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Conic optimization problem

Minimize
x∈X

ψ(x) := f (x) + P1(x)− P2(x)

Subject to G(x) ∈ K,
where
• K ⊂ Y is a closed convex pointed cone, and intK ̸= ∅;
• f : X→ IR and G : X→ Y are Lf -smooth and LG-smooth for

some Lf > 0 and LG ≥ 0;
• P1 : X→ IR and P2 : X→ IR are convex;

• ∃x̂ ∈ X s.t. G(x̂) ∈ intK and Ω0 := {x ∈ G−1K : ψ(x) ≤ ψ(x̂)} is
bounded;

• It holds that

0 ∈ int (G(x) + DG(x)X−K) ∀x ∈ Ω0.

This means the RCQ holds in Ω0.

Focus: Large-scale problems — First-order methods — we are
interested in feasible methods.
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Moving balls approximation method
When K = IRm

−: In this case, G(x) ∈ K reduces to gi(x) ≤ 0 for all i .

• Moving balls approximation (MBA) method (Auslender, Shefi,
Teboulle ’10) when P1 = P2 = 0: Let x0 = x̂ . For k = 0,1, ...

xk+1 = arg min{⟨∇f (xk ), x − xk ⟩+ (Lf/2)∥x − xk∥2}
s.t. gi(xk ) + ⟨∇gi(xk ), x − xk ⟩+ (Lgi/2)∥x − xk∥2 ≤ 0 ∀i .

• Convergence analyzed under various assumptions (Auslender,
Shefi, Teboulle ’10, Bolte, Pauwels ’16, Bolte, Chen, Pauwels ’20, Yu, P.
Lu ’21), assuming exactly solved subproblems.

• Recent works Boob, Deng, Lan ’25, Liu, Pan, Bi ’25 analyzed
convergence under inexact criteria for subproblem solvers.

Motivating questions:
• Design an MBA variant that admits easy subproblems?
• Design an MBA variant for general K?
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MBA for conic programs
Reformulation: Since K is a closed convex pointed cone with
intK ̸= ∅, K◦ admits a compact base B.
Recall that a convex set D is called a base of a cone Q if 0 /∈ cl(D) and Q =

⋃
λ≥0 λB.

Then we have
• y ∈ K ⇐⇒ σB(y) ≤ 0;
• y ∈ intK ⇐⇒ σB(y) < 0.

Our problem is equivalently reformulated as

Minimize
x∈X

f (x) + P1(x)− P2(x)

Subject to σB(G(x)) ≤ 0.

Ideas:
• Apply MBA? σB is nonsmooth /. Smoothing?
• Subproblems involve only one inequality constraint — intuitively,

are easy to solve ,.

Questions: How to smooth? How to evolve the smoothing?
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Smoothing: Assumptions
Definition: (Adapted from Beck, Teboulle ’12)
We say that a convex function h :Y→R is (α1, α2, α3)-majorizingly
smoothable for some α1 ≥ 0, α2 > 0 and α3 > 0, if ∃ a family
{hµ}µ>0, referred to as a majorizing smoothing approximation (MSA)
of h, such that:

(i) hµ is convex, differentiable, and ∇hµ is (α1 + α2/µ)-Lipschitz
continuous, for every µ > 0;

(ii) it holds that

h(y) ≤ hµ(y) ≤ h(y) + µα3 ∀ y ∈ Y, µ > 0.

Assumption for smoothing:
The σB admits an MSA {hµ}µ>0 with parameters (α1, α2, α3), and
∃α4 > 0 s.t.

hµ1(y) ≤ hµ0(y)− α4(µ0 − µ1) ∀ y ∈ Y, µ0 > µ1 > 0.
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Smoothing: Examples

Examples of MSA: (Beck, Teboulle ’12)

K σB(y) hµ(y) (α1, α2, α3)

Rm
− max1≤i≤m yi µ log

(∑m
i=1 eyi/µ

)
(0,1, log(m))

Sm
− λmax(y) µ log

(∑m
i=1 eλi (y)/µ

)
(0,1, log(m))

Proposition 1: (Xu, P., Sze ’25)
Let {h̄µ} be a nondecreasing MSA (i.e., h̄µ1 ≤ h̄µ0 pointwise whenever
µ0 ≥ µ1 > 0). Then hµ := h̄µ + α4µ is an MSA with parameters
(α1, α2, α3 + α4) and satisfies the assumption for smoothing.

Examples:
• hµ(y) := µ log

(∑m
i=1 eyi/µ

)
+ µ for Rm

−.

• hµ(y) := µ log
(∑m

i=1 eλi (y)/µ
)
+ µ for Sm

− .
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sMBA
Define gµ := hµ ◦G, where {hµ} satisfies assumption for smoothing.

Algorithm sMBA (Xu, P., Sze ’25)

Require. τ1 > 0, τ2 > 0, L̂ ≥ Ľ > 0, x0 = x̂ ∈ G−1(int(K)).
Step 1. Find µ0 > 0 with gµ0(x

0) < 0. Set k = 0.
Step 2. Choose ξk ∈ ∂P2(xk ) and Lk,0

f ,Lk,0
g ∈ [Ľ, L̂]. Let i = j = 0.

Step 3. Set Lk,i
f = 2iLk,0

f , Lk,j
g = 2jLk,0

g . Solve the following for the
unique solution xk,i,j and a Lagrange multiplier λk,i,j ≥ 0:

min
x∈X

P1(x) + ⟨∇f (xk )− ξk , x − xk ⟩+ Lk,i
f
2 ∥x − xk∥2

s.t. gµk (x
k ) + ⟨∇gµk (x

k ), x − xk ⟩+ Lk,j
g

2µk
∥x − xk∥2 ≤ 0.

Step 4. If ψ(xk,i,j) ≤ ψ(xk )− τ1µk+τ2λk,i,j
2µk

∥xk,i,j−xk∥2 and gµk (x
k,i,j) ≤

0, go to Step 5; else if gµk (x
k,i,j) > 0, let j ← j + 1, go to Step 3;

else let i ← i + 1 and j ← j + 1, go to Step 3.
Step 5. Let xk+1 = xk,i,j , λk+1 = λk,i,j . Choose µk+1 ∈ (0, µk ).
Update k ← k + 1 and go to Step 2.
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Well-definedness & choice of {µk}
Theorem 1. (Xu, P., Sze ’25)
The sMBA is well-defined. Specifically, the µ0 in Step 1 can be found,
the subproblems are well-defined, and there exists ι (independent of
k ) such that the backtracking steps are performed at most ι times per
iteration.

Idea: One can show that xk ∈ Ω0 and gµk (x
k ) < 0 for all k , thanks to

RCQ and the fact that µk+1 ∈ (0, µk ).

Assumption for µk :
The sequence {µk} is positive, decreasing, and satisfies

lim
k→∞

µk = 0 and SK :=
K∑

k=⌈K/2⌉

µk →∞.

Example: µk := µ0(k + 1)−r satisfies assumption for µk when
r ∈ (0,1).
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Complexity results I
Recall that

Minimize
x∈X

f (x) + P1(x)− P2(x)

Subject to G(x) ∈ K,

Theorem 2. (Xu, P., Sze ’25)
Assume the Assumption for smoothing and Assumption for µk . Let
{xk} and {λk+1} be generated by sMBA. Then G(xk ) ∈ K for all k and

vk+1 := λk+1∇hµk (G(xk+1)) ∈ K◦ ∀ k .

Moreover, for all K ≥ 0, there exists k̂ ∈ [⌈K/2⌉,K ] such that

dist
(

0, ∂P1(x k̂+1)− ∂P2(x k̂ ) +∇f (x k̂+1) + DG(x k̂+1)∗v k̂+1
)
=O(S−1/2

K ),

− ⟨G(x k̂+1), v k̂+1⟩ = O(µ⌈K/2⌉), ∥x k̂+1 − x k̂∥ = O(µ
1/2
⌈K/2⌉S

−1/2
K )

Note: When µk = µ0(k +1)−r for some r ∈ (0,1), then SK = Ω(K 1−r ).
Hence, S−1/2

K =O(K− 1−r
2 ), µ⌈K/2⌉=O(K−r ), µ1/2

⌈K/2⌉S
−1/2
K =O(K−1/2).
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Convergence under convexity
Recall that

Minimize
x∈X

f (x) + P1(x)− P2(x)

Subject to G(x) ∈ K,

Convexity assumption:
The function f is convex, P2 = 0 and G is (−K)-convex.

Theorem 3. (Xu, P., Sze ’25)
Assume the Assumption for smoothing, Assumption for µk and
Convexity assumption. Let {xk} be generated by sMBA. Then

ψ(xK+1)− ψ∗ = O

(
max{1,

∑K
k=⌈K/2⌉ µ

2
k}∑K

k=⌈K/2⌉ µk

)
,

where ψ∗ is the optimal value. If we assume further that∑∞
k=0 µ

2
k <∞, then {xk} converges to some optimal solution.

Note: There are explicit estimates for the constants in the big O.
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Theorem 3. (Xu, P., Sze ’25)
Assume the Assumption for smoothing, Assumption for µk and
Convexity assumption. Let {xk} be generated by sMBA. Then

ψ(xK+1)− ψ∗ = O

(
max{1,

∑K
k=⌈K/2⌉ µ

2
k}∑K

k=⌈K/2⌉ µk

)
,

where ψ∗ is the optimal value.

If we assume further that∑∞
k=0 µ

2
k <∞, then {xk} converges to some optimal solution.

Note: There are explicit estimates for the constants in the big O.
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Local rate via error bounds
Theorem 4. (Xu, P., Sze ’25)
Assume the Assumption for smoothing, Assumption for µk and
Convexity assumption. Assume that µk = Θ((k + 1)−r̄ ) for some
r̄ ∈ (0.5,1), and that ∃κ > 0, θ ∈ (0,1), ϵ0 > 0 and ϵ1 ∈ (0,1) s.t.

dist(x ,Ω∗) ≤ κ(ψ(x)− ψ∗)1−θ

for all x ∈ Ω0 with dist(x ,Ω∗) ≤ ϵ0 and ψ(x) ≤ ψ∗ + ϵ1.1

Let {xk} be generated by sMBA. Then x∗ := limk→∞ xk exists, and
∃k1 ∈ N0 and κ1 > 0 s.t.

∥xk − x∗∥ ≤ κ1 · (k + 1)−s ∀ k ≥ k1,

where

s := s(r̄) :=

{
r̄ − 1

2 if θ ∈ (0, 1
2 ],

min
{

r̄ − 1
2 ,

(1−r̄)(1−θ)
2θ−1

}
if θ ∈ ( 1

2 ,1).

1Here, Ω∗ and ψ∗ be the solution set and the optimal value, respectively.
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Numerical results
Minimize

x∈IRn

∑n
i=1

( 1
4 dix4

i + 1
3 ci |xi |3

)
+ 1

2 x⊤Qx + b⊤x +
∑n

i=1 |xi |

Subject to −A0 −
∑n

i=1 xiAi ∈ Sm
− ,

for randomly generated c ∈ Rn
+, d ∈ Rn

+, Q ∈ Sn
+, b ∈ Range(Q),

Ai ∈ Sm
+ , i = 1, . . . ,n and A0 ≻ 0.

line style (r̄ , s̄) objective time (s)
- - - (0.33,0) −316.11054 748.9
· · · (0.6,0) −316.11139 743.6
— (0.9,0) −316.11147 659.4
- - - (0.33,3) −316.11143 487.3
· · · (0.6,3) −316.11142 400.6
— (0.9,3) −316.11144 359.5

cvx −316.11150 5887.5

Here, hµ(y) := µ log
(∑m

i=1 eλi (y)/µ
)
+ 10−5µ; ωk := (ψ(xk )− ψcvx)/max{1, |ψcvx|};

µk := µ0(k̄ + 1)−rk̄ (log(k̄ + 3))−sk̄ with k̄ := 301k2 + k1
3001 where k = 301k2 + k1,

k1 ≤ 300; sj := min{1, j
5000}s̄; rj := 0.01 +min{1, j

5000}(r̄ − 0.01).
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Conclusion

• An MBA variant is developed for a class of conic programs,
based on smoothing the support function of the base of the dual
cone.

• Each subproblem involves only one single inequality constraint,
and only one MBA step is applied before the smoothing evolves.

• Iteration complexity and (local) convergence rate are derived.
Reference:
• J. Xu, T. K. Pong and N.-s. Sze.

A smoothing moving balls approximation method for a class of
conic-constrained difference-of-convex optimization problems.
Available at https://arxiv.org/abs/2505.12314.

Thanks for coming!
. .
∠
⌣
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