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AN ANALYSIS OF HDG METHODS FOR THE
VORTICITY-VELOCITY-PRESSURE FORMULATION OF THE
STOKES PROBLEM IN THREE DIMENSIONS

BERNARDO COCKBURN AND JINTAO CUI

ABSTRACT. We provide the first a priori error analysis of a hybridizable dis-
continuous Galerkin (HDG) method for solving the vorticity-velocity-pressure
formulation of the three-dimensional Stokes equations of incompressible fluid
flow. By using a projection-based approach, we prove that, when all the un-
knowns use polynomials of degree k > 0, the L2 — norm of the errors in the
approximate vorticity and pressure converge to zero with order k+1/2 whereas
the error in the approximate velocity converges with order k + 1.

1. INTRODUCTION

In this paper we provide the first a priori error analysis of the hybridizable
discontinuous Galerkin (HDG) method proposed in [7] for solving the vorticity-
velocity-pressure formulation of the Stokes equations of incompressible fluid flow,
namely,

(1.1a) w—Vxu=0 1inQ,
(1.1b) Vxw+Vp=Ff in{,
(1.1c) Viu=0 inQ,
(1.1d) u=g onodf,
(1.1e) / p=0.

Q

Here fasl g-n = 0. Here Q C R? is a Lipschitz polyhedron.

To describe our results, let us briefly describe the evolution of HDG methods
for incompressible fluid flow. Originally, the motivation for using hybridization
techniques for finite elements for incompressible flow stemmed from the fact that the
construction of finite dimensional spaces of divergence-free approximate velocities
is extremely difficult. The construction of such spaces was undertaken back in 1972
[15], in 1979 [17], and in 1981 [25, 19]. However, the extension of these constructions
to spaces of piecewise polynomials of arbitrary degree has been a long standing
question. Later, in [24] it was shown that, in the two-dimensional case, spaces of
divergence-free velocities can be systematically constructed provided polynomials of
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2 B. COCKBURN AND J.CUI

degree bigger than four are used. Lower order polynomial spaces with this property
do not exist, as was proven in 1975 [16]. Extensions of these results to the three-
dimensional case still remain an open problem. See the discussions in [3, 11, 13].

Only recently, two new approaches for generating divergence-free velocity ap-
proximations have emerged, namely, by postprocessing and by hybridization; see
the discussion in [4]. In the first approach, the approximate solution provided by
a DG method is postprocessed in an element-by-element fashion to give rise to a
new divergence-free approximate velocity. The first postprocessing technique of
this type was introduced in the framework of DG methods for diffusion problems
in [2]. In the framework of incompressible fluid flow, this was done for the first
time in 2005 [10]; see also [12]. Therein it was shown that, when the postprocessing
becomes the identity, the DG method automatically provides a solenoidal velocity;
this idea was developed in 2007 in [11] and [26]. This postprocessing can be easily
applied to the previously introduced DG methods using elementwise divergence-free
velocities proposed in 1990 [1] and then in 1998 [18].

In the second approach, the method is rewritten in an equivalent form in two
steps. In the first, the continuity constraint on the normal components of the ap-
proximate velocities on the interelement boundaries is relaxed so that we now work
with spaces of completely discontinuous velocities. In the second, the continuity
of the normal component of the approximate velocity is imposed by a suitable set
of equations. In this manner, the construction of divergence-free velocity spaces is
completely avoided. This was done for the first time in 2006 [3] for a DG method
and then in 2005 [5, 6] for a mixed method. Both of these methods were based on
vorticity-velocity-pressure formulations of the Stokes equations.

Recently, a new HDG method, based on a velocity gradient-velocity-pressure
formulation and using spaces of exactly divergence-free approximate velocities was
introduced and analyzed in [13]. All the components of the approximate solution,
which use polynomial spaces of degree k, were proven to converge with the opti-
mal order of k + 1 in L2-norm for any k > 0. Moreover, an element-by-element
postprocessed velocity approximation, which is divergence-conforming and exactly
divergence-free, was shown to converge with order k + 2 for £ > 1 and with order
1 for k = 0. These HDG method can be obtained as limits of the HDG methods
introduced in 2010 in [23] and share with them all the above-mentioned convergence
properties; see [8].

Similar HDG methods based on a vorticity-velocity-pressure formulation had
been previously introduced in 2009 in [7], but have not been theoretically ana-
lyzed. They had only been experimentally compared with those based on a velocity
gradient-velocity-pressure formulation in [22] for the two-dimensional case. Here,
we provide the first a priori error analysis of the HDG methods proposed in [7] for
the three-dimensional case.

The idea of the analysis in this paper is similar to that of the HDG methods
based on the velocity gradient-velocity-pressure formulation [8]. Indeed, it consists
in estimating a projection of the errors that is tailored to the very structure of
the numerical traces of the method. However, unlike the projection used in [§], the
velocity and pressure components of the projection are decoupled from the vorticity
component. In fact, the projection for the velocity and pressure is the one used in
the analysis of HDG methods for diffusion problems in [9], whereas the projection
for the vorticity is nothing but the standard L?-projection. We show that the
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approximated vorticity and pressure, which are polynomials of degree k, converge
with order k+1/2 in L?-norm for any k > 0. Moreover, the approximated velocity
converges with order k + 1.

Finally, let us briefly compare these results with those associated with edge ele-
ments. In an early paper [20], the first-type Nédélec edge elements and continuous
piecewise polynomial of order k& were used for the approximate velocity and pres-
sure, respectively. Both components were proven to converge with a suboptimal
order of k in the energy norm for any k£ > 0. Later, in [21], the H (curl)-conforming
(second-type) edge elements of order k were used to approximate the vorticity, and
the H(div)-conforming edge elements of order k — 1 is applied to approximate the
velocity. It was shown that both vorticity and velocity converge with order k — 1
in L?-norm for k > 1.

The paper is organized as follows. In Section 2, we present the method and state
and discuss our main results. In Section 3, we provide a detailed proof of our error
estimates. We end in Section 4 with some concluding remarks.

2. MAIN RESULTS

2.1. The HDG method. Let 7, be a shape-regular triangulation of €2 which
consists of tetrahedra T. We denote by &;, the set of all faces F' of all tetrahedra T’
of the triangulation T, and by 9y, the set of boundaries 9T of the elements T" of
T.

The HDG method seeks an approximation of the solution (w|q, u|q,pla,ule,)
of the problem (1.1), (wp, wp, pp, Up), in the space Wy x Vi, X P, X M, where

W, ={w € Ly(T},) :w|r € Pip(T) VT €Ty},
Vi ={v € Lo(Ty) : v|r € Pip(T) VT €Ty},
2.1¢) Py :={q€ La(Tn): qlr € P(T) VT € T},
M, :={p € Ly(&p,) : pb|lr € Pr(F) ¥V F € &},

(2.2a) (wh, 7)1, — (U, V X T)g, — (Up, T X N)py, =0,
(2.2b) (wp,V xv)g, — (pn, V- 0)3, + (n X Wy, + Dpn,v)oT, = (f,v)7,,
(2.2¢) —(un, V@)1, + (U, qn)oT, =0,
(2.2d) (n X Wy + prn, p)og,\00 = 0,
(2.2¢) (Un, poa = (g, L)oo,
(2.2f) (pn, )7, =0.

for all (7,v,q,u) € W, x V', X P, x M}, where

(2.3a) Wy, = wp, + 7(up —Up) XN on 07y,
(2.3b) Dh=pn+Tn(up —up)-n on 0T,

Here the stabilization functions 7; and 7,, are taken to be constants on each face on
oTh.
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Note that we have used the following notation. We write
3
(vw)g, = > (w)r and  (v,w)y, =Y (v, wi)T,,
TeTy =1

and
3

(v, w)oT, = Z (v,wlor  and (v, w)s7, = Z(Uz’;wi>6‘3‘h-
TET) i=1
Here (-, )7 and (-, )or are the inner products of L?(T') and L?(dT), respectively.

2.2. The projection. From here on we denote by ||v||ge(ry the usual H* norm
of v on the domain T. We set H := [H*(T)]"™ and HvHHE(T) = 30 il ey
When ¢ = 0, we simply write ||v|[p instead of ||v||go(p) = ||v||z2(p)

Next, we introduce the projection we are going to use to carry out our analysis.
Given a function (w,w,p) in H*(T,) x H*(T3,) x H'(T}), we define its projection
(Mw, ITu,IIp) as follows. On an arbitrary element T of the triangulation Tj, we
require that

(2.4a) (Mw —w,7)r =0 V1 e Pi(T),
(2.4b) (ITu —u,v)r =0 Vove Pr_(T),
(2.4c) (Ilp—p,q)r =0 Vg€ Per(T),
(2.4d) (IIp —p+71(HTu—u) -n,pu)p =0 YV u e Pp(F),

for all faces F' of the tetrahedron 7.

We see that the ITw is the simple L?-projection of w into Py (T). The component
(ITw,IIp) is nothing but the projection used in the analysis of HDG methods for
diffusion problems in [9] with the stabilization parameter 7 used therein replaced
by 1/7,. As a consequence, we have the following result.

Theorem 2.1 ([9]). Suppose that k > 0 and that T,lor > 0. Then the sys-
tem (2.4b), (2.4c) and (2.4d) is uniquely solvable for ITw and IIp. Furthermore,
when V - u = 0, there is a constant C independent of T and T, such that

lp+1
[ITu—wu|r < C’hé"+ |u| et or) +C( B |p|pr+1(T)7

TIp — pllr < Cha ™ |plggesss (.

for £y, Loy in [0,k]. Here (1,)7 := min 7, |op\ p+, where F* is a face of T' at which
TnloT 8 minimum.

2.3. The a priori error analysis. We first introduce the following dual problem.
For any given 0 € L2(9), let (v, ¢, @) be the solution of

(2.52) YIVxp=0 inQ,
(2.5D) VX -Vé=0 inQ,
(2.5¢) ~V-¢=0 inQ,
(2.5d) ¢=0 onoQ,
2.5 = 0.

(2.5¢) e
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We assume that, for some real number s, we have

(2.6) %l rs+1(0) + 1@l mst2() + |9l zs+1(0) < CllOlms(0),

In three dimensional case, we have that s < 0 if the domain is convex (cf. [14]).

We are now ready to state our main results, which give estimates of the projection
of the approximation errors, namely, € := ITw—wy, €* := Hu—uy, ¥ :=Illp—pp,
and €% := Pyu — Uy. Here Py is the Ly projection into M. They are going to
be stated in terms of the total average of the projection of the error in the pressure
over ) which we denote by

1
Ip—p=— | (IIp—p)d
pp|Q|/Q(pp)w,

and in terms of the quantity

[(TMw — w, Mu —w)|, o7, = |l7 1 x (Mw —w) + 7% (ITu —u)|og,,

which can be easily estimated by mean of the following simple result whose proof
is presented in the Appendix.

Proposition 2.2. For all, (¢,n) € H (T,) x H'(T}), we have
IT0¢ — ¢ M0 =)o, < € mais byl 72 oy BOTCQ)

1/2 1/2
+C II(nea%J)'i hT ”TtHLoc(aT) E(Hn,n),
where
2 R —2 _pl2 12 - 2
E*(©.0) .fsgg,hmzq (hz?(1© 87 + IS — ]17) + V(S ~ 0)]7),
h

and C' is a constant depending on the shape-reqularity constant of the elements and
on the polynomial degree k.

Theorem 2.3. Suppose that k > 0 and that 7,,,7 > 0 on 0Ty. Then we have
[e”lle <|(Mw — w, Tu — Pou)|l-, 57, ,
|€”llo <(TIp = p)|Q*? + Cp, |(Mw — w, Tu — Pyu) |7, 07,
where

1/2
Cry =1+ (max hr ||l = or)

Moreover, if the elliptic reqularity inequality (2.6) holds with s = 0, we have
le*lle < CH: [|(TIw — w, HTu — Pyu)|+, o7,

where
1/2 1”1/2

H 3:%116%)’(1}1 I Lo (dT)

1/2 min{1,k} 1

g B [l 2 g e B0 4 e )7 e )
Combining the above result with the Proposition 2.2, the approximation prop-

erties of the projection (IT,II), see Theorem 2.1, and those of the L?-projection

II, we immediately obtain the errors we sought. Thus, under the hypotheses of

Theorem 2.3, and when the solution is very smooth, we have that

Jw — wy|lo <C R
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Ip — pallo <C RFF/2,
H’LL — UhHQ <C hk+1,

provided 7, 1/7 and 1/7% remain of order one on 9J,. Thus, we see that the
approximate vorticity and pressure converge with an order which is suboptimal by
1/2, whereas the velocity converges with optimal order.

3. PROOFS
We denote S, :=mnXpuxn+rmpu-nn,and vy :=v—(v-n)n =nxv X n.

3.1. The equations satisfied by the projection of the errors. We begin by
obtaining the equations satisfied by the projection of the errors.

Lemma 3.1. We have
(3.1a) (€, 7)y, — (€*,V X T)7, — (6%, 7 X n)ay, =0,
(3.1b) (e¥,V x v)g, — (€?,V -v)7,
+(n x € + €’n + S, (e — %), v)oy, =
(n x (MMw —w) + S, (IIu — Pyu),vi)sT,,
(3.1¢) —(€*, V)7, + (€]}, an)or, =0,
(31d) (nx €Y+ ePn+ S, (e —€Y), 1)o7, \00 =
(n x (Tw — w) + 8, (ITu — Pyu), ;) 53,\00;
(3.1e) (€, woa =0,
(3.11) (€, 1)y, = (IIp —p, )7,
for all (T,v,q,pn) € Wy x Vi, X P, X My,
Proof. Note that the exact solution satisfies the following equations
(w, )5, — (U, V X T)3, — (U, T X n)syr, =0,
(w,Vxv)y, —(p,V-v)5, +(nxw-+pn,v)gy, =
—(u, V@), + (u, qn)or, =
(n x w+pn, wor,\00 =
(u, oo = (g, m)oa,
(p, )7, =0,

for all (7,v,q,u) € Wy, x Vi, X Py x M.
Applying the definition of the projections IT and (IT,1I), (2.4), and taking into
account that Py is nothing but the L2-projection into M, we easily get that

(Mw, 1), — (Hu,V X 7)7, — (Pyu, T X n)sy, =0,
(MMw,V x v)g, — (p,V -v)7,
+(n x Hw + Ipn + 7, (I u — Pyu) - nn,v)ss, = (f,v)7,
+(n x (MMw — w), v)s7,,
—(u,Vq)7, + (Pou,qn)oy, =0,
(n x Mw + lpn + 7, (Iu — Pau) - nn, p)o7,\00 = (n X (Iw — w), p)a7,\00;
(Pou, p)oa = (g, k)oo:
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(IIp, 1)z, = (Ilp — p, 1),
and since, by definition of S;, T, u-nn =S, u — n X p X n, we obtain
(Mw, 7)), — (Hu,V x 7)7, — (Pou, ™ X n)py, =0,
(Mw, V x v)g, — (Ip,V - v)7,
+(n x Hw + pn + S, (ITu — Pyu),v)sy, =
(f,v)7, + (n x (TIw — w) + wn X (Hu — Pyu) X n,v)sy, =
(f,v)7, + (n x (MIw —w) + S;(ITu — Pyu),v:) o7, ,
—(IIu,Vq)7, + (Pou,qn)sy, =0,
(n x Hw + IIpn + S (ITu — Pyu), p)o7,\00 =
(n x (Iw —w) +7n x (Hu — Pyu) X n, u)o7,\00 =
(n x (IMw — w) + S-(ITu — Pou),py) 57,0\ 00,
(Pou, p)oa = (g, 1)oq,
(Ip, 1), = (TIp = p, L),
Finally, the error equations follow by subtracting the equations defining the

HDG method, (2.2), from the above equations and applying the definitions of the
projection of the errors. This completes the proof of Lemma 3.1. O

3.2. Estimate of the projection of the error in the vorticity. Define the
seminorm
o 1/2 1/2
lulls, = (Srm, oy, = [(Tems, e)om, + (Taps -1, - M) o, |
Lemma 3.2. We have
le][& + lle* — €*[1%, =(n x (Mw — w) + 7 (ITw — Pyu)y, (€* — €*))or, -
Proof. We take T := €¥, v := €* and ¢ := €P in the first three equations of the
error equation (3.1), g := —€® in (3.1d), and p := — (n x € + Pn+ S, (e* — %))
in (3.1e). Adding the resulting equations, we obtain

(e¥,€”)y, + O =(n x (MMw —w) + S-(Ilu — Pyu), (€* — €“)1)o7,
=(n x (IIw — w) + 7 (Ilu — Pou), (€ — 6a)t>67ha

&)

(e*,V x €)g, — (€%, €™ x n)oT,

(€¥,V x €%, — (", V - €%)g, + (n x €” + e’n + S (e* — %), e%) o7,
— (€%, V), + (%, " n)os,

(nxe¥Y+ePn+ S, (" — ea), ea)agh\ag

—(n x €’ +ePn+ S, (" —€),e)q.
After simple rearrangements, we get that
On=— (", Vxe¥)g, + (€*, €’ xn)or, + (€*,V x €*)7,

+ (P, V- e, — (e*,VeP)g, — (¥, ’n)og,
+ (S (€ — €%), e — €% o,

= (S, (e" — ea), " — €a>aq‘h.
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This completes the proof. O
The following estimate is a direct consequence of the above result.

Corollary 3.3. If 7, > 0 on 0Ty, we have that
€|, + lle* — €5, < |(Mw —w, Hu — Pyu)|?, o, -
3.3. Estimate of the projection of the error in the pressure. Next, we obtain

an estimate for the projection of the error of the pressure. To do that, we use the
well-known fact that, for any function ¢ € Ly(€) such that (¢,1)q = 0, we have

(Cv V- W)Q
IKle <€ sup  Se———,
weH}(Q)\{0} HW||H1(Q)
and take ( = €” — ¢P. First, we obtain a suitable expression for (¢, V - w)q.

Lemma 3.4. Let P: H'(T},) — V1, be any projection such that (Pw —w, v)r = 0
for allv € Py_1(T) for all T € Ty. Then,

(P, V -w)g =(€,V x W)y, + (S,(e* — %), Pw — Pyw)s7,
—(n x (MMIw —w) + S, (IIu — Pyu), (Pw — Pyw);)s7, -
Proof. We have
(e, V- -w)q = (", w-n)gy, — (VP W)y, = (", w-n)gy, — (Ve’', Pw)T, ,
since VeP|r € Py_1(T) for all T € Tj. By the error equation (3.1b) with v := Pw,
we get
(P, V -w)g =(”, w-n)a7, + (€2, V X Pw)y, + (n X €’ + S,(e* — %), Pw)s,
—(n x (MMw —w) + S, (ITu — Pyu), Pw;) o7, .
By the error equation (3.1d) with p := Paw, and taking into account that Pyw = 0
on €2, we get
(P, V -w)g =(€,V x Pw)7, + (n X €’ + S,(e* — ), Pw — Pyw)s7,
—(nx (MIw —w) + S (ITu — Pyu), (Pw — Paw);)s7, -
Integrating by parts the first term, and using the property of the auxiliary projection
P, we get
(P, V -w)g =(V X €, W)y, — (n x €, Pow)ag, + (S.(e* — %), Pw — Pyw)s7,
—(nx (MIw —w) + S;(ITu — Pyu), (Pw — Paw):) a7,
and the result follows after integrating by parts the first term of the right-hand

side.This completes the proof. (I
Now, following [13], we introduce the operator P : H(T) — P (T) defined by

(3.3a) (Pw—w,v)7 =0 Vve P,_(T),

(3.3b) (Pw—w) n,v-n)ogr =0 VYovec Py(T)",

where Py (T)" is the space of polynomials in Py (7T") which are L?(K)-orthogonal
to all polynomials in Py_1(T).

Lemma 3.5. We have

((€* — €*) - m, (Pw — Paw) - n)ar = 0.
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Proof. Note that, by the error equations (3.1c),

{(e* —€*) n,q)or =0
for all ¢ € Py(T) which is L?(T)—orthogonal to polynomials in Py_1(T). By
Lemma 5.1 in [13], this implies that there exists a function v € Py(T)* such
that (€ —€%)-m =v-n on K. As a consequence, the result follows by the second
equation defining the projection P, (3.3b). This completes the proof. O

Corollary 3.6. We have that
[ = (Ip = p)lla < CC, [(TTw — w, ITu — Pou)|l-, o7,
where C, is defined in Theorem 2.3.
Proof. By Lemma 3.4 and Lemma 3.5,
(P, V-w)q =(€,V x W), + (S, (€* — €%), Pw — Pyw)or,
—(n x (Mw — w) + S, (ITu — Pyu), (Pw — Pyw))o7,
=(€¥,V x W), + (S (€ — %), (Pw — Pyw))o7,
— (nx (Mw — w) + S, (Iu — Pyu), (Pw — Payw):)o7,
This implies that
(", V- w)a <[[€” 5, [V x Wz, + € — |5, |(Pw — Pow),|s,
[(TTw — w, ITu — Pou) |-, 07, |(Pw — Paow)ls, .
Finally, by Corollary 3.3,
(e, V- -w)q <||MIw — w, Tu — Pyu)||-, 07, On
where
On =|V x w3, +2[|(Pw — Pow).[|s, < CC-, |||z,
by Proposition 4.4 in [13].
The result now follows form the fact that
| -Tla<c  sp LT Wa
weHL(2)\{0} HWHHl(Q)

and that e = IIp — p, by the last error equation (3.1f). This completes the proof.
]

3.4. Estimate of the projection of the error in the velocity. In order to
proceed with the estimate estimates of the velocity by using duality argument, we
first present several properties of the projection (II, IT,TI).

Lemma 3.7. Assume that, ¢, ¢ are arbitrary functions in H*(T3,), H (T1,), H (T3).

Then we have

(3.4a) (w,V x¢)7, =(w,V x (I¢)), — (w, (¢ — IY) x n)or,,
(3.4b) (¢, V- @)3, =(qn, d)o7, + (V% 11 ¢)s,,

(3.4c) (v, Vx @)y, =(Vxv, )y, + (v xXn,d)sr,,

(3.4d) (v, Vo), =(v, V(I1g)) 5, + (v, (6 —P)n)or,,

for all (w,v,q) € Wy, x Vi, x P,
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Proof. We will prove (3.4a) first. By integration by parts and (2.4a), we have
(w, VX ¢)g, =(V xw, )7, — (w,% xn)or,
=(V x w,IIY)g, — (w, ¥ X n)s, .
Integrating by parts again, we get
(w,V x )7, = (w,V x (H¢))7h —(w, (¢ — TIp) X n)o7, -

This completes the proof for the first identity. The rest of the identities in (3.4)
can be proven similarly. O

We now use a duality argument to derive the estimate in the velocity.

Proposition 3.8. We have

(.07, =((e* = €")e. (¢ —TI9p) x 1+ 7(Pocp — I p)1) o,

—(n x (MIw — w) + #(ITu — Pyu)t, (Pop — I d)t) o7,
where 0, ¢ and ¢ are the functions in the dual problem (2.5).
Proof. By the equations defining the dual problem, (2.5a)—(2.5¢), we have
(€*,0)7, =(€“, v+ V x p)g, — (e, VX + V)5, —(!,V - )7,
=(€,¥)7, — (€, V x )7, +(€*,V x @)7,, — (", V - @), — (€*,VP)7,.

Applying the orthogonality property (2.4a) to the first term of the right-hand side
and the properties (3.4a)—(3.4d) to the last four terms, we obtain

(€*,0)7, =(e“, IIy)y, — (€*,V x (H¢))7h + (%, (¢ — IIp) x n)o,
+(Vx e )y, + (V' I §)g,
+ (¥ xn—€e’n,dP)oT,
— (€*,V(11))7, — (“, (¢ —)n)or,.

Now, by using the first four error equations (3.1) we take 7 := I, v := I ¢,
q :=1l¢, and p := Py, respectively, we get

(€*,0) =(e*, TIp x n)a7, + (€%, (¢ — II) x n)or,
— (S-(€* — %), M)or, + (n x (TIw — w) + S, (Mu — Pyu), (I ¢),) o,
+ (S, (" — €%), Pyd)or, — (n x (Mw — w) + S, (Iu — Pyu), (Pag):) o,
+ (€, (TIp)n) o7, + (€, (¢ — Tp)n)oT,
=(€%, 1 x n)gy, + (¥ — €%, (¢ — IIp) x n)o,
+ (n x (Mw — w) + S, (ITu — Pyu), (Il ¢ — Pyd):)o7,
+ (S, (e — €%), Pop — I §)or,
+ (e, gn)or, + (¥ — €%, (¢ — Llp)n)oy,
=(€%, % x n)oy, + (€ — €%, (¢ — ) x n+ 7(Pocp — I $)1)or,
+ (nx (Mw —w) + S;(IHu — Pyu),(IIp — Pad)i)o7,
+(*, ¢n)og, + ((€* — %) -n, (¢ —T$) + (¢ — T P) - n) o, .
This implies that
(€%, 0)7, =((€* — €")y, (¢ — IIp) x n+ 74(p — ITP)) o,
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+ ((Hw — w) Xmn — S-,—(H’U, — Pa’u,), (Pad) — H¢)t>6‘3’h + Ty + 15,
where

Ty =(e", 9 x n + ¢n)or,

Ty =((e* — %) -0, (¢ —11¢) + 7u(¢p — 1) - 1),
But T = (ea, P X n+¢n)sq since € is a single-valued function on dT},. Moreover,
€*|pq = 0 by the error equation (3.1e), and we conclude that T = 0.

We also have that T5 = 0, by the orthogonality property of the auxiliary projec-
tion (2.4d). This completes the proof. O

Corollary 3.9. Assume that the elliptic reqularity inequality (2.6) holds. Then we
have

€]z, < CH|(Tlw — w, Hu — Pyu)|+, o7,
where H. is defined in Theorem 2.3.

Proof. Tt directly follows from by Corollary 3.3 and Proposition 3.8 that

(€*,8)7, <||e* — €*|ls, (3 — T, Pogp — L1 $)| 1, o,
+ [(Mw — w, ITu — Pou)|l+, o7, [(Po¢ — I P):l|s.
<2|[¢p — T, Pop — 1 B) |-, o7, [|(TIw — w, Tu — Pyu)| -, o, -

As a consequence, we get
[€]l7), < D, |(HMw — w, Tu — Pou)||7, o7,

where

— Iy, Pyp — I
D, =2  sup I(¥ — 114, Pop — L )|l 07,
0cL2(Q)\{0} H@”Q

But, by Proposition 2.2,
V(IT — b, = @)l om, < C max bl |72 oy BT, )

1/2 1/2
+C max hy” |7l = or) (), ),
and by the approximation properties of the projections,

1/2 — 1/2
(1 — 4, 116 = @)rom, < C max by 712 o) 19

1/2 1/2 min{1,k} wy—1
O a1t/ 712 oy i B bl + i 12) ™ e om0l )

Finally, by using the elliptic regularity inequality (2.6) and the definition of the
constant H,, we get we get that

(T — %, T p — @) |-, .om, < C H-[|6]q-

This completes the proof. O
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4. CONCLUDING REMARKS

Note that all the estimates of the projection of the errors are independent of the
stabilization function 7,,. Note also that the approximation errors of the auxiliary
projection do hold in the limit as 7,, goes to infinity. This suggests that we should
be able to take the limit and obtain H (div)-conforming HDG methods based on
a vorticity-velocity-pressure formulation just as was done for HDG methods based
on velocity gradient-velocity-pressure formulation; see [13]. This constitutes the
subject of ongoing research.

APPENDIX A. PROOF OF THE APPROXIMATION RESULT OF PROPOSITION 2.2

In this section, we prove Proposition 2.2. To do that, we need to show how to
estimate the error in the border on an element T, ||Z — (||ar, in terms of the error
inside the element, ||Z — (||

Lemma A.1. Let ¢ be any element of HY(T) and let Z, S be two arbitrary elements
of P(T). Then
1Z = Clor < Chp'* (12 = Clle +1IS = ¢liz) + C g2 V(S = Ol

where the constant C depends only on the shape-reqularity constant of the simplex
T and on the polynomial degree k.

Proof. We have
1Z = Cllor < 1Z = Sllor + IS = Cllor < Chy " 1Z = S|le + 1S = Cllor,

by a standard inverse inequality. Then, by the trace inequality,

1Z = ¢llor < Chp 2 (12 = Slr + 118 = ¢llr) + C by ? V(S = O,
and the result follows by the triangle inequality. O

We are now ready to prove Proposition 2.2.

Proof. Since, by definition of the seminorm |-||+, s7,, we have that

1/2
1/2 —111/2 _
TG ¢, 1T — )l om, < a0 12 o, (Z TG — cn%T)
TeT),

1/2
1/2 1/2 _
+ max byl |72 o (Z hT1|HnnII%T> ,
TeTh

the result follows by a componentwise application of Lemma A.1. This completes
the proof. O
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