EXTENDED NEWTON METHODS FOR MULTIOBJECTIVE
OPTIMIZATION: MAJORIZING FUNCTION TECHNIQUE AND
CONVERGENCE ANALYSIS
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Abstract. We consider the extended Newton method for approaching a Pareto optimum of multiobjective
optimization problems and establish its quadratic convergence criteria and estimation of radius of convergence
ball under the assumption that the Hessians of objective functions satisfy an L-average Lipschitz condition.
These convergence theorems significantly improve the corresponding ones in [SIAM J. Optim 20 (2009), pp.
602-626]. As applications of the obtained results, convergence theorems under the classical Lipschitz condition
or the «-condition are presented for multiobjective optimization, and the global quadratic convergence results
of the extended Newton method with Armijo/Goldstein/Wolf line-search schemes are also provided.
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1. Introduction. Let U C R! be an open set, and let F' : U — R™ be a twice contin-
uously differentiable function. In the present paper, we consider the following multiobjective
optimization problem:

rzréirr]l F(x). (1.1)

This type of problems has been widely studied by [3, 6, 21, 23] and extensively applied in various
areas such as engineering [7, 11, 25], management science [2, 22, 33, 39] and environmental
analysis [5, 17, 27].

Motivated by its extensive applications, a great amount of attention has been attracted to

*College of Mathematics and Statistics, Shenzhen University, Shenzhen 518060, China (mayhhu@szu.edu.cn).
This author’s work was supported in part by the National Natural Science Foundation of China (grant 11601343),
Natural Science Foundation of Guangdong (grant 2016A030310038) and Interdisciplinary Innovation Team of
Shenzhen University.

fDepartment of Mathematics and Statistics, Hang Seng Management College, Hong Kong
(carisayu@hsmc.edu.hk). This author’s work was supported in part by the Research Grants Council of
the Hong Kong Special Administrative Region, China (grant UGC/FDS14/P03/14 and UGC/FDS14/P02/15).

fCorresponding author. Department of Mathematics, Zhejiang University of Technology, Hangzhou 310032,
P. R. China (wjh@zjut.edu.cn). This author’s work was supported in part by the National Natural Science
Foundation of China (grant 11771397) and Zhejiang Provincial Natural Science Foundation of China (grant
LY17A010021, LY17A010006).

$Department of Mathematics, Zhejiang University, Hangzhou 310027, P. R. China (cli@zju.edu.cn). This
author’s work was supported in part by the National Natural Science Foundation of China (grant 11571308)
and Zhejiang Provincial Natural Science Foundation of China (grant LY18A010004).

TDepartment of Applied Mathematics, The Hong Kong Polytechnic University, Kowloon, Hong Kong
(mayangxq@polyu.edu.hk). This author’s work was supported in part by the Research Grants Council of Hong
Kong (PolyU 152128/17E).



2 EXTENDED NEWTON METHODS FOR MULTIOBJECTIVE OPTIMIZATION

the development of optimization algorithms, and many iterative methods have been proposed to
approach a Pareto optimum of multiobjective optimization; see [3, 4, 8, 9, 10, 18, 19, 20, 35, 41]
and references therein. Among them, one of the most important methods is the extended
Newton method (with Armijo line-search scheme) introduced by Fliege et al. [19], which is an
extension of the classical Newton method for solving nonlinear equations (see [40]). Comparing
with other iterative methods for multiobjective optimization, it was pointed out in [19] that the
extended Newton method enjoys several advantages: (a) it has a fast convergence rate under
some mild conditions; (b) its subproblems can be solved effectively; and (c) it does not use
a priori weighting factor or any other priori information for the objective functions. Due to
these benefits, there is a great demand for further investigating the convergence theory of the
extended Newton method, which is formally stated as follows (for undefined notations in the
sequel, one can refer to section 2).

ALGORITHM 1.1.

Step 1. (Initialization) Choose zg € U and o € (0,1), and set n := 0.

Step 2. (Direction search) Solve the direction search problem (2.3) at x, to obtain the search
direction s(x,) and the associated value 0(xy,).

Step 3. (Stopping criterion) If 6(z,) = 0, then stop; otherwise, proceed to Step 4.

Step 4. (Armijo line-search) Choose oy, as the mazimal value of {27% : s € N} such that

zp + ops(zn) € U and Fj(zy + aps(zn)) < Fj(zn) + oanb(zy,) forall j=1,...,m.

Step 5. (Update) Define x, 41 = @, + ans(xy) and set n:=n+ 1. Go back to Step 2.

Under the assumption that each Vsz(-) is positive definite and Lipschitz continuous on a
convex subset of U (with a nonempty interior), the authors studied in [19] the convergence issue
of Algorithm 1.1 for problem (1.1)and established the quadratic convergence results, which are
in particular concerned with three types. The first one is the semi-local convergence theorem,
in which the quadratic convergence to a local Pareto optimum is established under the assump-
tions, depending on a lot of parameters, at the initial point; see [19, Theorem 6.1] for details.
The second one is the local convergence theorem (i.e., [19, Corollary 6.2]) that, for each local
Pareto optimum x*, there exists r > 0 such that the generated sequence converges to a local
Pareto optimum at a quadratic rate whenever the initial point falls in B(z*,r). The last one is
the global convergence theorem (i.e., [19, Corollary 6.3]), in which the sequence starting from
any initial point is shown to converge to a local Pareto optimum at a quadratic rate.

The purpose of the present paper is to continue the theoretical study of the extended Newton
method for multiobjective optimization problems. We focus on the case when each VZFj(-)
is Lipschitz continuous and develop a new approach to provide the quantitative convergence
analysis for the extended Newton methods, not only Algorithm 1.1 but also the one without the
line-search scheme (see Algorithm 3.1). Under the classical Lipschitz continuity assumption for
the second derivatives V2Fj(-), our main results, concerning also the three types of convergence
properties mentioned above, are described as follows:

e Our theorem (i.e., Theorem 4.1) regarding the semi-local convergence property provides
some explicit convergence criteria, which are only based on the data at an initial point
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and the Lipschitz constants of the second derivatives V2F}(-) around the initial point,
for ensuring the convergence (to a local Pareto optimum) of Algorithms 3.1 and 1.1.

e Our theorem (i.e., Theorem 4.2) regarding the local convergence property provides
some explicit estimates, which only depend on the data of a given local Pareto optimum
and the Lipschitz constants of the second derivatives V?F}(-) around the local Pareto
optimum, for the radii of the convergence balls of Algorithms 3.1 and 1.1.

e Our theorem (i.e., Theorem 4.5) regarding the global convergence property provides
some sufficient conditions made on the cluster point for ensuring the global convergence
of the extended Newton method not only with the Armijo line-search scheme (i.e.,
Algorithm 1.1) but also with Goldstein/Wolf line-search schemes (i.e., Algorithm 3.2).

e The results obtained in the present paper, containing the local, semi-local and the
global types, provide explicit error estimates for any sequence generated by Algorithm
3.1 or 3.2 (and so Algorithm 1.1) in terms of the corresponding parameters/modulus,
which improve the corresponding ones in [19]; see Theorem 6.1 and Corollaries 6.2, 6.3
therein.

Most of results (such as Theorems 3.4, 3.5, 3.8, 3.9 and so on) in the paper are new, and some
of them (i.e., Theorems 4.1, 4.2 and 4.5), where less data is required, extend /improve partially
the corresponding ones in [19, Theorem 6.1 and Corollaries 6.2, 6.3] as explained in Remark
4.1; in particular, an example is provided to show the case where the convergence result in the
present paper (Theorem 4.1) is available but not the one in [19, Theorem 6.1]; see Example 4.1
for details.

Another important extension of the present paper is that the L-average Lipschitz condition
is involved to the consideration of the convergence analysis of the extended Newton method.
The L-average Lipschitz condition, which includes the classical Lipschitz condition and the -
condition as special cases, was introduced by Wang [36] to unify and develop the convergence
theory of the Newton method for solving an equation in a Banach space; this idea has been used
extensively in numerical analysis and optimization problems; see [12, 28, 29, 30] and references
therein, but not been found to be applied to study the multiobjective optimization problems.
Note that the L-average Lipschitz condition implies the classical Lipschitz condition, but as
shown in the theorems (see Theorems 4.1 and 4.2) in the present paper, the convergence criteria
and/or the radius of the convergence ball of the extended Newton method depend heavily on
the value of the Lipschitz constant on the involved balls. Indeed, as we will see in Example
4.2, one of the main advantages of adopting the L-average Lipschitz condition is that, in the
case when the theorem under the classical Lipschitz condition is not available, it provides the
possibility to choose a suitable non-negative and monotonically increasing function L such that
the convergence theorem, which we established for the general L-average Lipschitz condition,
is applicable to guarantee the convergence of the extended Newton method.

It should be remarked that the analysis tool used in the present paper is the majorizing
function technique, which deviates significantly from that of [19]. The majorizing function
technique has been widely used in the convergence analysis of Newton method for nonlinear
equations [12, 13, 14, 16, 36, 37] and scalar optimization [15, 28], which enables us to establish
an explicit convergence criterion and provides a precise estimation of the convergence radius.
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To the best of our knowledge, this is the first work to develop the majorizing function technique
for the convergence analysis of the extended Newton method for multiobjective optimization.

The paper is organized as follows. In section 2, we present the notations and preliminary
results to be used in the present paper. The quadratic convergence criterion and the estimation
of radius of convergence ball of the extended Newton method for multiobjective optimization
problems are provided in section 3, under the L-average Lipschitz condition. In section 4,
theorems under the classical Lipschitz condition, the global quadratic convergence results of the
extended Newton method and theorems under the y-condition are presented for multiobjective
optimization problems.

2. Notation and preliminary results. The notations used in the present paper are
standard in Euclidean spaces. As usual, for z € R! and r > 0, let B(x, r) and B[z, r] respectively
denote the open and closed balls in R, and let R’ and R, denote the non-negative orthant
and positive orthant of R™, respectively. The standard simplex in R™ is denoted by A,,, i.e.,

Ap={ eRT:> N =1}

i=1

Let R™*! denote the space of all m x [ matrices, and let I denote the identical matrix in R¥*/.
For M € R™*! the range of M is denoted by R(M). The following lemma regarding the
inverses of the perturbations of nonsingular matrix is well-known; see for example [32, p.45].

LEMMA 2.1. Let A, B € R™! be such that A is invertible and |A=1||||A— B|| < 1. Then B
15 tnvertible and

A
[A-T4 = B]

1570 < 1=
If A, B € R"*"™ are additionally symmetric, then B is positive definite.

2.1. Preliminary results about multiobjective optimization. In the present paper,
we consider the multiobjective optimization problem (1.1) with U C R! being an open (not
necessarily convex) set and F : U — R™ being a vector-valued function, denoted by

F:=(F,...,F,)T, (2.1)

where each F; : U — R is a twice continuously differentiable and real-valued function. For a
convex subset V' C U, F is said to be R™-convex on V if F; is convex on V foreachi=1,...,m.
The following notions are about the Pareto optimum (also named efficient point).

DEFINITION 2.2. A point x* € U is said to be

(a) a (global) Pareto optimum of F' on U if there does not exist y € U such that F(x*)—F(y) €
RT and F(y) # F(a*);

(b) a weak Pareto optimum of F on U if there does not exist y € U such that F(x*) — F(y) €
R

(¢) a local Pareto optimum (resp. local weak Pareto optimum) if there exists a neighborhood
V CU of x* such that x* is a Pareto optimum (resp. weak Pareto optimum) of F' on V.
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Obviously, every Pareto optimum is also a weak Pareto optimum, and each local Pareto
optimum is a (global) Pareto optimum if U is convex and F' is R™-convex on U.

For each i € N := {1,2,...}, C*(U,R™) denotes the set of i-th continuously differentiable
functions from U to R™. Let x € U, f € C*(U,R) and F € C?*(U,R™) given by (2.1). We
use Vf(z) € R" and V2f(z) € R™*" to denote the gradient of f and the Hessian of f at =z,
respectively; while, the Jacobian of F' and the second derivative of F' at x are denoted by DF(x)
and D?F(z), respectively, that is,

DF(z) = (VF(z),...,VFE,(z))Y and D?F(z) = (V?Fi(z),...,V?F,(z))".
We say that D?F(z) is positive definite if so is each V2Fj(x).

The notion of a critical point is recalled in the following definition, which characterizes
a necessary (but in general not sufficient) condition for Pareto optimality and was used in
[20] and [19] to investigate a steepest descent algorithm and an extended Newton method for
multiobjective optimization, respectively.

DEFINITION 2.3. A point T € U s said to be a critical point of F' if R(DF(z))N(-RT, ) =

Note that, in the case when m = 1, R(DF(z)) N (=R7,) = 0 is reduced to the classical
optimality condition of scalar optimization. It follows from [19, Theorem 3.1] that, if F €
C?(U,R™) and z* € U is such that D2F(z*) is positive definite, then

x* is a critical point of I < 2™ is a local Pareto optimum of F'. (2.2)

Following [19], associated to (1.1), we consider, for a point € U such that D*F(z) is
positive definite, the following optimization problem:

1
min max VFEF;(x)"s + ~sTV2Fj(z)s, (2.3)
SERM j=1,...,m 2

the solution of which is the Newton direction of the extended Newton method. Clearly, the
function s — VFj(x)Ts + %STVQFJ‘(LL‘)S is strongly convex for each j = 1,...,m, and so,
problem (2.3) has a unique minimizer. Since problem (2.3) can be framed as a convex quadratic
optimization problem, it can be solved effectively. Let V C U be convex such that D?F(x) is
positive definite for each x € V. We use the functions s : V'— R™ and 6 : V' — R to denote the
unique minimizer and the minimal value of problem (2.3), respectively, that is, for each € V,

1
s(z) :==arg min max VFj(z)'s+ -sTV2F)(2)s, (2.4)
seR™ j=1,....m 2
1
0(z) := min max VF;(2)"s+ =sTV2F;(x)s. (2.5)
seR” j=1,..., m 2

By the KKT optimality condition for problem (2.3), for each x € V, there exist parameters
A(:= A(z)) € Ay, such that (see [19] for details)

—1
m

s(r) = — Z (@) V2 Fj () > (@) VE(2). (2.6)

Jj=1
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We end this subsection by recalling in the following lemmas some useful properties of the
functions s(z) and 6(z). Lemma 2.4 is taken from [19, Lemma 3.2].

LEMMA 2.4. Let V C U be convex and let & € V. Suppose that D®F(Z) is positive definite.
Then the following statements are true.
(i) 8(z) <o0.
(ii) Z is not a critical point < [0(z) < 0] < [s(z) # 0].
(iii) If D®F(x) is positive definite for each x € V, then s is bounded on any compact subset of

V and 0 is continuous on V.

Let F := (F,...,F,)T € C*(U,R™). Throughout the whole paper, we define
Fa() =Y NF;(-) foreach A:=(A1,...,An)" € A (2.7)
j=1

Let A € A, and z € U, and let ppin(A, 2) and pmax (A, ) denote the minimum and maximum
eigenvalues of the matrix V2F) (z), respectively, that is,

pmin(A, @) = min{z" V2 Fy (2)z] [|z]| = 1} = [V2Fa(2) 77!
and
pmax(A, 2) == max{z" V2 Fy(2)2| || = 1} = [V*Fx()]. (2.8)

Relation (2.9) and the first inequality of (2.10) in the following lemma are known in [19, Lemmas
4.2 and 4.3]; while the second inequality of (2.10) is a direct consequence of the first inequality
of (2.9) and the first inequality of (2.10).

LEMMA 2.5. Let x € U and let X\ € A,, be such that V2Fy(x) is positive definite. Then
the following relations hold:

)

Pmin (A, ) 2 Pmax 2
Prin s8] s )2 < 6] < 220D a2, (29)

|0(z)] < %HWFA(SU)*HHVFA(OS)II2 and ||s(@)|| < [|V2Fx(@) " [V EA ()] (2.10)

2.2. Preliminary results about majorizing function. To study the convergence prop-
erties of the extended Newton method for multiobjective optimization, we first recall some aux-
iliary results of a majorizing function. The majorizing function, originally introduced by Wang
[36], is a powerful tool for the study of convergence criteria of the Newton method. Let R > 0
and let L : [0, R) — R be a nondecreasing and integrable function. Let a > 0 satisfy

R
%/0 L(u)(R — u)du > %. (2.11)
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Associated to the triple (a,8; L), we define the pair of positive constants (r4,b,) and the
majorizing function h, : [0, R) — R by

Lw)du=1, b, = " Llw)udu, 2.12
a/o (u)du a/o (u)udu (2.12)
and
t
hao(t):=0—t+ a/ L(u)(t —u)du for each t € [0, R], (2.13)
0

respectively. Clearly, b, < r, < R and h, is twice differentiable on [0, R) with its derivatives
being given by

t
Rl (t) = a/ L(u)du—1 and hl(t) =aL(t) foreacht € [0,R), (2.14)
0

where and throughout the whole paper, h/,(0) means the right derivative of h, at 0.

Let {tqn} denote a sequence generated by the classical Newton method for approaching
the zeros of the majorizing function h, with the initial value ¢, 0 = 0. That is,

tant1 ==tan — h;(tayn)*lha(tam) for each n € N. (2.15)

Some useful properties of the majorizing function h, and the sequence {t, } are presented in
the following proposition, in which (i) is taken from [36, Lemma 1.2], while (ii) is well-known
in the literature of the Newton method (cf. [36]).

PROPOSITION 2.6. Suppose that 0 < 8 < b,. Then, the following assertions are true.
(1) hq is strictly decreasing on [0,7,] and strictly increasing on [rq, R] with
ha(B) >0, he(re)=8—>b,<0 and he(R)>p>0.
Moreover, if B < by, then h, has two zeros rk and r* such that

”
B<r, < biﬁ < T <TG (2.16)
a

if B = bg, then hy has a unique zero r € (8, R) (in fact, ri =1,).
(ii) {ta,n} is monotonically increasing and converges to r.
(iii) If B < by, then

2t —tan — T — r*—t alL(r*
lim Z-entl — en 2 =1 and lim,_, a_ antl (ra)

n—roo tan+1 — lan (2ta,nt1 —tan —T5)? T - 20/ (1) '

(2.17)

Proof. To complete the proof, we only need to show assertion (iii). For simplicity, we omit
the first subscript a in the sequence {t,,}, namely, write {¢,} for {¢,,}. Then, one has by
(2.15) and assertion (ii) of this proposition that
2t —tn — 1 1
lim 2t 7 Tl o + lim -
n—00 tn-{-l —tn n—oo _h/ (tn)*lw

a

o
tn—7y

:1’



8 EXTENDED NEWTON METHODS FOR MULTIOBJECTIVE OPTIMIZATION

that is, the equality of (2.17) holds. On the other hand, note again by (2.15) that

i —tns =7 —ta +h’( ) ha(te)
= —hg(t fo [hg (tn +t(rg —tn)) — he(tn)](ry — t,)dt
- *h/ fo fo h” tn + Tt( Ty, —t ))t(T: - tn)dT(TZ - tn)dt

< R (t n> 1atlra) ><r* —tn)2,

a

where the inequality holds because h/,(t,) < 0 (cf. (2.12) and (2.14)), h!(-) = aL(-) (cf. (2.14))
and L(-) is nondecreasing. Then, we obtain

’I“Z — o1 _ Y (tn)i aL(Qra) (’l” B tn) B *h;(tn)71 aL(;Z)
(21 —tn —73)% = (=200 (tn) M haltn) + b —12)2  (—2ht(t,) 1 Relta)helra) | )2

and thus, the inequality of (2.17) is seen to hold. The proof is complete. O

The following lemma is useful for the convergence analysis of Newton method and is taken
from [36, pp. 175]. Recall that R > 0 and L : [0, R) — Ry is a nondecreasing and integrable
function.

LEMMA 2.7. Let 0 < ¢ < R, and let ¢ : (0, R — ) — R be defined by

t
l/OL(C—|—u)(t—u)du for each 0 <t < R— (.

plt) =

Then, ¢ is increasing on (0, R — ().

3. Convergence analysis of the extended Newton method. This section aims to
establish the quadratic convergence criterion of the extended Newton method (without or with
line-search scheme) for multiobjective optimization under an L-average Lipschitz condition. The
extended Newton method without line-search scheme for solving the multiobjective optimization
problem (1.1) is formally stated as follows.

ALGORITHM 3.1.

Step 1. Choose xg € U and set n := 0.
Step 2. Solve problem (2.3) at x,, to obtain s(x,) as in (2.4).
Step 3. Update xp41 := xp, + s(x,) and set n:=n+ 1. Go back to Step 2.

Below, we propose the extended Newton method with line-search scheme. For this purpose,
three kinds of the typical line-search rule for selecting the stepsize sequence {a, } for Algorithm
3.2 are stated below, which have been widely used for optimization algorithms in the literature;
see, e.g., [1, 26, 31].

DEFINITION 3.1. Let o € (0,1) and let 81,82 € (0,1). Given n > 0 and x,. Let s(x,)
and 0(x,) be given by (2.4) and (2.5), respectively. A stepsize oy, € (0,+00) such that x, +
ans(zy) € U is said to satisfy

(i) the Armijo rule if

Fj(xy + ans(zy)) < Fij(zn) + oanb(z,) forallj=1,...,m, (3.1
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and
an = max{27" i € N, (3.1) holds with 27 in place of a,};
(ii) the Goldstein rule if (3.1) holds and
Fj(zp + ans(zy)) > Fj(zy) + fromb(z,) forall j=1,...,m;
(iii) the Wolf rule if (3.1) holds and
VFj(zy + ans(w,)) s(xn) > B20(y) forallj=1,...,m.

The extended Newton method with line-search scheme for solving the multiobjective opti-
mization problem (1.1) is formally stated as follows.

ALGORITHM 3.2.

Step 1. Choose xzy € U, o € (0,1), 51,52 € (0,1) and set n := 0.

Step 2. Solve problem (2.3) at x,, to obtain s(x,) and 0(x,) as in (2.4) and (2.5), respectively.
Step 3. If O(xy,) = 0, then stop. Otherwise, proceed to Step 4.

Step 4. If x, + s(zy) € U and

Fj(xn + s(zn)) < Fj(xy) +06(xy) forallj=1,...,m,

then set Tp11 := Tpn + $(2n), and go to Step 6. Otherwise, go to Step 5.

Step 5. (Line search) Choose a stepsize oy, € (0,+00) satisfying the Armijo rule, or the Gold-
stein rule, or the Wolf rule. Set x,,11 := x,, + aps(zy).

Step 6. Set n:=n+ 1. Go back to Step 2.

Obviously, a sequence generated by Algorithm 1.1 can be regarded as the one generated by
Algorithm 3.2 with Step 5 using just the Armijo rule.

The notion of the L-average Lipschitz condition was introduced by Wang in [36] (but using
the terminology “the center Lipschitz condition in the inscribed sphere with L-average”) and
has been widely used to analyze the convergence properties of the Newton method; see [28, 30]
and references therein. We extend in the following definition the notion of the L-average
Lipschitz condition to the setting of vector valued functions. Recall that F := (Fy,..., F,,)T €
C?(U,R™), and that L : [0, R) — R is nondecreasing and integrable.

DEFINITION 3.2. Let zg € U and r € (0,R) be such that B(zo,r) C U. D?F is said
to satisfy the L-average Lipschitz condition on B(zo,r) if, for each i = 1,...,m and any
x,y € B(zg,r) with || — xo|| + ||y — z|| < r, the following inequality holds:

le—zoll+ly—=|

IV2Fi(y) — V2Fy()|| < / L(u)du.

llz—=oll

By definition, we can check that on B(zg, r) with r € (0, R), the L-average Lipschitz condi-
tion implies the classical Lipschitz condition with Lipschitz constant being L(r). The introduc-
tion of the L-average Lipschitz condition is beneficial to provide the more precise convergence
criterion and estimation of convergence radius for the Newton method.
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Fixing the triple (z;a,7) with € U and (a,7) € R%, we consider the following assumption
for F € C%(U,R™) associated to the triple (z;a,r) and L:

e L :[0,R) — Ry is nondecreasing and integrable;
e a satifies (2.11), and D?F(x) is positive definite with each ||[V2F;(x)~ Y| < a; (3.2)
D?F(-) satisfies the L-average Lipschitz condition on B(z,r) C U.

LEMMA 3.3. Suppose that F satisfies assumption (3.2) associated to (zo;a,r) and L, and
that r < r,. Let x € B(xo,7), A\ € Ay, and Fy be defined by (2.7). Then V2F\(z) is positive
definite, and

V2 Ex (o)~ < a
= Liwyde - 1—a [P L

IV2Fa (@) ") < ;

Proof. By assumption, one has that
llzo—=]| Ta
V2 Fy (z0) | V2Fa(z) — VZF)(20)] < a/ L(u)du < a/ L(u)du =1
0 0
(by (2.12)). Hence, Lemma 2.1 is applicable and the conclusions hold. O

3.1. Convergence criterion. One of the main results of this subsection is presented in
the following theorem, in which we provide a quadratic convergence criterion of the extended
Newton method for multiobjective optimization under the assumption that the Hessians of
objective functions satisfy the L-average Lipschitz condition. Theorem 3.4 not only extends [19,
Theorem 6.1] under a weaker condition, but also improves it in the sense that the quantitative
convergence result is provided here (see (3.6) below).

THEOREM 3.4. Suppose that F satisfies assumption (3.2) associated to (xo;a,r’) and L,
and

[s(z0)]l < B < ba. (3.3)

Then, the sequence {x,} generated by Algorithm 3.1 with initial point xg is well-defined, stays
in B(xo, 7)), and converges to a local Pareto optimum T € Blxzg,rk]. Moreover, the following
error estimations hold for each n > 0:

[2nt1 = nll = Is(@a)l| < tant1 = tan, (34)
and
|zn — 2| <75 —tan. (3.5)
Moreover, if B < by, then there exists N € N such that

*
To — ta,n+1

(2ta,n+1 - ta,n - 7’;)

|zt — Z|| < 510 — z|* for eachn > N, (3.6)
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and so {x,} converges quadratically to T.

Proof. Since r} < r, (cf. Proposition 2.6(i)), Lemma 3.3 is applicable to concluding that
V2F\(z) is positive definite for any z € B(zo,r}) and X € A,,. (3.7)
Furthermore, by assumption (3.2), it is easy to see that there exists a constant ¢ > 0 such that

sup Pmax(A, ) < ¢, (3.8)
AEA,,2€B(zo,7}%)

where pmax(\, ) is given by (2.8). We first show that {z,} is well-defined and (3.4). For
simplicity, we, as before, omit the first subscript a in the sequence {t, x}, write {tx} for {tqx}.
Thus, in view of Algorithm 3.1, (3.7) and (3.3), one has that z; is well-defined and ||z1 — || =
[Is(z0)]] < B =t1 —to (due to (2.15)), namely (3.4) holds for n = 0. Fix k € N. Below, we show
the following implication:

[, is well-defined for all n =0,1,...,k+ 1 and (3.4) holds for all n =0, ..., k]

2
= 4o is well-defined and |[s(zps1)|| < (trpz — trsr) (t”j—_)t“) .

(3.9)

Granting this, {z,} is well-defined and (3.4) is shown by mathematical induction. To proceed,
suppose that x,, is well-defined for all n = 0,1,...,k+ 1 and (3.4) holds for all n =0,... k.
Recall from (2.6) that there exists A = (A1,...,Ap)T € Ay, such that

—1
m

s(ae) = — | DNVEF(ar) | YN VE(xx) = —V2Fa(z) " VA (zp). (3.10)

Note by the induction assumption that

k

k
|ksr = zoll <D wirs — mill <D (tigr — ) = tiyr <7 (3.11)
1=0 =0

(by Proposition 2.6(ii)). Consequently, xi+1 € B(xo,7). Thus, in view of Algorithm 3.1,
(3.7) and (3.3), one has that zj1o is well-defined. Furthermore, Lemma 3.3 is applicable to
concluding that

a
V2 Fa (1) < — < —aha'(tky1) 7, (3.12)
1-— afoux’““ @oll L(u)du

because, by (2.14),

1

—he' (tesr) "t = .
(fis1) 1-— afg'c+1 L(u)du

Observe further from (3.10) that

V2F)\(xk)s(mk) + VF)\(xk) =0.
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Thus, by L-average Lipschitz condition assumption, we obtain

IVEA(zry1)l| = [VEA(zr + s(zx)) — (V2Ex(zr)s(zk) + VEx(zr)) |
< f; IV2E (2 + ts(x)) — V2 ()| |s(n) |t
<j‘0 f”\l’k zo|[+tls(zr)l| L( )du|| (:Ck)Hdt

zp—x0|

— [N L (g — ol + w) (s ()| — w)du.

Since by inductive assumption that ||s(zx)|| < tg+1 — tk, it follows from Lemma 2.7 and (3.11)
(with k in place of k + 1) that

(3.13)

Is(ze)? /tk“ i
—_— L(t t —tp —u)du.
(ther — tr)% Jo (B u)fes =t —)du

ls(ao)l
/O L({lzx = ol +w)([ls(zx)]| — u)du <

Note by (2.13)-(2.15) that

tet1—1lk
a / Lot ) (tps1 — tp— ) = (brs1) — B () — o (t) (brst —tx) = ha(bess). (3.14)
0
Hence, we have from (3.13)-(3.14) that

l[s ()
al|[VEx\(zr41)] < mha(tk+l).

Note by (2.10) that ||s(zr4+1)| < |V2Ex(zps1) " H|IVE(zg41)]]. It follows from (3.12) that

s (zs)|*

) i) Iy (bl )
s(zrs1)ll < (tht1) (tga1) (s — 12)? (thao — tig1) a—

Thus, implication (3.9) is proved.

Now, we show the convergence of {z,} to a local Pareto optimum. Since {¢,} is monotoni-
cally increasing and converges to r; (by Proposition 2.6(ii)), (3.4) shows that {x,} is a Cauchy
sequence, and so, there exists T € B[xzg, 7] such that lim, . @, = Z. Furthermore, (3.4) says
that lim, . [|s(25)|| = 0. Observe further from (2.9) and (3.8) that |0(z,)| < §||s(z,)||? for
each n € N, and then, passing to the limits, we get that lim, . |#(z,)| = 0. Note by Lemma
2.4(iii) that € is continuous and so 6(Z) = 0. Then, by Lemma 2.4(ii), one has that Z is a
critical point, and thus, it is a local Pareto optimum (by (2.2)). Fix n € N. One has by (3.4)
that |€p41 — zp| < thyr —t, for each I € N, and so (3.5) is seen to hold by passing to the limits
(as | — o0).

Finally, we prove the quadratic convergence rate of {z,} to . Fix n € N, and note from
(3.4) and implication (3.9) that

l[s(zn)l

) for each j € N. (3.15)
thrl [2%

I )| < (bt gis — tasy) (

In view of Algorithm 3.1, one sees that ||z; — zp41]| < E; — i1 lI8(x5)]| for each i > n + 1.
Letting ¢ — oo, one has by the convergence of {z,,} to Z and by (3.15) that

0o 2 %
o= nal £ 3 Istepl < 15 = o) (L) < BBy o)

j=n+1 n+1l — tn B tn+1 - tn
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(by (3.4)). Then, it follows that

Vg1 — by — 15

17 = znll 2 l2ns1 = znll = 17 = 2ppa || = “lls ()l (3.17)

tn+1 - tn
By assumption that 8 < b,, Proposition 2.6(iii) is applicable, and then we have by the equality
of (2.17) that there exists N € N such that

2t — b — 1
W—"TG>O for each n > N.
tn+1 —tyn
Therefore, combining (3.16) and (3.17), we obtain (3.6). This, together with the inequality of

(2.17), ensures the quadratic convergence rate of {x,} to Z. The proof is complete. 0

Theorem 3.5 below shows that under almost the same conditions as in Theorem 3.4, a
sequence {z,} generated by Algorithm 1.1 or 3.2 with initial point x¢ is the one generated by
Algorithm 3.1 with the same initial point zy. Hence, all the conclusions of Theorem 3.4 hold
for Algorithm 1.1 or 3.2.

THEOREM 3.5. Suppose that F satisfies assumption (3.2) associated to (xo;a,r,) and L,
and
—3(1 — 0)hq(r3)

2I0) (3.18)

[[s(zo)ll <5 <
Then, with initial point xy, any sequence {x,} generated by Algorithm 3.2 coincides with the
one generated by Algorithm 3.1; consequently, the conclusions of Theorem 8.4 hold.

Proof. Below, we only show the case when {z,} is a sequence generated by Algorithm 1.1
with initial point zg because the proof is similar for Algorithm 3.2. To furniture the proof of
this theorem, fix ¢ € N. First, we show the following implication:

(Is(zill < tivr =ty lzi — 2ol + [[s(wa) | < 73] = [wiv1 = 24 + s(21)]. (3.19)
For this purpose, we assume that
[s(@i)ll <tiv1 —ti  and  |lz; — zoll + [|s(@i)[| < 7y (3.20)

Noting by Proposition 2.6 that r* < r,, we have z; € B(x,7,), and then obtain from Lemma
3.3 that for each A € A,,, V2F)(z;) is positive definite and

IV2Fx (@)~ < —ahg (o — zol) " (3.21)

By assumption (3.20), one has z; + s(x;) € B(xo,74). Fix j € {1,...,m}. By the Taylor
formula, one has that

Fj(zi + s(zi))
= Fj(x;) + VFj(2:)"s(x:) + 35(2:) TV Fj(2)s(2:)
+ Jy 5@ (V2E, (@ + ts(w:) = V2 (2:)s(:) (1 - t)dt
< Fj(w:) + VE; () Ts(@:) + Ss(2:) TV (2:)s(2:) + 25 |1s() 1%,
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where the inequality holds because

Jvs—aol+¢lls(z:)]
IV2Fj (i + ts(x)) — V2Fj ()| < / L(u)du < L(rg)|[s(x:) [t

llzi—zoll
(due to assumption (3.2) and the fact that L(-) is nondecreasing and positive). By the definition
of 6 (cf. (2.5)), this implies that
Fywi+s(@) < Fyw) +0() + L2 stw) P
= Fj(wi) + 08(x:) + (1 = 0)0(x:) + 52|50
where o € (0, 1) is the parameter in Algorithm 1.1. Recall from (2.9) and Lemma 2.4(i) that

(3.22)

o) < ~ Lo 2 (3:23)

Recalling by (2.8) that pmin(A, ;) = [[V2F)\(z;) 71|71, it follows from (3.21) and (3.23) that
1 1
N < l L N2 < I (0¥ 12 .
0(z:) < 5 ha(llzs = zolDlls(@a)ll” < 5-ha(ra)lls(e:)l, (3.24)

where the last inequality holds because that h'(-) is monotonically increasing on [0,77]. Note
that {¢;y1 — t;} is monotonically decreasing (cf [28, Lemma 2.4]), and so, for each ¢ € N,
tiy1 —t; <t —to =L (by (2.15)). This, together with (3.20), implies that

—3(1 = a)h! (r*
(@) < tiss — s <ty —to = B < —2L = alra)

aL(r:)
(due to (3.18)). Combining this with (3.24) yields that
)||s(z; )|s(z; — o)k (r* s(xz:)]|?
(1= 0)(z:) + L( a)H6( )”Hs(xi)H2 < (L( a)|:|%( i, @ zlha( a)) I (2)H <0

then, (3.22) implies that
Fj(x; + s(x;)) < Fj(x;) + 00(x;) forallj=1,...,m.
Thus, in view of Algorithm 1.1, we have ;11 = x; + s(z;) and so (3.19) is seen to hold.
Below, we show by induction that {z,} coincides with the sequence generated by Algorithm
3.1 with the same initial point z(, namely the following assertion holds for each n € {0} UN:
Tnt1 = Tp + S(Tn) (3.25)

Since ||s(zo)]| < B =t1 —to < 7 by (3.18) and Proposition 2.6(i), it follows from (3.19) that
(3.25) holds for n = 0. Suppose that x1, ...,z are the same points as generated by Algorithm
3.1. Then, by Theorem 3.4, we have that z; € B(zo,r}) and ||s(z;)|| < tiy1—t; fori=1,...,k,
and

s = @oll + [ls(p)ll < llan —zp—all + - + [ler = zoll + ls(xp) | < tpr <75

This implies that the assumptions of implication (3.19) hold when ¢ = k. Then, it follows from
implication (3.19) that ay = 1, and so, (3.25) holds for n = k. Thus, x4 is the same point
as generated by Algorithm 3.1. Then, we obtain inductively that {z,} is same as the sequence
generated by Algorithm 3.1 with same initial point zg. Therefore, the conclusions of Theorem
3.4 hold and the proof is complete. O
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3.2. Estimation of convergence radius. This subsection is devoted to providing an
estimate of the radius of the convergence ball of the extended Newton method (without or with
line-search scheme) for multiobjective optimization under an L-average Lipschitz condition. For
this purpose, let a* > 0 be such that (2.11) is reduced to

R
%/0 L(w)(R — u)du > ai (3.26)

Let (rqx, bax) be the pair of positive constants given by (2.12) with a* in place of a. Let z* € U
be a local Pareto optimum of F, and assume that F' satisfies assumption (3.2) associated
to (x*;a*,7r4<) and L. Throughout this subsection, we always assume that L(-) is left-hand
continuous. Write

Eor 1= a* max{||V2F;(z*)| :i=1,...,m}. (3.27)

Let t € (0,74+), and set

*

a

Ry =R—t, a;:= 7
1—a* [; L(u)du

and

a* f(f L(uw)(t —w)du + {a*t.

Pri= 1—a* fot L(u)du

Define the function L; : [0, R;) — R by

Li(u):=L(u+t) for each u € [0, Ry). (3.28)

= b ok
Let 7a,,ba4,,75,

B¢, ag, Ly in place of 8, a, L.

denote the corresponding positive constants given by (2.12) and (2.16) with

LEMMA 3.6. There holds that 7o, +t = re= and i < Bat for each 0 <t < 112.* —, and there
exists 0 < r < li‘g — such that
-3(1—o)h. (7F
Bt < (1= 9)ha, (a,) for each t € (0,r). (3.29)

(LtLt (F;t )

Proof. Let 0 < t < 1i“§**. By definition, it is easy to verify that 0 < 7,, < rq« because

a; > a* and Ly(u) > L(u) for each v € RT. Observing further from the definition of r,- and
Ta,, we have that

Tay t Ta* t Ta*
a* / Li(u)du=1—-a" / L(u)du = a* / L(u)du — o / L(u)du = a* / L(u)du.
0 0 0 0 t

This gives that

/t " ) du = /t " L(w)du. (3.30)
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As L(-) is a nondecreasing and positive integrable function, one has from (3.30) that 7,, +t = 4.
This, together with the definitions of b, ,at, Ly, implies that

_ Fart Tax —1t Ta* L —t d
bat = at/ Lt(u)udu = at/ Lt(u)udu a* ( )(U ) u.
0 0 1 —a* fo w)du

Then, by elementary calculus and noting that a*
0<t<

" L(uw)du =1, bgx = a* [,*" L(u)udu and

O O

I +£ , one checks that

o / L(u)(t — w)du + £art < a” / L) — t)du,
0 t

or equivalently, 3¢ < bg .. Thus the first assertion is shown.

To verify the second assertion, we note first by the first assertion that 7, is well-defined for
each te (0, T +E ). Furthermore, by definition, one can check that lim;_,q+ Bt =0, lim;_,g+ a; =

*, limy_yo+ T, = 7o+ and limy_,+ by, = be+. Hence, lim;_,q+ 7, = 0 thanks to (2.16) (applied
to Bt, at, Ly in place of 3, a, L) and so lim,_,o+ A, (7;,) = —1. Thus it follows from the left-hand
continuity assumption for L that

=31 —o)hg, (77,) _ 3(1—o0)
lim e Tt >
t—0+ as L (7)) a*L(r})

> 0.

Since lim;_,g+ 8; = 0 and the function ¢ — f; is monotonically increasing on [0, 74+ ), it follows
that there exists 0 < r < to satisfy (3.29), and the proof is complete. O

1+§

Another useful proposition is as follows.

PROPOSITION 3.7. Suppose that F satisfies assumption (3.2) associated to (x*;a*,r4+) and

L. Letzp € B (m’ﬂ li‘g ) and t ;= ||xg — x*||. Then, the following assertions hold:

(i) F satisfies assumption (3.2) associated to (xo;at,Tq,) and L.
(iD) [[s(zo)]l < B < ba,-
Proof. (i) We first show (2.11) holds with a;, Rt, Ly in place of a, R, L, or equivalently,

R -
/t L(u)(R — uw)du > (R — ) /t L(u)du, (3.31)

thanks to the first equality in (2.12) (applied to a* in place of a) and the definitions of a;, Ry, L;.
By (3.26) and the first equality in (2.12) (applied to a* in place of a), one checks that

ftRL(u)(R —u)du > 2 — fo —u)du =R [[*" L(u)du + fo w)udu.
This implies trivially (3.31), showing (2.11) (with a, Re, Ly in place of a, R, L), namely the

first assumption in (3.2) (associated to (mo; at,7q,) and Ly). To show the second assumption
n (3.2), note first that |lzg — 2*|| < 1+£ -
that, for each j =1,...,m, V2Fj(x) is positive definite, and

IVEG@) e
1—a* fol‘woiw*” L(u)du 1—a* fg L(u)du

< by < 1ryx, Lemma 3.3 is applicable to concluding

IV2F; (o) 7| <
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consequently, the second assumption in (3.2) (associated to (xo; at, 74, ) and L) is checked. Now

let us verify the last assumption. To do this, let z,y € B(x0, 7y, ) be such that || z—zo||+]|y—2z|| <
bos
7 14E

Ta,, and fix j. Then, ast = ||xzg—2a*| € (O , the first assertion of Lemma 3.6 is applicable

to concluding that
[z = 2" + lly = 2] < [lwo — 2™ + [l — woll + lly — 2l <t +Ta, = rar.
Thus it follows from the last assumption in (3.2) (associated to (z*;a*,7r,+) and L) that

t+||zo—x||+|lz—yl| [lzo—z|[+||z—yll
V2F V2F < L(u)du = Li(u)du.
IV2Fy(y) - V2F, ()] / (w) /| (u)

t+{|lzo—z|| zo—z||

This shows the third assumption in (3.2) (associated to (xo;at,7q,) and L) and the proof for

assertion (i) is complete.

(ii) By Lemma 3.6, we only need to show ||s(x)|| < B¢. Noting that z* is a local Pareto
optimum of F', we obtain from (2.2) that z* is a critical point of F. Therefore, it follows from
Lemma 2.4 that s(z*) = 0. Note by definition that there exists A\(:= A(z*)) € A,, (the KKT
multipliers of problem (2.3)) such that

ZA )V2E;(x) > N(@ ) VF,(z") = =V?Fx(a*) "' VFx(z").

=1
Hence VFy(z*) =0, and
|VEx(x0) — V2F\(z*)(z0 — %) = V2F>\(x +7(1g — 2*%)) — V2Ey(2%))(zg — 2*)d7||

/ / " w)tdudr = /0 t L(u)(t — u)du,

thanks to the third assumption in (3.2) (associated to (x*;a*,r4+)). Therefore,

IN

a*[[VEx(zo)|| < a*|[VFa(x0) = V2Fx(z*)(z0 — 2%)|| + a* || V2 Fa(a¥)||t
t
< a*/ L(u)(t — w)du + &0t

0

(3.32)

Furthermore, by Lemma 3.3 one has that

IR
—a* f()”l’o*l’*” L(u)du - 1 — ag* fOtL w)du
This, together with (3.32) and (2.10), implies that that

IV2 P (o)~ <

— a/ t_ u du+§a*
Is(eo)l < IV2E (o) IV Fr(ao)] < I X _ s,
1—a* fo u)du

The proof is complete. O

THEOREM 3.8. Suppose that F satisfies assumption (3.2) associated to (x*;a*,r4+) and L.

Let zy € B(z*, 1_?_"5* —). Then, the sequence {x,} generated by Algorithm 3.1 with initial point

xq is well-defined and converges quadratically to a local Pareto optimum of F.
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Proof. Let xg € B(z*, 15’:5 —) and t = ||zg —x*||. By Proposition 3.7, F' satisfies assumption

(3.2) associated to (zo;at,7q,) and L, and (3.3) holds (with B, b,, in place of 3,b,). Hence,

Theorem 3.4 is applicable (with Sy, at, Ly, b,, in place of 8, a, L,b,) and the conclusion follows.
This completes the proof. O

Theorem 3.9 below shows that if F' satisfies assumption (3.2) associated to (z*;a*,7.~) and
L, then there exists r > 0 such that any sequence {x,} generated by Algorithm 1.1 or 3.2 with
initial point z¢ € B(z*,r) converges quadratically to a local Pareto optimum of F. In the next
section, we provide an explicitly estimate for the radius r because there L(-) = L.

THEOREM 3.9. Suppose that F' satisfies assumption (3.2) associated to (x*;a*,rq«) and L.
Letr € (0 by

' THEa
Algorithms 3.2 with initial point xo converges quadratically to a local Pareto optimum of F.

) satisfy (3.29). Then, for any xg € B(z*,r), any sequence {x, } generated by

Proof. Let xp € B(z*,r) and ¢ = ||xg — z*||. Then z¢ € B (x*, 1%&1*)’ and Proposition 3.7
is applicable to concluding that assertions (i) and (ii) there hold, namely F satisfies assumption
(3.2) associated to (zo;at,7q,) and Ly, and ||s(xg)|| < B;. Furthermore, by (3.29), (3.18) holds
with B¢, at, Lt, 7, in place of 3, a, L, 7. Thus, the conclusion follows from Theorem 3.5 (applied
to B¢, az, Ly, 7, in place of 3,a, L,r}), and the proof is complete. O

4. Applications. By virtue of the results established in the preceding section, this section
is devoted to establishing convergence analysis theorems under the classical Lipschitz condition
or the y-condition to multiobjective optimization. In particular, a global version of the extended
Newton method is proposed and its global convergence is established.

4.1. Theorems under the classical Lipschitz condition and global version of the
extended Newton method with its convergence.

4.1.1. Theorems under the classical Lipschitz condition. Kantorovich’s theorem
[24] is one of the famous results on the Newton method, which provides a criterion for ensuring
its quadratic convergence under the classical Lipschitz condition. The main point of Kan-
torovich’s type premise is to let L mentioned in the preceding section be a constant function.
In this case, the L-average Lipschitz condition of V?F} is reduced to the classical Lipschitz
condition of VQF]- for each j = 1,...,m. That is, there are L > 0 and r > 0 such that

HVQFj(a:) - VZFj(y)H < L||x —y| for each z,y € B(xg,7).

Then the function L; defined in (3.28) is independent of the choice of ¢ and coincides with L,
that is, L(-) = Ly(-) = L on RT. Thus, for any a > 0, one has that

1 1
and the majorizing functions h, defined by (2.13) is reduced to

L
ha(t) =B —t+ %t2 for each ¢ € R.
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Therefore, if 8 < one has by (2.12), (2.15) and (2.16) (see also [36]) that

aT
.. 1-yI-2aLB
=t = - (4.1)
alL
1—g2 1 1- n
tan = %T; and  tgpt1 —tan = %qg ~Ir*  for each n € N,
1 dg 1 — 4y

where

11— T=2%ILp
lo = /T—2aLp’

2" 1
1—q,

1— q2n

and we adopt the convention that

n+1
=1- (%) and qz(,{ﬂl = ( ) if g, = 1.

Theorem 4.1 follows directly from Theorems 3.4 and 3.5, and establishes a quantitative
convergence criterion of the extended Newton method for multiobjective optimization under
the classical Lipschitz condition.

THEOREM 4.1. Suppose that F satisfies assumption (3.2) associated to (xo;a,r’) and
L(:) =L, and ||s(z0)|| < B. Let q, be given by (4.2). Then, with initial point xo, we have the
following assertions:

(i) If B < 527, then the sequence {x,} generated by Algorithm 3.1 is well-defined, stays
in B(xo,7%), and converges to a local Pareto optimum T € Blxzg,r}] with the following error
estimations:

1-— n
1= qun 2 Lpx for eachn € N. (4.3)

a

“ o om_ «
1 2n+1 qa T'a

[ER—T and ||z, — 7| <

(i) If B < 527, then {z,} in (i) converges quadratically to
estimation for some N € N:

with the following error

n+1
ga(l—¢2")

= g - @ g 1

|znsr — Z|| < —Z||* for each n > N. (4.4)

(iii) If B < —9(1-9)*+3(1—0)y/1+9(1—0) , then B < 5, and any sequence {x,} generated by
Algorithm 3.2 coincides wzth the one genemted by Algorithm 3.1, and satisfies (4.3) and (4.4).

Proof. Assertions (i) and (ii) follow directly from Theorem 3.4. Then, it remains to

—9(1—0) +3(1 U\/1+91 o) Then B < 1

show assertion (iii). In fact, assume that g < ot
because —9(1 — )% 4+ 3(1 — 0)y/1+9(1 —0)? < 4. Since L() =171, it follows from (4.1)
that 73(1&‘2?)1(%) = g(lfa)avaQaLﬁ. Thus, (3.18) holds because it is equivalent that aL3 <
3(1 — 0)y/T — 2aLp, which is true by assumption. Hence, the conclusion follows from Theorem
3.5. 0

REMARK 4.1. Under the assumption made in Theorem 4.1, we see that there exist V C
B(zo,7}), @=L and b > 0 such that al < V2F;(z) < bl for allz € V and all j = 1,...,m,



20 EXTENDED NEWTON METHODS FOR MULTIOBJECTIVE OPTIMIZATION

where, for A, B € R"*" A > B means that A— B is positive semi-definite. Thus [19, Theorem
6.1] could apply. However, Theorem 4.1 cannot be derived via a direct application of [19,
Theorem 6.1]. In fact, Example 4.1 below illustrates the case where Theorem 4.1 is applicable
but not [19, Theorem 6.1].

EXAMPLE 4.1. Let 0 € (3,1) and let 7 satisfy

1-0)o<T7<-9(1—-0)*+3(1—-0)y/1+9(1—0)2 (4.5)
Consider problem (1.1) withm =1=1 and F : R — R defined by

1 1
F(z):= -1+ §x2 - 6x3 for each z € R.

Then
F'(x)=1—x  for each x € R. (4.6)
Let xg = 0. Then, one checks that
a=|F"(zo) | =1, ls(zo)ll = Il = (F"(w0)) " F'(z0) | = , (4.7)

and F" satisfies the Lipschitz condition with modulus L =1 on [—1,1]. By (4.5), we see that
Theorem 4.1(i) is applicable to concluding that any sequence {x,} generated by Algorithm 3.2
(and so Algorithm 1.1) with initial point xo converges to a local Pareto optimum. We below
show that [19, Theorem 6.1] is not applicable. To do this, suppose on the contrary that [19,
Theorem 6.1] is applicable. Then, there exist 0 < r < 1 and positive numbers a,, by, d,& such
that

‘<10, |s(x0)]] < min {5,r(1 - E)} , ar < F"(z) <b, forallz € (—r,r), (4.8)
ar ar

and ||[F" () — F"(y)|| <e forall x,y € (—r,r) with ||x — y|| <. Then, by (4.6), without loss
of generality, we take a, =1 —71 and § = e < (1 —r)(1 — o). Thus, if r > 1 — o, one has
that ||s(xo)|| < § < o(1l — o). Below we shows that this is also true if r < 1 —o. Granting
this, one has from (4.7) that 7 < o(1 — o), which is a contradiction to (4.5). To proceed,

assume r < 1 — o, and note that the function t — min{t,r(1 — 1;)} attains its mazimum tg

on [0,(1—7r)(1—0)] at to satisfying to = r(1 — 1), i.e., to = r(1 —r). Since o € (1,1) by

assumption, it follows that r < 1—o < L and so min{6,r(1— )} <tg=r(1-r) <o(1-0).

Thus we have by (4.8) that ||s(zo)|| < min{é,7(1 — :2-)} < o(1 — o), as desired to show.

Theorem 4.2 below follows directly from Theorems 3.8 and 3.9, and provides explicit esti-
mates of the convergence radius of the extended Newton method for multiobjective optimization
under the classical Lipschitz condition. In particular, assertions (ii) improves the corresponding
result in [19, Corollary 6.21], which only asserts the existence of such convergence radius under
the stronger assumption than that for assertions (ii). Recall that z* is a local Pareto optimum
of F and &, is defined by (3.27).

THEOREM 4.2. Suppose that F satisfies assumption (3.2) associated to (x*;a*, ﬁ) with
L(:) = L. Let zp € B(z*
assertions:

,m) Then, with initial point xg, we have the following



YAOHUA HU, CARISA KWOK WAI YU, JINHUA WANG, CHONG LI AND XTAOQI YANG 21

(i) The sequence {x,,} generated by Algorithm 3.1 is well-defined and converges quadratically
to a local Pareto optimum of F'.

(i) If |lwo — z*|| < —9-e Jj_(if f)av ?9(1 o) , then any sequence {x,} generated by Al-
gorithm 3.2 with initial point xg is well-defined and converges quadratically to a local Pareto

optimum of F.

Proof. Assertion (i) follows directly from Theorem 3.8. Then, it remains to verify assertion

—9(1—0)?43(1—0)4/14+9(1—0) . Then r <

(i) (114€,-)a"L m (due to the fact
—9(1-0)2+3(1-0)y/1+9(1—-0)2 < 5)7 and, La*t < < % for each t € (0,7). As
L(-) = L, one checks that, for each t € (0,r),

. To do this, write r :=

2(1+§a* )

L %42
Br =" fol — tfo_u dudz Sl 0T Ebel (Lag< (v agr
Moreover, since a;L = 1% Lt < 2a*L, it follows that, for each t € (0,7),
-3(1 - th;t(f;t) _ 30— o)1 = 2a,LB; . 3(1 —0)/1—2(1 +4&,+)a*Lr _ (1 2,
a:L(7},)) arL 2a*L 2
where the last equality holds by the definition of . Thus, one checks that r € ((), T +§ ) satisfies

(3.29), and the conclusion follows from Theorem 3.9. O

4.1.2. Global convergence of Algorithm 3.2. This subsection aims to establish global
convergence of Algorithm 3.2 under the classical Lipschitz condition.

The following proposition shows that any accumulation point of a sequence {z,} generated
by Algorithm 3.2, where the stepsize {«,,} satisfies the Armijo rule, or the Goldstein rule, or
the Wolf rule, is a critical point of F'.

PROPOSITION 4.3. Let {x,,} be a sequence generated by Algorithm 8.2. Then, any accumu-
lation point * of {x,} such that D®>F (z*) is positive definite and D*F is Lipschitz continuous
around x*, is a local Pareto optimum of F.

Proof. Let z* be an accumulation point of {z,} such that D?F(z*) is positive definite
and D?F is Lipschitz continuous around z*. Then, it’s easy to show that D2F(-) is positive
definite around z*. By (2.2), we only need to verify that z* is a critical point of F. As z* is an
accumulation point of {z,}, there exists a subsequence {x,,} such that lim;_, . x,, = z*. Let
j €{1,...,m}. Noting that {F}(x,)} is monotonically nonincreasing (by Algorithm 3.2) and
F} is continuous, it follows that

lim Fj(xz,) = hm Fj(xy,) = Fj(z"). (4.9)
n—oo — 00
By (i) and (ii) of Lemma 2.4, to complete the proof, it suffices to verify that 6(z*) > 0. To do
this, let

Ky = {i: Fj(zp, + s(xn,)) < Fj(an,) + 00(zy,) forall j =1,...,m}.
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Then, we divide the proof into two cases.

Case 1. K is infinite. Then, there exists a subsequence of {z,, }, denoted it by itself, such
that

Fj(xn, + s(zn,;)) < Fj(zn,) +00(zy,,) forallieNand j=1,...,m. (4.10)

In view of Step 4 of Algorithm 3.2, one has that ,,,4+1 = 2, + s(z,,). Passing to the limit as
i — oo in (4.10), we get from (4.9) that 6(z*) > 0 and the proof is complete in this case.

Case 2. K is finite. Then, there exist jo € {1,...,m} and a subsequence of {z,, }, denoted
it by itself, such that

Fj(xn, + s(zy,)) > Fj)(an,) + 00(z,,) forallieN.
Thus, in view of Step 5 in Algorithm 3.2 (cf. (3.1)) and Lemma 2.4(i), we have
Fj, (Tn;) — Fj, (Tni+1) = —oan,0(zn;) >0,

where each ay,, € (0,400) satisfies the Armijo rule, or the Goldstein rule, or the Wolf rule.
This, together with (4.9), implies that lim; o, @, 0(2,,) = 0. Recall that 6 is continuous around
x* (due to Lemma 2.4) and that lim; o x,, = 2*. We only need to consider the case when
lim;_, o o, = 0 because, otherwise, one has that lim; ,..a,, > 0 and thus

O(z* ) im;  ootn, > lim a,,0(z,,) = 0;
1— 00

this implies #(x*) > 0. To proceed, let ¢ := max{c, 81, B2}, and define for each n;

Fjo (xnz + kanls(xnl)) - Fjo
ko,

O(zp,) := max

k=1,2 (xm) ) VFjO (‘rnl + anls(xnl))T‘S(wm)} .

Then, ¢ € (0,1). Below we show that

limsup O(z,,) < 0(xz*) and (0(x,,) < O(x,,) for each n;. (4.11)
i—00
Granting this and noting lim;_, 6(2,,) = 6(z*), one checks that §(z*) > (0(z*) and so 6(z*) >
0 (as ¢ € (0,1)), completing the proof.

The second relation in (4.11) holds by the choice of the stepsize a,; in Step 5 of Algorithm
3.2. To show the first one in (4.11), we first note 6 is continuous around z* and {s(zn,)}
is bounded (due to Lemma 2.4(iii)). Note further that VFj, is continuous. It follows from
lim; 00 vy, = 0 and the inequality VFj, (2n,)7 s(@n,) < 0(zy,) (due to the definition of §) that

lim SUDP; 00 V}Pjo (xm + ozms(xm))Ts(mm)
< limsup;_, o ((VFj, (¥, + an,8(xn,)) — VFjy (20,) T s(20;) + 0(20,))
= limsup,_, . 0(z,,) = 0(z*).

Thus it remains to verify that

lim sup <O(z*) fork=1,2. (4.12)

i—00 kani
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To do this, consider a sequence {t,,} C (0, +00) converging to zero. Then we have that
1
lim [ (VFj(zn, + Ttn,8(x0,)) — VEjy (24,)) " 8(x,)d7T = 0 (4.13)

71— 00 0
as VFj, is continuous and {s(z,,)} is bounded. Note for each i € N that

Fjo(xni +tn15(xm)) — Fjo(xni) _ !
o

i

(VEjy (zn, + 7t s(zn,)) — VI, (xm))TS(xm)dT
0
+VFj, (xm)TS(xm)'

Hence, thanks again to the inequality VFj, (x,,)T s(x,,) < 0(z,,) (due to the definition of )
and using again the continuity of 6, we conclude from (4.13) that

F; Tt 1, ) —F; .
lim sup —2° (Zn; & tns8(@n,)) = Fio(@n,) <limsupf(z,,) = 0(z").
i—00 tni i—00

Applying this fact to {ay,,} and {2a,,} in place of {t,,}, one sees that (4.12) holds, and the
proof is complete. O

COROLLARY 4.4. Let {x,} be a sequence generated by Algorithm 3.2. Suppose that the
set V=1, .mi7 € Ut Fj(z) < Fj(wo)} is bounded. Then, there exists an accumulation point
x* of {x,}. Furthermore, if x* satisfies that D®F(x*) is positive definite and D*F is Lipschitz
continuous around x*, then x* is a local Pareto optimum of F'.

Proof. Note by Algorithm 3.2 that {Fj(x,)} is monotonically nonincreasing for each j =
1,...,m. Hence, by assumption, we have that {z,} C (;_; . {z € U: Fj(z) < Fj(x0)} and
so {z,} is bounded. Thus, there exists an accumulation point of {x,}. Then, the conclusion
follows from Proposition 4.3. O

Now we are ready to establish the global quadratic convergence of a sequence generated by
Algorithm 3.2.

THEOREM 4.5. Let {z,} be a sequence generated by Algorithm 3.2. Suppose that {x,} has
an accumulation point * such that D®F (z*) is positive definite and D?F is Lipschitz continuous
around z*. Then, x* is a local Pareto optimum of F and {x,} converges quadratically to x*.

Proof. In view of Proposition 4.3, it suffices to show that {x,} converges quadratically to
xz*. For this purpose, note by the Lipschitz continuity assumption that there exists a pair of
positive numbers (r, L) such that each D?F satisfies the Lipschitz condition with modulus L on
B(z*,r). Since each V2F;(x*) is positive definite by assumption, we can take

* 1 *) —
a* > max {TL7||V2Fj(x) 1||}

j=1,...m

Then, F satisfies assumption (3.2) associated to (z*;a*, -2+) and L(:) = L. Let

—9(1-0)2+3(1—-0)y/1+9(1 —0)2
(1 + 4£a*)a*L 7

’f‘:

and let {x,,} C {z,} be a subsequence such that lim; ,. x,, = z*. Then there exists ip € N
such that ||z, —2*|| <#. Thus, Theorem 4.2(ii) is applicable to concluding that the sequence
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{xn}ffzmo converges quadratically to a local Pareto optimum of F. This completes the proof.
0

4.2. Theorems under the y-condition. Wang [36] introduced the y-condition and com-
pletely improved Smale’s results (cf. [34]) by using the technique of a majorizing function.
Below, we present an analogue of y-condition (with a slight difference) inspired by the one
introduced in [36]. Let » > 0 and v > 0 be such that ry < 1.

DEFINITION 4.6. Let xg € U and r > 0 be such that B(xg,7) C U. DF is said to satisfy
the ~-condition on B(xo, ) if,

2y
(1 =l = zol])?

| V3F(x)| < for each i € {1,...,m} and x € B(xq,r).

REMARK 4.2. Asin [38, Lemma 3], one checks by definition that if F is analytic at xq, then
1
DF satisfies the v-condition on B(xy, %), where vy 1= max {supj>s ||%Fi(k+l)(xo)||m}.
i=1,...,m = :

The following proposition shows that the «-condition of DF implies the L-average Lipschitz
condition of D2F, the proof of which is easy and so is omitted here.

PROPOSITION 4.7. Suppose that DF satisfies the y-condition on B(xg,7). Then, D*F

satisfies the L-average Lipschitz condition on B(l‘o,%) with the function L : [0, %) —- Ry
defined by
2 1
L(u) := 773 for each u € [0, —). (4.14)
(1 —~u) Y

Let @ > 0 and 8 > 0. For L(-) given by (4.14), the majoring function h, defined in (2.13)
is reduced to

2

t 1
ho(t)=0—t+ @ for each 0 <t < —.
L=nt ¥
Then, it follows from (2.12) that
1 1
ra:(l— a ) and ba:(1+2a—2 a(l—i—a))f.
1+a) v 0

Let {tqon} denote a sequence generated by the classical Newton method for approaching the
zeros of h, with the initial value tg = 0, and assume

v8 <14 2a—2+/a(l+a).

Then, by [36, P.180], the smaller zero r of h, and the Newton sequence {t,_», } have the following
closed forms:

1 _N2"—1
and  ty,n = —5——r, foreachneN, (4.15)
N e |

a 2(1+a)y ’
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where 7 := (1 +75)? = 4(1 + a)y8 > 0,

_1=9B8-VT

14—
R R Y

d =
T T VT

(4.16)

Fixing the triple (z;a,r) with € U and (a,r) € R%, we consider the following assumption
for F € C3(U,R™) associated to the triple (z;a,7):

e D?F(z) is positive definite with each || V2F;(z)7!|| < a; (4.17)
e DF satisfies the y-condition on B(z,r) C U. '

Then, we have the following theorem about the quadratic convergence criterion of the
extended Newton method under the «-condition.

THEOREM 4.8. Suppose that F satisfies assumption (4.17) associated to (xo;a,rk), and
|[s(xo)|| < B . Let u and n be given by (4.16). Then, with initial point xo, we have the following
assertions:

(i) Ifp < <1 +2a —2y/a(l+ a)) %, then the sequence {x,} generated by Algorithm 3.1 is
well-defined, stays in B(xo,r), and converges to a local Pareto optimum T € Bz, r’] with the
following error estimation for each n € N:

(L—mp2 1 |
1

- - 4.18
— (4.18)

[ — 2| <

(i) If B < (1 +2a—2/a(l+ a)) %, then {x,} converges quadratically to T with the fol-
lowing error estimation for some N € N:

nt1_ n_
p(l— 2 i) (1 —p? in)?

2
< A== a2 (2= i) |z — Z||*  for each n > N. (4.19)

(iii) If B < 3(170)(1—75321(;42_1%()?2@”7252)7 then any sequence {x,} generated by Algorithm

3.2 coincides with the one generated by Algorithm 3.1, and satisfies (4.18) and (4.19).

Proof. Assertions (i) and (ii) follow directly from Theorem 3.4 in combination with Propo-
sition 4.7. Then, it remains to show assertion (iii). In fact, as L(-) is given by (4.14), it follows
that

=31 —o)hy(rz) _ 31— o)L —reN)((L+a)(L —r37)* —a)

i) — 2 . (4.20)
Note further by (4.15) that

T*W:1+W—ﬁ: (1+98)?% -7 < 2B

“ 2(1+4a) 204+ a)14+v8+/7) ~ 1498

Combing this with (4.20) gives that

3(1—0)(1 = yB8)(1 = 29B(1 +2a) +9°8%) _ =3(1 = 0)hy(rs)
2ay(1 +B)3 - aL(ry) '
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Thus, if 8 < 3(1_0)(1_nggl(zilg(;j%)*ﬂzﬂz)7 then (3.18) holds. Hence, the conclusion follows

from Proposition 4.7 and Theorem 3.5. O

Similarly, we have the following results by using Theorem 3.8 in combination with Propo-
sition 4.7, regarding estimation of the radius of the convergence ball of the extended Newton
method for multiobjective optimization under the y-condition. Recall that z* is a local Pareto
optimum of F' and &, is defined by (3.27).

THEOREM 4.9. Suppose that F satisfies assumption (4.17) associated to (z*;a*,rq+). Let

0 €B (a:*, IH2a (Iig j;il—m*)). Then, with initial point xg, we have the following assertions:

(i) The sequence {x,,} generated by Algorithm 3.1 is well-defined and converges quadratically
to a local Pareto optimum of F.

(ii) Let 0 < r < 1+2a*(zig (j;,(yHa*) satisfy (3.29). Then for any xo € B(z*,r), any sequence
{zn} generated by Algorithms 3.2 with initial point o converges quadratically to a local Pareto

optimum of F.

The advantage of considering the L-average Lipschitz condition rather than the classical
Lipschitz condition is shown in the following example, for which Theorem 4.8 is applicable but
not Theorem 4.1.

EXAMPLE 4.2. Consider problem (1.1) withm =1=1 and F : R — R defined by
Pl) = { (r— Dz —1In(l —x),

r<i

=3

2., 8,3_5 1
(T+ 1Dz —22°+32° — 5 +In2, r> 3.

where T € (10\/§ — 14,3 — 2\/5) Then one checks that

1 1 2 1
F”(Z‘) _ (1—x)2> z S 2 and F”’ (l‘) _ (I—x)3» z S 29
—4+16z, x>1, 16, > 1
Let zg == 0 and v = 1. It follows that a = ||[F"(z0)~ || = 1, and that F' satisfies the
~-condition on B(xg,1). Note that
B = |ls(zo)| = Il = (F"(z0)) ' F'(zo)| =7 < 3 - 2V2.

Therefore, Theorem 4.8 is applicable to concluding that the sequence {x,} generated by Algo-
rithm 8.1 with initial point xy converges to a local Pareto optimum of F'. We below show that
Theorem 4.1 is not applicable. To do this, we first note that F" is also Lipschitz continuous on
B(xzg,r) with the (least) Lipschitz constant K, given by

2
K,={ 0= T
! r

’ 4.21
16, (4.21)

IV IA
N|— D~

Now suppose on the contrary that Theorem 4.1 is applicable. Then there exists a positive
constant L such that
1—+v1-2L7

> > <
L>K,. r> 17 and 1< 5L < 3K

(4.22)
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asa =1 and B = 7. Recalling 7 > 10/2 — 14 > é, we have that K, < 16, and then it follows

from (4.21) that r < % Hence L > K, = ﬁ > 2. Consequently, by the second inequality
in (4.22), we have that T < r — L7T2 and so T < r —r?. Combining this and the last inequaliity

in (4.22), and (4.21), we have that T < min{%,r — 12}, Since the function r % is

2

decreasing and r — r — r* increasing on [0, %], it follows that, for each r € (0, %),

1— 3
min{(llr),r—r?} §so—53:10\/§—14,

where sy 1= 3 — 2V/2 is the least positive root of equation (1_48)3 = s — s2. Therefore, 7 <
10v/2 — 14, which contradicts the choice of T, and thus Theorem 4.1 is not applicable.
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