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ESDP RELAXATION OF SENSOR NETWORK LOCALIZATION

Talk Outline

e Sensor network localization
e ESDP relaxation: formulation and properties
e A robust version of ESDP for the noisy case

e Numerical simulations
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Sensor Network Localization

: 2
o npts \xl,...,x@’ \ajm_i_l,...,x@ In]R .
WV N
Sensors anchors

e Know last n — m pts (‘anchors’) z,,.1,...,x, and Eucl. dist. estimate for
some pairs of ‘neighboring’ pts (i.e. within ‘radio range’)

with A C {(i,7):1<i<j<n}

e Estimate the first m pts (‘sensors’) z1, ..., x,,.
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Optimization Problem Formulation

v, = min Y [l — ag* - dfy|
(i) €A

e Objective function is nonconvex. m can be large (m > 1000).
e Problem is NP-hard (reduction from PARTITION).

e Use a convex relaxation.
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SDP Relaxation
X = [33137777,]:

SDP Relaxation (Biswas, Ye '03):

Vggp *= mZin Z \ym — QfUJTZCi + H%H2 - d?j’
(4,7) €A, >m
+ Z i — 2yi5 + 55 — dij]
(¢,5)€A,j<m
Yy X7
st. Z = [X 7 ] = 0

Adding nonconvex constraint rank Z = 2 yields the original problem.
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ESDP Relaxation

ESDP relaxation (Wang, Zheng, Boyd, Ye '07):

Uesdp T

. T 2
min Z \ym — 2z @ + ||| — dF;
(i,5)€A,j>m
+ Z lyii — 2vi5 + yj; — di,
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ESDP: Testing Solution Accuracy

Aim: Determine which sensors are accurately positioned by ESDP.

Consider

true t.rue || 2
J

d?j = [lo;  —x + 04

Two cases:
e Noiseless case, i.e. §;; =0, V(i,j) € A;

e Noisy case, i.e. §;; # 0 for some (7, j) € A.

Defn: z; is invariant over Sol (ESDP) if VZ € Sol (ESDP), its x; entry is the
same.
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ESDP: Noiseless Case

y X71

® Vesap =0 = Sol(P) C {X: [X T

] € Sol (ESDP)}

e Observation: If x; is invariant over Sol (ESDP), then z; is invariant over
true

Sol (P) and hence z; = x,
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ESDP: Noiseless Case

Consider the individual trace for each sensor location <:
tI‘Z[Z] = Yi; — HLIZLHQ, 1= 1, ceey TN (BiSW&S, Ye ’03)

e (Wang et al '07) If tr;|Z] = 0 for some Z € ri (Sol (ESDP)), then z; is invariant
over Sol (ESDP).
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ESDP: Noiseless Case

Consider the individual trace for each sensor location <:
tr;[Z] == vy — ||z5]|?, i=1,...,m. (Biswas, Ye '03)

e (Wang et al '07) If tr;|Z] = 0 for some Z € ri (Sol (ESDP)), then z; is invariant
over Sol (ESDP).

How necessary is “tr;(Z) = 0 for some Z € ri(Sol (ESDP))” for invariance?
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ESDP: Noiseless Case

Consider the individual trace for each sensor location <:
tr;[Z] == vy — ||z5]|?, i=1,...,m. (Biswas, Ye '03)

e (Wang et al '07) If tr;|Z] = 0 for some Z € ri (Sol (ESDP)), then z; is invariant
over Sol (ESDP).

How necessary is “tr;(Z) = 0 for some Z € ri(Sol (ESDP))” for invariance?

New: (P, Tseng '08) If z; is invariant over Sol (ESDP), then tr;[Z] = 0 for all
Z € Sol (ESDP).
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ESDP: Noisy Case
Suppose d;; # 0 for some (z,5) € A.

Does tr;[Z] = 0 (with Z € ri(Sol(ESDP))) imply x; is near the true position of
sensor ?
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ESDP: Noisy Case

Suppose d;; # 0 for some (z,5) € A.
Does tr;[Z] = 0 (with Z € ri(Sol(ESDP))) imply x; is near the true position of
sensor i?

No.
New: (P, Tseng '08): For |§;,| =~ 0,

true

tr;|Z] =0 forsome Z € ri(Sol(ESDP)) &= ||x; —x; | ~0.

Proof is by counterexample.



ESDP RELAXATION OF SENSOR NETWORK LOCALIZATION

An example of sensitivity of ESDP solns to measurement noise:

Input distance data: ¢ > 0
dia=+/4+ (1 —€)2,diz=1+¢€,diy=1—¢,dos = dog = V2; m =2, n=6.

2

A
15k «
| x,7(0,1) 4 |
el \}(1 =(2,8) |
0 i 2 . >
X X true_
05¢ 2 . X1 =(2,0) -
1 ¢ r
rue_
gl X, =(0,-1) X,
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An example of sensitivity of ESDP solns to measurement noise:

Input distance data: ¢ > 0
dia=+/4+ (1 —€)2,diz=1+¢€,diy=1—¢,dos = dog = V2; m =2, n=6.

2

A
15} X
= 4
| x,7(0,1) |
o \){1:(2,8) 1
0 o . b |
X X true 3
5 =
05¢ . X1 (2,0) -
1 ¢ T
rue_
gl X, =(0,-1) X,
_2 1 1 1 1 | 1 1 |
2 45 4 05 0 05 1 15 2 25 3

Thus, even when Z € Sol(ESDP) is unique, tr;|Z] = 0 fails to certify accuracy
of x; in the noisy case!
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Robust ESDP

For each (i,j) € A, fix p;; > |0:5]- (p > [6])

T

Sol(pESDP) denotes the set of Z = Bf( X} ] satisfying

'CUZ
vij ¥ i =0 VY(i,j)eAj<m

T
yzz ‘CU’L EO \V/Z:].,,m
._x?: I_.
[yii — 20} @i + | l]* — d3) < pij V(i,5) € A j >m

yie — 2ysj +yj5 — dil < piy Y(i,5) € A J <m

true

Note: [X ™ I][X™ I|T € Sol(pESDP).

11
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Let

_ -
5 Yii Yij X
ZP°:= argmin — Z Indet | |vi; Yy :CJT

New: (P, Tseng'08) 47 > 0, Vr < 7, dp > 0 such that for each ¢,

tr;[Z°°] < 7 for some 0 < |6] < p < pe

. o true
— lim % =z,
16]<p—0

1

Moreover,

true

1
227 — | < VRAATFm (] 20%)7 0< 18] < p.
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Algorithm: CGD-barrier

Let ho(t) := 3(t — a)2 + 1(—t — a)?.

fuZ) = Y hpy (i — 23 @ + |35 — dF))
(.,7)EA,7>m
+ Z hpij (yzz — Q:Uij + Y55 — d?j)
(4,j)€A,j<m
_ -

Yii Yij I;
— U Z In det Yi;z Yjj CU;F
(i,§)EA,j<m r, x; 1

13
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Algorithm: CGD-barrier

e Foreach (i,j) € A,
R (i — 2T s + ||zj]2 — d2) = 0 <= |y — 2272 + [|)]12 — d2| < pyy

hops; (Y — 2935 + yj5 — diy) = 0 = |ysi — 235 + y5; — di| < pij.
e For each p > ||, argmin f, — Z”° as u — 0.

e In the noiseless case (0 = 0), setting p = 0, then, as ; — 0, argmin f,, — Z
for some Z € ri (Sol (ESDP)).

14
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Algorithm: CGD-barrier

Use Block Coordinate Gradient Descent:

For each i, compute gradient V z, f,, of f,, w.r.t. the subset of variables

o If |Vz ful| > max{u,le — 6} for some i, update Z; by moving along the

—1
Newton direction — (VQZiZif,J) V z. f, with Armijo stepsize rule.
e Decrease ;s when ||V f.|| < max{u,le — 6} for all <.

Winitial = 100, ugna = 1le — 9. Decrease u by a factor of 10.

Coded in Fortran. Computation easily distributes.

15
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Simulation Results

e Compare pESDP as solved by CGD-barrier and ESDP as solved by
Sedumi (with the interface to Sedumi coded by Wang et al.).

true true

e Uniformly generated {z, ,...,z, }in[-.5,.5]%, m = .9n. Two pts are
neighbors iff dist < rr. Set

true true

dij =|lz; —=x; |-max{0,1+e; nf},
where ¢;; ~ N(0,1).
e Sensor i is judged as “accurately positioned” if

tr;[Z7°] < 5 x 107° + 0.02nf.

16
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Simulation Results

pESDPCGD—barrier ESDPgecdumi

n m nf | rr Cpu/myplerr,y cpu(cpus)/mp/errap
1000 | 900 0 | .06 31/574/3.4e-4/ 189(106)/626/2.2e-4
1000 | 900 | .001 | .06 23/520/2.8e-3 170(89)/624/3.1e-3
1000 | 900 | .01 | .06 14/517/1.1e-2 128(48)/664/1.5e-2
2000 | 1800 | O | .06 | 63/1626/1.7e-4/ | 1157(397)/1689/2.7e-4
2000 | 1800 | .001 | .06 | 50/1596/8.5e-4/ | 1255(503)/1653/1.3e-3
2000 | 1800 | .01 | .06 | 52/1602/6.2e-3/ | 1374(417)/1689/1.2e-2

e cpu(sec) times are on a HP DL360 workstation, running Linux 3.5. ESDP is

solved by Sedumi; cpus:= time taken in running Sedumi.

o Take p;j; =dZ;- (1—2-nf)~2—1).

e m,, :=number of accurately positioned sensors.

ETTqp +— IMaAX; accurate. pos. sz

— X

true
i -

17
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900 sensors, 100 anchors, rr = 0.06, nf = 0.01, solving pESDP by CGD-barrier method.

true
€L;

and =/ joined by blue straight line.

900 sensors, 100 anchors, nf=0.01

"Accurately Positioned" sensors (517)

denoted by blue asterisks, :I:f’5 denoted by green dots, anchors denoted by circles. x

1

true
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Thanks for coming! £
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