sequence of the penalty
problems to an optimal solution of (SIP).

[?] established the exact /; integral penalty function

0+ [ FECRIC / /| 7
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KKT conditions of (SIP) and (GSIP) Max-Type and Integral-Type Penalty Functions

Penalty Functions
A pth-order max-type penalty function for SIP is defined as,
p _ p
Frax(x) = f(x) + pmaxg?(x; t).

Let 1 be a non-negative regular Borel measure defined on Q with the
support of y being equal to €, that is supp(u) = 2, where the support of
1t is defined as the set of the points t € Q such that any open
neighbourhood V of t has a positive measure:

supp(p) = {t € Q: u(V) > 0, for any open neighbourhood V of t}.

Two pth-order integral-type penalty functions for SIP are defined by
Fre(x) = f(x)+p o &8 (x, t) du(t),
Frix) = f(x) +p(Jqe(x, ) du(t)”.

Exactness of F (x) = that of F}.(x) = that of Ffax(x).
April 1,2019 49 / 68



LOQICLIE G ERT RS I RENL N (e [ Optimality Conditions of (SIP)
The case p = 1.

(SIP) can be rewritten as

min f(x) s.t. maxg(x,t) <O0. (13)
teQ
The exactness of F_. is equivalent to saying that problem (13) has an /
exact penalty function in the usual sense, see Clarke (1983). Thus,
if FL_ is exact, then the KKT-type optimality condition (12).

max
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LOQICLIE G ERT RS I RENL N (e [ Optimality Conditions of (SIP)
The case p € (0,1).

Let h: R" — R. The upper Dini-directional derivative of h at a point x in
the direction d € R” is defined by

h Ad) —h
Dy h(x; d) = limsup (x+ Ad) = h(x)
AL0 A

The generalized upper second-order directional derivatives of a C1!
function h at x in the direction d € R" is defined by

h°°(x;d) = limsup (Vhly +Ad),d) = (Vh(y). d>.
y—x,Al0 A

Let D(x) = {0 # d € R : (Vxg(x, t),d) < 0Vt € 2} and let
Q. (d) = {teQ:(Vsg(x,t),d) =0},

X

Qs(d) = {teQ: (Vyg(x, t).d) <0},

Xiaoqi Yang (PolyU) April 1, 2019 51 / 68



LOQICLIE G ERT RS I RENL N (e [ Optimality Conditions of (SIP)
The case p € (0,1).

Lemma

[?] Let h(x) = (max{h(x),0})P with p € ]0,1[ and h be continuously
differentiable at x.

If h(x) < O, then Dy h(x;d) = 0;

If h(x) = 0 and (Vh(x),d) <0, then D, h(x; d) = 0;

Ifpe (0.5,1), h(x) =0, (Vh(x),d) = 0 and h°°(x; d) is finite, then
Dy h(x;d) =0;

If p=0.5, h(x) =0 and (Vh(x),d) =0, then

Dih(x;d) < \/max{%hoo(x; d),0};

If p € (0,0.5), h(x) =0, (Vh(x),d) =0 and h°°(x; d) <O, then
Dy h(x; d) = 0.
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LOQICLIE G ERT RS I RENL N (e [ Optimality Conditions of (SIP)
The case p € (0,1).

Now we establish a necessary optimality condition for SIP by virtue of the

exact penalty function FJ ..

Theorem

Let p€ (0,1) and F?, be exact at x*. Under any one of the three

int
assumptions below,
(i) p€ (0.5,1) and g(-, t) is CYL, for all t € QL.(d),
(ii) p=0.5 and g°°(x*, t;d) < 0 for all t € Q_.(d) and d € D(x*),and
(iii) p € (0,0.5) and g°°(x*, t;d) <O, for all t € Q5. (d) and d € D(x*),
we have

(VF(x*),d) > 0,¥d € D(x*).
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LOQICLIE G ERT RS I RENL N (e [ Optimality Conditions of (SIP)
The case p € (0,1).

Next we employ the exactness of Fi,:(p € (0,1)) to develop the
optimality condition (12) of (SIP).

Theorem

Let pe (0,1) and l_-_l-':,t be exact at x*. Under any one of the three
assumptions below,
(i) p€ (0.5,1) and g(-, t) is CYL, for all t € QL. (d),
(ii) p= 0.5 and g°°(x*, t;d) <0 for all t € QL. (d) and d € D(x*), and
(iii) p € (0,0.5) and g°°(x*, t;d) <O, for all t € QL.(d) and d € D(x*),
we have

(VF(x*),d) >0,Vd € D(x").
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LOQICLIE G ERT RS I RENL N (e [ Optimality Conditions of (SIP)

The case p € (0,1).

We need the following lemma in the proof of the above theorem.

Proposition

Let g: Ry — R be a non-negative function, f: Ry — R be a continuous
and strictly increasing function and A\g € Ry. Then

limsup f(g(A)) < f(limsup g(\)).
A— Ao A—Xo
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LOQECLTL L ERT RS UL N (e[S  Optimality Conditions of (GSIP)

We will also consider the following generalized semi-infinite program,
denoted as (GSIP),

minf(x) st g(x,t) <0,t € QN Q(x),
where € is a compact subset of R,
Qx) ={teR":vi(x,t) <0,i=1,--- [}

and the functions f: R” - R, g: R” x R™ — R, and
vi: R" xR™ - R(i=1,---,/) are smooth.

[?] associated (GSIP) with an (SIP) problem via augmented Lagrangians
of the lower level problem.
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LOQECLTL L ERT RS UL N (e[S  Optimality Conditions of (GSIP)

The lower level problem associated with (GSIP) is

t toovi(x,t)<0,i=1,---,1.
Q(x) maxg(x,t) st vi(x,t) <0,

Let valQ(x) be the optimal value of the problem Q(x). It is clear that

X € X(GSIP) iff  valQ(x) <O0.

Let f(x,u,c) = f(x) and, for (x,u,c) € R" x R/ x R, ¢,

/

Bx 1, €) = gx, ) — o D {(fewiCx, ) + il )2 = i),

Then g is of C11, see Hiriart-Urruty et al (1984).
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LOQECLTL L ERT RS UL N (e[S  Optimality Conditions of (GSIP)

Next we recall some concepts from [?].

Problem Q(x) is said to satisfy the quadratic growth condition iff there is
a ¢ > 0 such that g(x,t,0, c) is bounded above as a function of t € Q.

Problem Q(x) is said to be stable of degree 2 iff there is a neighbourhood
U of the origin in R’ and a C? function 7, : U — R such that

v(x,u) < m(u),Yu € U, and v(x,0) = m,(0).
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LOQECLTL L ERT RS UL N (e[S  Optimality Conditions of (GSIP)

Let H(x, i, ) := maxeeq &(x, t, i, €).
Lemma

[?] Under the quadratic growth condition of Q(x), we have

val Q(x) = min H(x, u, c
(x) L (x, ;)

iff the problem Q(x) is stable of degree 2.
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LOQECLTL L ERT RS UL N (e[S  Optimality Conditions of (GSIP)

Consider the following (SIP) problem, denoted as (SIPg),

min f(x,p,c) st g(x,t,p,c)<0,tecQ.
(X,M,C)ER”XR’XR++

Therefore we have

Proposition

Assume that, for all x € R", Q(x) satisfies the quadratic growth condition
and is stable of degree 2. Then problems (GSIP) and (SIPg) have the
same optimal value, i.e., val(GSIP) = val(SIPg ), and furthermore,

(1) if X is a locally optimal solution of (GSIP), then there exists

(f1,¢) € Rl x Ry such that (%, i, &) is a locally optimal solution of
(SIPg);

(ii) if (X, 1, €) is a locally optimal solution of (SIPg), then X is a locally
optimal solution of (GSIP).
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LOQECLTL L ERT RS UL N (e[S  Optimality Conditions of (GSIP)

For p € (0,1), let

Gilr)1t(X7:u'7 C) = ?(X,ILL, C) +,0/Q§£(X, t,/.L,C) d/.t(t)
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LOQECLTL L ERT RS UL N (e[S  Optimality Conditions of (GSIP)

By applying previous Theorem for SIP, we have.

Theorem

Let the assumptions of the previous Proposition hold. Let X be a locally
optimal solution of (GSIP) and G!. be exact at the point (X, i, ¢). Then,
under one of the following assumptions,

(i) p€ (0.5,1),
(ii) p= 0.5 and g(o)zmc)(%, t,fi,& d) <0 forall d € D(%X,i,¢) and

te Q()?,ﬂ,&) with (V(X’H’C)g(& t,fi, C ), d> =0, and

(iii) p € (0,0.5) and g )(X t,fi,¢;d) <0 forall d € D(%X,i,¢) and
t € Qzpe) with (V(Xuc)g(x t,ii,¢),d) =

we have

(VF(%X),d1) >0,

for all dy € R" satisfying (Vxg(X,t) = V] v(%,t)j,di) <0, t € Wiz 2
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LOQECLTL L ERT RS UL N (e[S  Optimality Conditions of (GSIP)

We now compute the generalized second-order directional derivative

[e]e]

B, C)(f(, t,fi,¢; d) for d € D(%,1,¢) and t € Q(%, fi, ).

Lemma

Let d € D(X,[i,¢) and t € Q(X, [i,&). Then the following formula holds:

/
=00 0. ¢ )

g(x,u,c)(j%v t, u, c

[vxxg X, t) ZII’I’IVXXV’(X t)]dv

/
doj dz;
- > (Ve Vanx )+ 2P+ Y2
T+ \E =1 ¢
’El(xuc)(t)
where l(&ﬁe (ty={ie{i,--,I}:evi(x,t)+ f; > 0}.
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LOQECLTL L ERT RS UL N (e[S  Optimality Conditions of (GSIP)

We have the following corollary.

Corollary
Assume that the following conditions hold:

1
(i) G2,(x,u,c) is exact at (X, fi, &),
(ii) g(+, t) and —v;(-,t) (i=1,---,1) are concave for each t € Q, and
(iii) I(Zﬁ e)(t) ={1,---,1} and (Vyvj(X,t),d1) = 0 for
de D%, p,8),t e QX fi,¢) and i € I(t). Then we have

(VF(%X),d1) >0,

for all di € R™ satisfying (Vyg(%,t) — V] v(%, )i, d1) <0, t € iz -

Xiaoqi Yang (PolyU) April 1, 2019 64 / 68



Conclusions

@ Conclusions

April1,2010 65 /68



Conclusions

e For (NLP), we discussed the first-order optimality conditions by
Dini-directional derivative, contingent directional derivative and
subderivative respectively.

e For (SIP) and (GSIP), we investigated the first-order optimality
conditions by Dini-directional derivative.
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