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Abstract

In this work we study finite element methods for two-dimensional Maxwell’s equa-
tions and their solutions by multigrid algorithms. We begin with a brief survey of
finite element methods for Maxwell’s equations. Then we review the related fun-
damentals, such as Sobolev spaces, elliptic regularity results, graded meshes, finite
element methods for second order problems, and multigrid algorithms. In Chapter
3, we study two types of nonconforming finite element methods on graded meshes
for a two-dimensional curl-curl and grad-div problem that appears in electromag-
netics. The first method is based on a discretization using weakly continuous P;
vector fields. The second method uses discontinuous P; vector fields. Optimal con-
vergence rates (up to an arbitrary positive ) in the energy norm and the Ly norm
are established for both methods on graded meshes. In Chapter 4, we consider a
class of symmetric discontinuous Galerkin methods for a model Poisson problem
on graded meshes that share many techniques with the nonconforming methods
in Chapter 3. Optimal order error estimates are derived in both the energy norm
and the Ly norm. Then we establish the uniform convergence of W-cycle, V-cycle
and F-cycle multigrid algorithms for the resulting discrete problems. In Chapter
5, we propose a new numerical approach for two-dimensional Maxwell’s equations
that is based on the Hodge decomposition for divergence-free vector fields. In this
approach, an approximate solution for Maxwell’s equations can be obtained by
solving standard second order scalar elliptic boundary value problems. We illus-
trate this new approach by a P; finite element method. In Chapter 6, we first
report numerical results for multigrid algorithms applied to the discretized curl-
curl and grad-div problem using nonconforming finite element methods. Then we

present multigrid results for Maxwell’s equations based on the approach introduced

viii



in Chapter 5. All the theoretical results obtained in this dissertation are confirmed

by numerical experiments.

X



Chapter 1

Introduction

1.1 Maxwell’s Equations

Maxwell’s equations consist of two pairs of coupled partial differential equations
relating four fields, two of which model the sources of electromagnetism. These
equations characterize the fundamental relations between electric field and mag-
netic field. James Clerk Maxwell (1831-1879) is recognized as the founder of the
modern theory of electromagnetism.

There are two fundamental field vectors functions E(x,t) and H(x,t) in the
classical electromagnetic field, with space variable x € R? and time variable t € R.
The distribution of electric charges is given by a scalar charge density function
p(x,t), and the current is described by the current density function J(x,t).

Maxwell’s equations are stated as the following equations in a region of space in

R3 occupied by the electromagnetic field:

oOH
E=—pnu— 1.1.1
vV-E=2, (1.1.1b)
€
OE
H=¢— 1.1.1
V x 5 +J, ( c)
V- -H=0, (1.1.1d)

where € is the electric permittivity, and p is the magnetic permeability.

Equation (1.1.1a) is called Faraday’s law and describes how the changing of
magnetic field affects the electric field. The equation (1.1.1c) is referred as Ampere’s
law. The divergence conditions (1.1.1b) and (1.1.1d) are Gauss’ Laws of electric

displacement and magnetic induction respectively.



When the radiation has a frequency w > 0, we want to find solutions of the
Maxwell’s equations of the form E(x, t) = e~ *'E(x), H(x, t) = e *'H(x), J(x, t)
e~ J(x), and p(x,t) = e"™!j(x). By substituting these relations into (1.1.1) or

using Fourier transforms in the time variable, the time-dependent problem (1.1.1)

can be reduced to the time-harmonic Maxwell’s equations:
V x E = iwpuH, (1.1.2a)
&P
v-E="L (1.1.2b)
€
VxH= —iweE +J, (1.1.2¢)
(1.1.2d)

It can be shown that when the charge is conserved, the divergence conditions

(1.1.2b) and (1.1.2d) are always satisfied, provided that the equations (1.1.2a) and

(1.1.2¢) hold. Then by combining the equations (1.1.2a) and (1.1.2¢), we have
(1.1.3a)

V x V x E —w?ueE =iwud,
(1.1.3b)

VxVxﬂ—wzueﬂ:ij.

Hence we consider an equation of the following form with perfectly conducting
(1.1.4a)

boundary condition for the curl-curl problem (1.1.3):
in €,
(1.1.4b)

VxVxu+au=f
on 012,

nxu=0

where 0 C R? is a bounded polygonal domain, o € R is a constant, and f €

[La(Q)]%.

The curl-curl problem (1.1.4) appears in the semi-discretization of electric fields
in the time-dependent (time-domain) Maxwell’s equations when o > 0 and the



time-harmonic (frequency-domain) Maxwell’s equations when av < 0. When o = 0,

it is also related to electrostatic problems.

1.2 A Brief History of Finite Element Methods
for Maxwell’s Equations

We consider the following weak form for the curl-curl problem (1.1.4):

Find uw € Hy(curl; ) such that
(Vxu,Vxov)+alu,v)=(f,v) (1.2.1)

for all v € Hy(curl; ), where (-, ) denotes the inner product of [Lo(2)]?. Here the

space Hy(curl; Q) is defined as follows:

v

H(curl; Q) = {v = e [Lo(Q)])?: Vxv= Ova _ On € LQ(Q)}, (1.2.2)
Vs 0951 8952

Hy(curl; Q) = {v € H(curl; Q) : nxv = 0on 00}, (1.2.3)

where m is the unit outer normal. Note that n x v = 0 on 0f) is equivalent to
7-v =0 on 0¥, where 7 is the unit tangent vector along 0f2.

The curl-curl problem (1.2.1) is usually solved directly using H(curl) conforming
vector finite elements [83, 84, 75, 80, 62, 24]. However, this problem is non-elliptic
when the Hy(curl) formulation is used, and hence the convergence analysis of both
the numerical scheme and its fast solvers more complicated.

For any u € Hy(curl; ), due to the well-known Helmholtz decomposition [68,

80], we have the following orthogonal decomposition:

u=u+ Vo, (1.2.4)



where @ € Hy(curl; Q) N H(div’; Q) and ¢ € H(Q). Here the space H(div’; Q) is

defined as follows:

ov ov
O — 2.7y TV O
H(div; Q) = {u € (L : Vov=gr 4 22 e L2(Q)}, (1.2.5)
H(div; Q) = {'v € H(div;Q): V-v = o}. (1.2.6)
It is easy to show that ¢ € H} () satisfies
a(Vo, V) = (f,Vn) (1.2.7)

for all n € Hy(Q), which is the variational form of the Poisson problem. Many
successful schemes have been developed for solving this problem. We can also show
that @ is the weak solution of the following reduced curl-curl problem (RCCP cf.

[39]), on which we are more interested:

Find @ € Hy(curl; Q) N H(div"; Q) such that
(Vxu,V xv)+a(u,v) =(f,v) (1.2.8)

for all v € Hy(curl; Q) N H(div%; Q).

Unlike the non-elliptic curl-curl problem (1.2.1), the reduced problem (1.2.8)
is an elliptic problem. In particular, the solution w has elliptic regularity under
the assumption that f € [Ly(Q)]?, which greatly simplifies the analysis. On the
other hand, it is difficult to construct finite element subspaces for Hy(curl; Q) N
H(div"; Q). This difficulty can be overcome by using nonconforming methods [40,
38, 39].

It is known that the zero divergence condition in the reduced problem (1.2.8)
leads to a large condition number for the discrete problem, which behaves like

a fourth order problem. Hence we consider the following curl-curl and grad-div

(CCGD) problem:



Find u € Hy(curl; Q) N H(div; Q) such that
(Vxu,Vxv)+5V- -u,V-v)+au,v)=(f,v) (1.2.9)

for all v € Hy(curl; Q) N H(div;€2), where @ € R and 7 > 0 are constants, f €
[L2(2)]?. Note that the condition number of the resulting discrete problem behaves
like a second order problem.

For a > 0, the problem (1.2.9) is uniquely solvable by the Riesz representation

theorem applied to the Hilbert space
Xy = Hy(curl; Q) N H(div; )
with the inner product
(v,w)xy = (Vxo,Vxw)+ (V-v,V-w)+ (v,w).

Due to the fact that Hy(curl; Q) N H(div; Q) is compactly embedded in [Ly(Q)]?
(cf. [77, 93, 54, 97, 80]), there exists a sequence of nonnegative numbers 0 < A, ; <
A2 < -+ — oo such that the following eigenproblem has a nontrivial solution
w € Hoy(curl; Q) N H(div; Q):

(Vxw,Vxv)+v9(V-w, V- -v)=\(w,v) (1.2.10)
for all v € Hy(curl; ) N H(div; §2).
For o < 0, the problem (1.2.9) is well-posed as long as a # —\,; for j > 1. In

particular, when a = 0 and 2 is simply connected, the problem (1.2.9) is uniquely

solvable due to Friedrichs’ inequality [80]:
1Vl o@) < CIV X Vo) + IV - vllLy@), Vo € Ho(eurl; Q) N H(div; Q).

When V - f = 0 and (1.2.9) is well-posed, the solution w of (1.2.9) belongs to
the space H(div"; ), and the solution of the non-elliptic curl-curl problem (1.2.1)

can be obtained by solving the elliptic problem (1.2.9) [85, 53, 87, 94].



The problem (1.2.9) was discretized by H! conforming vector nodal finite ele-
ments in [53]. However, the space [H!(Q)]? N X turns out to be a closed subspace
of Xy [21, 55]. Therefore any H' conforming finite element method for (1.2.9)
must fail if the solution u does not belong to [H'(£2)]?, which happens when € is
non-convex [10, 21, 57]. Even worse, the solutions obtained by H' conforming finite
element methods in such situations converge to the wrong solution (the projection
of w in [H'(Q)]? N Xy). Consequently the idea of solving (1.2.1) through (1.2.9)
was abandoned.

Nevertheless, the elliptic problem (1.2.9) remains an attractive alternative ap-
proach and successful schemes have been discovered in recent years that either
solve (1.2.9) using nodal H! vector finite elements complemented by singular vec-
tor fields [23, 8, 74, 9, 7], or solve a regularized version of (1.2.9) using standard

nodal H' vector finite elements [58, 59, 50].

1.3 Results Obtained in the Dissertation

There are two classes of results obtained in this dissertation. The first is for
Maxwell’s equations and the other is for discontinuous Galerkin methods [5].

In Chapter 3, we show that the elliptic curl-curl and grad-div problem (1.2.9)
can be solved by nonconforming methods. We first solve (1.2.9) by a classical
nonconforming method using Crouzeix-Raviart weakly continuous piecewise P;
vector fields [60] on graded meshes. Optimal convergence rates in both the energy
norm and the Ly norm are achieved on general polygonal domains, provided that
two consistency terms involving the jumps of the vector fields are included in the
discretization and properly graded meshes are used. We also solve (1.2.9) by using
an interior penalty method. Discontinuous piecewise P; functions are used and

two additional over-penalized terms are added to the scheme. Similar convergence



results are established on nonconforming meshes. We present numerical results for
both approaches.

In Chapter 5, we propose a new numerical approach for the reduced curl-curl
problem (1.2.8) that is based on the Hodge decomposition for divergence-free vector
fields. In this approach an approximate solution for the two-dimensional Maxwell’s
equations can be obtained by solving standard second order scalar elliptic boundary
value problems. We illustrate this new approach by a P, finite element method.

In Chapter 6, we first introduce the W-cycle multigrid algorithm for the dis-
cretized curl-curl and grad-div problem. The discrete problems are obtained by
using nonconforming finite element methods, which are developed in Chapter 3.
We report the numerical results on the unit square with uniform meshes. Then we
study multigrid methods for the P; finite element method, which is proposed in
Chapter 5 for solving two-dimensional Maxwell’s equations. Numerical results on
graded meshes are reported.

Since there are many similarities between nonconforming finite element meth-
ods for Maxwell’s equations on graded meshes and discontinuous Galerkin (DG)
methods for the Poisson problem on graded meshes, we also investigate multigrid
algorithms for DG methods as a prelude to the study of multigrid algorithms for
Maxwell’s equations.

In Section 2.4, we study a class of symmetric, stable and consistent DG methods
for the Poisson problem on graded meshes. The elliptic regularity results in terms
of weighted Sobolev norms are used in the analysis. Optimal order error estimates
are derived in both the energy norm and the Ly norm.

In Chapter 4, we consider multigrid methods for the discrete problems result-
ing from DG methods in Section 2.4. We present the convergence analysis of W-

cycle, V-cycle and F-cycle multigrid algorithms on non-convex domains, where the



model problem has singularities. We show that the convergence of the multigrid
algorithms on non-convex domains with properly graded meshes is identical to the
convergence of multigrid methods on convex domains with quasi-uniform meshes.

Theoretical results are illustrated by numerical experiments.



Chapter 2

Fundamentals

2.1 Sobolev Spaces

Let €2 be a domain in R™. The locally integrable function space is defined by

L, (Q):={f: fe L (K) V¥ compact K C interior Q} .

1

1oc(€2) has a weak derivative of order « if there

We say that a given function f € L

exists a function g € L (Q) such that

loc

[ s@ola)ds = (1) [ f@powys vo e cr@), (2.11)
Q 0

where the multi-index « is a vector (ay, ag, . .. a,) with length |af := >" | oy, and
D%¢ denotes the partial derivative (a%l)a1 e (%)a”gb. We then define the weak

derivative DS f = g.

1
loc

Let k be a non-negative integer, and let f € L (). Suppose the weak deriva-

tives DS f exist for all || < k. The Sobolev norm [1] of f is defined by

1/p
I lwee = | D 1Daf ey | (2.1.2)
|la|<k
where 1 < p < o0. In the case where p = o0,
||f||W§O(Q) = ‘Iglé?]g ||fo;f||L°o(Q)-
In either case, we define the Sobolev space [1] by
WEQ) = {f € L : 1l < 00} (2.1.3)

Remark 2.1. The Sobolev space W} (Q) is a Banach space.



Remark 2.2. Let Q be an open set. Then C*(Q) NW}(Q) is dense in W(Q) for

p < Q.

In particular, when p = 2, the Sobolev space WIf(Q) is also denoted by
H*(Q) := {f € L*(Q) : fhas weak L, derivatives up to orderk}, (2.1.4)

which is a Hilbert space for each k.
The next theorem, which is also known as the extension theorem, relates Sobolev

spaces on a given domain to those on R™. The proof can be found in [90].

Theorem 2.3. Let ) be a bounded open subset of R™ with a piecewise smooth
boundary. Then there is an extension mapping E : WF(Q) — WF(R™) defined for
all non-negative integers k and 1 < p < oo such that Evlg = v for allv € WF(Q)

and
[Ev[[wp@ny < Cllvllwae
where the constant number C' is independent of v.

Theorem 2.4. (Gagliardo-Nirenberg-Sobolev [67]) Suppose 1 < p < n, then
W)(R") — L, (R"),

SEES

where pi = . More precisely,
*

1

p
W (R™) C L, (R),

and

HUHLP*(W) < C||UHW;(R”) Voe W;(R”).

Combining Theorem 2.3 and Theorem 2.4, we have the following theorem, which

is known as Sobolev embedding theorem [67].

10



Theorem 2.5. Let ) be a bounded open subset of R™ with a piecewise smooth

boundary. Suppose 1 < p < n, then

W, (Q) = Ly (),

p

3=

where + =1
D= p

Proof. Let v € Wpl(Q) By Theorem 2.3, there is an extension mapping F :
W) (Q) — W) (R") such that Ev € W, (R"). Therefore Ev € L, (R") and hence

p

v = Evlg € Lp (). Moreover,

[vllLp. @ < 1EV[|L,, @) < CllEV[wign < Cllv]lwiq).-

Theorem 2.6. (Trace Theorem [67]) Let © be a bounded open subset of R™ with

a piecewise smooth boundary. There exists a unique linear map
Tr: HY(Q) — Ly(09)
such that for all u € H* (),
1 Tr(v)] Lo002) < Cllvllme)-

We will use the notation H} () to denote the subset of H!(Q) that consists of

functions whose trace on 0f2 is zero, i.e.,
Hy(Q) :={ve H'(Q): Tr(v) =0 on Ly(80Q)} .

Details of the next theorem, which is sometimes called Poincaré-Friedrichs in-

equality, can be found in [67].

11



Theorem 2.7. Let ) be a bounded open subset of R™. There exist positive constants

C and Cy such that
0]l o) SC’l(‘ /dex‘ + |v| 1)) Yoe HY(Q), (2.1.5a)
ol gCg(‘/mvds‘ ol Voe HY(Q). (2.1.5b)
Corollary 2.8. Under the conditions of Theorem 2.7, suppose v € H}(Q), then

1] o) < Clvla -

2.2 Elliptic Regularity

In this section, we study the elliptic regularity results for both the Poisson problem

and the curl-curl and grad-div (CCGD) problem.

2.2.1 Regularity of the Poisson Problem
We first consider the Poisson problem with homogeneous Dirichlet boundary con-

dition:

—Au+au=f in Q, (2.2.1a)

u=>0 on 052, (2.2.1b)

where 2 C R? is a bounded polygonal domain, a € R and f € Ly(Q) (or H'()).

The variational problem for (2.2.1) (cf. [43] ) is to find u € HJ () such that
a(u,v) = F(v) Vo€ Hy(9), (2.2.2)
where
a(w,v) :/ Vw-Vvd$+a/ wo dx,
Q Q
F(v) :/ fvdz.
Q

We will briefly state the standard elliptic regularity results for the Poisson prob-

lem in the rest of this section. More details can be found in [70, 61, 81].

12



Let wq,...,wr be the interior angles at the corners cq,...,cr of the bounded
polygonal domain €. Let § > 0 be small enough so that the neighborhoods N5 =
{r € Q: |x — ¢ < 6} around the corners ¢, for 1 < ¢ < L are disjoint. We then

define the singular function on N5 by

Se(ve, ) = xe(ve)y ™ sin((m/we)6y), (2.2.4)

where (v, 6,) are the polar coordinates at the corner ¢, so that the two edges
emanating from ¢, are defined by § = 0 and 6 = wy, x,(t) is a C* cut-off function
that x,(t) = 1 for t < §, and x,(t) = 0 for ¢t > 2. For 1 < ¢ < L, the singular

function S, has the following properties:
(1) If w < T, Sy € H2(Q)
(i) If we > 7, i.e., ¢ is a reentrant corner, Sy € H*(N;s) forany 1 < s < 1+ o

Theorem 2.9. Let u € H}(Q) be the weak solution of the Dirichlet problem (2.2.1)

with f € Ly(2) on domain €2, then
U= UR + Uug, (225)

where the reqular part ur € H*(Q) N HY(Q), the singular part us =Y. koS,

wy>T

and the constants kg are the generalized stress intensity factors. Moreover,

lurllazi) + Y [rel < CllfllLa@)-
wy>T
Corollary 2.10. If Q is convez, v € H*(Q2) N H}(Q) and
[ull 2@y < Cllf Lo
In the case where f € H'(Q), we define at each corner ¢, the singular function

St (e, 00) = xe(ve )V /0 sin(j (7 fwe)be), G =1,2,- - . (2.2.6)

Moreover, the singular function Sy ; has the following properties:
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(i) HjZ €N, Sy € C*(Q).

(ii) It &N, Sp; € H*(Ngs) forany 1 <s <1+ ;7.
Theorem 2.11. Let u € H(Q) be the weak solution of Dirichlet problem (2.2.1)

with f € HY(Q) on domain Q, and Q5 :=={x € Q: |v — 4| > §}. Then

"= ug + ug, (2.2.7)
where up € H*(Qs), ur € H*¢(Nyas) for any € >0, and
L
us = Z Z Iig’ngJ.
(=1 jeN
J(m/we)€(0,2)\{1}
Moreover,
L L
urllmsy + Y lurllmewo + > Y kel < Cocll il -
=1 (=1 jeN
J(m/we)€(0,2)\{1}

Next we consider the Poisson problem with homogeneous Neumann boundary

condition:
—Au+au=f in Q, (2.2.8a)
g—z =0 on 012, (2.2.8b)

where a € R, f € Ly(Q) (or H'(Q)) and [, fdz = a [,udr. When o = 0, there
exists a solution u such that fQ uwdxr = 0.

The variational problem for (2.2.8) is to find u € H*(2) such that

/Vu-Vvdx+a/uvdx:/fvdx Vo e H'(Q). (2.2.9)
Q Q 0

Theorem 2.12. The reqularity results stated in Theorem 2.9 and Theorem 2.11
are still valid for problem (2.2.8) provided that the singular functions (2.2.4) and

(2.2.6) are replaced by

Se(ve, 0¢) =xe(ve)7™“ cos((m/we)by),

St (e, 0e) =xe (7)Y T cos(j (7 Jwe)be), §=1,2,-- .
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2.2.2 Regularity of the Curl-Curl and Grad-Div Problem

Now we turn to the regularity of the solution w of the curl-curl and grad-div
problem (1.2.9), which is closely related to the regularity of the Laplace operator
with homogeneous Dirichlet and Neumann boundary conditions. Main results can
be found in [40, 37].

Since u € Hy(curl; Q) N H(div; 2), by the Helmholtz decomposition (1.2.4), we
have w = 1 + V¢, where @ € Hy(curl; Q) N H(div"; Q) and ¢ € H} ().

For simplicity, we first assume that €2 is simply connected. Hence there exists

e HY(Q) (cf. [68]) such that
V x ¢ = u and /dex:(),
and we can rewrite (1.2.4) as
u=V x+ V. (2.2.10)
It is easy to check that the function ¢ € H}(Q) in (2.2.10) is the variational
solution of the following Dirichlet boundary value problem:
Ap=V-u in(), (2.2.11a)
»=0 on 012, (2.2.11b)

and the function v is the unique variational solution with zero mean of the following

Neumann boundary value problem:

AYp ==V xu inQ, (2.2.12a)
o
I 0 on 0. (2.2.12b)

We first discuss the case where o > 0 in (1.2.9). It is clear that

ull @) < o FllLa)s (2.2.13)

IV < ullf,@ + IV - ulli,0 < o7 7,0 (2.2.14)
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In view of (1.2.9), the divergence free part @ in the Helmholtz decomposition

(1.2.4) satisfies

(Vxu,Vxv)+alu,v)=(f,v) (2.2.15)

for all v € Hy(curl; Q) N H(div’; ), which implies
Vx(Vxu)+aoau=QFf, (2.2.16)

where @ is the orthogonal projection from [Ly(€)]? onto H (div’; ). Indeed, let ¢ €
[C5°(Q)]? be a test vector field. Then ¢ € Hy(curl; Q) and (¢ — Q¢) € VH(Q) C
Hy(curl; ), which imply that Q¢ € Hy(curl; Q)N H(div%; Q). Hence it follows from

(2.2.15) that

(Vxw,Vx () +a(@, ) =(Vxu,Vx[QC+ (¢ —QJ)]) +a(u,QC+ (¢ - Q)
= (Vxu,VxQ¢) +a(u,QC) = (f,Q¢) = (QF, Q)

which yields (2.2.16).
It follows from (2.2.16) that V x (V x 1) = Qf —au € [Ly(2)]?, hence V x u €
H'(Q). Then we deduce from (1.2.4) and (2.2.13) that V x u =V x u € H'(Q),

and
IV X ulmio) =V X tlgo) = |QF — aully@) < 2/ flL.@: (2.2.17)
which together with (1.2.9) implies that V -u € H'(Q) and

|V - u|H1(Q) S’y_lH_f —au—V x (V x 'U/)HL2(Q) (2.2.18)

<4y M 1l 2

In particular, it follows from the regularity of V x w and V - u and the usual

variational argument that the boundary value problem corresponding to (1.2.9) is
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Vx(Vxu)—7V(V-u)+au=f inQ, (2.2.19a)
nxu=0 onod, (2.2.19b)

V-u=0 ondld (2.2.19¢)

The regularity of w can then be derived through (2.2.10)—(2.2.12), Theorem 2.11
and Theorem 2.12.

Since V - u € H'(Q), the elliptic regularity theory provides a decomposition

¢ = ¢r+ ¢s, (2.2.20)

such that the regular part ¢ € H*(Qs), and ¢ € H3¢(Nygs) for any € > 0,
1 < ¢ < L. The singular part ¢g is supported near the corners cq,...,cr of €.

More precisely, we can write

L
bs =Y Xelre) Y heyr ™ sin (j(m/wi)br), (2.2.21)
=1 jEN
J(m/we)€(0,2)\{1}

where Y,(t) is a smooth cut-off function that equals 1 for ¢ < § and vanishes for
t > 39/2, and Ky ; are constants.

Furthermore, it follows from estimates (2.2.14) and (2.2.18) that
Iorllms@s) < CIV - ulm@ < Cy 2 (72 + a7 )| fllrae,  (2.2.222)
1Rl 5N p) < CellV - ull ey < CA™ (772 + a7 2)|| fll1ae), (2:2:22b)

L
D> el <CIV - ullio) < Cv PP+ a )| F ) (22.220)
=1 jeN

J(m/we)e(0,2)\ {1}

Similarly, the function ¢ in (2.2.10) has the following decomposition:

Y= YR+ s, (2.2.23)
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where the regular part 1z belongs to H?(s), and ¥r € H> ¢(Nyas) for any € > 0,

1 < ¢ < L. The singular part g is given by

L
vs = Xelre) Y 0ugr] ™ cos (j(m/we)6r). (2.2.24)
=1 jeN
j(r /o) 2\ (1}

Furthermore, the following analog of (2.2.22) holds:

[Vl r39s) < CIIV X ullm@ < CL+a™)| £l (2.2.25a)
VR e Wens) < CellV X ullmg) < Cc(1+ )| fll Lo (2.2.25b)
L
Z Z 00| < CIV x ullmioy < C(L+a )| Lo, (2.2.25¢)
/=1 JjeN
J(m/we)e(0,2)\{1}

where we have used the estimates (2.2.14) and (2.2.17).
Combining (2.2.10), (2.2.20)—(2.2.25), we can describe the regularity of the so-
lution u of (1.2.9) as follows. We have u € [H?(€25)]? and the following estimate

is valid:
]l 20,y < O+~ + a7 21+ 772)| F | o) (2.2.26)
In the neighborhood /\/'4735/2 of the corner ¢,, we have
U= ug+ ug, (2.2.27)

such that the regular part ugp € [H 2‘6(/\/}735/2)]2 for any € > 0, and the singular

part
us= > vth, (2.2.28)
jEN
J(m/we)€(0,2)\{1}
where

o o) — sin j(ﬂ'/wZ)—l 9@
W, =m0 ( ) , (2.2.29a)

cos (j(m/we) —1)6,

v =J(m/we)(Kej — 00;)- (2.2.29Db)

18



Moreover, the following corner regularity estimates hold:
L
Sl gy < G177 + @20+ [ Fliaey (2:2300)
=1

L
S Y el SO0+ a4 fley (2:2:300)
(=1  jeN
J(m/we)€(0,2)\{1}
Remark 2.13. Theorem 2.11 and the singular vector field representation (2.2.27)

imply that w € [H*(Nys))* for any s < 2.+ Therefore u € [H*()]? for any s <

1
5

ming<e<y, wll In particular, we can choose s to be strictly greater than
So far the regularity results for u are derived under the assumption that € is
simply connected. A standard partition of unity argument yields the same results

for general polygonal domains.

For a < 0, by replacing (2.2.13) and (2.2.14) with

IV X w0 + YV -l + w0 < Call fllza@), (2.2.31)

we can show that results for & > 0 remain valid provided o # —A\,; for j > 1,

where 0 < A\, ; < A, 2 <---— o0 are the eigenvalues defined by (1.2.10).

2.2.3 Regularity Results in Terms of Weighted Sobolev
Spaces

In the remaining part of this section we briefly introduce the elliptic regularity

results in terms of weighted Sobolev spaces for the Poisson problem. More details

can be found in [76, 61, 81].

Let wy,...,wy be the interior angles at the corners cq,...,cy of the bounded
polygonal domain €. Let the parameters u1, ..., us be chosen according to
e =1 if wy <,
. (2.2.32)
fhy < — if w, >,
We
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and the weight function ¢, be defined by
L
Su(x) =[] o — el (2.2.33)
=1
The weighted Sobolev space Ly ,,(€?) is defined by
Lo = 1 € L)+ 10 = [ @ @)de<och (2231)
Note that Ly(£2) C Ly, (£2) and
[ llLe, @ < Callfllae V€ La(Q). (2.2.35)

Lemma 2.14.

Q

Proof. Note that ¢, *(x) € L*(Q). Tt follows from the Hélder inequality [67] and

the Sobolev embedding theorem (cf. Theorem 2.5) that

[ 1felds= [ foufllo; ol do
Q Q
<( / 62 ) V2 ( / b720° i) 2
Q Q
—9111/2 1/2
<F o 65 | oy 1021
<Coll fl LoVl zs(

<Call fll Lo 10] 1 () -
]

It follows from Lemma 2.14 that the model problem (2.2.2) has a unique solution

u for any f € Lo ,(£2). Moreover u has the following properties:

(i) The solution u belongs to the weighted Sobolev space H:(2), i.e.,

V=29 ) 02%) € Ly () for |a| <2,
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and the following regularity estimate holds:
la|—2/ qa a\ |2 1/2
lullzon = (30 I720°u/02)13, ) < Callfllraper  (22.37)
o <2

where the function (z) is defined by (z) = []r; |z — ¢l

(ii) At a reentrant corner ¢, where wy, > 7, we have u € H'™¢ (N, ;) and
[ll e sy < Call Fll o - (2.2.38)
(iii) w is continuous on Q.

The regularity of u away from the corners follows from the standard elliptic
regularity theory. The elliptic regularity of u near a corner ¢, can be obtained
by the change of coordinates (x1,72) = e'(cosf,sinf) and the elliptic regularity
theory on the infinite strip R x (0, w,), where the two edges emanating from ¢, are
represented by 6 = 0 and 6 = wy (cf. [61, 81]). The continuity of u away from the
reentrant corners follows from the usual Sobolev inequality, while the continuity of
u at a reentrant corner ¢, follows from the Sobolev inequality on the infinite strip

R x (0,wy) and a change of coordinates.

Remark 2.15. For the curl-curl and grad-div problem (1.2.9), the parameters

W1y, e are chosen according to
e =1 if we<
(2.2.39)
< L if  wp > T
27 2wp ¢ 5

In the case where w, > 3, it follows from Remark 2.15 that the curl-curl and

grad-div problem (1.2.9) has a solution u € [H*"*(Nys)]?, and in view of (2.2.27)-

(2.2.30), the following regularity estimate [40] is valid:

1wl 2 v, ) < CllF |22 (2.2.40)
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2.3 Graded Meshes

In Section 2.2, we showed that the exact solution of the model problem (2.2.2)
(resp. (1.2.9)) has singularities when the bounded polygonal domain 2 is non-
convex (resp. 2 has corners with interior angle larger than 7/2). To compensate
for the lack of full elliptic regularity, the meshes need to be graded properly. The
graded meshes also play a crucial role to recover optimal a priori error estimates
for nonconforming finite element methods and to prove uniform convergence of
multigrid methods.
We first consider a family of simplicial triangulations 7}, of € with mesh-parameter

h = maxyer, hr, where hyp is the diameter of the triangle 7". The triangulation 7,

is graded around the corners cq, ..., ¢y of  with the property that

hy ~ h®,(T), (2.3.1)
where
L
O, (T) =[] lee = ex' ™, (2.3.2)
=1

and cp is the center of T'. It can be observed that
¢,(T) S 1. (2.3.3)

Remark 2.16. From here on we will use the notation o < (B to represent the
nequality o < C x (3, where the positive constant C' is independent of h that
can take different values at different occurrences. The relation (2.3.1) means hp <

h®,(T) and h®,(T) S hy.

The construction of graded meshes 7}, is described for example in [2, 3, 32, 14,
28]. Note that 7, satisfies the minimum angle condition for any given grading
parameters.

For the Poisson problem (2.2.2), the grading parameters pq, ..., 1y are chosen

according to (2.2.32). In other words, grading is needed around reentrant corners.
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However, the grading parameters for the curl-curl and grad-div problem (1.2.9) are
chosen according to (2.2.39). Grading is needed around corners with any interior
angle larger than /2, which is different from the grading strategy for the Laplace
operator. This is due to the fact that the singularity of (1.2.9) is one order more
severe than the singularity of the Laplace operator.

We note that (2.3.1)—(2.3.3) imply

hr <h VT €T, (2.3.4)

hp ~h'/*  if ¢, € OT. (2.3.5)

An example of the construction of graded meshes for (2.2.2) is described as
follows (cf. [36]), where the refinement procedure is identical with the one in [28].
Let 7y be an initial triangulation of Q. Given triangulation 7 (k > 1), we divide
each triangle T' € 7}, into four triangles according to the following rules to obtain

T,

(i) If none of vertices of 7" is a reentrant corner, we divide T uniformly by

connecting the three midpoints of the edges of T'.

(ii) If a reentrant corner ¢, is a vertex of T' and the other two vertices are denoted
by v; and vy, then we divide T by connecting the points m, m; and my (cf.
Figure 2.1). Here m is the midpoint of the edge vivy and m; (resp. my) is

the point on the edge c¢,v1 (resp. ¢,v9) such that

%:ﬁ%zgﬂm) for i=1.2, (2.3.6)
¢ — Uy

where py is the grading factor chosen according to (2.2.32).

The triangulations 7y, 77 and 7, for an L-shaped domain are depicted in Fig-

ure 2.2, where the grading factor at the reentrant corner is taken to be 2/3.
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FIGURE 2.1. Refinement of a triangle at a reentrant corner

FIGURE 2.2. The triangulations 7g, 71 and 75 on the L-shaped domain

It is easy to check that the nested triangulations 7}, constructed as above satisfy
(2.3.1), and

hi—1 ~ hy fork > 1, (2.3.7)
where hj, = maxrer, hor.

2.4 Finite Element Methods for the Poisson
Problem

We will consider the finite element methods for the Poisson problem in this section.

2.4.1 Conforming Finite Element Methods

Suppose 7;, is a family of uniform triangulations of 2. Let V} be the space of

continuous P finite element functions defined by
Vi={ve () :v=0on 09, UT:v‘TePl(T) VT eT}.
Remark 2.17. The finite element space V}, is a subspace of Hi(Q), on which the

continuous problem (2.2.2) is posed.
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The discrete problem for model problem (2.2.2) is described as follows.

Find u;, € V), such that
a(up,v) = F(v) Vv eV, (2.4.1)

where a(-,-) and F(-) are taken as in (2.2.2) with f € Ly(Q).
It is easy to show that F'is a bounded linear functional on H{(£2). Moreover,

the bilinear form a(-, -) is bounded on Hj(Q), i.e.,
a(v,w) < [|vllollwlle  Yv,w e Hy(Q), (2.4.2)
where
|lvlle = Va(v,v). (2.4.3)
It follows from Corollary 2.8 that
|v]la = |V||a1@) Vv e Hi(Q). (2.4.4)
Therefore a(-,-) is coercive, i.e., there exists a positive constant C. such that
la(v,v)| > C’C||v||§{1(g) Vo e Hy(Q). (2.4.5)

Hence the discrete problem (2.4.1) has a unique solution (cf. [43, Theorem 2.5.8]).

Let u be the solution of (2.2.2) and uy, solve the discrete problem (2.4.1). By

subtracting (2.4.1) from (2.2.2), we arrive at the fundamental Galerkin orthogo-
nality:

a(u —up,v) =0 Vv eV, (2.4.6)

Hence the following lemma (cf. [43, Theorem 2.8.1]) stating the abstract error

estimate is valid.

Lemma 2.18. (Céa) Let u solve (2.2.2) and uy, solve the discrete problem (2.4.1).

Then we have

veVh
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To turn the abstract error estimate (2.4.7) into a concrete estimate, we need an
interpolation operator. Let II;, : C(Q2) — V}, be the nodal interpolation operator
for the conforming P, finite element. The following lemma provides a standard

interpolation error estimate (cf. [51, 43]).

Lemma 2.19. Let wy,...,wy be the interior angles at corners cq,...,cr of the
bounded polygonal domain Q, f € Ly(Q)), and u = ug + ug solve (2.2.2), where ug

and ug are the reqular part and singular part of u (cf. (2.2.5)). Then we have

||UR — HhuR||L2(Q) + h|UR — HhuR|H1(Q) S Ch2|uR|H2(Q). (248)
||US — Hhus||L2(Q) + h|u5 — HhuS|H1 < Ch Z |h7r/wl (249)
wWy>T

The next theorem, which directly follows from Theorem 2.9, Lemma 2.18, Lemma 2.19

and a standard duality argument [43], provides the discrete error estimates for

scheme (2.4.1).

Theorem 2.20. Let Q) be a bounded polygonal domain, u solve (2.2.2) and uy, solve

the discrete problem (2.4.1). Then under the assumptions of Lemma 2.19, we have
lu = unll o) + hlu = unl i) < CRP| flliy@), (2.4.10)

where the index 3 > % is defined by

4 = min (1, min 1) (2.4.11)

1<0<L wy

Note that B =1 if Q is conver.

Remark 2.21. The preceding discussion also holds for the conforming P; finite
element method (2.4.1) for the Neumann problem (2.2.9). In this case the Py finite
element space is defined by Vi, = {v € C(Q) : v, = U}T € P(T) VT € 1,},

which belongs to HY(Y). The discrete error estimate (2.4.10) can be obtained.
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2.4.2 Nonconforming Finite Element Methods

In Section 2.4.1, we have considered the error estimates for conforming finite ele-

ments for (2.2.2) based on the fact that
Vi, C Hy(Q). (2.4.12)

In the other case, the condition (2.4.12) is violated because of the use of noncon-
forming finite elements, where Vj, ¢ H{((2), i.e., the finite element functions are
not sufficiently smooth.

Suppose 2 is a convex polygonal domain and let 7, be a family of uniform

triangulations on 2. The nonconforming P, finite element space is defined to be

Vi = {v | 18 linear for all 7" in 7y, vis continuous
at the midpoints of the edges of 7;,, andv =0

at the midpoints of the edges on 0Q2}.

Note that Vj, € Hj () since functions in V}, are no longer continuous. Hence we
must use ay (-, -), which is a modification of a(-, -) in the discrete problem for (2.2.2).

A typical nonconforming method for model problem (2.2.2) with @ = 0 and
f € Ly(R) is defined as follows:

Find u, € V}, such that
ap(up,v) = F(v) Vo eV, (2.4.13)
where

ap(v,w) = Z / Vv - Vwdzx Yo, wée V.
TeT, T

The following lemma (cf. [43, Theorem 10.1.9]) gives the abstract error estimate

for scheme (2.4.13).
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Lemma 2.22. Let u € H}(Q) solve (2.2.2) (o = 0) and up, € V}, solve (2.4.13).
Then

|an(u — up, w)|

= vl < 0 ol + s ()l (2.4.14)
where ||[v]|a, = /an(v,v) Yv € V.
Proof. Let uy, € V), satisfy
ap(tp,v) = ap(u,v) v € V. (2.4.15)
In view of the triangle inequality,
6 = wnllay < 16 = Tallay + 17 — wnlly (2.4.16)
For any v € V},, it follows from (2.4.15) that
||u — UHih =ap(u —v,u — )
=ap(u — ap + Up, — v, u — Uy, + Up — V)
=ap(u — Up, w — Up) + ap(Up — v, Up — V) (2.4.17)

>ap(u — Up, w — Up)

=llu— a3,
Hence the first term on the right-hand side of (2.4.16) can be estimated by
lu = tnlla, < inf flu—vla,- (2.4.18)

It remains to estimate the second term on the right-hand side of (2.4.16). Com-

bining (2.4.15) and a duality formula, we arrive at

|an (T — up, w)|

[an = unlla, = sup
wevi/foy  lwlla,
= gnp (=t w)l (2.4.19)
weVi,/{0} [wla,
The estimate (2.4.14) the follows from (2.4.16), (2.4.18) and (2.4.19). O
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Remark 2.23. The first term on the right-hand side of (2.4.14) describes the
approximation property of the space Vi, while the second term measures the non-

conforming consistency error.

Let II,u € V), be the nodal interpolant of u, i.e., IIyu agrees with u at the
midpoints of the edges of 7j,. Since u € H?*(Q) N H}(Q) when Q is convex, a

standard interpolation error estimate (cf. [51, 43]) yields:
it flu = v, <t~ Ty, < Chlulina (2.4.20)
For the second term on the right-hand side of (2.4.14), we have
lan(u — wy, w)| < Chlu| g2 ||wl]a,- (2.4.21)

The next theorem provides the discrete error estimate for scheme (2.4.13) in the

energy norm, whose proof uses Corollary 2.10, Lemma 2.22, (2.4.20) and (2.4.21).

Theorem 2.24. Let Q) be a convex polygonal domain, u solve (2.2.2) and uy, solve

the discrete problem (2.4.13). Then

lu = wnllay < CHIISlzaca)- (2.4.22)

Details of (2.4.21), (2.4.22) and the Ly error estimate can be found in [43, Sec-

tion 10.3].

2.4.3 A Class of Symmetric, Stable and Consistent
Discontinuous Galerkin Methods

The discontinuous Galerkin (DG) methods are nonconforming finite element meth-
ods. In this section, we will carry out the analysis of a class of symmetric, stable
and consistent DG methods for (2.2.2) with @ = 0 and f € L, ,(Q2) on a gen-
eral polygonal domain €2 with graded meshes. The results reported in this section,

including the numerical experiments, are presented in [36, 34].
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Let the family of triangulations 7, be chosen to satisfy (2.3.1)—(2.3.3). Let V},

be the space of discontinuous P; functions defined by
Vi={v:v,=v|, € P(T) VTeT}

We first recall the concepts of the jumps and means over the edges of 7j,.

Let H%(Q,T;,) (6 > 1) be the space of piecewise Sobolev functions defined by
H(Q,T) = {v € Ly(T) : vy =v|, € H'(T) VT €T} (2.4.23)

Let e be an interior edge of 7, shared by two triangles T7,T>. We define on e
[v] = ving +vomy Yo € H(Q,T), (2.4.24)

where v; = U}Tl, vy = v‘ and m (resp. my) is the unit normal of e pointing

T

outside of T (resp. T5), and

qvol %(wl V) Yue BT, 0> 32,

{wl = %(wﬁ—'wg) Yw e H'(Q, 7)) x H(Q,Ty),

where w; = 'w‘Tl, Wy = w‘TQ.

n,

FIGURE 2.3. Triangles and normals in the definitions of [[v]] and {Vv}

Let e be a boundary edge of 7;,. Then e C 9T for some T' € 7,. We define on e

[v]] = vin Yoe HY(O,T,),

{wl} = w, Ywe HY(Q,T;) x H'(Q,Tp),
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where m is the unit normal of e pointing towards the outside of €.
Next we define for any edge e of 7;, the lifting operator ¢, : Lo(e) X Lo(e) —
Vh X Vh by

/Qﬁe('u) cwdr = — /'v fwhds  Vw eV, x V. (2.4.25)

Let &, be the set of the edges of 7;,. The global lifting ¢}, : Lo(&) x La(E,) —
Vi x V, is defined by

b(v) = Le(v). (2.4.26)

ecly,

We can now introduce the DG methods to be studied in this section:

Find u;, € V}, such that

ap(up,v) = / fodx VoeV, (2.4.27)
Q

where

an(v,w) =Y /T Vo-Vwdz— > [{Vol} - [w]ds =Y [{Vw} - [v] ds

(2.4.28)

+ 5/9&([[21]]) O ([w]) dz + Rp(v, w) Yo, w e Vp,

d=1or0,and Ry, = R’ or R". The jump terms R/ and R" are defined by

Ritw,w) =73 % / o] - ] ds Yo, w € Vi, (2.4.29)
R'(v,w)=mn Z /Qfe([[v]]) A ([w]))ds  Vo,we Vi, (2.4.30)

where |e| is the length of the edge e and 1 > 0 is a penalty parameter.
The different choices for § and Ry lead to four different DG methods (cf. Ta-
ble 2.1), where 7, is a sufficiently large positive number that depends only on the

shape regularity of 7.

31



TABLE 2.1. Discontinuous Galerkin methods

Method [Ref.] J Ry, n

Brezzi et al. [48] 1 R" n >0
LDG [52, 49] 1 Ri >0
Bassi et al. [18] 0 RT n>3
SIP [64, 95, 4] 0 R n>n

Note that the weighted Sobolev space H(Q) (cf. (2.2.37)) is embedded in the

Sobolev space H*(f)), where

s =min(1+ u) > 3/2.

we>T

Hence the bilinear form ay (-, ) in (2.4.27) is well defined on H(€2)+V}, by the trace
theorem (cf. Theorem 2.6). These four DG methods are symmetric and consistent

in the sense that the solution u of (2.2.2) satisfies
ap(u,v) = / fode  Vove . (2.4.31)
Q

Let the mesh-dependent energy norm || - ||, on H2(Q2) + V}, be defined by

ol = D> IV0llz,my + 07" D Ll VORI +n ) lel T ITollIZ - (24.32)

TeT, ecéy ecéy,

The next lemma states the boundedness of DG methods.

Lemma 2.25. The bilinear form ap(-,-) for all four DG methods is bounded by

the || - ||n norm:
ap(w,v) < Cyllwllpllolln  Yov,w € HI Q) + Vi, (2.4.33)

where the positive constant Cy 1s independent of the penalty parameter n as long

as n is bounded away from 0.
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Proof. 1t follows from the Cauchy-Schwarz inequality that

Y [4vop- das| +| T [(vu- (s

< (" Il +n Y e 0Re) (2430

ec&y ecéy

< (S TR e 1 3 el )

ecly ecéy

for all v,w € H?(Q) + Vj, which immediately implies (2.4.33) for the SIP method.
The boundedness estimates for the other three DG methods follow from (2.4.34)

and the two estimates below [48, 5]:

1Dz < lel ™ NIz Vv € Hy(Q) + Vi, (2.4.35)
1ea (Dl Za) S D 1l MllTae Vv € Ha(Q) + Vi, (2.4.36)
ece&y
where the positive constant C' depends only on the shape regularity of 7. O

Lemma 2.26. The bilinear form ay(-,-) is coercive for all four DG methods:
ap(v,v) > Cllvllz Vv eV, (2.4.37)

where the positive constant C' is independent of the penalty parameter n as long as

1 1s bounded away from 0.

Proof. Let || - || be defined by

ol = > IVelZm + 0 Y lel Il

TeT, ecy

Since the two norms || - ||, and || - |5 are equivalent on Vj (cf. for example [43,
Section 10.5]), it suffices to establish the coercivity of ay(-,-) with respect to || - ||5.

From [5] we have the estimate

an(v,v) > c( S IVl +0 > (v ||L2(e) VoeVh, o (2.4.38)

TeTy, ecly
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for all four DG methods under the restrictions on 7 as stated in Table 2.1, where
the positive constant C' is independent of 7 as long as it is bounded away from 0.

The coercivity with respect to || - ||, then follows from the estimate [48, 5]
el el L) < Clire([WDlliye Yo € Vi
U

Combining (2.4.31), (2.4.33) and (2.4.37), we have a quasi-optimal error estimate

for all four DG methods:
lu —uplln < C inf ||Ju — v]|p, (2.4.39)
veVy

where the positive constant C' is independent of the penalty parameter n as long
as 7 is bounded away from 0. Refer to [43, Section 10.5] for more details.

Note that Lemma 2.25 and Lemma 2.26 imply
ap(v,v) = |vl|} Vv €V, (2.4.40)

and ay(-, ) is an inner product on Vj,.
Let IT,, : C (Q) — V}, be the nodal interpolation operator for the conforming P;
finite element, which is the same one used in Section 2.4.1. The following lemma

provides an interpolation error estimate.

Lemma 2.27. Let f € Ly, (Q) and u € Hy () satisfy (2.2.2) (a =0). Then
lu —Tyullp < Ch| fll Lo - (2.4.41)

Proof. 1t follows from (2.4.24) and (2.4.32) that

lw = Tyl = > Ju = yulfnery +07" D el V(0= M) RliZ,e  (24.42)

TeTy, e€lp
<C lu — pul3 o 4+ 0T |V (u — )3 .
= U 1 (T) h®) 1 La(0T)
TeT,
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Let 7}, 0 be the collection of triangles in 7}, that touch a corner ¢, of 2. We assume
that h < § and hence T' C Ny for all T € Tj, 4, where Nps = {x € Q1 |z —co| <}
are the neighborhoods of the corners ¢, for 1 < ¢ < L. We can divide the triangles
in 7;, into two disjoint families 7, and 7, where

7= T and =T\,
we>T

For the triangles away from the reentrant corners, we derive from (2.2.33),
(2.2.37), (2.3.1), (2.3.2), a standard interpolation error estimate [51, 43] and the

trace theorem with scaling that

> (lu =Wl gy + 10T (= ) |2,0m) ) < C S Bl

TeT) TeT)
<O R@UD Y 107u/0x, (2.4.43)
TeT) |o|=2
< Cn? Z Z 162(0%u/0x) |7 ,r) < CR2IFIIT, ()
la|=2 TeT,

For the triangles touching a reentrant corner, we apply an interpolation error
estimate for fractional order Sobolev spaces [65] together with (2.2.38), (2.3.5) and

the trace theorem with scaling to obtain

Z (\u — HhUﬁ{l(T) + ‘8T| HV(U - Hhu)”%g(@T))

TeT,
<SCY > W uly (2.4.44)
Wy >T TEThyg
< Cn? Z \uﬁ{lwz(/\/e,é) < CR?|f1I7, -
wy>T
The estimate (2.4.41) follows from (2.4.42)—(2.4.44). O

By using (2.4.39) and (2.4.41), we can immediately establish the error estimate

for all four DG methods.
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Theorem 2.28. Let f € Lo ,(2), u be the solution of (2.2.2) (o =0), and u;, be
the solution of one of the four DG methods associated with a triangulation 7} that

satisfies (2.3.1). We have the following error estimate:
[ = unlln < CR[|f| L2, (2 (2.4.45)

where the positive constant C' is independent of the penalty parameter n as long as

1 1s bounded away from 0.

We can also establish an error estimate for the DG methods in the norm

161, o = [ 0 (@)€3a) da, (2.4.46)
which is the norm for Ly _,(€2), the dual space of Lo ,(£2).

Theorem 2.29. Under the assumptions of Theorem 2.28, we have

[ = |y, @) < CR2[| L) (2.4.47)

where the positive constant C' is independent of the penalty parameter n as long as

1 1s bounded away from 0.

Proof. Observe that (2.4.27) and (2.4.31) imply the following Galerkin orthogo-
nality:

ah(u — Up, U) =0 Vv eV, (2448)

Let x = ¢,,%(u — uy). Then x € Ly, (Q) and

X Lo ) = It = wnl| Ly, (0)- (2.4.49)

Let ¢ € Hy(Q) satisfy

/vv.vgdx:/uxdag Yo € Hy(9). (2.4.50)
Q Q
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It follows from (2.4.49) and Lemma 2.27 (applied to () that
1€ = TiClln < Chllu — upnllL, () (2.4.51)
Note that we can rewrite (2.4.50) as
ap(v,¢) = /QUX de Vv e Hi(Q), (2.4.52)
and the consistency of the DG methods implies
ap(v,¢) = /QUX dx Vv eV, (2.4.53)
Hence we have, by (2.4.33), (2.4.45), (2.4.51) and (2.4.53).
=l = [ (0= e
= ap(u — up, ¢)

= ap(u — up, ¢ — I1Q)

< lu = ullall€ = Tallln < CR?|| fll a1 = unlla, 0,
which implies (2.4.47). O
The following corollary is immediate.
Corollary 2.30. Under the assumptions of Theorem 2.28, we have
lu = unll o) < CR|| fllLa,0)-

Next, we report results of several numerical experiments for model problem
(2.2.2) on the L-shaped domain (—1,1)?\ ([0,1] x [—1,0]) (cf. Figure 2.2). The
triangulations 7y, 7, . .. are created by the refinement procedure described in Sec-
tion 2.3. The grading parameter at the reentrant corner is taken to be 2/3 and the

mesh parameter of 7}, is hy, = 2.
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We take the exact solution to be
u(z,y) = (1 — xz)(l — y2)7"2/3 sin (29/3),

where (r, ) are the polar coordinates at the origin. We computed the energy error
and Ly error for the solution wuy of the method of Brezzi et al. (resp. the LDG
method, the method of Bassi et al. and the SIPG method) with n = 1 (resp. n = 1,
n =4 and n = 10) for 0 < k < 7. The results are plotted against the mesh size in

log-log scale and presented in Figure 2.4 and Figure 2.5.

—— Energy Error —— Energy Error
—+— L2 Ermror —*— L2 Error

Mesh Size Mesh Size

FIGURE 2.4. Energy errors and Lo errors for the method of Brezzi et al. (left, n = 1)
and for the LDG method (right, n = 1)

2.5 Multigrid Algorithms

Let 7y, 71, . . . be a sequence of triangulations generated by the refinement procedure
that was described in Section 2.3, h; be the mesh size of 7., V}, be the corresponding
discontinuous P finite element space associated with 73 and a(+,-) be the analog
of ap(-,-) that is defined by (2.4.27). The k-th level discrete problem for (2.2.2)
(a=10) is (ct. [34]):

Find u; € Vj, such that

ag(ug, v) = / fvde Vv eV (2.5.1)
Q
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—&— Energy Error —4— Energy Error
—+— L2 Error —+— L2 Error
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1 0 -2

10°
Mesh Size

1 0

10°
Mesh Size

FIGURE 2.5. Energy errors and Lo errors for the method of Bassi et al. (left, n = 4)
and for the SIPG method (right, n = 10)

The analog of || - ||, is denoted by || - ||, i-e.,

ol = D 1oty 07 D lel VoL@ + 7 ) lel ITolllZ,e-  (25.2)

TeTy ecly, ecly,

Note that (2.4.40) becomes

ar(v,v) = [|v||? Vv e Vg, (2.5.3)
and (2.4.41) is translated into

|u — Myullp < Chyl| fllLo.9), (2.5.4)

where 11, : C ((_2) — V}, is the nodal interpolation operator for the conforming P;
element. Furthermore, the norms || - || and || - [[x—1 are equivalent for functions

that are piecewise smooth on 7;_1, i.e.,

[wlle = lwle-1 Vw e H*(Q) N Vi, (2.5.5)

where s > 3/2.

We can rewrite (2.5.1) as

Ayug, = fr, (2.5.6)
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where Ay : Vi, — V/ and f; € V] are defined by

(Arw, v) = ag(w,v) Yo, we Vi, (2.5.7)

(fi,v) = / fode Yo eV (2.5.8)
Q
Here (-, -) is the canonical bilinear form on V;| x Vj.
Let the operator By, : Vi, — V/ be defined by

(Byw,v) =h Y > wmv(m)  Vo,we Vi, (2.5.9)

TeT, meMr

where M is the set of the midpoints of the three edges of T. The operator By

will be used later to define a smoother for multigrid algorithms.

Remark 2.31. The weighted norm || - ||z, _, () is connected to the operator By

through the relation

(Boo,v) =hi > > wm)P =~ |ol}, @ VveEW, (2.5.10)

TeT, meMrp

which follows from (2.3.1), (2.3.2) and (2.4.46).

In order to define W-cycle, V-cycle and F-cycle multigrid algorithms [71, 79,
27, 91, 43] for equation (2.5.6), we need intergrid transfer operators that move
functions between grids. Since the finite element spaces are nested, we can take
the coarse-to-fine intergrid transfer operator I ,’j_l : Vi—1 — V. to be the natural
injection and define the fine-to-coarse intergrid transfer operator 1" : V/ — V{_|

to be the transpose of I} | with respect to the canonical bilinear forms, i.e.,
(IFta,v) = (o, IF_v)  Ya €V, ve V. (2.5.11)
We are now ready to define the W-cycle algorithm for the equation
Apz =y, (2.5.12)

where g € V.
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Algorithm 2.32. W-cycle Algorithm for (2.5.12)

The output of the algorithm is denoted by MGy (k, g, zo, m1, ms), where zg € Vi
is the initial guess and my (resp. mgy) is the number of pre-smoothing (resp. post-
smoothing) steps.

Fork =0, we take the output to be the exact solution, i.e., MGy (0, g, zo, m1, m2) =
Aglg.

For k > 0, we proceed in three steps.

Pre-Smoothing. Compute z; € Vi, for 1 <1 < my recursively by
21 =211+ ()\hz)Bk_l(g — Akzl_l), (2513)

where X is a (constant) damping factor such that the spectral radius p(Ah2 By ' Ay)
satisfies

p(AEB ' Ay) <1 for k> 0. (2.5.14)

Coarse-Grid Correction. Compute q € Vi1 by

g :Il]:_l(g - Ak‘zml)7

qx :MGw(/{Z— 1,§,0,m1,m2), (2515)
q :MGw(/{Z— 1,g, q*,ml,mg), (2516)

and take
Zmyt1 = Zmy + I¥_ 1. (2.5.17)

Post-Smoothing. Compute z; € Vi, for my +2 <1 < my + my + 1 recursively by
21 =211+ ()\hz)Bk_l(g — Akzl—1>- (2518)
The final output is

MGW(IC, g, zo, M1, mz) = Zmi+mo+1-
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We need the following operators for the analysis of Algorithm 2.32. The operator

Ry, : Vi, — V}, which measures the effect of one smoothing step is defined by
Ry, = Idy, — (\h})B; ' Ay, (2.5.19)
where Idy is the identity operator on Vj. Clearly we have
ag(Rrv,w) = a(v, Ryw) Yo, w e V. (2.5.20)

The operator P,f_l : Vi — Vi is the transpose of IF | with respect to the

variational forms, i.e.,
ap_1(PF w,v) = ap(w, I_v) Vv e Vi, we V. (2.5.21)

We denote the k-th level error propagation operator for Algorithm 2.32 by Fj, :
Vk — Vk, i.e.,

Ek(Z - Zo) =z — MGw(/{Z,g, 20, My, mg). (2522)

The next lemma states the well-known recursive relation among operators FEj

71, 43).

Lemma 2.33. The following recursive relation is valid
Ey = R™[(Idy — IF_\PFY 4+ IF_ B2 PFYRM™  fork > 1. (2.5.23)
Proof. Observe that

€my =2 — Zmy
=2 — (Zmy 1 + AB (9 — Apzmy 1)) (2.5.24)

-1 m
=€m—-1 — )‘Bk Ak€m1_1 = Rk 160.

Similarly, we have

Cmi+mo+1l = R;n2em1+1' (2525)
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We proceed by induction on k. Since MGy (0, g, 20, m1,ms) = Ag'z = g, it is
clear that Ey = 0. We assume (2.5.23) holds for k — 1. Let p satisfy Ax_1p = g.
Then the induction hypothesis implies that

p—q=Ep1(p—q) (2.5.26)
=B 1(p— (p— Exap)) = Ei_ip,
where ¢ and ¢, are defined by (2.5.15) and (2.5.16). Also for any w € Vi_;, we
have
ap—1(p, w) =(Ap-1p, w)
=(g,w)
=(Iy7H(g = Arzm, ), w)
=(Ai(z = 2my), [ w) = ar(z = 2y, I{_yw),
which together with (2.5.21) implies
p=Pe,,. (2.5.27)
From (2.5.24)-(2.5.27), we obtain (2.5.23) in the following way:
Ep(z — 20) =2 — MGw(k, g, z9, m1, m2)
=R (2 — 2, — Il]:—ﬂ)
=R (emy — Ii_a(p = Ei_yp))
=Ry (em, — ‘[]I;—l(Plf_leml - Elz—lplf_leml))
=Ry (Idy — i P+ I By PR eq.
]
Corollary 2.34. The error propagation operator Ej, for the two-grid algorithm is

given by
Ey = R™(Idy — IF_PF-YR™. (2.5.28)
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Next, we introduce the V-cycle and F-cycle algorithms.

Algorithm 2.35. V-cycle Algorithm for (2.5.12)

The output of the algorithm is denoted by MGy (k, g, zo,m1, msa), where zy € Vi
is the initial guess and my (resp. may) is the number of pre-smoothing (resp. post-
smoothing) steps.

For k =0, we take the output to be the exact solution, i.e., MGy (0, g, zo, m1, m2) =
Aglg.

For k > 0, we proceed in three steps.

Pre-Smoothing Compute z; € Vi, for 1 <1 < my recursively by
21 =211+ ()\hz)Bk_l(g — AkZl_l), (2529)

where X is a (constant) damping factor chosen to satisfy (2.5.14).

Coarse-Grid Correction Compute q € Vi_1 by
g :Il]j_l(g — ApZm,),
q :MG\/'(]{? - 1,§,O,m1,m2), (2530)
and take
Zmal = Zmy + IF_ 1. (2.5.31)
Post-Smoothing Compute z; € Vi, for mq + 2 <1 < my + mgy + 1 recursively by
21 =211+ ()\hz)Bk_l(g — Akzl—1>- (2532)
The final output is
MGv(k, g, zp, M1, m2) = Zmi+mo+1-

Let E, : V, — V. be the k-th level error propagation operator for Algo-
rithm 2.35, i.e.,

Er(z — 2z0) = 2 — MGy (k, g, 20, m1, ma). (2.5.33)
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The following recursive relation is well known [71, 43]:
By = RP?[(Idy — I} \PFY) + I} |\ Ep PRI for k> 1. (2.5.34)

Algorithm 2.36. F'-cycle Algorithm for (2.5.12)

The output of the algorithm is denoted by MGg(k,g, zo, m1, ma), where zy € Vi
is the initial guess and my (resp. mgy) is the number of pre-smoothing (resp. post-
smoothing) steps.

For k =0, we take the output to be the exact solution, i.e., MG (0, g, zo, m1, m2) =
Aglg.

For k > 0, we proceed in three steps.

Pre-Smoothing Compute z; € Vi, for 1 <1 < my recursively by
2] = Z1—1 —+ ()\hz)Bk_l(g — AkZl_l), (2535)

where X is a (constant) damping factor to be chosen in (2.5.14).

Coarse-Grid Correction Compute q € Vi._1 by

g If/i_l(g — Apzm,)
qx :MFF(]C - 1,§,0,m1,m2) (2536)

q :MGV(k - 17§7Q*7m17m2)

and take

Zmal = Zmy + I 1. (2.5.37)

Post-Smoothing Compute z; € Vi, for my + 2 < k < my + mo + 1 recursively by
21 =211+ ()\hz)Bk_l(g — Akzl_l). (2538)

The final output is

MGF(]{:7 g, 20, M1, m2) = Zmi4+ma+1-
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Let fEk : Vi, — V. be the operator relating the initial error and the final error

of Algorithm 2.36 applied to the equation (2.5.12), i.e.,

Ek(z —Zo) =z — MGF(k,g,zo,ml,mg). (2539)
The following recursive relation is well known [91]:
B = R™[(Idy — If_\PFY) + IF B (B PEYR™ fork>1.  (2.5.40)

Remark 2.37. Note that the only differences between the W-cycle, V -cycle and
F-cycle algorithms are at the coarse-grid correction step. The W -cycle algorithm
corrects error on coarser grid twice and both with another W -cycle algorithm, while
there is only one error correction in the V-cycle algorithm. On the other hand,
the F'-cycle algorithm corrects error first with another F'-cycle algorithm and then
with a V -cycle algorithm. We can observe that the W -cycle algorithm is the most
expensive in terms of computation, followed by the F-cycle algorithm, then the

V -cycle algorithm.

The convergence analysis of W-cycle, V-cycle and F-cycle multigrid algorithms
for the discrete problem (2.5.6) obtained from DG methods on graded meshes will

be presented in Chapter 4.
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Chapter 3

Nonconforming Finite Element Methods
for the Curl-Curl and Grad-Div Problem

3.1 The Curl-Curl and Grad-Div Problem
In Chapter 1 we showed that the Maxwell’s equations (1.1.1) and (1.1.2) can be

reduced to the equation of the following form with perfectly conducting boundary

condition:

VxVxut+oaou=Ff in( (3.1.1a)

nxu=0 on 02, (3.1.1b)

where 0 C R? is a bounded polygonal domain, a € R is a constant, and f €
(L2 ()]
We can derive the non-elliptic weak form for (3.1.1) as follows:

Find w € Hy(curl; Q) such that
(Vxu,Vxv)+a(u,v) =(f,v) (3.1.2)

for all v € Hy(curl; 2), where the space Hy(curl; 2) is defined by (1.2.3).

For any u € Hy(curl; 2), from the Helmholtz decomposition [68, 80], we have
u=u+ Vo, (3.1.3)

where 1 € Hy(curl; Q)NH (div"; Q), ¢ € H}(Q), and the space H(div’; Q) is defined
by (1.2.6).
Let n € H}(2), by taking v = Vi € Hy(curl; Q) and u = u + V¢ in (3.1.2) we

have,

(Vxu,Vx(Vn)+alu+Ve,Vn) = (f,Vn). (3.1.4)
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Note that V x (Vn) = 0, the integration by parts formula implies
a(V-u,n)+a(Ve, V) = (f, Vn). (3.1.5)
Since & € H(div’;Q), then ¢ € H}(Q) satisfies
a(Vo, V) = (f,Vn) (3.1.6)

for all n € H}(Q), which is the variational form of the Poisson problem.
Since the Poisson problem (3.1.6) (when « # 0) can be solved by many standard
methods under the assumption that f € H(div; ), we will focus on the divergence

free part . We take v € Hoy(curl; Q)N H(div%; Q) and w = @+ V¢ in (3.1.2), then
(Vx(u+V0),Vxv)+a(u+Ve,v) =(f,v). (3.1.7)

Note that V x (V@) = 0, it follows from the integration by parts formula that «

is the weak solution of the following reduced curl-curl problem (cf. (1.2.8)):

Find @ € Hy(curl; Q) N H(div"; Q) such that
(Vxu,Vxv)+a(u,v) =(f,v) (3.1.8)

for all v € Hy(curl; Q) N H(div%; Q).
Since the condition number for the discrete problem of (3.1.8) behaves like a
fourth order problem, we turn to consider the following curl-curl and grad-div

problem (cf. (1.2.9)):

Find w € Hy(curl; ) N H(div; ) such that
(Vxu,Vxv)+yV-u,V-v)+a(u,v)=(Ffv) (3.1.9)
for all v € Hy(curl; Q) N H(div; ), where @ € R and v > 0 are constants, f €

[L2())*.
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3.2 A Nonconforming Finite Element Method
for the Curl-Curl and Grad-Div Problem

In this section we solve (1.2.9) by using a classical nonconforming finite element

method on graded meshes. The numerical scheme can also be found in [37].

3.2.1 Discretization

Let 7}, be a family of triangulations of € that satisfies the property (2.3.1), where
the grading parameters p are chosen according to (2.2.39). Let V}, be the space of
weakly continuous P; vector fields associated with 7;, whose tangential components
vanish at the midpoints of the boundary edges in 7;,. More precisely, let &, (resp.
&P and &) be the set of the edges (resp. boundary edges and interior edges) of 7y,.

Then

Vi ={v € [Ly(Q)?: vr = 'v‘T € [P(T))? VT €T,
v is continuous at the midpoint of any e € &,

n x v vanishes at the midpoint of any e € &/}.

For any s > 1/2, we define a weak interpolation operator Iy : [H*(T)]* —
[P(T)]* by

1
(Hzv)(me;) = m/ vds forl<j<3, (3.2.1)
J €j

where €1, e5 and ez are the edges of T', m. and |e| denote the midpoint and length

of the edge e respectively. The operator Il satisfies a standard error estimate [60]:

1€ — Tr| agry + ROV ¢ — TI¢

Hmin(s,1) (T) S CT h’% | C

Ho(T) (3.2.2)

for all ¢ € [H*(T)]* and s € (1/2,2], where the positive constant C7 depends on

the minimum angle of 7.
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Lemma 3.1. The operator Il has the following properties [40, 37]:

/VX(HTu)dx:/qudx,
T T

/V-(HTu)dx:/V~udx.
T T

Proof. 1t follows from (3.2.1), Green’s Theorem and midpoint rule that

/TV X (Myu)dz = Z n X (llru)dx

ecoT V€

— Z n x (IIpw)](me.)|e]

eCOT

:an/udx

eCOT

Z/qudx.
T

Similarly, we can also prove (3.2.4).

(3.2.3)

(3.2.4)

(3.2.5)

Since Hy(curl; Q) N H(div; Q) C [H*(Q)]? for some s > 1/2 (cf. [37]), we can

define a global interpolation operator I, : Hy(curl; Q) N H(div;Q2) — V}, by

piecing together the local interpolation operators:

(Hhv)T = HT’UT VT e ,];L

Let V,x and Vj,- be defined by

(Vi xv)r =V X (vr) VT €Ty, v eV,

(Vh-'v)T:V-('uT) VTG’];L,’UEVh.
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In view of (3.2.3) and (3.2.6)—(3.2.8), we can show that for any piecewise constant

function P,

/Q Vo x (o) Pdz =Y /T Y x (Thy)] Prde

TeT,

=) PT/ V x (Ilyw) dz (3.2.9)

TeT,

:ZPT/vadx

TeT;, T

:/Q(V x v) Pdx,

which implies
Vi x (v) =0V xv) Vo € Hy(curl; Q) N H(div; Q), (3.2.10)

where II! is the orthogonal projection from Lo(2) onto the space of piecewise

constant functions associated with 7,. Similarly
Vi (o) =TIV -v) Vo € Hy(curl; Q) N H(div; Q). (3.2.11)

The commutative relations (3.2.10) and (3.2.11) indicate that we have good con-
trol over Vj, x (II,u) and V,, - (II,u) simultaneously, which explains why weakly
continuous P; vector fields can be used to solve problems involving the space
H(curl; Q) N H(div; ).

Let e € & be shared by the two triangles T}, Ty € 7}, (cf. Figure 2.3) and n,
(resp. m) be the unit normal of e pointing towards the outside of T3 (resp. T3).

We define, on e,

[ x v]] =mny x ’UTJ6+"2 X v,

(3.2.12a)

e’

[n-v] =ny-vn | +n,-vg| (3.2.12b)

e
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For an edge e € £°, we take n, to be the unit normal of ¢ pointing towards the
outside of 2 and define
[n xv]] =n, x 'v}e. (3.2.13)
A nonconforming finite element method for (1.2.9) is:

Find wu;, € V}, such that
ap(up,v) = (f,v) Vv eV, (3.2.14)
where

ap(w,v) = (Vi X w,Vj, x v) +7(Vj, - w, Vj, - v) + a(w, v)

+5° BAI w  x w] 3219
M n-wi|n- - v|\as
PO [l - s,

and the edge weight ®,(e) is defined by
®,(e) = I} |cp — me|' . (3.2.16)

Here the grading parameters p are chosen according to (2.2.39).

By comparing (2.3.2) and (3.2.16), we have
Q,(e) = @,(T) if ecdl. (3.2.17)

Remark 3.2. The last two terms on the right-hand side of (3.2.15) involving the
tangential and normal jumps of the weakly continuous P, vector fields are crucial
for the convergence of the scheme. A naive discretization of (1.2.9) with only the
first three terms does not converge. The crucial difference is that the piecewise
H(curl; Q)N H(div; Q) semi-norm, unlike the piecewise H' semi-norm, is too weak
to control the jumps even with the weak continuity of the vector fields in V},. Hence
the last two terms involving the jumps must be included in the discretization to

control the consistency error.
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3.2.2 Error Analysis

In this section we first establish the abstract error estimate and some preliminary

estimates for the scheme (3.2.14), then the convergence analysis will follow. More

details can be found in [37].

We will measure the discretization error in both the L, norm and the mesh-

dependent energy norm || - ||, defined by

lll5 = 11V X vllL,0) + Y Va - 0lLy0) + V][0

n Z [(I)M(T)] I|[[re x ’U]]H%Q(Q)

e€e&y |€

S [‘D“(T” - o], 0.

- e
e€&}

Note that

V|| Lo < Vs Vv € Hy(curl; Q)N H(div; Q) + V.

It is easy to check that ay(-,-) is bounded with respect to || - ||, i.e.,

|an(w, v)| < (laf + Dffwl|n]v]x

for all v, w € Hy(curl; Q) N H(div; Q) + V.

For a > 0, an(+,-) is also coercive with respect to || - ||, i.e.,

an(v,v) > min(1, o)|v|}

(3.2.18)

(3.2.19)

(3.2.20)

(3.2.21)

for all v € Hy(curl; Q) N H(div; Q) + V},. In this case the discrete problem is well-

posed and we have following abstract error estimate, whose proof is identical with

proof of Lemma 3.5 in [39].
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Lemma 3.3. Let « be positive, § = min(1,«), u € Hy(curl; Q) N H(div; Q) be the

solution of (1.2.9), and wy, satisfy discrete problem (3.2.14), it holds that

14+ a4+ .
= wnlle < C2P) ing = o]l
veV),
1 _
sup (= Um) (3.2.22)
5 weV, \{0} ||’th

Proof. Let v € V}, be arbitrary. It follows from (3.2.20), (3.2.21) and the triangle

inequality that

|u — wpl|n <[Ju — vl + ||’U — up||n

<Hu—v|]h+ sup —ah('v—'u,h,'w)

B wevi\{0} H'th
1+a+ U — up, W
LEOED) i ol L sl )
B ve B weV,\{0} |w][n

IA

(

which implies (3.2.22). O
For o < 0, we have a Garding (in)equality:
an(v,v) + (o] + 1)(v,v) = ||v[|} (3.2.23)

for allv € Hy(curl; Q)NH (div; ©2)+V},. In this case the discrete problem is indefinite
and the following lemma provides an abstract error estimate for the scheme (3.2.14)
under the assumption that it has solution. Details of the proof can be found in [39,

Lemma 3.6]

Lemma 3.4. Let u € Hy(curl; Q)N H (div; Q) satisfy (1.2.9) and wy, be the solution

of (3.2.14). It holds that

ap(u — up, w
|lw — un|ln < (2]l + 3) 1nf ||u—'v||h+ sup ( )

(3.2.24)
weVi\ {0} |w]|n

+(la| + 1) [|lu — wp| £,

o4



Proof. 1t follows from (3.2.19) and (3.2.23) that for any v € V}, \ {0},

ap(v,v)
[v][n

I GL) (3.2.25)

[o1ln

< sup  ————— + (la| + D|v]| @)
weVy\{0} |w]|n

Let v € Vj, be arbitrary. By using (3.2.19), (3.2.20), (3.2.25) and the triangle

[olln <

inequality, we find

| — wpl[n <[lu — vy + v — up|ln

ap(V —up, w
<|lu—v|p+ sup M

+ (Ja| + D)f|lv — un|| L0
weV,\{0} |w][n

ap(u — up, w)

<(2|laf +3)[|lu — v|, + sup
weVi\ {0} |||

which implies (3.2.24). O

+ (laf + Dfw = wnl L, @),

From here on we consider a and v to be fixed and drop the dependence on these

constants in our estimates.

Remark 3.5. The first term on the right-hand side of (3.2.22) and (3.2.24) mea-
sures the approximation property of Vi, with respect to the energy norm. The sec-
ond term measures the consistency error. The third term on the right-hand side of

(3.2.24) addresses the indefiniteness of the problem when o < 0.

Let 7}, ¢ be the set of the triangles in 7; that share the corner ¢; as a common
vertex. We assume that h < ¢ and hence T C Ny for all T' € Ty, 4, where Nys5 =
{r € Q: |r — ¢y < 6} are the neighborhoods of the corners ¢, for 1 < ¢ < L. We
will use the notation 7,/ = (i, Tns and 7" = T, \ 7,/ in the proof of the following

lemma, whose proof is identical to the proof of Lemma 5.1 in [40].

Lemma 3.6. Let u € Hy(curl; ) N H(div; Q) be the solution of (1.2.9). For any

€ > 0 there exists a positive constant C, independent of h and f such that

o — T 2,0y < Ch*| s (3.2.26)
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Proof. We can write
lw — Iyul|7,q) = Z lw — rul|7,q) + Z lw — Ipwl|7, ). (3.2.27)
TeT) TeT,

Then we have, by (2.2.26), (2.3.4) and (3.2.2) (with s = 2),

Z |u — HTU’H%Q(T) S h4||f||%2(9)- (3.2.28)
TETA’,T%Uf:l Ne,s

On the other hand, near a corner ¢; of {2 we can use (2.2.27) and (2.2.28) to get

> lw = T,y S > Nlur — Trug|7,
TeT) TCUt_, Nus TeT) TCUf Noys
+ Z |Vé,j|2||1/’z,j - HT¢z,j||%2(T)]~ (3.2.29)
jEN
J3(m/we)€(0,2)\{1}

where 1, ; and vy ; are defined by (2.2.29).

The estimates (2.2.30a), (2.3.4) and (3.2.2) (withs = 2 — €) imply

Z |ur — HTU’RH%Q(T) < C€h4‘ﬁ||f||%2(9) (3.2.30)
TET,{’,TCUf’:l Nes

for any € > 0.

Note that (2.3.1) and the regularity of 7, imply that
lce — er| = |cp — x| VeeTeT, and T CNgg, (3.2.31)
and hence
®,(T) ~ |cg — | VeeTeT and T CNgs. (3.2.32)
For wy, > 7, we can show that (2.2.29a) and (2.2.39) imply (cf. [40])

> / e — z|* | D, | da < o0, (3.2.33)
T

TETh,TCNzﬁ

where |D*v|? = Zf] kzl(af?g;k )2, because
W J

1
/ T4(1—ug)r2((7r/we)—3)r dr < 00, if e < i
o 2(,05
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Then by using (2.3.1), (3.2.2) (withs = 2), (3.2.32) and (3.2.33) we obtain the

following estimate for the term involving the singular vector fields:

> by ; — Ty ;117,00 S > Wl il oy

TeT!” TcUL N s TeT! TCcUL , Nys
h =1 y h =1 s

~eh! Z [(I)H(T)]ﬂwé,jﬁﬁ(T) (3.2.34)
TeT) Tt Nujs

~h* > / |ce — x[*7H| D, Pda S B
TET,{’,TCUf:l ./\/'gyg T

Combining (2.2.30), (3.2.28)—(3.2.34), we get

> llu—Trulf, o < Ch*c||f|I7,  foranye > 0. (3.2.35)
TeT)

It remains to estimate the second term on the right-hand side of (3.2.27).

In the case where w; < Z, it follows from (2.2.27)—(2.2.30), (2.3.1) and (3.2.2)

2
(withs = 2 — €) that
> llw = Trulff, oy < Ch* | £ll7,0)- (3.2.36)
TGTh’z

In the case where w; > %, since w € [H**(Q)]* (cf. Remark 2.15), we obtain
from (2.2.40), (2.3.5) and (3.2.2) (with s = 24u,) that

Z I — g7,y S b F 700 = B0 (3.2.37)
TGTh’z

Combining (3.2.36) and (3.2.37), we have

> llu—Trul?, g < Ch* ™| fll7,q  for anye > 0. (3.2.38)
TeT),
The estimate (3.2.26) follows from (3.2.27), (3.2.35) and (3.2.38). O

Lemma 3.7. Let u € Hy(curl; Q) N H(div;Q2) be the solution of (1.2.9). It holds
that

d,(e)]? B
5 B~ ) < 051 (3.2.39)

e€e&y
for any e > 0.
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Proof. The proof is identical with the proof of Lemma 5.2 in [40], which is obtained

by using (2.2.26)-(2.2.30), (2.3.1), (2.3.3), (2.3.4) and (3.2.2). O

Lemma 3.8. Let u € Hy(curl; Q) N H(div; Q) be the solution of (1.2.9). It holds
that

inf [l — vl < flu— Dyl < O £l o (32.40)
v h

for any e > 0.

Proof. According to (3.2.18), we have

Ju — Myul; = [[Vax (u — )7,

Vi (w = Thw) L) + llu — ThulL,q)

+ [q)ﬁgr)]z Il > (u — Thw)]|[7,q) (3.2.41)
ee&y
+y [‘DTET” - (= T2, 0
668};

The third term on the right-hand side of (3.2.41) has been estimated in Lemma 3.6,
and the last two terms can be estimated by using Lemma 3.7. Therefore it only
remains to estimate the first two terms.

It follows from (2.2.17), (2.2.18), (3.2.10), (3.2.11) and a standard interpolation

error estimate [51, 43| that

IV % (u = ) ||7,0) =1V x w = T(V x u)||7, 0 (3.2.42)
<CR*|V X ulin o) < CP?|| fl|7,0);
NVh - (w=Tw)7,0) =7V - u = TR(V - w7, ) (3.2.43)

§0h2|V . U|%{1(Q) < Ch2||f||%2(9)'

The estimate (3.2.40) follows from (3.2.41)—(3.2.43), Lemma 3.6 and Lemma 3.7.
U
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The next lemma is useful for estimating terms involving the jumps of the weakly

continuous P; vector fields across edges (cf. [40, Lemma 5.3]).

Lemma 3.9. It holds that

> el [ @)l = iy 7o) < CRIling)  Yn € HY(Q),

ecép

where

1

Tl /. ndx (3.2.44)

Ny, =

is the mean of n over T,, one of the triangles in T, that has e as an edge.

Proof. This is the consequence of (2.3.1), (3.2.17), the trace theorem (with scaling)

and a standard interpolation error estimate [51, 43]:

> lel [@u(e)] 2l = i 170

e€e&y
< CY @D (In = g, 750y + W0 — 1 rn )
ecly,
<C Z[q)u(T)]_%?r\ﬂﬁp(Te) < Ch?|nlin o)
ecép

The following lemma gives an optimal bound for the consistency error.
Lemma 3.10. Let uw € Hy(curl; Q) N H(div; ) be the solution of (1.2.9), and

uy, € V), satisfy (3.2.14). Then

sup
weVi\ {0} |w]|n

w
L < OBl e (3.2.45)
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Proof. Let w € V}, be arbitrary. Since the strong form of (1.2.9) is given by (2.2.19),

from (3.2.12), (3.2.13), (3.2.15) and integration by parts formula, we have

Te,]—h
+Z /v w)(V - w)dz + alu, w) (3.2.46)
TeT,
=(f,w +Z/qu nxwds#—z /V’u,nw
e€e&y 6651

Remark 3.11. Recall from (2.2.19¢) that V - uw = 0on 02 if w is the solution
of (1.2.9). Hence the integrals in the last term on the right-hand side of (3.2.46)

vanish on boundary edges.

Subtracting (3.2.14) from (3.2.46), we have

ap(u — wp, w Z/qu nxwds—i—Z/V u)[n - wlds. (3.2.47)

e€e&y eety

Since w is continuous at the midpoints of interior edges and its tangential com-
ponents vanish at the midpoints of the boundary edges, we can write, using the

midpoint rule,

Z/qu nxwds—Z/qu— u)r )[n x w]ds,  (3.2.48)

ec&y, ecéy

where (V X u),, is the mean of V x u on T, one of the triangles in 7;, that has e
as an edge. It then follows from Cauchy-Schwarz inequality, (2.2.17), (3.2.18) and

Lemma 3.9 that

Z/qu [nxw]ds

ec&y,

< IS el @, () 2V < u— (V x ) )20}

ecéy

{30 2O s ) (3.2.49)

ece&y

< C(h|Vxulgi@)|lwlln < Chl[f[l Lo llwl]n,
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and similarly

S, / (V- w)[r - wlds < OBl F [l ]l (3.2.50)

eES}L

The estimate (3.2.45) follows from (3.2.47), (3.2.49) and (3.2.50).

We now derive an Ly error estimate by a duality argument.

Theorem 3.12. Let u € Hy(curl; Q) N H(div; Q) be the solution of (1.2.9), and

up, €'V}, satisfy (3.2.14). Then
I = wnl| o) < Co(B*77)| fll o) + 2 llu — uall1) (3.2.51)
for any € > 0.
Proof. Let z € Hy(curl; ) N H(div; Q) satisfy
(Vxov,Vxz)+9(V-v,V:2)+alv,z)=(v,(u—uy)) (3.2.52)
for all v € Hy(curl; ) N H(div; §2). Note that the strong form of (3.2.52) is
Vx(Vxz)=7V(V-2z)+az=u—u,, (3.2.53)
and we have the following analog of (2.2.17) and (2.2.18):
IV x 2| + |V - 2| < Cllu — upl|z,0)- (3.2.54)
Furthermore, we can write (3.2.52) as

ap(v, z) = (v, (u—uy)) Vv € Hy(curl; Q) N H(div; Q). (3.2.55)
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From (3.2.53), (3.2.55) and integration by parts we have the following analog of
(3.2.46):

n(un, z Z/ (Vxup)(V x z)dx

TeT,

+300 [ (Veun)(V - 2o+ atun, 2 (3.2.56)

TET,

= (up, (u — uy) —i—Z/nxuh (V x z)ds

ecy,

+Zv/n up])(V - 2)ds.

e€&;

Combine (3.2.55) and (3.2.56), we have

[ — unll7,0) = (w,u — un) — (wn, u —uy)

(u —up,2) + Z/n x up](V x z)ds (3.2.57)

ecly,
—i—Z”y/n up](V - z)ds,
eety
and we will estimate the three terms on the right-hand side of (3.2.57) separately.
We can write the first term as

ap(u —up, z) = ap(u — up, z — 2) + ap(v — up, 1, 2). (3.2.58)

From (3.2.20) and Lemma 3.8 (applied to z) we immediately have the following

estimate:

ap(u —up, z — z) <C|lu — uplp||z — Upz|pn

<C.h'E|lu — wpn e — wnl| o) (3.2.59)
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By using (3.2.47), we can rewrite the second term on the right-hand side of

(3.2.58) as
an(w —up, yz) = ) / (V x u)[n x (II,z)]ds (3.2.60)
ecE, v €
+ n - (I1,z)]ds.
X[t

Following the notation introduced in (3.2.48), the first term on the right-hand side

of (3.2.60) can be written as:

ee&y
= Z (V xu— (V x w)y)[n x (IT,2)]ds
e€e&y
= Z / (Vxu—(Vx u)Te)[[n x (IIpz — z)]ds.
ece&y

Since m x (II,z) is continuous at the midpoints of interior edges and vanishes
at the midpoints of boundary edges, and [n x z] = 0. It then follows from the
Cauchy-Schwarz inequality, (2.2.17), Lemma 3.7 (applied to z) and Lemma 3.9

that

Z /(V x u)[n x (II,z)]ds

ec&y, e
<D lel[@u(@)] IV x u = (V x u)g) 7,0}
ecéy
{Z H nx (Iz — 2)]||2, )" (3.2.61)
ecty

<C.(h|V x ulg, @) (' lu — w1y (0))

SO f | ooyl = wnl| o)
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Similarly, the second term on the right-hand side of (3.2.60) satisfies the following

estimate:

> [V -wn Tz]ds < Ch* || F ||y v — ual| ny@)- (3.2.62)

eec‘ff1 €

Combing (3.2.58)—(3.2.62), we have

ap(u — up,2) (3.2.63)

< Co(*F)| Fllza + ' llw — walln) 1w — wnl| 2,0

We now consider the second term on the right-hand side of (3.2.57). Since n x uy,
is continuous at the midpoints of interior edges and vanishes at the midpoints of
boundary edges, and [n x u] = 0, we can write, following the notation introduced

in (3.2.48),

Z /[[n x up](V x 2)ds

eegh €
=3 [[n x w)(V x 2 — (V x 2)y,)ds
ecéy €
-y /[[n X (un — w(V x 2 — (¥ x 2)y, )ds.
eESh €

Using the Cauchy-Schwarz inequality, (3.2.18), (3.2.54) and Lemma 3.9, we obtain

3 /[[n X wp](V x 2)ds

e€Ep €
S( Z le|[®,.(e)] 2|V x z — (V/\M)Te’|%2(e))l/2
ecéy,
X (Z %Hﬂn X (up — U)]]H%Q(e))l/z (3.2.64)
ecéy,

<Ch|V X z|mo)llu — unln

<Chllw = up| L) lw = wnl|n-
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Similarly, we have the following bound on the third term on the right-hand side of

(3.2.57).

Z YIn - up](V - 2)ds < Chlju — upl| 1y ||ee — wp|n (3.2.65)

eeé‘,i ¢

The estimate (3.2.51) can be obtained by combining (3.2.57) and (3.2.63)-

(3.2.65). O
In the case where o > 0, the following theorem is an immediate consequence of
Lemma 3.3, Lemma 3.8, Lemma 3.10 and Lemma 3.12.
Theorem 3.13. Let « be positive. The following discretization error estimates
hold for the solution wy, of (3.2.14):
lw = wplln <CA fllLa)  for any e >0,
[ — wnllLo@) SCP* (| Fllia)  for any e > 0.
In the case where oo < 0, we have the following theorem for the scheme (3.2.14).

The proof, which is based on the approach of Schatz for indefinite problems [89],

is identical with the proof of Theorem 4.5 in [39].

Theorem 3.14. Assume —a > 0 is not one of the eigenvalues A\, ; defined by
(1.2.10). There exists a positive number h, such that the discrete problem (3.2.14)
18 uniquely solvable for all h < h,, in which case the following discretization error

estimates are valid:

o — wnlln <CB'| o) for any e >0, (3.2.66)

o — wnll oy SC* | Flliaey for any ¢ > 0. (3.2.67)

Proof. Assuming wy, satisfies (3.2.14), it can be obtained from Lemma 3.4, Lemma 3.8,

Lemma 3.10 and Lemma 3.12 that

I = wnlln < Ch™ (I fllae) + lw = unlln) ¥ e>0. (3.2.68)
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By choosing an €, > 0, we deduce from (3.2.68) that for

1 —€
h< b= (550

)

Jw — wp|[p <Ce.h'~(

Fllza@) + lluw — unlln)

SCE* hl_ﬁ*

Fllrs@ + Cehy™ [lu — unn

<C.h'"

1
Fllza@) + §||U — up||n,

and hence

||’Ll, — uh”h S 205*h1_5*

Fllra@)- (3.2.69)

Therefore, any solution z; € V}, of the homogeneous discrete problem
ah(zh, ’U) =0 Vove Vh, (3270)

which corresponds to the special case where f = 0 = z, will satisfy the following
special case of (3.2.69):

|znlln = 0.

Hence the only solution of (3.2.70) is the trivial solution and the discrete problem
(3.2.14) is uniquely solvable for h < h,.
The energy error estimate (3.2.66) now follows from (3.2.68) and (3.2.69), and

the Ly error estimate (3.2.67) follows from Theorem 3.12 and (3.2.66). O

3.3 An Interior Penalty Method for the
Curl-Curl and Grad-Div Problem

In this section we study an interior penalty version of the nonconforming scheme
presented in Section 3.2 for the CCGD problem (1.2.9). By removing the weak
continuity condition of the vector fields, the interior penalty method can be applied
to meshes with hanging nodes. This method belongs to a growing family of finite

element methods for problems posed on H (curl; Q)N H (div; 2) [40, 37, 38, 46, 39].
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The numerical scheme studied in this section is posed in [35] and the convergence
analysis can also be found in that paper.

We take V}, to be the space of (discontinuous) P; vector fields, i.e.,
Vi={ve[L@P: vr=v|, €A VTeT}

Since the vector fields in Vj, are (in general) discontinuous, their jumps across the
edges of 7, which are defined by (3.2.12)—(3.2.13), play an important role in the
interior penalty method.

We now define the discrete problem:

Find wy, € Vj, such that
an(up,v) = (f,v)  YoveV, (3.3.1)
where

an(w, v) = (Vi X w, Vi X 0) +79(Vi - w, V) - v) + a(w,v)

+ Z [Pule)] /[[n x wl| [n x v]|ds

le]

32 O [ win - olas 532)

eES}iL |6| ¢

hy ﬁ / ([ x wl)) (M x o])ds

ecéy

= ﬁ / ([l - w]) (T - w]))ds,

ee&}
|le| denotes the length of the edge e, and I1? is the orthogonal projection from Ly (e)
to Py(e) (the space of constant functions on e). The edge weight ®,(e) in (3.3.2)
is defined by (3.2.16).
We also use the Crouzeix-Raviart interpolation operator Il defined by (3.2.1)

in the analysis of the interior penalty method.
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The discretization error will be measured in both the L, norm and the mesh-

dependent energy norm || - ||, defined by

Il

_thvaLg +7|!Vh V|10 +H’vHiQ<Q

v]l1%, )
ecly, 666’

(30 ‘—;nnzun <o)+ Y ‘—;nnzun o]2,0).

e€&p eGE}iL

)L, (3.3.3)

It is easy to show that Lemma 3.3 and Lemma 3.4 hold for interior penalty
method in terms of a(+,-) and mesh-dependent energy norm || - ||,. Lemma 3.6,
Lemma 3.7 and Lemma 3.9 also hold with identical proofs.

The approximation property of Vi, is established by the following lemma.

Lemma 3.15. Let u € Hy(curl; Q) N H(div; Q) be the solution of (1.2.9). It holds
that

inf [lu—vlls < flu — My < Ch'™ (| fl|Low) (3.3.4)

veV),

for any e > 0.

Proof. Tt follows from (3.2.1) that I1%[n x (u — I[u)]] = 0 for all e € &, and

2[n - (u— )] = 0 for all e € &;. Therefore we have

lw = Tyull; = Vi x (u = hu)|7,q
+ Vi (U - Hhu)||%2(9 +[lu — Mu|f, )

+ Z || n % (u— )], (3.3.5)

ecéy

+ Z - (u— )L,

6687'

The rest of the proof is identical with the proof of Lemma 3.8.
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The next lemma gives an optimal bound for the consistency error.

Lemma 3.16. Let u € Hy(curl; Q) N H(div; Q) be the solution of (1.2.9) and

wy, € Vi, satisfy (3.3.1). We have

ap(u — up, w)
sup

S b S| a)- (3.3.6)
werngor  lwll ()

Proof. Let w € Vj, be arbitrary. The following analog of (3.2.46) holds for ap(-, -):

ap(u, w) = (f,w +Z/qu [n x w]ds (3.3.7)
ecéy
+ (V-u)[n - w]
gyl

Subtracting (3.3.1) from (3.3.7), we have

ap(u — up, w) = Z (V x u)[n x w]ds

ecy, €

Y /v w)[n - w]d (3.3.8)

eESl

Following the notation introduced in (3.2.48), we can rewrite the first term on

the right-hand side of (3.3.8) as

Z/(v x u)[n x w]ds

e€e&y €

= Z/ (V xu— (Y x u)y,)[n x wlds (3.3.9)

ecéy

—I—Z qu (I2[n x w])ds.

e€e&y
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It follows from (2.2.17), (3.3.3), Lemma 3.9 and the Cauchy-Schwarz inequality
that the first term on the right-hand side of (3.3.9) satisfies

Z/VXU_ u)p )[n x w]ds

ecéy

< (@@ 2V x u— (T xw)lug) (3.3.10)

ecly,
1 1/2
(Z el [@u(e) 2l x w0 )

ecly

< Ch|| £l Loy lw]n-

For the second term on the right-hand side of (3.3.9), by using the (2.2.17),

(3.3.3) and Cauchy-Schwarz inequality, we find

Z/qu (I [n x w])ds

ecéy

<> (el x @)y, lrao) (Jel 212 x w]||ae)

ecy,
< Ch(Y_ IV xw)y, [2a) (3.3.11)
ecéy
_ 1 1/2
X (023 e x w0

ecly,

< Ch||V X u|| L@ llwlln < Chl 2@ llwllr-
Here we have used the simple fact that, if e is an edge of a triangle T,
|e\||q||%2(e) < CHqH%z(T) for any constant function ¢, (3.3.12)

where the positive constant C' depends only on the shape of T

Combining (3.3.9)—(3.3.11), we have

Z/ (V x w)[n - wds < Ch £l oo lwln, (3.3.13)

ecly,
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and similarly,

S [V w)in- wlds < ChlIf @ llwlh. (3:3.14)
e€&} ¢
The estimate (3.3.6) follows from (3.3.8), (3.3.13) and (3.3.14). O

The next lemma gives an Ly error estimate under the assumption that the dis-

crete problem (3.3.1) has a solution.

Lemma 3.17. Let u € Hy(curl; Q) N H(div; Q) be the solution of (1.2.9) and

wy, € Vi, satisfy (3.3.1). We have
lw—unl o) < Ce(P*|| Fllra) + 7'l —unlln) (3.3.15)

for any € > 0.

Proof. The proof is based on a duality argument.

Let z € Hy(curl; Q) N H(div; ) satisfy
(Vxv,Vxz)+v(V-v,V-2)+av,z)=(v,(u—u)) (3.3.16)
for all v € Hy(curl; ) N H(div; §2). The following analog of (3.2.57) holds:

[ —wnl7,@) = (u,w — up) — (wn, u — uy)

= ap(u — up,2) + Z [n x u,](V x z)ds (3.3.17)
£309 [Inwl(v - 2)ds

and we will estimate the three terms on the right-hand side of (3.3.17) separately.
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Using (3.3.8) and the fact that I1°[n x (I1,2)] (resp. I12[n - (IT,2)]) vanishes for

all e € &, (resp. e € £}), we can rewrite the first term as

ap(u —up, z) = ap(u — up, z — [p2) + ap(uw — uy, [, 2)
=ap(u —up, z — I,2)

+ Z (Vxu—(Vxu))[n x (I,z)]ds

e€e&y €

Y /V(V cu— (V-u)p,)[n - (T2)]ds.

666}1 ¢

Then the similar arguments for (3.2.63) yield

an(u — up, z)

< Celh* | F o) + B Nw — walln) 1w — wnl o) (3.3.18)

We now consider the second term on the right-hand side of (3.3.17). First we

write

Z/nxuh (V x z)ds

e€e&y
= Z [n x up](V x 2z — (V/_\xz)Te)ds (3.3.19)
e€e&y
+y / (0[n x w,])(V x 2)g, ds.

ecéy

The first term on the right-hand side of (3.3.19) satisfies the estimate below,

which follows from Lemma 3.9, (3.2.54), (3.3.3), and the Cauchy-Schwarz inequal-

ity:

Z / n X u,](Vxz— (V X z)p )ds (3.3.20)

ecéy

< Ch|lu — upl| Ly [lw — wn|n-

On the other hand, as in the derivation of (3.3.11), we obtain by the Cauchy—

Schwarz inequality, (3.2.54), (3.3.3) and (3.3.12),
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> [ W x w)(V x 2)y, ds
ecEp v e

=3 [ (Mm% (wn — w))(V % 2)y, ds (33.21)

e€e&y €

< Chllu = un[[n|V < 2| Ly@)

< Chllu = uplnllw = wnl[Lo0)-
Combining (3.3.19)—(3.3.21), we have

D [ x wl(V x 2)ds < Chllu — wpl| o) lw — wnlln. (3.3.22)

e€e&y €

Similarly, we have the following bound on the third term on the right-hand side
of (3.3.17):

> [ Aln-w](V - 2)ds < Chllu — wy| o) lw — wlln. (3.3.23)

ec&} ¢
The estimate (3.3.15) follows from (3.3.17), (3.3.18), (3.3.22) and (3.3.23).

O

The following two theorems provide the discretization error estimates for scheme
(3.3.1) in both energy norm and Ly norm. The arguments are identical to those in

the proofs of Theorem 3.13 and Theorem 3.14.

Theorem 3.18. Let o be positive. The following discretization error estimates

hold for the solution wy, of (3.3.1):

o — wnlls <CH| Fllza@y for any ¢ >0,

lu — wp| 1) SCh* || fllry) for any e > 0.

Theorem 3.19. Assume —a > 0 is not one of the eigenvalues A, ; defined by

(1.2.10). There exists a positive number h, such that the discrete problem (3.3.1)
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18 uniquely solvable for all h < h,, in which case the following discretization error

estimates are valid:

b —willy <CH | Flliae) for any e >0,

[ — wnll o) SCP* (| fllia)  for any e > 0.

3.4 Numerical Results
In this section we report the results of a series of numerical experiments that
confirm the theoretical results obtained in Section 3.2 and Section 3.3. We take ~
to be 1 in all the experiments.

In the first experiment we examine the convergence behavior of our numerical
scheme (3.2.14) on the square domain (0,0.5)? with uniform meshes (Figure 3.1,

left), where the exact solution w is given by

3 2

Y <%3 - %) (v" = 0.5y) sin(ky) _ (3.4.1)
(% — yZ) (z° — 0.57) cos(kx)

The results are tabulated in Table 3.1 for & = 1, 0 and —1 and they agree with the
error estimates in Theorem 3.13 and Theorem 3.14. That is, the scheme is second
order accurate in the L, norm and first order accurate in the energy norm.

In the second experiment we check the behavior of the scheme (3.3.1) on unit
square (0, 1)? using nonconforming meshes with hanging nodes depicted in Figure
3.1 (right), where the exact solution w is given by

y(1—y)
u= : (3.4.2)

z(1—x)

Table 3.2 shows that the scheme (3.3.1) behaves as predicted in Theorem 3.18 and

Theorem 3.19.
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TABLE 3.1. Convergence of the scheme (3.2.14) on the square domain (0,0.5)% with
uniform meshes and the exact solution given by (3.4.1)

h w order llw — uslln order
llull Ly () [l
a=1
1/10 5.49E—-02 — 3.23E-01 —
1/20 1.20E—-02 2.19 1.59E—-01 1.02
1/40 2.83E—03 2.09 7.92E—02 1.01
1/80 6.87TE—04 2.04 3.94E—-02 1.01
a=0
1/10 6.45E—02 — 3.46E—01 —
1/20 1.38E—-02 2.23 1.70E—01 1.03
1/40 3.20E—03 2.11 8.37TE—02 1.01
1/80 7.73E—-04 2.05 4.17TE—02 1.01
a=-1
1/10 5.59E—-02 — 3.24E—-01 —
1/20 1.21E—-02 2.20 1.59E—-01 1.02
1/40 2.86E—03 2.09 7.92E—02 1.01
1/80 6.94E—04 2.04 3.94E—-02 1.01

TABLE 3.2. Convergence of the scheme (3.3.1) on the square domain (0,1)? with non-
conforming meshes and the exact solution given by (3.4.2)

h llu — unllz, @) order e — up fln order
llull Ly ) Nl
a=1
1/8 8.82E—02 1.80 2.98E—-01 0.90
1/16 2.2TE—02 1.96 1.51E—-01 0.98
1/32 5.69E—03 2.00 7.59E—02 1.00
1/64 1.42E—-03 2.00 3.81E—02 0.99
a=0
1/8 1.28E—01 1.93 3.59E—-01 0.97
1/16 3.21E—02 2.00 1.80E—01 1.00
1/32 8.00E—03 2.00 8.99E—02 1.00
1/64 1.96E—03 2.03 4.03E—02 1.15
a=-1
1/8 2.36E—01 2.38 4.85E—01 1.20
1/16 5.52E—02 2.10 2.35E—01 1.01
1/32 1.35E—-02 2.03 1.16E—01 1.01
1/64 3.31E-03 2.03 5.80E—02 1.00

FIGURE 3.1. Conforming uniform meshes (left) and nonconforming meshes (right) on
the square domain
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The goal of the third experiment is to demonstrate the convergence behavior of
scheme (3.2.14) on the L-shaped domain (—0.5,0.5)%\ [0,0.5]%. The exact solution

is chosen to be

u=V X (7"2/3 cos (%9 — %)(;S(T/O.E))), (3.4.3)

where (r, ) are the polar coordinates at the origin and the cut-off function is given

p

1 r<0.25
—16(r — 0.75)3

x [5415(r — 0.75) + 12(r — 0.75)2]  0.25 <7 < 0.75 |
0 r>0.75

\

The meshes are graded around the re-entrant corner (0,0) using the refinement
procedure described in Section 2.3 with the grading parameter 1/3. The first three
levels of graded meshes are depicted in Figure 3.2. The results are tabulated in

Table 3.3 and they agree with the error estimates for our scheme.

FIGURE 3.2. Graded meshes on the L-shaped domain

In the last set of experiment, we demonstrate the convergence behavior of the
scheme (3.3.1) on the L-shaped domain with the graded meshes used in the third

experiment. The right-hand side function is chosen to be

f=11. (3.4.4)
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TABLE 3.3. Convergence of the scheme (3.2.14) on the L-shaped domain with graded
meshes and the exact solution given by (3.4.3)

h w order llw — uslln order
llull 2y ) [l
a=1
1/4 7.57E+01 - 1.01E+01 -
1/8 2.82E+01 1.43 6.07TE—00 0.74
1/16 3.23E—00 3.13 2.21E—-00 1.46
1/32 6.84E—01 2.23 1.10E—00 1.00
1/64 1.67TE—-01 2.04 5.54E—-01 1.00
a=0
1/4 9.93E+01 - 1.32E+01 -
1/8 3.24E+01 1.62 6.70E—00 0.97
1/16 3.29E—-00 3.30 2.24E—-00 1.58
1/32 6.91E—01 2.25 1.11E-00 1.01
1/64 1.71E-01 2.01 5.54E—-01 1.00
a=-—1

1/4 1.46E+02 — 1.90E+401 —
1/8 3.85E+01 1.92 7.58E—00 1.32
1/16 3.37TE—00 3.51 2.25E—00 1.75
1/32 6.99E—01 2.27 1.11E-00 1.03
1/64 1.77E-01 1.98 5.54E—01 1.00

The results are tabulated in Table 3.4 and they demonstrate that the scheme is

second order accurate in the Ly norm and first order accurate in the energy norm.

TABLE 3.4. Convergence of the scheme (3.3.1) on the L-shaped domain with graded
meshes and right-hand side function given by (3.4.4)

h 7”11, — Uiy (@) order Il — 2 [l order
llullz, ) Nl
a=1
1/16 4.77TE—-01 1.67 1.02E+00 1.13
1/32 1.28E—-01 1.89 4.65E—01 1.13
1/64 3.23E-02 1.99 2.20E—-01 1.08
1/128 8.03E—03 2.01 1.07TE—-01 1.04
a=0
1/16 6.21E—01 2.11 1.14E400 1.37
1/32 1.52E—-01 2.03 5.01E—01 1.19
1/64 3.74E—02 2.02 2.34E—-01 1.10
1/128 9.22E—-03 2.02 1.13E-01 1.05
a=-—1
1/16 9.07TE—01 3.45 1.46E+400 1.48
1/32 1.90E-01 2.26 5.47E—01 1.37
1/64 4.49E—-02 2.08 2.55E—01 1.15
1/128 1.10E—02 2.04 1.22E—-01 1.06
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Chapter 4

Multigrid Methods for Symmetric
Discontinuous Galerkin Methods on
Graded Meshes

In this chapter we study the multigrid methods for a class of symmetric discon-
tinuous Galerkin methods presented in Section 2.4. We establish the uniform con-
vergence of W-cycle, V-cycle and F-cycle multigrid algorithms for the resulting
discrete problems on graded meshes. Results of numerical experiments will be re-

ported in Section 4.3.

4.1 Convergence of the W-Cycle Algorithm

In this section we study the convergence of the W-cycle algorithm for the discrete
problem Apuy = fi resulting from DG methods (2.5.1) on graded meshes, where
Ag 1 Vi — V] and f;, € V] are defined by (2.5.7) and (2.5.8). Recall that the error
propagation operator Fy : Vi, — V} for the k-th level W-cycle algorithm has the

following recursive relation:
B = R (1o~ IE P + I B P R

where Idy is the identity operator on Vi, Ry : Vi, — Vi, and P]f_l Vi — Vi
are defined by (2.5.19) and (2.5.21).

We will follow the approach of [17, 99] in the analysis below. The results are also
presented in [36, 34].

The keys to the convergence analysis of the W -cycle algorithm are the estimates
for the operators RJ® (smoothing property) and Id, — If ,PF™ (approximation
property) in terms of mesh-dependent norms.

For j =0,1,2 and k > 0, let the mesh-dependent norms ||v||,, be defined by

lolls = \/(Bu(By Av,v) Yo € Vi, k>0, (4.1.1)
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In particular, we have

lol3 = (Bev, v) Vo e Vi, (11.2)

ol = (Awv.v) = ar(v,v) Vv eV, (4.1.3)

where the operator By : V, — V] is defined by (2.5.9) in terms of canonical

bilinear form (-, -) on V}/ x V4. Also the Cauchy-Schwarz inequality implies that

(Agv, w)

vl = max Vo e V. (4.1.4)
weVi\{0}  [lwllo,k
It follows from (2.5.14) and (4.1.4) that
Pollox < Chi ol Vo e Vi (4.1.5)

There is an important connection between the mesh-dependent norm || - [ o, and
the norm | - ||z, _, () defined by (2.4.46). From (2.2.33), (2.3.1), (2.3.2), (2.5.10)

and (4.1.2), we have
Iollgs ~ v, @ Vv eV (4.1.6)

where the positive constants in the equivalence depend only on the shape regularity
of 7.
The smoothing properties in the following lemma are simple consequences of

(2.5.14), (2.5.19) and (4.1.1). Their proofs are standard [71, 43].

Lemma 4.1. There exists a positive constant C' independent of k such that

| Revl < ol VoeVi k>1,j=0,1,2 (417)

IR 0l e10 < ChH(L+m) ol YveVi k21, j=0,1. (418
Note that, for z € Vj_1 N H}(2), we have

a1 (PFIF 2,0) = ap(IF_ 2, IF ) = ap_1(2,0) Vo e Vi,
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which implies

PIUf z=2  VzeVinHHD).

Hence

ap(Ii_yz, (Idy — L Py o) = ar(li_y2,0) — (P Iy 2, Py )
= ap(z, PF~') — ag(z, PFv) (4.1.9)

=0 Vzer_lﬁHg(Q), v € V.

The following lemma gives a preliminary approximation property.

Lemma 4.2. There exists a positive constant C' independent of k such that
I(Zdi I PEollow < Chill(Tdi—Li_ Py ol Yo € Vi, k2> 1. (4.1.10)

Proof. We will prove (4.1.10) by a duality argument.
Let v € Vj, be arbitrary and y = qu;z(]dk—If_le_l)v, where the weight function

¢, is defined by (2.2.33). From (2.2.34) and (2.4.46), it is easy to see that
X 222 = 1 di = iy B0l 1 i) (4.1.11)
Let £ € HL(Q) satisfy
/V§~Vvdx:/xvdx Vo € Hy(Q).
Q Q
It follows from the consistency of the DG methods that

ag(&,v) = / xvdr Vv eV (4.1.12)
Q

Furthermore, by (2.3.7), (2.5.4) (applied to &), (2.5.5) and (4.1.11), we have

1€ = I Theié e < CJ1€ = Mi—i€j— (4.1.13)

< Chir X o) < Chil|(Idy, — IE_ PE 0|1, o)
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Combining (2.4.33), (2.4.46), (2.5.3), (2.5.10), (4.1.2), (4.1.9), (4.1.12) and (4.1.13),
we find
I(Zdi — Ly P 1)ollg x = (Bi(Tdi = I P& Yo, (Tdy — I PE o)
~ |(Idy — I P )ollL, o)
- /Q ¢, 2 [(Idy — I Pl "]’ dw
— /QX(Idk —If P Yude
= a (¢, (Idg — If_ PF)v) (4.1.14)
= ap(€ — If_ T &, (Idy — I} PF 1))
< C¢ = Li I i& el (Tdie — iy PE Mol
~ Chyl(Tdy — Iy B0l l(Tdi = TE_ P ol
~ Chyll(Tdy — Ly BEollogll (T — i BE ol

which implies (4.1.10). O

The approximation property for the convergence analysis is provided by the next

lemma.

Lemma 4.3. There exists a positive constant C' independent of k such that
I(Idy — IF_ PE YYollor < ChI||vllox Vv € Vi, k> 1. (4.1.15)

Proof. From (4.1.3) and duality, we have

Id. — [k Pk—l :
|||(Idk - []I;_lplf_l)'llmLk = sup ak(( k k—=1"k )'U w)

(4.1.16)
weVi\{0} il

Combining (2.5.21), (4.1.4) and (4.1.10), we obtain

ar((Idy — [,f_lP,f_l)v, w) = ag(v, (Idy — I,’j_lP]f_l)w)

< ollzell(Tdi — Iy P Hwllog < Chillollzillwlg,
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which together with (4.1.16) implies
I(Idy — I P ollie < Chillollag Vo e Vi, k> 1. (4.1.17)
The estimate (4.1.15) follows from (4.1.10) and (4.1.17). O

Combining (4.1.8) and (4.1.15), we immediately have the following theorem on

the two-grid algorithm.

Theorem 4.4. Let Ey be the error propagation operator for the two-grid algorithm

defined by (2.5.28). There exists a positive constant Crq independent of k such that
I Exvollige < Cral(1+mi) (1 +mo)] Y2Jvllis Vo€ Vi, k> 1. (4.1.18)
Proof.

IExvlle = IRy (Td — L PE R0l
< C(L+mo) Py | (Idy — L B R 0o
< C(1+ma) Phyf| Ry ol

< O +my) Y21+ my) V2ol g
O

To go from the two-grid estimate (4.1.18) to an estimate for the W-cycle multi-
grid algorithm, we need the next lemma on the stability of 7f , and Pf~!, which

directly follows from (2.5.3), (2.5.5), (4.1.3) and duality.

Lemma 4.5. There exists a positive constant Crr independent of k such that

I wlhoe < Crollolie-r Yo € Vi, (4.1.19)

|||P]f_11)”|17]€_1 S CIT|||U”|1,I~: VU c Vk (4120)
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Theorem 4.6. Given any C, > Crg, there exists a positive integer m, indepen-
dent of k such that the output MGy (k,g,zo, m1,ma) of the W-cycle algorithm
(Algorithm 2.32) applied to (2.5.12) satisfies the estimate

C,

Iz = MGy (k, g, 70, my, ma) 10 < gl ol @120

provided mq + mg > M.

Proof. In view of Lemma 2.33, it suffices to show that

C.
[(1+ma) (1 +my)]

IEw]ie < vl Vv e Vi, k>0, (4.1.22)

where FJ, is the k-th level error operator for the W-cycle algorithm (Algorithm 2.32)
defined by (2.5.23).

We will prove (4.1.22) by mathematical induction. The case k = 0 holds for any
my since Agz = ¢ is solved exactly.

Assume k > 1 and (4.1.22) is valid for £ — 1. Let v € V be arbitrary. In view of

(2.5.23) and (2.5.28), we have

Ew = R (Idy — I} PFYRM™v + R™>(I}_ E}_ PF YR (4.1.23)

= Eyv + Ry (I Bf_ Py Ry,
For the first term on the right-hand side of (4.1.23), we obtain from (4.1.18) that
IExvlli < Cral(+m) (1 + me2)] vl
From (4.1.7), (4.1.19), (4.1.20) and the induction hypothesis, we obtain
IRy Iy By P Ry ol < CRpCY (1 +ma) (L4 ma)] ™ ol
It follows that

IExvlle < (Cral(L+ma) (L + m2)] ™2 + CECII(L + ma) (1 +m2)] ™) ol

(4.1.24)
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If we choose m; + mo > m,, where

m_1/2 < C*_CTG
N O A

then

Cral(1+ma) (1 ma)] ™2 4 CHC2{(1 4+ ma)(1 4 ma)]
< (Crg + CrpCIm ) (L + ma)(L+ my)| 72

< (L4 ma)(1+my)] Y2,

which together with (4.1.24) implies (4.1.22). Therefore (4.1.21) is also valid for

k> 0. O

Theorem 4.6 shows that the W-cycle algorithm (Algorithm 2.32) is a contraction
with contraction number independent of grid levels provided the number of smooth-
ing steps is sufficiently large. Furthermore, the contraction number decreases at
the rate of 1/m for the W-cycle algorithm with m pre-smoothing and m post-
smoothing steps. Numerical results will be presented in Section 4.3 to illustrate

the theoretical results.

4.2 Convergence of the V'-Cycle and F'-Cycle
Algorithms

In this section we study the convergence of the V-cycle and F-cycle algorithms for

the discrete problem

Apuy, = fr,

where Ay : Vi, — V/ and f; € V/ are defined by (2.5.7) and (2.5.8). The analysis
is based on the additive multigrid theory developed in [30, 31].
By iterating the recursive relation (2.5.34) for the V-cycle error propagation

operator [E; with m pre-smoothing and m post-smoothing steps and taking into
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account that Ey = 0, we have

By = Ry (Idy — I PF '+ I By 1 P Y R
= Ry((Idy, — If , PF" Ry
+ RPTE Ry [(Tdgy — IE 5 PEY) (4.2.1)
+ L By o PR PR

k
= TeiR(Id; — I P/ )R} Ty
=2

where Ty, = Idy, and for j < k, T} : V — V; and Ty, : V; — Vj are the

multilevel operators defined by

__pJ m k—1 pm
Tj,k—PjH j+1"'Pk Rkv

Toj =RpIE - R I
Note that (2.5.20) and (2.5.21) imply that
a;(T v, w) = ag(v, Ty j, w) Vove Vi, wel.

The additive expression (4.2.1) for Ey, is the starting point of the additive theory.
The convergence theory based on (4.2.1) has been applied successfully to classical
nonconforming finite elements on quasi-uniform meshes [31, 100, 47, 45]. In this
section we extend the theory to DG methods on graded meshes.

The convergence of the V-cycle and F-cycle algorithms (Algorithm 2.35 and
Algorithm 2.36) is obtained within the framework of [31]. Therefore, we must verify
the assumptions in [31, Section 3]. Moreover, by using weighted Sobolev spaces and
graded meshes, we can treat the convergence of the V-cycle and F-cycle algorithms
with full elliptic regularity. In other words, we can apply the additive theory in

[31] for the case @ =1 (« is the index of elliptic regularity), which means that we
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need to establish the following estimates besides the estimates in Section 4.1:

1% vl <+ 0I5y + COhillvllz ey Vo € Vier, 0€(0,1), (4.22)
175 vllg e <+ OG-y + CORENVIT ey Vv € Vier, 0 € (0,1), (4.2.3)

1P olg sy < (140 0llg s + CORiNvIT, Vo e Vi, 0€(0,1), (4.24)

and

I (Idy—1 — P,f_llf_l)v|||0,k_1 < Chyl|vfl1 k=1 Ve Vi (4.2.5)
For future reference we state here two simple inequalities:
ab <(fa)? + b*/(46%) VYa,beR, e (0,1), (4.2.6)
(a+b)?<(1+6%a®>+ (1+07)p* Va,beR, 0€(0,1). (4.2.7)
The following result is also useful for the analysis.

Lemma 4.7. Given any w € Vj, there exists ¢ € Lo, () such that

ax(w,v) = / ovdx Vv e Vg, (4.2.8)
0

and

16| s, (2) < Cllwllz (4.2.9)

Proof. In view of (4.1.4) and (4.1.6), the linear functional L(v) = ay(w,v) defined

on V}, satisfies the estimate
L) < [lwlzkllvllor < Cllwllzglvle, @ Vv e Vi

By the Hahn-Banach Theorem [98], we can extend L to a bounded linear functional
on Ly _,(£2) with the same bound, i.e., there exists ¢ € Ly, (€2) that satisfies (4.2.8)

and (4.2.9). O

The statements of the proof for the following four lemmas, which verify assump-

tions (4.2.2)—(4.2.5), are carried out in [34]. We state them in below.

86



Lemma 4.8. The estimate (4.2.2) is valid.

Proof. 1t suffices to show that

ICe-ilT i < NCh-allipms + CRENG-030—1 Y Chot € Vier, k2 1,

where C' is a positive constant.

Let (x—1 € Vi_1 be arbitrary. By Lemma 4.7, there exists ¢ € L, ,(2) such that

ag—1(Cp_1,v) = / ov dx Vo e Vi, (4.2.10)
Q

and
191l .0 < CllCk-1ll2,6-1- (4.2.11)

Let ¢ € Hy(Q) N H}(Q) satisfy

/V( -Vodr = / pvdr  Yv € HY Q). (4.2.12)
Q Q

Therefore (j,_; is the approximation of {( by DG methods (2.5.1) on the (k —
1)-st level. From (2.4.28), (2.4.35), (2.4.36), (2.5.2), (2.5.3), (4.1.3), (4.2.12) and

Theorem 2.28, we have

1
IGe—1lF & < WGemrliea +C D HIIH@—JHI%Q(@)

ecfk_1

1
= |HCk—1mik_1 +C Z EH[[C - Ck—l]]“%z(e)

ecfk_1

< NGkl -1 + ClIS = Gk
< M1l g1 + CRENSIIL, (0

< G-l ey + CRENC- 1113 1

Lemma 4.9. The estimate (4.2.3) is valid.
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Proof. Let v € Vi_; be arbitrary. From (2.3.7), (2.5.9) and (4.1.2), we have

lollge=hE D> D vn(m)

T'ET, m/ €My

BY Y Y )

TeT, 1 T'CT m’EMT/
T'eT}

=hp Y Y vi(m) (4.2.13)

TeTk,l mEMT

> [Z SR -4 Y vg(m)]

TeT_ 1 T'CT m/ €My meMr
T'€Ty,
— ol 02 Y [ D Y ) -4 Y wim).
TeT,_ 1 T'CT m’EMT/ meMr
T'eT}

Let T € To_y, me Mp, T € T, T" C T, and m' € M. It follows from the

mean value theorem that
2 2

[v7.(m) — v, (m)] = [vr(m) = ver (M) vz (m) + vee ()]

< CHVUTHLQ(T)HUTHLOO(T)- (4.2.14)

Hence by combining (2.3.7), (2.5.2), (2.5.3), (2.5.9), (4.1.2), (4.1.3), (4.2.13), (4.2.14)

and the Cauchy-Schwarz inequality, we have

ol e = BolEal <2 D2 D0 wdm) =4 3 wi(m)|

T'CT m' €My meMr
T'eT,
2 2 12
<CR|Vollary | D vi(m)] (42.15)
meMr
1/2 1/2
<Chi| 0 IVldn| R YD vim)]
TeTk,l TeTk,l mEMT
<Chgvlls-sllvllos—
<Chllvllx—1llvllo s
The estimate (4.2.3) then follows from (4.2.6) and (4.2.15). O
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Lemma 4.10. The estimate (4.2.4) is valid.

Proof. Let ¢}, € Vj, be arbitrary. By Lemma 4.7, there exists ¢ € L, ,(€2) such that

ar(Cx, v) :/@bvdx VoeVir and |[[9] L, < CllCkll2k- (4.2.16)
Q

Let ¢ € Hj(Q)NH2() satisfy (4.2.12) and (,—1 = Py~ "¢ Then (4.2.16) implies

that (j is the DG approximation of ¢ on the k-th level, and (2.5.21) implies that

ap—1(Coo1,v) = ar(Cp, IF_v) = / pvdr Vv e Vi,
0

i.e., (x_1 is the DG approximation of ¢ on the (k — 1)-st level.

Let 6 € (0,1) be arbitrary. From (4.1.20), (4.2.6) and (4.2.15), we have

62 _
k116 -1 <UGeallG ke + T ISkl -1 + CO ARGl

62 _
NGello + NGk llG -1 + CORENGHIT

and hence

1 .
ICk-1l5.4-1 < mlllék—llllg,k + CO RNl & (4.2.17)

< (14 )Gl + CORCIE &

On the other hand, we have, by (4.1.6), (4.2.6), (4.2.16) and Theorem 2.29,

ICe-1ll55 < (NSkllon + NSk—1 = Gillox)
< (L) CGlE s + (1 + 071Gk — G5
< L+ GNGE + CO G-t — Gl o (4.2.18)
< (1 +P)lse + CO2 (k-1 — Nl o) + 1€ — CkHLz,,#(Q))Q
< (L+)GIG . + CORellolZ, @

< (L4 P)ICl5x + CO2 Rl Cull2 s
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Combining (4.1.5), (4.2.17) and (4.2.18), we find

1P Celld s < (14 0 NGl3 s + CO*RRNCHNT

which implies that (4.2.4) holds for (i because 0 € (0,1) is arbitrary. O
Lemma 4.11. The estimate (4.2.5) is valid.

Proof. Let (;—1 € Vi—1 be arbitrary. By Lemma 4.7, there exists ¢ € Lo ,(£2) such

that

ak(Ck_l,v) = / (b’U dr Vv e Vk and ”(b”LQH(Q) S CH‘Ck—lmzk (4219)
Q

Let ¢ € Hy(2) N HA(Q) satisfy (4.2.12). In view of (4.2.19), (-1 is the DG
approximation of ¢ on the k-th level, and P]f_lgk_l is the DG approximation of ¢
on the (k — 1)-st level as in the proof of Lemma 4.10.

It follows from Theorem 2.29, (4.1.5), (4.1.19) and (4.2.19) that

I (Tdk—1 — PE I ) G lloge—1 = N1 — P Gt lloe—r
< COllCk-1 — P et |l 2o ()
< C[lIGk-1 = Cllza i@y + 1€ = P Gl ()]
< OO0l Lo i)
< OOl Gk ll2.x

< ChillCe-1llie < ChallCe-1ll16-1-
]

We have verified the assumptions (4.2.2)—(4.2.5) for the additive theory. There-
fore we can apply the results in [31] to obtain the following convergence theorems

for the V-cycle and F-cycle algorithms.
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Theorem 4.12. The output MGy (k, g, zo, m, m) of the V-cycle algorithm (Algo-

rithm 2.35) applied to (2.5.12) satisfies the following estimate:
C
|z — MGy (k, g, 20, m,m)|l1r < ENZ — 20[ 1.k,

where the positive constant C' is independent of the grid level k, provided that the
number of smoothing steps m s greater than a positive integer m, that is also

independent of k.

Theorem 4.13. The output MGr(k, g, z0, m,m) of the F-cycle algorithm (Algo-

rithm 2.36) applied to (2.5.12) satisfies the following estimate:
C
|||Z - MGF(kv g, 20, M, m)ml,k < amz - ZO|||1,k>

where the positive constant C' is independent of the grid level k, provided that the
number of smoothing steps m is greater than a positive integer m, that is also

independent of k.

Theorem 4.12 and 4.13 illustrate that both the V-cycle and F-cycle algorithms
are contractions with contraction number independent of grid level, provided the
number of smoothing steps is sufficiently large. Furthermore, the contraction num-
bers decrease at the rate of 1/m for both algorithms with m smoothing steps.

Results of numerical experiments will be reported in the next section.

4.3 Numerical Results

In this section we report the contraction numbers of the W-cycle, F-cycle and
V-cycle algorithms for the DG methods (2.5.1) on the L-shaped domain (—1,1)2\
([0,1] x [~1,0]) with graded meshes (cf. Figure 2.2). The triangulations 7y, ..., 77
are generated by the refinement procedure described in Section 2.3, where the

grading parameter at the reentrant corner is taken to be 2/3.
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We use n = 1 and A = 1/35 for the method of Brezzi et al. and tabulate the
contraction numbers in Tables 4.3-4.3. We find that the W-cycle (resp. F-cycle
and V-cycle) algorithm is a contraction for m > 2 (resp. m > 3 and m > 5).

TABLE 4.1. Contraction numbers of the W-cycle algorithm on the L-shaped domain for
the method of Brezzi et al. (n = 1)

k=1 |k=2|k=3|k=4|k=5|k=6|k=7
m=2| 069 | 075 | 0.76 | 0.79 | 0.78 [ 0.79 | 0.79
m=3| 053 | 065 | 0.72 | 0.72 | 0.74 | 0.74 | 0.75
m = 044 | 0.60 | 066 | 068 [ 0.69 | 0.71 | 0.71
m = 039 | 055 | 0.61 | 064 [ 0.65 | 0.66 | 0.67
m=6| 033 | 0.50 | 0.56 | 0.61 [ 0.62 | 0.63 | 0.64
m=7| 030 | 047 | 054 | 0.57 | 0.59 | 0.60 | 0.60
m = 026 | 0.34 | 0.51 | 0.55 | 0.57 | 0.57 | 0.58
m=9|( 022 | 041 | 048 | 052 | 0.53 | 0.54 | 0.54

TABLE 4.2. Contraction numbers of the F-cycle algorithm on the L-shaped domain for
the method of Brezzi et al. (n = 1)

k=1|k=2|k=3|k=4|k=5|k=6|k=7
m=3 053 | 0656 | 0.72 | 0.2 | 0.74 | 0.74 | 0.75
m=4 044 | 0.60 | 0.66 | 068 [ 0.70 | 0.71 | 0.71
m=25 039 | 055 | 0.61 | 064 [ 0.65 | 0.66 | 0.67
m =6 033 | 0.50 | 0.56 | 0.61 [ 0.62 | 0.63 | 0.64
m=7 0.30 | 0.47 | 0.54 | 0.57 | 0.60 | 0.60 | 0.60
m =38 026 | 044 | 0.51 | 0.55 | 0.57 | 0.58 | 0.58
m=9 022 | 041 | 048 | 052 | 053 | 0.54 | 0.54
m=101| 0.20 | 0.39 | 0.44 | 0.47 | 0.52 [ 0.52 | 0.53

For the LDG method, we use n = 1 and A = 1/20. The results are reported in
Tables 4.3-4.3. In this case the W-cycle (resp. F-cycle and V-cycle) algorithm is
a contraction for m = 3 (resp. m > 4 and m > 5).

We take n = 4 and A = 1/80 for the method of Bassi et al. The contraction
numbers are tabulated in Tables 4.3-4.3. We found that the W-cycle (resp. F-

cycle and V-cycle) algorithm is a contraction for m > 1 (resp. m > 3 and m > 4).
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TABLE 4.3. Contraction numbers of the V-cycle algorithm on the L-shaped domain for
the method of Brezzi et al. (n = 1)

k=1 |k=2|k=3|k=4|k=5|k=6|k=T7
=5 039 | 058 | 0.65 | 0.69 | 0.69 | 0.73 | 0.90
=6 033 | 054 | 0.60 | 0.62 | 0.68 | 0.68 | 0.70
=7 0.30 | 0.50 | 0.56 | 0.52 | 0.62 | 0.65 | 0.66
= 0.26 | 0.47 | 0.53 | 0.57 | 0.61 | 0.63 | 0.63
m= 022 | 044 | 048 | 0.56 | 0.57 | 0.60 | 0.61
m=10| 020 | 042 | 046 | 0.53 | 0.57 | 0.58 | 0.59
m=11| 019 | 040 | 044 | 049 | 0.54 | 0.57 | 0.57
m=121| 017 | 038 | 043 | 046 | 0.50 | 0.54 | 0.55

TABLE 4.4. Contraction numbers of the W-cycle algorithm on the L-shaped domain for
the LDG method (n = 1)

k=1|k=2|k=3|k=4|k=5|k=6|k=T7
m=3 099 | 0.88 | 065 | 0.63 | 0.63 | 0.63 | 0.64
m=4 0.65 | 0.43 | 0.51 | 0.55 | 0.57 | 0.56 | 0.57
m=35 043 | 038 | 045 | 049 | 050 | 0.51 | 0.52
m= 028 | 033 | 041 | 044 | 046 | 047 | 047
= 0.18 | 029 | 037 | 039 | 042 | 043 | 0.44
=38 013 | 026 | 033 | 037 | 039 | 0.39 | 0.40
= 011 | 024 | 030 | 032 | 0.36 | 0.37 | 0.38
=10 0.09 | 022 | 029 | 032 | 035 | 0.36 | 0.36

For the SIPG method, we use n = 10 and A = 1/40. The contraction numbers are
tabulated in Tables 4.10-4.3. The W-cycle (resp. F-cycle and V-cycle) algorithm

is a contraction for m > 2 (resp. m > 4 and m > 6).

Remark 4.14. For all four DG methods, the W -cycle algorithm and the F-cycle

algorithm have similar contraction numbers when they are both contractions.

Finally, the asymptotic behaviors of the contraction numbers of the W-cycle
and V-cycle algorithms for all four DG methods with respect to the number of
smoothing steps for & = 6 are depicted in Figure 4.1-4.2. The log-log graphs
confirm that the contraction number decreases at the rate of m~—!, as predicted by

Theorems 4.6 and 4.12.
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TABLE 4.5. Contraction numbers of the F-cycle algorithm on the L-shaped domain for
the LDG method (n = 1)

k=1 |k=2|k=3|k=4|k=5|k=6|k=T7
0.65 | 0.43 | 0.51 | 0.54 | 0.57 | 0.57 | 0.58
043 | 038 | 045 | 049 | 0.50 | 0.52 | 0.52
028 | 033 | 041 | 044 | 045 | 047 | 047
018 | 029 | 037 | 039 | 042 | 043 | 0.44
013 | 026 | 033 | 037 | 0.39 | 0.39 | 0.40
011 | 024 | 030 | 032 | 0.36 | 0.37 | 0.38
0| 009 | 022 | 029 | 032 | 035 | 0.36 | 0.36
11 0.07 | 020 | 0.22 | 031 | 033 | 0.34 | 0.34

Il
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TABLE 4.6. Contraction numbers of the V-cycle algorithm on the L-shaped domain for
the LDG method (n = 1)

k=1|k=2|k=3|k=4|k=5|k=6|k=7
=5 043 | 045 | 053 | 0.64 | 0.72 | 0.v7 | 0.81
=6 028 | 035 | 0.36 | 042 | 048 | 048 | 0.50
=7 018 | 031 | 038 | 0.41 | 048 | 048 | 049
=38 013 | 028 | 0.34 | 039 | 041 0.45 | 0.46
m= 0.11 025 | 030 | 035 | 039 | 043 | 043
m=101| 0.09 | 023 [ 028 | 0.35 | 0.38 | 0.40 | 0.41
m=111| 0.07 | 021 | 028 | 0.33 | 0.37 | 0.38 | 0.39
m=121] 0.06 | 020 | 025 | 032 | 0.36 | 0.36 | 0.38
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FIGURE 4.1. Asymptotic behaviors of the contraction numbers with respect to the
number of smoothing steps for the method of Brezzi et al. (left, n = 1) and for the LDG
method (right, n = 1)
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TABLE 4.7. Contraction numbers of the W-cycle algorithm on the L-shaped domain for
the method of Bassi et al. (n = 4)

k=1 |k=2|k=3|k=4|k=5|k=6|k=7
m=1] 08l | 089 | 091 | 091 | 091 | 091 | 091
m=2| 079 | 0.8 | 0.86 | 0.87 [ 0.87 | 0.87 | 0.87
m=3| 072 | 0.80 | 0.83 | 0.83 | 0.84 [ 0.83 | 0.83

m = 0.65 | 0.75 | 0.81 | 0.80 [ 0.81 | 0.80 | 0.81
m = 0.61 | 0.71 | 076 | 0.78 | 0.78 | 0.79 | 0.79
m = 0.55 | 0.70 | 0.74 | 0.78 | O0.77 | 0.77 | 0.78
m=7| 051 | 067 | 0.2 | 0.75 | 076 | 0.77 | 0.77
m=8| 049 | 0.66 | 0.71 | 0.2 | 0.74 | 0.75 | 0.75

TABLE 4.8. Contraction numbers of the F-cycle algorithm on the L-shaped domain for
the method of Bassi et al. (n = 4)

k=1|k=2|k=3|k=4|k=5|k=6|k=7
=3 072 | 0.82 | 0.83 | 0.83 | 0.83 | 0.83 | 0.84
=4 0.65 | 0.78 | 0.81 | 0.80 | 0.81 | 0.80 | 0.81
=5 0.61 | 0.76 | 0.76 | 0.78 | 0.78 | 0.79 | 0.79
=6 0.55 | 0.71 | 0.74 | 0.78 | 0.77 | 0.77 | 0.78
m=7 0.51 | 0.69 | 0.72 | 0.75 | 0.6 | 0.77 | 0.77
m =8 049 | 068 | 071 | 072 | 0.74 | 0.75 | 0.75
m=9 045 | 0.65 | 068 | 071 | 0.72 | 0.74 | 0.74
m=10| 041 | 063 | 068 | 0.68 | 0.71 | 0.72 | 0.72

0.55 T T T 0.33

0.321

g g
0050 e} V-cycle
E V-cycle E
2 2
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£ o) £
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FIGURE 4.2. Asymptotic behaviors of the contraction numbers with respect to the
number of smoothing steps for the method of Bassi et al. (left, n = 4) and for the SIP
method (right, n = 10)
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TABLE 4.9. Contraction numbers of the V-cycle algorithm on the L-shaped domain for
the method of Bassi et al. (n = 4)

k=1|k=2 k=3 |k=4|k=5|k=6 k=7
m =4 0.656 | 0.76 | 0.83 | 0.80 | 0.82 | 0.93 | 0.99
m=>5 0.61 | 0.73 | 0.7 | 0.80 | 0.81 | 0.81 | 0.82
m =26 055 | 0.73 | 0.74 | 0.v8 | 0.80 | 0.81 | 0.80
m=7 051 | 0.70 | 0.73 | 0.76 | 0.79 | 0.80 | 0.80
m = 049 | 0.69 | 0.71 | 0.76 | 0.78 | 0.78 | 0.78
m=9 045 | 0.67 | 0.69 | 073 [ 075 | 0.77 | 0.77
=10| 041 | 065 | 0.69 | 0.71 | 0.75 | 0.75 | 0.76
=11 039 | 064 | 0.67 | 0.69 | 0.70 | 0.73 | 0.74

TABLE 4.10. Contraction numbers of the W-cycle algorithm on the L-shaped domain
for the SIP method (n = 10)

k=1|k=2|k=3|k=4|k=5|k=6|k=T7
m=2/] 082 | 0.77 | 0.80 | 0.79 | 0.79 | 0.80 | 0.79
m=3| 061 | 0.71 [ 0.71 | 0.v3 | 0.75 | 0.75 | 0.76
m = 047 | 061 | 0.68 | 0.72 | 0.72 | 0.73 | 0.73
m= 044 | 059 | 0.66 | 068 | 0.70 | 0.70 | 0.71
m=61] 039 | 054 | 061 | 0.66 | 0.67 | 0.69 | 0.69
m=7] 035 | 052 | 039 | 0.65 | 0.66 | 0.67 | 0.67
m= 031 | 048 | 059 | 0.64 | 0.65 | 0.66 | 0.66
m=9] 028 | 047 | 058 | 0.62 | 064 | 0.65 | 0.65

TABLE 4.11. Contraction numbers of the F-cycle algorithm on the L-shaped domain
for the SIP method (n = 10)

k=1|k=2|k=3|k=4|k=5|k=6 k=7
=4 047 | 061 | 068 | 0.2 | 0.72 | 0.73 | 0.73
=5 044 | 0.59 | 0.66 | 0.68 [ 0.70 | 0.70 | 0.71
=6 039 | 054 | 0.61 | 0.66 | 0.67 | 0.69 | 0.69
= 035 | 052 | 0.59 | 065 | 0.66 | 0.68 | 0.68
m =38 031 | 048 | 059 | 0.64 | 0.65 | 0.66 | 0.66
m = 028 | 047 | 058 | 062 | 0.64 | 0.65 | 0.65
m=101| 0.25 | 045 | 0.56 | 062 | 0.63 | 0.64 | 0.64
m=11] 024 | 043 | 053 | 0.58 | 0.60 | 0.62 | 0.63
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TABLE 4.12. Contraction numbers of the V-cycle algorithm on the L-shaped domain
for the SIP method (n = 10)

k=1|k=2|k=3|k=4|k=5|k=6|k=7
m==6 039 | 056 | 0.60 | 069 [ 071 | 0.73 | 0.77
m=7 035 | 053 | 0.57 | 0.69 | 071 | 0.72 | 0.73
m =38 0.31 049 | 0.62 | 0.67 | 0.69 | 0.70 | 0.71
m = 0.28 | 047 | 0.60 | 0.64 | 0.67 | 0.69 | 0.70
m=101] 0.25 | 045 | 0.56 | 0.64 | 0.67 | 0.68 | 0.69
m=111] 0.24 | 044 | 0.55 | 0.64 | 0.66 [ 0.67 | 0.68
m=121| 0.22 | 042 | 0.54 | 0.61 | 0.64 | 0.67 | 0.67
m=131| 0.20 | 041 | 0.51 | 0.60 | 0.64 | 0.66 | 0.66
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Chapter 5

Hodge Decomposition and Maxwell’s
Equations

In this chapter we propose a new numerical approach for the two-dimensional
Maxwell’s equation (1.2.8) that is based on the Hodge decomposition. The resulting

discrete problems will be solved by multigrid methods in Chapter 6.

5.1 Hodge Decomposition
Let Q C R? be a bounded polygonal domain and f € [Ly(Q2)]?. Consider the

problem of finding u € Hy(curl; Q) N H(div"; Q) such that
(Vxu,Vxv)+a(u,v)=(f,v) Vove H(cur; Q)N H(div%; Q). (5.1.1)

We assume that (5.1.1) is uniquely solvable, i.e., —« is not a Maxwell eigenvalue.
In particular, we assume « # 0 when € is not simply connected.

Let £ =V x u € H'(Q). Then ¢ satisfies the equation (cf. (2.2.16))
Vx&+au=Qf, (5.1.2)

where Q : [L2(Q)]? — H(div"; Q) is the orthogonal projection. Note that, for any

Y € H'(Q), we have (cf. [68, Theorem 3.1]) V x o € H(div’; ), where

oY
V x ¢ _ Oxo
_ 9
o1
Hence ¢ is determined by
(VX &V xy)+a(v) =(VXEV xy)+a(u, V x ) (5.1.3)

=Qf. Vxv)=(f.Vx¢) VyeH (Q)

98



when a # 0, and by (5.1.3) together with the constraint

(5,1):/dix:/Qqudx:/mnxuds:O (5.1.4)

when € is simply connected and o = 0. The problem (5.1.3) is uniquely solvable
(cf. [33, Lemma 3.2]).
In the derivation of (5.1.3) we used the following fact (cf. [68, Theorems 2.11

and 2.12]):
v € Hy(curl; Q), if and only if (V x v,¢) = (v,V x ) V€ HY(Q). (5.1.5)

For any u € Hy(curl; Q) N H(div"; Q), there is a unique decomposition:

u=Vxo+Y ¢V (5.1.6)
j=1
where ¢ € H*(Q) satisfies
g—z =0 on 0}, (5.1.7)
and the constraint
@1)= [ 6da=0, (5.18)
Q

The non-negative integer m is the Betti number for Q (m = 0 if Q is simply
connected), and the functions ¢, ..., ¢, are defined as follows.

Suppose 02 has m + 1 components. We denote the outer boundary of 2 by I'g,
and the m components of the inner boundary by I'y, ..., I',,. Then the functions

¢, are determined by

(Vg,, Vo) =0 Y ou e Hy(f), (5.1.9a)
il =0, (5.1.9b)

1 j=i
Pjlp. = 0ji = for 1 <1< m. (5.1.9¢)

0 j#i
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We refer to (5.1.6) as the Hodge decomposition of u € Hy(curl; Q) N H(div’; Q).
Detailed justifications of (5.1.6) can be found in [33, Section 2].
The following lemma is crucial for the derivation of the new numerical approach.

The proof is identical with the proof of Lemma 2.4 in [33].

Lemma 5.1. Let v € Hq, which is the space of harmonic functions spanned by

the functions o1, ..., om defined by (5.1.9). Then we have
(Vxn,Vy)=0 VneH(Q). (5.1.10)

Note that (5.1.5) and (5.1.10) imply VHg C Ho(curl; Q) N H(div%; Q). We can

use (5.1.5), (5.1.6) and Lemma 5.1 to show that ¢ in (5.1.6) satisfies

(Vx¢Vx¢¢{Vx¢+§éqW%vX¢)

=1

=(u,Vx ) =(Vxu,v)=(£v)  VoeHY(Q). (5.1.11)

Note that o # 0 when m > 1 since 0 is a Maxwell eigenvalue for domains that
are not simply connected. In this case we can take v = Vi, in (5.1.1) and arrive

at the equation

a(V X ¢+ ZC]'V%',V%) = (f, Vi),

J=1

which together with Lemma 5.1 implies
Z V;, Ve = a(f,Vgoi) for 1<i<m. (5.1.12)
7=1

Remark 5.2. The bilinear form (p, 0) — (Vy, Vo) is symmetric positive-definite
on Hq, because (Vp, V) = 0 implies p = 0 since p vanishes on the outer boundary

Lo of Q. Hence the system (5.1.12) is symmetric positive-definite.

We can therefore solve (5.1.1) by the following procedure.
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(1) Compute a numerical approximation & of & by solving (5.1.3) when « # 0
and by solving (5.1.3) with constraint (5.1.4) when € is simply connected

and a = 0.

(2) Compute a numerical approximation ¢ of ¢ by solving (5.1.11) under the

constraint (5.1.8), where ¢ is replaced by £.
(3) Compute numerical approximations @1, ..., @, of 1, . .., @, by solving (5.1.9).

(4) Compute numerical approximations ¢, ..., &, of ¢y, ..., ¢, by solving (5.1.12),

where 1, ..., ¢, are replaced by @1,...,0om

(5) The numerical approximation @ of w is given by
@=Vxo+> Ve
j=1
Remark 5.3. The equations (5.1.3) and (5.1.11) can be rewritten as

(VE, V) +algy) = (f,Vxy) VieH(Q)
(Vo, V) = (& ¢) vy € HY(Q).

Hence the boundary value problems for & and ¢ are Neumann problems for the

Laplace operator.

Since the boundary value problems in Steps (1)—(3) are standard second order
scalar elliptic boundary value problems, they can be solved by many methods. We
will demonstrate this numerical approach by a P; finite element method in the

following section.

5.2 A P; Finite Element Method
Let 7, be a simplicial triangulation of Q with mesh size h and V,, C H'(Q) be the

P, finite element space associated with 7j,.
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For o # 0, the P; finite element method for (5.1.3) is to find &, € V}, such that

(V x &,V xv)+a(ép,v) = (f,V xv) VoueV, (5.2.1)

For o > 0, the problem (5.2.1) is symmetric positive-definite and hence well-
posed. It is also well-posed for a < 0 provided —« is not a Maxwell eigenvalue and
h is sufficiently small (cf. Theorem 5.5 below).

Note that (5.2.1) implies
(&n, 1) = 0. (5.2.2)
When (2 is simply connected and o« = 0, &, € V}, is defined by (5.2.1) together
with the constraint (5.2.2). This is a well-posed problem because of the Poincaré-

Friedrichs inequality (cf. (2.1.5a)).

The P; finite element method for (5.1.11) is to find ¢, € V}, such that

(V X ¢h, V x ’U) = (éh,v) Yove Vh, (523&)

(¢n,1) =0. (5.2.3b)

The problem (5.2.3) is well-posed because of (2.1.5a) and (5.2.2).
In the case where m > 1, the P; finite element approximation ¢;; € V} for the

harmonic function ¢; in the Hodge decomposition (5.1.6) is determined by

(Vojn, Vv) =0 Vv eV, NHLHQ), (5.2.4a)
@inlp, =0, (5.2.4b)

1 j=1
%’,h}r, =0ji = for 1 <7< m. (5.2.4¢)

0 7#1
We then compute ¢4, ..., ¢y, by solving the symmetric positive-definite system
Z Vn Voin)cin = —(f,Vgoi,h) for 1 <i<m. (5.2.5)

7=1
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Note that we assume « # 0 when 2 is not simply connected.

Finally we define the piecewise constant approximation w; of u by

up = V x ¢h —+ ch,hvgpj,h- (526)

j=1
5.3 Error Analysis
In this section we present the error analysis for the P; finite element method intro-
duced in Section 5.2. A properly graded triangulation 7}, is used to recover optimal
convergence rates on a general polygonal domain € C R2. The error analysis based
on uniform meshes can be found in [33].
Let ws,...,wy be the interior angles at the corners c¢y,...,c; of Q and f €

[L2(2)]%. The triangulation 7}, that is used in the rest of this section satisfies the

property (2.3.1), where the grading parameters p1, ...,y are chosen according to
(2.2.32).
We begin by comparing §, and £ = V x w under the || - ||2,—, norm, which is

defined by (2.4.46).
Theorem 5.4. For a > 0 (general Q) and o = 0 (simply connected ), we have

1€ = &nllLo_@) < Ch|| fllLa0)- (5.3.1)

Proof. We will prove (5.3.1) by a duality argument.

Let ¢ € H'(Q) be determined by
(VX ¢,V x0)+al(,v) = (6,26 —&)v)  Yoe HY(Q). (5.3.2)

Note that (5.1.4) and (5.2.2) imply
(=& 1) =0. (5.3.3)

Let IT, : C(2) — Vj, be the nodal interpolation operator for the P; finite

element. We will first prove that

| = nClar) < Chll§ — &nllra @) (5.3.4)
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Let 7y be the collection of triangles in 7}, that touch a corner ¢, of 2. Then we

have
=y = D 1€ = ulline + D 1= Il 3y, (5.3.5)
TeT) TeT,
where 7)) = ,,or Tne and 7' =T, \ 7).

For the triangles away from the reentrant corners, we derive from (2.2.33),
(2.2.34), (2.2.37), (2.3.1), (2.3.2) and a standard interpolation error estimate [51,

43] that

Z ¢ = Tp¢lFn () < C Z Wl ey

TeT)! TeT)!

2
<C Y PR N0°¢/Oxidaylli,ry  (5.3.6)

TeT) ij=1
2
<COR Y Y p(0°¢ /00 | Ty
ij=1TeT

20 4—2 2
< CR7|¢,7(€ = &)l 1@
2 2
< CR|€ = &llL, o)
For the triangles that touch a reentrant corner, we can apply an interpolation

error estimate for fractional order Sobolev spaces [65] together with (2.2.38) and

(2.3.5) to obtain

Y IC= Tl <C D > Wiy

TeT) we>T T€Th 0

<Ch? Z K@lw(m’é) (5.3.7)

we>T

<CR?||¢;2 (& = &7, 0

<CR?||€ = &ll7, ()

where NVys = {z € Q: |x — ¢| < 0} is the neighborhood around the corner ¢, for

1 < ¢ < L. Without loss of generality we may assume h < 4.
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Hence the estimate (5.3.4) is a direct consequence of (5.3.5), (5.3.6) and (5.3.7).

Similar arguments yield
1€ = Tl zae) + RIC — il ) < CR)|E = &ulla () (5.3.8)
It follows from (5.3.2), the Galerkin orthogonality (cf. (5.1.3) and (5.2.1))
(V X (£—¢&,),V X v) +a(§—&,v)=0 Vo e Vy, (5.3.9)

and (5.3.8) that
1€ = &ll7, )= (VX (VX (E=&)) +al & —&)
= (V x (¢ =i0), V x (€ = &) + (¢ — TG, & — &)
< C(I¢ = Tt Loy + 11V X (¢ = Th) Lo
X (1€ = €nll o) + IV X (€ = &)l o))

< Oh[I€ = &nll @) (1€ = &nll o) + IV X (€ = &)l 1a())
which together with (2.1.5a) and (5.3.3) implies
1€ — thLg,,u(Q) < Chl§ - fh|H1(Q). (5.3.10)

Now we estimate [§ — &§,|p1 (). Let v € Vj, satisty (v,1) = 0. It follows from

(2.1.5a), (5.3.3) and (5.3.9) that

€ — &l +alle = &ll7,@ = (VX (E =€),V X (£ =) + a6 — &, & —v)

< ClE = &lm@l§ —vlm o)

which implies

€ = &lm) S ClE—vlm@  Yve Vi (5.3.11)

It follows from (5.3.10) and (5.3.11) that

Hf — £h||L2,7H(Q) S Ch vlél‘ﬁh |§ — U|H1(Q). (5312)
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Under the assumption that f € [Ly(2)]%, we have the following stability estimate

from the well-posedness of the continuous problem:

1€l @) < Ol Fllza)- (5.3.13)
Therefore the estimate (5.3.1) follows from (5.3.12) and (5.3.13) O

Theorem 5.5. The discrete problem (5.2.1) is well-posed for o < 0, provided —«
s not a Mazxwell eigenvalue and h is sufficiently small. Under these conditions the

estimate (5.3.1) remains valid.

Proof. We follow the approach of Schatz (cf. [89]). Assuming that (5.2.1) has a so-
lution &;, € Vj,. we can apply the same duality argument in the proof of Theorem 5.4
to obtain the estimate (5.3.10).

Let v € V}, satisfy (v, 1) = 0. It follows from (2.1.5a), (5.1.4), (5.2.2), (5.3.9) and
(5.3.10) that

1€ = &nlin) = (VX (€= &),V x (€ =) + al§ — &, & —v) — all§ = &llL, 0
< OV x (€ = Ella@IV X (€ = )]l ra) + lelll§ = &ll7, @

< C<|§ — &lm@)|€ — vlm@) + € — §h|§11(9))-
Hence, for h sufficiently small,
& = &l < Ol —vla@ Vv eV,

which again implies (5.3.11).

In the special case where f = 0, £ = 0 and v = 0, we deduce from (5.2.2)
and (5.3.11) that the only solution of the homogeneous discrete problem is trivial.
Hence the discrete problem (5.2.1) is well-posed for h sufficient small, and then

the estimate (5.3.1) follows from (5.3.10), (5.3.11) and (5.3.13). O

106



Corollary 5.6. Under the assumptions in Theorem 5.4 and Theorem 5.5, we have

1€ = &nllza) < Chl Fll o)

(5.3.14)

Remark 5.7. If f is a piecewise smooth vector field, then it follows from (5.3.10)

and Remark 6.3 in [33] that
1€ = &nll L) < C.hB3/2)~=,

Next we compare ¢; and ¢.

Lemma 5.8. We have
¢ = dnlmie) < Chl|FllLa)-
Proof. Since (£,1) = 0, there exits a unique ¢, such that

(VX o, Vxv)=(v) YveV,

(6n,1) =0.

Combine (5.2.3) and (5.3.17), we have

(VX(QEh—QSh),VXU):(f—fh,’U) Vv eV,

(5.3.15)

(5.3.16)

(5.3.17a)

(5.3.17b)

(5.3.18)

and (¢, — ¢p, 1) = 0. Then from (2.1.5a), (5.3.14) and (5.3.18), we arrive at

|60 — Pnlinie) = IV X (n — &) 11750

:(f—éhaéh - ¢h>

<€ = &nll o |on — Onllra)

< Ch|| fllra@)|Pn — Sl

which implies

pn — Onlar @) < CR| £l La9)-
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By subtracting (5.3.17a) from (5.1.11), we obtain the Galerkin relation
(VX (p—¢p),Vxuv)=0 Yvel, (5.3.21)
which together with the arguments in Theorem 5.4 (for a = 0) implies
|6 — dnl ) = nf ¢ — vlaie) < ChlIE] Lae)- (5.3.22)
Therefore the estimate (5.3.16) follows from (5.3.13), (5.3.20) and (5.3.22). O

We then turn to compare ;5 and ;.

Lemma 5.9. We have, for 1 < j <m,
pj — @inlEie) < Ch. (5.3.23)
Proof. In view of (5.1.9) and (5.2.4), the Galerkin relation
(V(pj — @jn), Vv) =0 Yo e V,N Hi(Q),
implies that

lp; — jinlm(e) = nf o5 = vl < l@; = neslme)- (5.3.24)

vlaa=pjlaq

Combining (5.3.24), the interpolation error estimate for Dirichlet problem (cf. [33,

Section 5]) and similar arguments in the proof of Theorem 5.4 implies (5.3.23). O
Next we compare ¢;j and c¢;. First we observe that (5.3.23) implies
|(F. Vi) = (f. Vein)| < Chlfllre  for 1<j<m. (5.3.25)
Furthermore, since p; — ¢;;, € Hg(Q) for 1 <i < m, (5.1.9a) implies
(Vei, Vi) = (Vein, Vo) = (Vpi — in), V(gjn —¢;))  for 1<i,j<m,
and hence, in view of (5.3.23),

[(Vi, Vo) = (Voin Vein)| < Ch? for 1<i,j<m. (5.3.26)
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Lemma 5.10. For h sufficiently small, we have
lc; = cinl S Ch ooy  for 1<j5<m. (5.3.27)
Proof. We can write (5.1.12) and (5.2.5) as
Ac=b and Ajc, = by,

where ¢ € R™ (resp. ¢;, € R™) is the vector whose j-th component is ¢; (resp.
cin)y A € R™™ (resp. A, € R™™) is the matrix whose (7, j)-th component is
(Vo;, Vo,) (resp. (Ve,n, Vein)), and b € R™ (resp. b, € R™) is the vector whose
J-th component is o' (f, V) (resp. = (f,V,n)).

Note that
[blloe < fal™"(max [Vellra@) 1@ < Clf e (5.3.28)
and the estimates (5.3.25)—(5.3.26) are translated into
Ib = byl < Chllfllrae) and [|A—Aplle < O (5.3.29)
The estimate (5.3.27) follows from the identity
c—cy=A"b—A;'b, = A" (b—b,) + A (A, — A)A;((b, — b) + b)
and (5.3.28)—(5.3.29). O

Remark 5.11. In view of Remark 6.8 in [33], in the case where f is piecewise

smooth, the estimate (5.3.27) can be improved to
lc; — cjn| < CRBP=e forany € and 1<j<m. (5.3.30)
Finally, we can compare u; and uw by putting all the estimates together.

Theorem 5.12. For h sufficiently small, we have

= wnllza < ChlFllace)- (5.3.31)
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Proof. First we observe that the solutions cy, ..., ¢, of (5.1.12) satisfy
le;| < O Fll o) for 1<j7<m. (5.3.32)
Secondly we have, from (5.1.6) and (5.2.6),
| — unl| o) < |0 — Pnlmi) + an: lcj; — cineinlm (@) (5.3.33)
< |¢ — bular o) + i (lej = il 15l @) + einl 05 — ©inlm @)
< |¢ — onl H1(Q) T i Cg — G, hl \%\Hl + \%‘ - <Pj,h|H1(Q))
+ Z lcil lej — einlme
j=1

The estimate (5.3.31) follows from (5.3.16), (5.3.23), (5.3.27), (5.3.32) and (5.3.33).

O
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Chapter 6

Multigrid Methods for Maxwell’s
Equations

In this chapter we first introduce multigrid methods for the nonconforming finite
element methods, which were developed in Chapter 3 for solving the CCGD prob-
lem (1.2.9). We report the numerical results on a square domain with uniform
meshes. Then we study multigrid methods for the P, finite element method in-
troduced in Chapter 5 for solving the two-dimensional Maxwell’s equation (5.1.1).

Numerical results on graded meshes are reported.

6.1 Multigrid Methods for Nonconforming
Finite Element Methods

Let 7 be a family of uniform triangulations on the unit square, h; be the mesh
size of 7. Let V; be the space of weakly continuous P; vector fields associated
with 7, for k > 0. More precisely, let & (resp. £ and &£}) be the set of the edges
(resp. boundary edges and interior edges) of 7. Then
Vi ={v €[L(V)]?: vr = 'v‘T c[P(T))? VT €T,
v is continuous at the midpoint of any e € &,
n x v vanishes at the midpoint of any e € £}}.
Let ax(-, ) be the analog of a(+,-), which is defined by (3.2.15). The k-th level

nonconforming finite element method for (1.2.9) is:

Find u; € V} such that
ag(ug,v) = (f,v) Vv eV (6.1.1)

Note that the edge weight ®,(e) in the definition of ax(-, ) equals 1 for all e € &

on the square domain.
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We can rewrite (6.1.1) as

Ayug = [y, (6.1.2)

where A : V, — V) and f, € V] are defined by

(Apw, v) = a(w,v) Vo, w eV, (6.1.3)

(frov)=(f,v) Vv eV (6.1.4)

Here (-, ) is the canonical bilinear form on V) x Vj.

We consider the W-cycle multigrid algorithm (Algorithm 2.32) for the equation
Az =g, (6.1.5)

where g € V.

The operator By used in the smoothing steps is taken to be hiIdy, where Idy, is
the identity operator on V.

We first define the coarse-to-fine intergrid transfer operator I ,’j_l Ve — Vi
by averaging. More precisely, let m, be a midpoint of an interior edge e in 7, then

we define

(Ii_1v)(me) = 5 (vi(me) + va(me)),

DN | —

where v; = 'v}T_ for © = 1,2 and T}, T are the triangles in 7;_; that share e as a

common edge. If e € 02, then we define
(Ii_yv)(m.) = 0.

Recall that the error propagation operator Ey : Vi, — V} for the k-th level

W-cycle algorithm has the following recursive relation:

Ey = R (Idy — Iy Py~ + I8 B PR
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where Ry, : Vj, — V} is defined by (2.5.19), and P]f_l : Vi1 — V}, is the transpose

of IF | with respect to the variational forms, i.e.,
ap_1 (PP w, v) = ap(w, If_,v) Vvoe Vi, welV,.
Let the mesh-dependent norms ||v||;, be defined by
|||'v|||%k = (Apv,v) = ax(v,v) VveVy, k>1. (6.1.6)

The contraction numbers of the W-cycle algorithm with respect to the norm
Il - I are tabulated in Table 6.1. We take v = 1 and a = 1 in the definition of
ar(+,-). We use A = 1/20 as the damping factor in (2.5.13) such that the condition

(2.5.14) is satisfied. We find that the W-cycle algorithm is a contraction for m > 7.

TABLE 6.1. Contraction numbers of the W-cycle algorithm on the square domain (0, 1)2
for the nonconforming finite element method with I ]]j_l being averaging

k=1|k=2|k=3|k=4|k=5|k=6|k=T7
=7 082 | 071 | 094 | 0.81 | 0.85 | 0.85 | 0.83
=38 0.74 | 069 | 0.86 | 0.74 | 0.79 | 0.79 | 0.76
= 0.67 | 0.67 | 0.78 | 0.71 | 0.v1 | 0.71 | 0.71
=10| 061 | 068 | 0.73 | 0.68 | 0.71 | 0.70 | 0.71
m=11| 056 | 070 [ 0.71 | 0.70 | 0.71 | 0.70 | 0.71
m=121| 052 | 0.70 | 0.69 | 0.70 | 0.70 | 0.70 | 0.70
m=13| 048 | 0.69 | 068 | 0.79 | 0.69 | 0.69 | 0.70

Next, we choose the coarse-to-fine intergrid transfer operator I¥ | : Vi, — V}
as follows. For any v € V,_;, we define (If_,v)(m.) by averaging if e is a part of
an edge in &,_1. Otherwise, for any T' € 7y, the value of (If_,v)(m,) is determined

by the following conditions:

V x (If_jv) =V x v on T, (6.1.7a)

V-(IF v)=V-wv onT. (6.1.7b)

113



The contraction numbers of the W-cycle algorithm with such choice of I} | are
tabulated in Table 6.2. We take v = 1, « = 1 and A = 1/20. The W-cycle algorithm

is a contraction for m > 6 in this case.

TABLE 6.2. Contraction numbers of the W-cycle algorithm on the square domain (0, 1)2
for the nonconforming finite element method

k=1|k=2|k=3|k=4|k=5|k=6|k=T7
=6 0.90 | 0.87 | 097 | 098 | 092 | 093 | 0.93
=7 0.8 | 0.81 | 091 | 0.85 | 0.82 | 0.82 | 0.83
m =8 083 | 0.80 | 0.81 | 0.74 | 0.70 | 0.70 | 0.69
m = 0.78 | 058 | 0.58 | 0.62 | 0.60 | 0.60 | 0.60
m=10| 072 | 053 | 055 | 0.56 | 0.56 | 0.56 | 0.53
m
m

=11| 068 | 050 | 051 | 0.49 | 0.50 | 0.50 | 0.49
=12 | 065 | 046 | 0.47 | 0.46 | 046 | 045 | 0.46

Finally, we consider multigrid methods for the discontinuous finite element method,
which was introduced in Section 3.3.

Let V, be the space of discontinuous P; vector fields, i.e.,
Vi={ve[L(V]: vr=v|, € [P(T) VT €T}

Let ag(-,-) be the analog of an(-,-), which is defined by (3.3.2). The k-th level
discontinuous finite element method for (1.2.9) is:

Find wy;, € Vj, such that
ar(up,v) = (f,v)  Yve. (6.1.8)

We can rewrite (6.1.8) as

Apug = [y, (6.1.9)

where Ay : Vi — V/ and f, € V} are defined by

<Akw7v> = CNLk(’LU,'U) \V/’U,’LU € ‘7197 (6110)

(frv) = (f,v) Vo € V. (6.1.11)
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Here (-,-) is the canonical bilinear form on V; x V.

We consider the W-cycle multigrid algorithm (Algorithm 2.32) for the equation
Apz = g, where g € V.

Let the coarse-to-fine intergrid transfer operator I,’j_l Ve — Vi satisfy
(6.1.7) such that I v is continuous at the midpoints of interior edges. Let the
operator By, : Vj, —> f/k’ be defined by

(Buw, v) =h2(w,v) + 3 ﬁ / ([l x w])) (°n x v]))ds

ecl

=3 o [ w - olas vowe

e
e€t;

where |e| denotes the length of the edge e, and IIY is the orthogonal projection
from Lo (e) to the space of constant functions on e.

Let the mesh-dependent norms ||v||1x be defined by
Ivl|F ), = (Axv, v) = a(v,v) VoeV, k> 1. (6.1.12)

The contraction numbers of the W-cycle algorithm with respect to the norm
Il - ll1.x are tabulated in Table 6.3. We take v = 1 and a = 1 in the definition of

ar(-,-) and the damping factor A = 1/10.

TABLE 6.3. Contraction numbers of the W-cycle algorithm on the square domain (0, 1)2
for the discontinuous finite element method

k=1|k=2|k=3|k=4|k=5|k=6|k=7
m=29 099 | 0.61 | 0.52 | 0.52 | 0.52 | 0.52 | 0.52
m=10| 091 | 054 | 048 | 048 | 0.49 | 0.49 | 0.49
m=11 | 0.81 0.54 0.45 0.45 0.45 0.45 0.45
m=12| 076 | 0.54 | 042 | 042 | 0.42 | 0.42 | 0.42
m
m
m

=13 | 072 | 065 | 052 | 0.39 | 0.39 | 0.39 | 0.39
=14 | 059 | 050 | 0.36 | 0.36 | 0.36 | 0.37 | 0.34
=15| 050 | 046 | 033 | 0.32 | 032 | 0.32 | 0.32

The convergence analysis of multigrid methods for the discrete problems (6.1.1)

and (6.1.8) is currently under investigation. Graded meshes must be used on non-
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convex domains in order to achieve the uniform convergence of multigrid algo-

rithms.

6.2 Multigrid Methods for the P, Finite
Element Method

In this section we consider the multigrid methods for the P, finite element method,
which was proposed in Chapter 5 for solving the two-dimensional Maxwell’s equa-
tion (5.1.1).

Let 7y, 7;, ... be a sequence of triangulations generated by the refinement pro-
cedure that was described in Section 2.3, hj; be the mesh size of 7, V) be the

corresponding P finite element space associated with 7, for &k > 0. We define
a(w,v) = (Vxw,V xv)+a(w,v) Yov,we H(Q). (6.2.1)

The k-th level P; finite element method for (5.1.3) (o # 0) is:

Find & € Vj such that
Ak = fr (6.2.2)
where Ay : Vi, — V/ and f;, € V] are defined by
(Arw, v) =a(w,v) Yo, we Vi,

<fkav> :(fvvxv> VUEVk

Here (-, ) is the canonical bilinear form on V) x Vj.

We consider the W-cycle multigrid algorithm (Algorithm 2.32) for the equation
Apz =g, (6.2.3)

where g € V).
The error propagation operator Fy, : Vi, — V. for the k-th level W-cycle algo-

rithm has the following recursive relation (cf. Lemma 2.33):

By = R (Idy — I} PE ™+ L B PR
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Here the coarse-to-fine intergrid transfer operator I fj_l : Vi1 — V3 is taken to
be the natural injection and the operator P]f_l : Vi — Vj_1 is the transpose of

IF | with respect to the variational forms, i.e.,
a(PF 1w, v) = a(w, I}_v) Voe Vi, we V. (6.2.4)
The operator By, : Vi, — V// in the definition of Ry (cf. (2.5.19)) is defined by

(Bew,v) =hi Y > wpo(p)  Vv,we Vi, (6.2.5)

TeT, peNT

where N7 is the set of the vertices of the triangle T
In the application of k-th level iteration to (6.2.2), we use the following full

multigrid algorithm, where we apply W-cycle algorithm 7 times at each level.
Algorithm 6.1. Full Multigrid Algorithm for (6.2.2).
For k =0, EO = Ayt fo.

For k > 1, the solution ag 1s obtained recursively from

k E £
50 :]k—lgk—b

55 :MGW(hfkag?—bmlam?% 1<ié<r,

In the case where m > 1, we can apply the full multigrid algorithm to obtain an
approximate solution @;; (1 < j < m) of the k-th level discrete problem (5.2.4)

for the Dirichlet boundary value problem (5.1.9).

When €2 is not simply connected, for each level k, we compute ¢y, ..., Cni by
solving
> (V8jik VPin)Tin = a(f, Vi) for 1<i<m. (6.2.6)
j=1

In the rest of this section we introduce the multigrid methods for solving (5.1.3)

(a=0) and (5.1.11), which are singular Neumann problems.
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Let Vi, = {v € Vi : (v,1) = 0}. The k-th level P, finite element method for
(5.1.3) (o = 0) is as follows:

Find & € ‘7k such that

Apér = fr, (6.2.7)
where A} : ‘A/k — ‘7/; and f € ‘A/k’ are defined by

(Agw,v) = (V x w, V x v) Vo, w e Vi,

<fk>'U> :(f,VXU) VUE‘/}k.

Here (-, -) is the canonical bilinear form on IA/k’ x Vi.. We can apply Algorithm 6.1
to obtain an approximate solution @ of (6.2.7).

In practice, we consider the following k-th level P; finite element method for
(5.1.11):

Find ¢y, € ‘A/k such that

Axr = g, (6.2.8)
where g, € ‘715 is defined by
<gkuv> :(é\kvv) Yv e Vk

Here &, is the approximate solution of (6.2.2) (v # 0) or (6.2.7) (v = 0) obtained
by the Algorithm 6.1.

We now apply the following full multigrid algorithm to solve (6.2.8):

Algorithm 6.2. Full Multigrid Algorithm for (6.2.8).

For k=0, (Eg € ‘70 15 determined by A(](EO = go-
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For k > 1, the approximation solution q/gk s obtained recursively from

QSIS = ]/Ij—lak—la
¢§:MGW(k7gka¢§—l>mlam2)v 1 SEST,
o = ¢k
Finally, we define the approximation uy of w for each level k by

U=V X op+ > GV (6.2.9)

j=1

The convergence analysis of multigrid methods introduced in this section is
currently under investigation.

In the rest of this section we report the numerical results for the P, finite element
method. The numerical solutions presented in Tables 6.4— 6.8 are obtained by full
multigrid methods, where r is taken to be 2, and the smoothing steps m is taken
to be 5.

The first set of experiments is performed on the unit square (0, 1)? with uniform

meshes. First we take the exact solution to be

sin(mxs)
u= (6.2.10)

sin(mzxy)
and solve (5.1.1) for « = —1, 0and 1 with f = V x (V x u) — au € H(div’; Q).

The results are tabulated in Table 6.4.

We then take the right-hand side function to be

-
if z; < @y,
p=) L (6.2.11)

if 1 > To.
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TABLE 6.4. Results for (5.1.1) on the square domain (0,1)? with uniform meshes and
the exact solution given by (6.2.10)

hi —”Wnl;uf: L2 | Order | hy ”unf‘ﬂillh Order
a=-1
1716 | 4076—04 | 1.98 | 1/16 | 6.385-03 | 0.99
1/32 1.01E-05 2.00 1/32 3.19E—-03 1.00
1/64 | 2.53E-05 | 200 | 1/64 | 1.60E—03 | 1.00
1/128 6.31E—06 2.00 1/128 7.99E—04 1.00
1/256 | 1.58E—06 | 2.00 | 1/265 | 3.99E—04 | 1.00
a=20
1716 | 3.686—04 | 198 | 1/16 | 5.73E—03 | 0.9
132 | 913E-05 | 200 | 1/32 | 2.87E-03 | 1.00
1/64 | 2.27E—05 | 200 | 1/64 | 1.438-03 | 1.00
1/128 5.68E—06 2.00 1/128 7.18E—04 1.00
1256 | 142E—06 | 2.00 | 1/265 | 3.59E—04 | 1.00
a=1
1716 | 341E—04 | 200 | 1/16 | 5.20E—03 | 0.9
1/32 8.44E—05 2.01 1/32 2.60E—03 1.00
1/64 | 2.10E—05 | 201 | 1/64 | 1.30E—03 | 1.00
1/128 5.24E—06 2.00 1/128 6.52E—04 1.00
1/256 | 1.31E—06 | 2.00 | 1/265 | 3.26E—04 | 1.00

Since the exact solution is not known, we estimate the errors by the differences of

the numerical solutions between two consecutive levels. The results are tabulated

in Table 6.5 for « = —1, 0 and 1.

In the second set of experiments, we examine the convergence behavior of our
numerical schemes on the L-shaped domain (—1,1)%\ [0, 1]2. The exact solution is

taken to be

u=V x (7"2/3 cos (;9 — g>¢(x)>, (6.2.12)

where (r,0) are the polar coordinates at the origin and ¢(z) = (1 — 2%)?(1 — 23)%

We check the performance of the numerical scheme on graded meshes. The grad-
ing parameter is taken to be 2/3 at the reentrant corner (0,0) (cf. Figure 6.1). The
results are tabulated in Table 6.6 for « = —1, 0 and 1.

The goal of the third set of experiments is to exam the convergence behavior of

the numerical schemes on a doubly connected domain

Q= (0,4)*\[1, 3%
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TABLE 6.5. Results for (5.1.1) on the square domain (0,1)? with uniform meshes and
right-hand side function given by (6.2.11)

IVXu—E&xllL lu—agllL
hyg W Order h W Order
a=-1

1/8 2.92E—03 1.42 1/8 7.30E—03 0.93
1/16 1.06E—03 1.47 1/16 3.70E—03 0.98
1/32 3.76E—04 1.49 1/32 1.86E—03 0.99
1/64 1.34E—-04 1.49 1/64 9.31E—-04 1.00
1/128 4.73E—-05 1.50 1/128 4.656E—04 1.00

a=0

1/8 2.82E—03 1.40 1/8 6.61E—03 0.93
1/16 1.04E—03 1.45 1/16 3.35E—03 0.98
1/32 3.72E—-04 1.47 1/32 1.68E—-03 0.99
1/64 1.34E—-04 1.49 1/64 8.43E—04 1.00
1/128 4.73E—-05 1.49 1/128 4.22E—-04 1.00

a=1

1/8 2.73E—03 1.39 1/8 6.05E—-03 0.92
1/16 1.02E—-03 1.43 1/16 3.07TE—03 0.98
1/32 3.69E—-04 1.46 1/32 1.54E—-03 0.99
1/64 1.32E—-04 1.48 1/64 7.72E—04 1.00
1/128 4.71E—-05 1.49 1/128 3.86E—-04 1.00

FIGURE 6.1. Graded meshes on the L-shaped domain

The solution w of (5.1.1) can be written as
u=V x¢+cVp, (6.2.13)
where ¢ is a constant number and the harmonic function ¢ satisfies the following
boundary conditions:
gp}ro =0 and go‘rl =1.
Here 'y (resp. I'y) is the boundary of (0,4)? (resp. (1,3)?).

First we take the exact solution to be

1’2(1 — $2)(3 — 1‘2)(4 — $2)
u= (6.2.14)

1’1(1 — $1)(3 — 1‘1)(4 — $1)
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TABLE 6.6. Results for (5.1.1) on the L-shaped domain and the exact solution given by
(6.2.12)

IVXu—E&xllL llu—agllL
hyg W Order h W Order
a=-—1
1/16 4.95E—-03 1.86 1/16 7.34E—-03 1.55
1/32 1.37E—03 1.88 1/32 2.97E—03 1.30
1/64 3.63E—-04 1.89 1/64 1.38E—-03 1.11
1/128 9.75E—05 1.90 1/128 6.77TE—04 1.02
1/256 2.60E—05 1.90 1/256 3.40E—-04 0.99
a=0
1/16 2.03E—03 1.84 1/16 5.21E—-03 1.13
1/32 5.55E—04 1.87 1/32 2.55E—03 1.02
1/64 1.50E—-04 1.88 1/64 1.28E—-03 0.99
1/128 4.04E—05 1.89 1/128 6.49E—04 0.98
1/256 1.08E—-05 1.90 1/256 3.29E—-04 0.98
a=1
1/16 1.43E—03 1.85 1/16 4.88E—03 1.03
1/32 3.87TE—04 1.89 1/32 2.45E—-03 0.99
1/64 1.03E—04 1.91 1/64 1.24E-03 0.98
1/128 2.74E—05 1.91 1/128 6.29E—-04 0.98
1/256 7.25E—06 1.92 1/256 3.19E—-04 0.98

and check the convergence behavior of the numerical schemes on 2 with graded
meshes. The grading parameter is taken to be 2/3 at the reentrant corners (1, 1),

(1,3), (3,1) and (3,3) (cf. Figure 6.2). The numerical results are tabulated in

=

o

FIGURE 6.2. Graded meshes on the doubly connected domain

Table 6.7 for « = —1 and 1.
Note that in this case u is the curl of a quintic polynomial and hence ¢ = 0 in

(6.2.13). It is observed that ¢, = 0 up to machine error.
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TABLE 6.7. Results for (5.1.1) on the doubly connected domain and the exact solution
given by (6.2.14)

i —HVX\GHL‘E: 2 | Order [kl —Hu\\flﬁi!b Order
a=—1
/8 | 4508—03 | 199 | 178616 | L.22B—02 | 1.05
1/16 1.15E—-03 2.00 1.22E—16 6.06E—03 1.01
132 | 2.86E—04 | 200 | 253E—16 | 3.03E—03 | 1.01
164 | T16E-05 | 200 | 5.57E-17 | 1.51E-03 | 1.00
1128 | 1.79E—05 | 2.00 | 7.32B-17 | 7.57E—04 | 1.00
a=1
/8 | 210803 | 1.99 | 8.656—16 | L.02E—02 | 0.9
116 | 527E-04 | 200 | 9.438-16 | 5.138-03 | 0.99
132 | 1.32E-04 | 200 | 7.81E—16 | 2.57E—03 | 1.00
1/64 3.29E—-05 2.00 1.34E—17 1.29E—-03 1.00
1128 | 822E-06 | 2.00 | 2.57E—17 | 6.43E—04 | 1.00

We then take the right-hand side function to be

( — -
1+
! if 1 <9 and 3 <2y <4,
0
f= - - (6.2.15)
0
otherwise.
1 + T
\ - -

The results are reported in Table 6.8 for o = —1 and 1.

TABLE 6.8. Results for (5.1.1) on the doubly connected domain and right-hand side
function given by (6.2.15)

hg W Order Cr Order % Order
a=-1
1/4 7.18E-01 0.91 0.764157 0.91 8.36E—01 0.86
1/8 1.95E-01 1.88 0.765826 1.58 3.01E-01 1.48
1/16 4.01E—-02 2.28 0.766367 1.62 1.24E-01 1.28
1/32 1.03E—-02 1.97 0.766528 1.75 6.07E—02 1.03
1/64 2.79E—-03 1.88 0.766570 1.79 3.09E—-02 0.98
a=1
1/4 7.33E—-03 1.69 -0.764157 0.91 9.03E—-02 0.83
1/8 2.22E-03 1.72 -0.765826 1.58 4.97E—-02 0.86
1/16 6.60E—04 1.75 -0.766367 1.62 2.71E-02 0.87
1/32 1.99E—-04 1.70 -0.766528 1.75 1.48E—-02 0.87
1/64 6.63E—05 1.58 -0.766570 1.79 7.98E—03 0.89
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Chapter 7

Conclusions

In this dissertation we have investigated nonconforming finite element methods for
two-dimensional Maxwell’s equations and their solutions by multigrid algorithms.
We have also studied multigrid methods for discontinuous Galerkin methods on
graded meshes for the Poisson problem.

We show that the elliptic curl-curl and grad-div problem appearing in electro-
magnetics can be solved by two types of nonconforming finite element methods
on graded meshes. The first method is based on a discretization using Crouzeix-
Raviart weakly continuous vector fields. Optimal convergence rates in both the
energy norm and the Ly norm are achieved on general polygonal domains, provided
that two consistency terms involving the jumps of the vector fields are included
in the discretization and properly graded meshes are used. The second method
uses discontinuous P; vector fields and two additional over-penalized terms are
added to the scheme. Similar convergence results are established on nonconform-
ing meshes. We also report numerical results for multigrid algorithms applied to
the resulting discrete problems on the unit square. The convergence analysis of
multigrid methods for the discretized curl-curl and grad-div problem is currently
under investigation.

Since there are many similarities between nonconforming finite element meth-
ods for Maxwell’s equations on graded meshes and discontinuous Galerkin (DG)
methods for the Poisson problem on graded meshes, we also investigate multigrid
algorithms for discontinuous Galerkin methods. We consider a class of symmetric

discontinuous Galerkin methods for a model Poisson problem on graded meshes.
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The elliptic regularity results in terms of weighted Sobolev norms are used in the
analysis. Optimal order error estimates are derived in both the energy norm and
the Ly norm. Then we establish the uniform convergence of W-cycle, V-cycle and
F-cycle multigrid algorithms for the resulting discrete problems on non-convex
domains, where the model problem has singularities. We show that the conver-
gence of the multigrid algorithms on non-convex domains with properly graded
meshes is identical to the convergence of multigrid methods on convex domains
with quasi-uniform meshes.

Then we propose a new numerical approach for two-dimensional Maxwell’s equa-
tions that is based on the Hodge decomposition for divergence-free vector fields.
In this approach, an approximate solution for Maxwell’s equations can be ob-
tained by solving standard second order scalar elliptic boundary value problems.
We demonstrate its performance using P; finite element methods. We can recover
O(h) convergence on non-convex domains, provided that graded meshes are used.
Finally we study multigrid methods for Maxwell’s equations based on the new ap-
proach. All the theoretical results obtained in this dissertation are confirmed by

numerical results.
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