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Hybridizable discontinuous Galerkin (HDG) methods retain the main advantages of standard discontin-
uous Galerkin (DG) methods, including their flexibility in meshing, ease of design and implementation,
ease of use within an hp-adaptive strategy and preservation of local conservation of physical quantities.
Moreover, HDG methods can significantly reduce the number of degrees of freedom, resulting in
a substantial reduction of computational cost. In this paper, we study an HDG method for the
second-order elliptic problem with discontinuous coefficients. The numerical scheme is proposed on
general polygonal and polyhedral meshes with specially designed stabilization parameters. Robust a
priori and a posteriori error estimates are derived without a full elliptic regularity assumption. The
proposed a posteriori error estimators are proved to be efficient and reliable without a quasi-monotonicity
assumption on the diffusion coefficient.

Keywords: hybridizable discontinuous Galerkin methods; a priori error estimates; a posteriori error
estimates; discontinuous coefficient.

1. Introduction

Let 2 C R? (d = 2 or 3) be a polygonal or polyhedral domain with Lipschitz boundary 82 := I" =
I'p U Iy, where meas(I';)) > 0 and I', N I'y = ¥. We consider the following second-order elliptic
problem:

g_lp—vuzo, in Q,

Vp :f, iIl SZ,

(1.1)
u=gp, on Iy,
p-n=gy, on I},

where f € L2(.{2), &p € L3(T, p) and gy € L2(F ) are given scalar-valued functions; n is the outward
unit normal vector; and the diffusion coefficient a := a(x) € L°°(£2) is positive and piecewise constant
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1578 G. CHEN AND J. CUI

on polygonal/polyhedral subdomains of §2 with possible large jumps across subdomain boundaries
(interfaces).

For problem (1.1) with a discontinuous coefficient a or on a nonconvex domain £2, the solutions may
not be piecewise H> smooth. Especially when the coefficient a is discontinuous, the solutions of (1.1)
may only have H I+s regularity with small s > 0 (Kellogg, 1975; Grisvard, 1985), and are not piecewise
H'** smooth with s > 1/2. However, the standard a priori error analysis of the discontinuous Galerkin
(DG) methods requires the solution to be piecewise H'** smooth with s > 1/2. This theoretical gap is
filled by the work of Cai et al. (2011), where the authors relax the regularity requirement to s > 0.

In the robust analysis of a posteriori error estimates, a quasi-monotonicity assumption on the
diffusion coefficient is usually required. The concept of quasi-monotonicity has been introduced and
exploited in Dryja ef al. (1996) to obtain the robust interpolation properties of finite element methods
in terms of weighted norms. Recently, robust a posteriori error estimates were given in Cai et al. (2017)
without the quasi-monotonicity assumption. The error analysis only requires the solution to be in H'**
with s > 0.

Since the late 1970s, DG methods have become increasingly popular due to their attractive features,
including their flexibility in meshing, and preserving local conservation of physical quantities: see
Arnold (1982) and Arnold et al. (2002) for elliptic boundary value problems. DG methods are also sui
for parallel computation and ease of use within an hp-adaptive strategy. As pointed out in Demkowicz
& Gopalakrishnan (2011), an inconvenient feature of DG methods is that they may require the
penalization parameter to be ‘sufficiently’ large (practically unknown) for stability. This inconvenience
was avoided by local discontinuous Galerkin (LDG) methods (Cockburn & Shu, 1998; Castillo et al.,
2000; Cockburn et al., 2005; Carrero et al., 2006), which have an additional property that fluxes
can be eliminated locally. Later, hybridizable discontinuous Galerkin (HDG) methods (Cockburn
et al., 2009, 2010) were devised, which can also overcome this difficulty. HDG methods retain the
advantages of standard DG methods and can significantly reduce the number of degrees of freedom,
therefore allowing for a substantial reduction of computational cost. In Cockburn et al. (2010), an
HDG method for second-order elliptic problems was studied, where the analysis requires H> regularity.
In Li & Xie (2016), another HDG method for second-order elliptic problems was analyzed under
H' regularity, where the constants in error estimates depend on the lower and upper bounds of the
diffusion coefficient. The error analyses in both Cockburn et al. (2010) and Li & Xie (2016) are all
derived based on simplicial meshes. HDG methods that allow polygonal meshes were first proposed
in Lehrenfeld (2010) for elliptic problems. This approach has been extended and extensively studied
for different problems, such as convection—diffusion problems (Qiu & Shi, 2016a), Navier—Stokes
equations (Qiu & Shi, 2016b), Maxwell’s equations (Chen e al., 2017), elasticity problems (Qiu et al.,
2018), etc.

A posteriori error estimates for DG methods for (1.1) with H! regularity and smooth coefficient
were given in Gudi (2010). The error analysis therein cannot be extended to the case of a non-
smooth coefficient unless quasi-monotonicity of the coefficient is assumed. In Wihler & Riviere (2011),
a posteriori error estimates for DG methods based on W2P(2),p € (1,2] regularity for (1.1) with
smooth coefficient were derived in two dimensions. In Di Pietro & Ern (2012), a posteriori error

estimates for DG methods based on W%’p (£2),p € (1,2] regularity for (1.1) with non-smooth
coefficient were provided. Note that by Sobolev embedding theory, the regularity requirements in
Wihler & Riviere (2011) and Di Pietro & Ern (2012) are actually stronger than H I+s (£2),s > 0.
Recently, a posteriori error estimates for HDG methods for second-order elliptic problems with smooth
coefficients were studied in Cockburn & Zhang (2012, 2013). The error analysis therein is also based
on simplicial meshes.

020z |Mdy 0€ uo Jasn AjsieAlun a1uyosihlod Buoy BuoH syl Aq 06SS0ES/. .S |L/2/0voeNsqe-ajonie/eulewi/woo dno olwapese//:sdjy Wol) papeojumMo(]



HDG METHOD FOR THE SECOND-ORDER ELLIPTIC PROBLEM 1579

In this paper, we propose and analyze an HDG method on general polygonal or polyhedral meshes
for second-order elliptic problems with discontinuous coefficients. Robust a priori and a posteriori
error estimates are given under low regularity assumptions. Our numerical scheme uses piecewise-
polynomial approximations of degrees k + 1, k and k (k > 0) for the scalar, the flux and the scalar on
the inter-element boundaries, respectively. The a posteriori error estimates provide global upper bounds
and local lower bounds for the error in terms of the error estimator, without the quasi-monotonicity
assumption. Numerical experiments show that the errors converge at the same rates as for H>-regular
problems.

The rest of this paper is organized as follows: in section 2, we introduce our notational conventions
and derive the a priori error estimates for the HDG method. In Section 3 we present the a posteriori
error analysis for the HDG method. In Section 3, several numerical experiments are performed in order
to confirm the theoretical results.

Throughout this paper, we use C to denote a positive constant independent of mesh size and a, which
may take on different values at each occurrence. We use a < b (a 2 b) to represent a < Cb (a > Cb),
and a ~ btorepresenta < b < a.

2. Notation and the HDG method
2.1 Notation

For any bounded domain A C R® (s = d,d— 1), let H"(A) and H'(A) denote the usual Sobolev spaces
on A, and |-, 4 (-1, 4, resp.) denote the norm (semi-norm, resp.) on these spaces. We use (-, ), 4 to
denote the inner product of H™(A), with (-,-) 4, := (;, ~)0’A. When A = 2, we denote || - ||, := || - ||m’9,
|1y =1+ lneand () := (-, ). In particular, when A € R4 we use (-, -) 4 to replace (-, ) 4. For
an integer k > 0, IP,(A) denotes the set of all polynomials defined on A with degree less than or equal
to k.

Let .7, = |J{T} be a shape regular partition (to be defined later) of the domain £2 consisting of
arbitrary polygons or polyhedra for d = 2 or 3, respectively. Note that .7}, can be a conforming partition
or a nonconforming partition, which allows hanging nodes.

For each T € .7}, we let hy be the infimum of the diameters of circles (or spheres) containing 7 and
denote the mesh size i := max;_ & hy. An edge (or face) E on the boundary 9T of T'is called a proper
edge (or face) if all endpoints (or vertices) of the edge (or face) E are nodes of .7, and no other nodes
of 7, are on E. In Fig. 1, for example EF, FH and HI are proper edges, while EH, FI and EI are not.
Let &, = |J{E) be the union of all proper edges (faces) of T € 7, and 6F = &, N T (6P = &,N Ip,
&N = &, N I'y) be the union of all proper edges (faces) of T € .7}, on boundary I" (I}, I'y). Let é’hI
be the set of all interior proper edges (faces). We denote by A the length of edge E if d = 2 and the
infimum of the diameters of circles containing face E if d = 3. Forall T € .}, and E € &),, we denote
by ny and ng the unit outward normal vectors along 97 and E, respectively. Let [v] and {y}} denote the
usual jump and mean values of a function v across every proper edge E € &),.

The partition 7}, is called shape regular when the following conditions hold:

e M1 (Star-shaped elements). For each element T € .7, there exists a positive constant 6, and a point
My € T such that T is star-shaped with respect to every point inside the circle (or sphere) whose
center is M and radius is 6, hp.

e M2 (Edges or faces). For each element T € .7, there exists a positive constant /, such that the
distance between any two vertices (including the hanging nodes) is greater than or equal to [, /7.
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F1G. 1. Demonstration of edges in a two-dimensional mesh.

We also assume the partition .7, satisfies the following compatibility conditions:
e T1. Each boundary edge (or face) E € &P belongs to I, or Iy.
e T2. Foreach element T € .9}, a; := aly is a constant.

When d = 2, for each T € .J},, we connect My and the vertices of T (including the hanging nodes)
to get a set of triangles w(7T'). When d = 3, for each face E C 07T, we choose one vertex A of E and
connect A and the other vertices of E to get a set of triangles v(E); then we connect M, and all vertices
of the triangles in v(E) to get a set of tetrahedrons w(T'). Let /%, := UTe 7, w(T) and .%; be the union
of all the edges (faces) of .#},. Note that .#, is shape regular due to M1 and M2.

We use V), and V,,- to denote the broken gradient and broken divergence with respect to .7}, or .#,.
The following inverse inequality and trace inequality will be used in the error analysis.

LEmMA 2.1 Forall T € .7, and any given nonnegative integer j, the following inequalities hold true:
Wl S hztwlor Vw e PyT), (2.1)
< =12 1/2 1
IWlloor S by "“Iwllor + hy "Wl 7 YweH (T). (2.2)
Proof. By using an inverse inequality on the shape regular simplicial mesh .#,, we have
whir= D MWhinS D Wi wlow Shr'iwliey  Yw e P(D),
MeMyMCT MeMyMCT

which proves (2.1).
By using a trace inequality on the shape regular simplicial mesh .#),, forallw € H (T, it holds that

2 2
Wigar < D, Iwlgam
Me M):MCT

-1 2 2
S 2 (M I+ i)
MeMlyyMCT

-1 2 2
5 hT ||W||(),T + ]’lT|W|1,T,

which proves (2.2). O
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Let yp = pT be the chunkiness parameter of 7' € 7}, where pr . denotes the supremum of

the radius of a sphere with respect to that T is star-shaped. Then, in view of M1, we have 2 < y; <
9* hr =0, 1 je. yr is independent of ;. Thus, from Brenner & Scott (2008, Lemma 4.3.8) we obtain

the following estimate.

LeEmMA 2.2 ForallT € &, and v € H™(T) with m > 1, there exists I,,_;v € P,,_(T) such that
V=1, vz Shp vy, for0<s<m. (2.3)

In order to derive error estimates in Sections 3 and 4, we introduce the following results from
Cai et al. (2017).

LeEMMA 2.3 Let E be an edge (or face) of T € .7}, ny be the unit vector normal to E and s > 0. Assume
that v is a given function in H 45(T) and Av € L*(T). Then for any wy, € ]P’j(T) with a fixed nonnegative
integer j, we have

—1 2
(VV'”T,Wh)ES,C ||Wh||0E(||VV||0T+hT||AV||0T)

REMARK 2.4 1In Cai et al. (2017, Lemma 2.7), the above lemma holds for simplicial elements. Note that
for every T € .7, we can decompose 7 into several simplexes whose diameters are of order /;; hence,
Lemma 2.3 holds on 7.

2.2 An HDG finite element method

For any T € ), E € &, and any nonnegative integer j, let 1'1]." CLA(T) —> IP’j(T) and IYj8 : [2(E) -
PP;(E) be the usual L2-projection operators. Vector and tensor analogs of Hj” and I'Ija are also denoted
by Hj" and 1'[].3, respectively.

For any integer k > 0, we introduce the following finite-dimensional spaces:

Vi i= oy € 1X@) vyl € Py (1, VT € 73,

V, = {'ﬁh € LX(&,) :Vlp € PL(E)], VE € é”h},

f/\g = {/V\h € \A/h Vg =123, VE € é"hD} ,withg =0, gp,
0, =g, e IP@1': gl PV, VT e 7}

Then the HDG method for (1.1) reads as follows. For all (v, v,,r,) € V, x V x @, find
(up,, uy,,pp) €'V, X Vh x @), such that

@ 'ppory) + W Vi - 1) = (Gl - m )o.7, =0,

= O Vi py) + (Vpy n), g 2.4)

+ <T (nkauh — Ty, v, _vh)>ay = —(f.vp) + (N> Vi) ry»
I

d
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where
tlp = Wghy', VEe€é,
and Wy, satisfies the following property:
WE ~ max {aT}.

EcCoT

REMARK 2.5 There are two simple choices for W:

(1) Wy =ap, when E C 0T N 952,
ar, +ar_ .
Wg = — when FE is shared by T+ and T — .
2 Wr = , VEC&,.
2) E h[ré%xT{aT} C oy

To simplify notation, we define

By (p,w,1k:¢,v,%) = (@”'p,@) + W,V -q) — (g -n)y 7

— VP + Op-n)y g + (T =), v =), 7. (2.5)
Then (2.4) can be rewritten in a compact form as follows: find (u;,, Uy, p;,) € V), X Vfl’ x @), such that
B, (py. ”h’ﬁh;rh’vh’/v\h) =—(fiv) + <gN”‘7h>FN’ (2.6)

for all (Vh""’\h"'h) eV, x V}? x Q. Let (u,p) € H! (£2) x H(div, £2) be the solution of (1.1). It follows
from the definition of B, and integration by parts that

Bh(p’ u, u;rh7 Vha,"/\h) = _(f’ Vh) + (gN’vh)[‘N, (2‘7)
for all (ry, vy, 9,) € @), X Vj, x V.

By (2.6) and (2.7), we have the following orthogonality result.

THEOREM 2.6 (Orthogonality). Let (u,p) € H'(£2) x H(div, £2) be the solution of (1.1) and
(up,, up.py) € V) X V;(fD x @), be the solution of (2.6). Then for all (v;,V,,r;,) € V,, x V,? x @y, we
have

B, (p —ppout — wp,u — 1y 1y,, v, ;) = 0. (2.8)

2.3 Projections

To establish error estimates for the proposed HDG method, we need the following approximation and
stability results for the L>-projections Hj” and 1'[].a with nonnegative integer j.
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LeEMMA 2.7 Letmbe aninteger with 1 <m < j+ 1. ForallT € 9, E € &, it holds that

1Tl 7 < IVllo.r Vv e LX(T), (2.9)

1T Vl05 < [Vl Vv e L2(E), (2.10)

v = V007 S Hy P Wlr Vv e H™(T), 2.11)

|v—17j"v|YTth ‘Wt Yve HT), 0 <s<m, (2.12)
m—s—1/2

IV = T loar < 1y Py Yve H'(T), | <s+1<m, (2.13)

where s is an integer.
Proof. The stability results (2.9-2.10) follow from the definitions of L2-projections. The approximation
result (2.13) follows directly from (2.2) and (2.12). Since ||v — 17jav||0,3T < v— 17J."v||0’3T, the estimate
(2.11) follows from (2.13) with s = 0. It only remains to prove (2.12). In fact, by combining (2.3), the
inverse estimate (2.1) and the stability estimate (2.9), we have
|‘)_171'0V|S,T< | 1V|ST+|H0(V lv)lsT
<|V— m— 1v|9T+hT ”Ho(v m IV)HOT

SW—=Ly_Vgr+h’ v —="1L,_plor
<
~Y

W=Vl -
O
LeEmma 2.8 For any nonnegative integer j, it holds that
1/2
v = IVlgor S hyl v — IV, 7. (2.14)
Proof. By the trace inequality (2.2) and the approximation property (2.12), we get
1/2 1/2
lv—1vlgar S br ||v—17k”v||OT+h/ v —TIIvl 7
_1 2 1
= hy Py — v — TP — T lo.g + by v — TV, 4
1/2
< hT/ v — ¢V, 7
(]

Next, we recall the following classical results.

THEOREM 2.9 (Adams & Fournier, 2003, Page 220, Theorem 7.23 and Brenner & Scott, 2008, Page
373, Proposition 14.1.5) Given Banach spaces A; — Ay and B; — By, let #: (Ag+A;) — (By+B,)
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be a bounded linear operator from A; into B; (i = 0,1). Then ¢ : A9,p — By, is a bounded linear
operator forany 0 < 6 < 1, 1 < p < 0o. Moreover,

1-6 %
1 gy )y, < N5l 1 NG,

A()*)BO

where Ay , 1= [Ag,A ]y, ,» By, = [By,Byly,,- See Brenner & Scott (2008, Page 372) for detailed
definitions of Ay , and B ,.

THEOREM 2.10 (Brenner & Scott, 2008, Page 375, Theorem 14.2.7) If £2 has a Lipschitz boundary,
then

[Hm(g)’HZ(Q)]e’z — H(1—0)1n+92(9)’

for all real numbers m and £, with0 < 6 < 1.

With the above results, we are ready to derive the following fractional approximation properties of
the L?-projection 17].".

LeEMMA 2.11 Letj be a nonnegative integer, and let real numbers «, 8 satisfy 0 < o < § <j+ 1. Then
forallv € H*(T) and T € 7,

H( J v .l ~ T ” V ”ﬁJ

Proof. Letr > B be aninteger. Whenr — 1 < o < r,wetake Ay = A, = H'(2), By = H~1(2),
B, = H'(£) and 0 = a 4+ 1 —rin Theorem 2.9. Then by combining (2.12) and Theorems 2.9 and 2.10,
we have

|1 = 7)»

il z

| =)

H" (T)— H(T)

1-6
<|(u-m) | (2 )
J H'(T)—H—(T) J

H'(T)—H" (T)
1-6
S hr
e
When o = r — 1 or @ = r, it follows from (2.12) that
H (Id _ 17;) VHa S (2.15)

Therefore, (2.15) holds for r — 1 < o < r. In view of (2.12) and (2.15), we have

|(ta =)

(Id — 17].0) v— 117 (Id _ Hj?) v

(ta =) ],

S vl

o, T - ”

<hp

a, T
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In particular, when r = 8 we have

=17 v| SRl
(- ), <

Next, we assume o < 8 < rand take Ag = H*(£2),A, = H'(2), By =B, = H'(£2),0 = é:g From
(2.12), Theorems 2.9 and 2.10 and (2.15), we have

| m7)
t -]
Ivilg.r 7 WHA (1) —He(T)
1-6
N ) 0-)
P )N He (1)~ He(T) I ) W (ry— me(r)
< h(Tr—a)a
=,
which completes the proof. O

3. A priori error estimates

LemMA 3.1 Let (u,p) € H'(£2) x H(div, £2) be the solution of (1.1) and (u,, ), p;) € V) x V;‘:D x 0,
be the solution of (2.6). The following estimate holds:

af*lu=wlyr Sar' | =pyloy +ar”

3.1

172 || 18 ~
h HH u, —u H s
T k“h h 00T

forany T € 9,
Proof. 'We apply integration by parts to the first equation of (2.4) and use the definition of I7, ,? to get

(“ﬂl’h’rh) = (Vuy,ry) — <ﬁh — M1, -n>3y =0.

h

Forany T € 7, we take r, = a~'p, — V,u, € [P,(T)]1? and r, = 0 on £2/7 in the equation above and
use an inverse inequality to get

2
Ha;lph = Vi HOT - <uh ~ Mw, (ai]ph B Vuh) 'n>aT

—1 - P ~
S HaT Pr = VMhHOThT anuh _uhH()aT’

which leads to

-1 172 || 5 ~
= vy | < A - 32
H"T P = V|| ST ] Py (3.2)
By multiplying a]T/ % to both sides of (3.2), we get
Ha;l/zph — alT/ZVuh H < alT/Zh;I/2 HH,?uh -, H (3.3)

0,1 0,0T
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1586 G. CHEN AND J. CUI

Note that p = aVu. It then follows from (3.3) and the triangle inequality that

12 1/2
V21Vu = Vil = HaT b — /WhHo

71/2 172
Sa lp — Ph”or"‘ HaT Pn—ar V“hHOT
—-1/2 1/2,-1/2
Sap o =pulog +ai iy an“h_uh”OBT’
which proves the estimate (3.1). O

LeEmMA 3.2 Let (u,p) € Hl(.Q) x H(div, §2) be the solution of (1.1), and (uy,, %, p;) € V,, X VfD x Q)
be the solution of (2.6). Then

2
la=2(p —pII3 + Hf”z (Hzf'uh —ﬁh) Hoay = E(u,p; u,,,py) (3.4)

h
where
E(u,p;u, iy, p;) = ( '‘p—ppp—11 P) — (Vi — wy),p — IT;p)
+ (Vi (= MMy ) ,p — IT7p) — <n1?“h — . (p — 117p) ’">39}
+ <17,f+1(u — ) — I (u — uy), (p — M%) - n>
0T

(= (1, = @,) 11w H’?H”‘}az , (3.5)

and r = min{k, m}. Here, m is the integer part of s.

Proof. By the orthogonality of IT ,? , we have

2
A=)~ =] = | (mhu—w) ~ (P, 7]
H k(u uy) — (u uh) oF U —u i, — Uy, 0F
= [t + [t -], L
= ku u 0.E kuh I/lh O’E. .
It follows from (3.6), the definition of B;, and Lemma 2.1 that
o P —ptd+ [ (1, =) |+ [ ()|
h/ 110 k“h h 08% k 0’3%
g e (- - )
la="“(p —pplo+ |7 i —wy) — (u—1uy) 00T,

=By, (P — Pttty tt = Upip — Pt — 10 — 1y

=B, (p — Pyt — upu —Upp — I7pu— T, o, u — H,fu) , (3.7)
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where we used the fact that %, — I7u = 0 on I',. In view of the definition of B, in (2.5), we have

B, (p — Pyt — Wy — s p — I7p,u— I u,u— H,?u)
= (a“ (p—pp)p— 175’1’) + (u—w, V- (p— 1I7p)) — (u—T, (p — I7p) -
— (=1 .V, - (p—py) + <M — Mu,(p —py) 'n>a§
h
< (Hk(u—uh)—(u—uh)) ( —H,§’+lu)—<u—17,fu)>a%
6
1
Integrating by parts gives
Ry + Ry = — (V(u — uy).p — ) (up — 0. (p — TI7p) - m), 7
— (Vi = ), p — <Hk w, =y, (p — 117p) - > 7
— <uh — H,?uh, (p - pr) ~n>8% .

Using integration by parts and the orthogonality of IT?, we arrive at

Ry = (V) (u— Mg qu) .p — 117p) — (u — IT{, yu, (p — 1T7p) - ), 7

Rs = <u—17ku (p I'pr) -n>a%.

Then from (3.9, 3.10-3.11), we have
— (1w, — @y (p — 112p) - m)
< kUn Up (p rp) naz
(M1 = ) = 2w =), (p = 1T7p) -m) .
T
It follows from the orthogonality and the definition of I7, ,f that
Ry = <1’ (H,?u — u) ,1'1,? (u — H,?_Hu) — (u — H,?u)>
3T
— <r (H,?uh —'ﬁh) ,H,f (u - H,?Hu) — (u — H,?u)>
3T

2
= |t 17 T\ 1] T 11 .
H A P Y kUn — Uy ), Ll k1], o

")a,%

(3.8)

(3.9)

(3.10)

@3.11)

(3.12)

(3.13)
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1588 G. CHEN AND J. CUI

The desired result (3.4) is then proved by combining (3.7), (3.8), (3.12) and (3.13). O

THEOREM 3.3 Let (u,p) € H'*(2) x H(div, 2) N [H*(£2)] (with s > 0) be the solution of (1.1), and
(W, py) € Vy x VP x @), be the solution of (2.6). It holds that

la™!2(p =P I§ + la" (Vi = V) Iig + 72 (T w, =BG, o

S D aplu— MM uli+ D ar'llp = Iplsr + D ap'hp |V p =V - [Ifpllg . (3.14)
Te% TEQ%l TG%

where » = min{k, m}, and m is the integer part of s.

Proof. To simplify notation, we define
E = (a_l(p —Pp)P — pr) :
= (Vi (0= IT{14) .p = T7p),

Ey= _<Hl?“h — iy, (p — I17p) .n>8<%’

s
|

Es = (M7= ) — T2 —wy), (p — 1129) - )

3.,
E :—<r(n3 —A),n’a .y > :
6 kUp — Uy KU K+, o
It follows from the Cauchy—Schwarz inequality that
E < D ar'llp —pyllogrllp — Ml
Te9,
1/2
<la P —=plo | D ar'lp =115, ] (3.15)
Te,
Ey < D IV@—u)llorlp — Tplor
Te T,
1/2
< a2V —uwllo [ D ar'lle — IplG | (3.16)
Te 7,
Ey < D IV — T wlorlp — Tpllor
e,
1/2 1/2
< D arhFluliy,r > e —plss | - (3.17)

T, 1,
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HDG METHOD FOR THE SECOND-ORDER ELLIPTIC PROBLEM 1589

Next we use the Cauchy—Schwarz inequality, the inverse inequality (2.1) and Lemma 2.3 with
Vv = p to derive

EeS Y > g P mw = (1p = Tpllor + bV - (p = 1T2p) o 1)
TEL%, EcCoT

1/2

<[e2 (mpu =), | 2 ar'lo =M+ X a1V o=V 1R,
' = T,

(3.18)

From the Cauchy—-Schwarz inequality, Lemma 2.3 and the approximation properties of [Ty | and
I1 ,? , we obtain

—-1/2 ¢
Es< > > by P = uy) — 12— wllo g (Ip = I2pllo.7 + hrllV - (p — TI2D) o 1)

1€, ECOT
1/2
<Na'2Vu=Vylo | D ar'lp = Iplgr + D ax' i3IV -p =V - Iplls | - (3.19)
Te% Te%
Similarly, we have
9 o~
Eg=— <T (Hk Up — ”h) o= Iy — ITY (= H1?+1”)>8g
h
-1 9 ~
S D Wb T wy, =Ty llo g lu = Ty yu = TTE (w0 — g qu) o g
Eeé),
- - 12
S > Wehg N1y — Tyl phy %l — [guly 7,
Eeé),
1/2
< H_L,I/Z (Ufuh _ﬁh)HoaTh > aplu—rg ulis| . (3.20)

Te,%,

where E C 3T, and T, € ], is the element such that a = maxgyr ar. The desired estimate

(3.14) follows from Lemma 3.2 and (3.15-3.20). O
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1590 G. CHEN AND J. CUI

We can then derive the a priori error estimates in the next theorem.
THEOREM 3.4 Let (u,p) € H'*¥(2) x H(div, ) N[H*(£2)]* (with 0 < s < 1) be the solution of (I.1),
and (uy, Uy, p;) € V, x Vi x @), be the solution of (2.6). It holds that

2
0,0.7,

S D aphPluli o+ D) ' hEplir + D ar Wl fllg - (3.21)
Te% Te% Te%

a2 =PI + la (V= Vi3 + |72 (1, 7, |

Proof. Since s € (0, 1), we have » = 0 in Theorem 3.3. Therefore,

2
0,0.7,

S D aru—Ig uli o+ D at e — I5plsr + . ar'hillV -plig o (3.22)
Te% TG% Te%,

la™"2(p =PI + a2 (Vi = V)13 + |72 (T, = ,)|

Since V - p = f, we can obtain the error estimate (3.21) directly from Lemma 2.11:

) 2
la™2(p =PI} + la" (Vi = VI3 + |2 (1w, =) |
s h
S D arhPlulir + D0 ar b Iplir + D ar hIf 15
Te% TG% Te%
O
4. A posteriori error estimates
We first introduce the following oscillation terms:
osc®(f, ) = D osc*(f. 1) = D ap'hpllf = Y, fli§ 7
T&% T&%
osc? (gN, g’hv) = o E) = D ag'hglligy — Mgyl3
Eegjy EeghN
Then we define the a posteriori error estimators as follows:
1/2 _
Nr = ai 11Vu, — a”pylo.r, @.1)
-1/2
Mg = ag hel Ty f =V - pyllogs “2)

1/2,—-1/2 o~
U E/ hg / 1170 u), — Upllo.gs 4.3)
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HDG METHOD FOR THE SECOND-ORDER ELLIPTIC PROBLEM 1591

w5 [ )],
Mg = Wy 2h;'? H (Id — 1‘[,?) (u, — &p) HOE, Ec &P, (4.4)
0, Ec &Y,
and
=D M i=L2 (4.5)
Te,%
May = D Moo (4.6)
Eed),
2 2 2
= > Mgt D Mep 4.7)
Ee @@fl Eeg,?
;72 = 7731 + ’7%2 + ’735 + ’73/- + oscz(f, T,) + osc? (gN, 52’) . (4.8)

Note that there are no explicit oscillation terms for g, in constructing the global a posteriori error
estimator 7. Actually, those oscillation terms are involved implicitly by introducing (4.4).

4.1 Reliability

THEOREM 4.1 (Upper bound). Let (u,p) € HYS(2) x (H(div, $2) N [H*(£2)]%) with s > 0, be the
solution of (1.1) and (u,,, 4, p;,) € V), X V,fD x @), be the solution of (2.6). Then

la™2(p —p)lly + lla'>(Vu — Vyu)lly < 0. (4.9)

Proof. Let (y,w,W) = (p —pj, — ry, u — U, — v, u — U, — v),), where

r, :=1I5(p —p;) € Q) (4.10)
Vh = Hko+1(u_uh)evh, (411)
V= (u—,) € V. (4.12)

Note that
d ~ 2 d d = 2 d d -~ 2
17 = ) = =TI = | (T = ) = (T =) | = 1= o+ 1T, = 413

The above equation together with the definition of B;, implies

. 2
la™"2(p =PI+, = B(p—pyett = ot = :p = pytt = =Ty — V2 (1= 1) u]
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1592 G. CHEN AND J. CUI

It then follows from Lemma 2.1 that
2

0.7,

,1/2(p _ph)”(2) + ;755 = Bh(p —Dp U — Uy, U —ﬁh;y,w’W) — Ht]/Z ([d— H]?) MH

la
=@ (p—p)Y)+ W=,V y) = U=,y -n)y g

—W.V-p—=V,p)+Wp—p, n,z
- Ha _A)’Ha _A> )
<‘L’< Uy — Uy W Wa%
where we have used the relation
(TUT) (= wy) — (u=T0)), [w = W)y 7
; é ~ ) -~ ) ~
= (r (H,fu— u) ’H]?W_W>a% —<‘C (Hkuh —uh) ,ka—w>a%

2
= [ (=)l (e (=) it =5
H‘L’ Id — IT}; uo,% T (T uy, —uy ) TIgw Wa%

By using integration by parts, the relations a~!p = Vuand V-p = £, and the facts (w, IT o S=Vupy) =

+
0 and (H,fu —u, O3(p —pyp) ‘n)y g =0, we get

la™"(p —pIG + 1, = @, — w ¥ -n)y g + (W, (p—py) 1)y 7
— <‘[ (H,?uh —'ﬁh) ’W>aﬁh + (Vh“h —a'p,, y) + (w.f — T\ f)
= <’ﬂh — oy, +u—Mlu,y ~n>a% - <l’ (H,?uh —’ﬁh) ’W>a%
+ (Vh“h —a'p J’) + (wf = T4 f)
=R, +R, +R; +R,.
Next, we estimate each R; term by term. By the orthogonality of 17 9 we have

R1=<’1Zh—1"[,?uh,y.n> +<H,?uh—uh+u—17,?u,y-n>

0.7, 0.7,

= <’Lih — u,,y ~n>a% +<17,?uh —uy 4 u—Mup ~n>3%

- <ﬁh — TP,y -n>a% n <[[(n,§ — Idyu,T.p - n>£,2 n <(17,? - Id) (y — p)P - n>gh[,
+ <(171? - Id) (uy, —w), gy — Hl?gN>éa;V
= (@~ 1wy -n), o+ (10T~ ) (p Aoy )

+ <(1‘1,? —Id) Wy — gp)s (P —Pp) -n){oﬁg n <(17,? - Id) (wy, — ), gy — H,?gN>éahN .
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HDG METHOD FOR THE SECOND-ORDER ELLIPTIC PROBLEM 1593
Then by the Cauchy—Schwarz inequality and Lemma 2.3, we get
Ry S (yy + 1) (||a*‘/2(p —pllo +n,, + osc(f, 9,1)) +ose(gy, EM) a2 (Vu — V)l
< 120, T &N /20,
< Oy + 1) (la™ 20 = pllg + 1y, + 05¢(f. F3)) + 0sc(gy. N (a2 (p —pllo +1y,)

Using Lemma 2.3, we have

~ 1/2,-1/2
Ro< X D0 e (A =) |, welPh il

Te,%, ECoT
~ 12
S22 HTI/Z (Hl?“h - ”h) ”E W2 1Vu = Vi llo 7
Te,%, EcoT

S lla' 2 (Vu = V)l
S, (1 + 10”20 =)

R; < Z IVyuy — ailph”o,T“P —pullor < 1y, la="*(p —Pllos
re,

Ry S Nla'*(Vu = Vuy)lly - ose(f. ) < ose(f, Z) a2 (p = pyllo + n,,)-
By combining the above estimates for R;, i = 1,2, 3,4, we arrive at
la="?@ —pI§ + n2,
<+ 1) (™20 = plly + 1y, + 05¢(, 7)) + 0se(eys &) (a0 = ppllg + 1)
14, (1, + 10720 = P llo) + 1y, la™ 20 = Pyl + 05e(s ) Ula™ 2 (p =yl + 1)
4.13)

Finally, the estimate (4.9) can be obtained in a straightforward way using Lemma 3.1 and (4.13). O

4.2 Efficiency

In the rest of this section, we show that the proposed a posteriori error estimators are also efficient, i.e.
lower bounds hold.
For any E € &), we denote

wg = {theunionof T : E C 3T, T € ,}.

Let by, € Hé (M) be the usual bubble function defined on M € .#),. The following result is a standard
tool for the a posteriori error estimates.
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1594 G. CHEN AND J. CUI

LeEmMA 4.2 (Vertiirth, 1994). For every M € .#,,, it holds that
1/2
o S HbM/ v, HOM S Ivalloas  Yvy € P(M), k> 0. (4.14)

THEOREM 4.3 (Lower bounds). Let (u, p) € H'™S(2) x (H(div, £2) N [H*($2)]%) (with s > 0) be the
solution of (1.1) and (u;,,%,,.p;,) € V, % Vh x 0, be the solution of (2.6). Then for any T € .7, and
E € &, it holds that

Ny < la" > (Vu = Vup)llor + lla(p —p)llor (4.15)
N1 < a2 (p = pllo.r + ose(£. T), (4.16)

12(Vu—v 4.17
Ny S a2 (Vu= Vi)l o 4.17)
N S a2V = Vup)llo + a2 (p = plly + ose(f, Fp) + osc (gN, g;y) PRTS

Proof of (4.15). By using the triangle inequality and the fact a~'p = Vu, we have

—12
N r S / Vu — Vu, HO,T +ay / HP —Pullor

= [la"(Vu = Vu)lor + lla™*(p —pllo.1-
O

Proof of (4.16). For any M € .#,, we let by, Hé (M) be the bubble function. It then follows from
Lemma 4.2, the relation V - p = f, the triangle inequality and integration by parts that

2
Uy S Z My, 75 Oyg My )t

McT
~1/2 —-1/2
= a; iy Z(V P =V ppbyn,, Py +ar hy Z (ITE 1 f = F by 1)y,
McT McT
172 —12
= hy Z(P Py Vbyny, )y + ar hy Z (I f = Fobalny 1)y
McT McT

Then by the Cauchy—Schwarz inequality and the inverse inequality (2.1), we have

mar S (1472 = ppllor + 0se(£ 1) 1y, 7

which leads to (4.16). O
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Proof of (4.17). Tt directly follows from the definition of 7, and Wy ~ maxgyr{ar} that

2 = Wwohit|(1d — 1 ol
Nuj,e = WEE k) (uy — w0 OE

2

< 2 arhg’ H(Id_H’?) W =10 o7
ECOT ’

2
< D apl(Vu— V)51
EcCoT

= [la(Vit = Vi) |[§ o

(|
Proof of (4.18). By combining (4.13), (4.15), (4.16) and (4.17), we have
My S0 1+ 0+ a2 (0 = + 052 (£, Ty) + 0s¢? (g, 67
S a2 (p = py) I3+ a2 (Vi = V) I + 056 (. 73 + osc? (g 1)
O

5. Numerical experiments

In this section, we present the results of numerical experiments in two dimensions to demonstrate the
efficiency and reliability of the a posteriori estimators. All tests are programmed in C++ using the
Eigen library (Eigen 3.2.5) and Hypre library (Falgout & Yang, 2002). The numerical results in this
section are obtained by the following adaptive mesh refinement algorithm.

Let

= (Ra+ne)+ndr+nhr oD+ Y ose(gy B,
EcaT EC&) naT

and e = [la "2 (p—pI3 + la"*(Vu — V)13

Adaptive Algorithm. Starting with an initial mesh .7; (I = 0), choose a parameter 8 € [0, 1] and
take the following iterative steps:

(i) Solve the discrete problem on .7} with N degrees of freedom.

172
(i) Compute 1y forall T € .7 and n = (ZT&% 77%) .

(iii) Mark a set of elements %; C .7} with minimum number of elements such that >",._ %, n% > Bn?.

(iv) Refine all the elements in %, to get .7 ;.

(v) Further refine the elements to ensure there is at most one hanging node per edge. Update [ = /41
and go to (i).
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F1G. 2. Meshes for the smooth problem: levels 0 (left) and 2 (right) with 8 = 1.0.

TABLE 1 Results for the smooth problem

k=1 k=2 k=3

Mesh e n n/e e n n/e e n n/e

6.0614E4+00 8.1840E4+00 1.35 3.5025E400 3.9717E4+00 1.13 1.4339E+00 1.5481E+00 1.08
2.5069E4-00 3.2953E4-00 1.31 8.3972E-01 9.6953E-01 1.15 1.8555E-01 2.0584E-01 1.11
1.1468E4-00 1.5591E400 1.36 1.9935E-01 2.4057E-01 1.21 2.2714E-02 2.5767E-02 1.13
5.5500E-01 7.7380E-01 1.39 4.8625E-02 6.0638E-02 1.25 2.7822E-03 3.2135E-03 1.16
2.7420E-01 3.8748E-01 1.41 1.2079E-02 1.5302E-02 1.27 3.4486E-04 4.0209E-04 1.17
1.3656E-01 1.9406E-01 1.42 3.0192E-03 3.8477E-03 1.27 4.3030E-05 5.0342E-05 1.17
6.8202E-02 9.7123E-02 1.42 7.5540E-04 9.6488E-04 1.28 5.3794E-06 6.2997E-06 1.17

AN R W= O

5.1 Smooth problem
Consider the problem (1.1) on the unit square witha = 1, I'y = ¥, g, = 0, and f is chosen according
to the following exact solution:

u = sin(2rx) sin(2wy), and p = Vu.

We take B = 1.0 in this experiment; hence, the adaptive mesh refinement algorithm reduces to a
uniform mesh refinement strategy. The computational meshes are depicted in Fig. 2 and the numerical
results are presented in Table 1. It can be observed that /e ~ 1.42 when k = 1, n/e ~ 1.28 when
k = 2, and n/e &~ 1.17 when k = 3. This illustrates that our a posteriori error estimators are reliable
and efficient on uniformly refined meshes.

5.2 L-shaped domain problem

Consider the problem (1.1) on an L-shaped domain £2 = (-1, 1)2/[0, 1] x [—1,0]. We take a = 1,
f=0,TIy =0, and g, is chosen corresponding to the following exact solution:

u(r,0) = r*sin(20/3), and p = Vu,

where r, 6 are the polar coordinates.
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FiG. 3.

Adapted meshes for the L-shaped domain problem: levels 0, 6, 12, 18 with § = 0.5.

TABLE 2 Results for the L-shaped domain problem

1597

Mesh N e N~1/2 n N~12/¢ n/e
0 10 4.3233E-01 3.1623E-01 3.0123E-01 0.7314 0.6968
3 85 1.6443E-01 1.0847E-01 2.0516E-01 0.6597 1.2477
6 358 6.7515E-02 5.2852E-02 1.0923E-01 0.7828 1.6179
9 1594 2.9380E-02 2.5047E-02 5.2453E-02 0.8525 1.7853

12 6906 1.3543E-02 1.2033E-02 2.5220E-02 0.8885 1.8622
15 29283 6.4809E-03 5.8438E-03 1.2241E-02 0.9017 1.8888
16 46337 5.0493E-03 4.6455E-03 9.6411E-03 0.9200 1.9094
17 75053 3.9592E-03 3.6502E-03 7.5997E-03 0.9219 1.9195
18 122065 3.1443E-03 2.8622E-03 5.9920E-03 0.9103 1.9057
19 192199 2.4575E-03 2.2810E-03 4.7279E-03 0.9282 1.9239
20 311507 1.9364E-03 1.7917E-03 3.7318E-03 0.9253 1.9272

We use k& = 1 in this experiment. The meshes generated by the adaptive algorithm are depicted
in Fig. 3 with 8 = 0.5. The numerical results are presented in Table 2. The adaptive meshes illustrate
that the global a posteriori error estimator can effectively capture the singularity of the solution. The
displayed results confirm that the a posteriori error estimators are reliable and efficient.

5.3 Kellogg’s problem

Consider the problem (1.1) on £2 = (0, 1)2, where the coefficient a is piecewise constant such that
a = ay in the first and third quadrants, and a = a, in the second and fourth quadrants. We set Iy = ¢
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TABLE 3 Results for Kellogg’s problem

G. CHEN AND J. CUI

e

FIG. 4. Adapted meshes for Kellogg’s problem: levels 0, 30, 60, 90 with 8 = 0.3.

Mesh N e N~1/2 n N=12/e n/e
0 12 5.7504E-01 2.8868E-01 1.6179E+00 0.5020 2.8135
10 152 5.0574E-01 8.1111E-02 1.5580E+00 0.1604 3.0807
20 292 4.1897E-01 5.8521E-02 1.3767E+00 0.1397 3.2859
30 440 3.3645E-01 4.7673E-02 1.1553E+00 0.1417 3.4338
40 727 2.4631E-01 3.7088E-02 8.7407E-01 0.1506 3.5486
50 1527 1.6251E-01 2.5591E-02 5.2105E-01 0.1575 3.2062
60 3268 1.1905E-01 1.7493E-02 2.7232E-01 0.1469 2.2874
70 7449 7.8859E-02 1.1586E-02 1.4185E-01 0.1469 1.7987
80 19730 4.4845E-02 7.1193E-03 7.1553E-02 0.1588 1.5955
90 60468 2.3788E-02 4.0667E-03 3.6374E-02 0.1710 1.5291
100 207199 1.2295E-02 2.1969E-03 1.8306E-02 0.1787 1.4889
and f = 0. The exact solution in polar coordinates is taken to be u(r,0) = r” u(6), where
cos[(0.5m — o)y]cos[(8 — 0.5 + p)y], 0<6<0.5m,
cos(py)cos[(0 —m +o)y], 057 <6 <,
wn(®) = (.1
cos(oy)cos[(@ —m — p)v], 7 <0< 1.5,
cos[(0.57 — p)y]cos[(@ — 1.5r —o)y], 1.57 <6 < 2n,

and the constants are given by y = 0.1, p = 0257, 0 = —4.757w, a; = 161.4476387975881 and

a, = 1. Note that the exact solution u belongs to H 147 () (see Kellogg, 1975).

020z |Mdy 0€ uo Jasn AjsieAlun a1uyosihlod Buoy BuoH syl Aq 06SS0ES/. .S |L/2/0voeNsqe-ajonie/eulewi/woo dno olwapese//:sdjy Wol) papeojumMo(]



HDG METHOD FOR THE SECOND-ORDER ELLIPTIC PROBLEM 1599

We use k£ = 1 in this experiment. The meshes generated by the adaptive algorithm with 8 = 0.3 are
depicted in Fig. 4. The numerical results are presented in Table 3. The adaptive meshes illustrate that the
global a posteriori error estimator can effectively capture the singularity of the solution. The displayed
error results clearly verify the theoretical results.

Acknowledgements

The authors would like to thank the editors and two referees for their valuable comments and
suggestions. In particular, with their help, we managed to remove the quasi-monotonicity assumption on
the diffusion coefficient and simplify the error analysis. The authors would also thank Dr John Singler
for his help on editing, which significantly improved this paper.

Funding

National Natural Science Foundation of China (NSFC) [grant no. 11801063 to G.C. and grant no.
11771367 to J.C.], China Postdoctoral Science Foundation [grant no. 2018M633339 to G.C.], Key
Laboratory of Numerical Simulation of Sichuan Province (Neijiang, Sichuan) [grant no. 2017KF003
to G.C.] and Hong Kong RGC General Research Fund (GRF) [grant no. 15302518 to J.C.].

REFERENCES

ApAMS, R. A. & FOURNIER, J. J. E. (2003) Sobolev Spaces. Pure and Applied Mathematics (Amsterdam), vol. 140,
2nd edn. Amsterdam: Elsevier/Academic Press, pp. xiv+305.

ARNOLD, D. N. (1982) An interior penalty finite element method with discontinuous elements. SIAM J. Numer.
Anal., 19, 742-760.

ARNOLD, D. N., Brezzi, E., CocKBURN, B. & MaRINI, L. D. (2002) Unified analysis of discontinuous Galerkin
methods for elliptic problems. SIAM J. Numer. Anal., 39, 1749-1779.

BRENNER, S. C. & ScorT, L. R. (2008) The Mathematical Theory of Finite Element Methods. Texts in Applied
Mathematics, vol. 15, 3rd edn. New York: Springer, pp. xviii4397.

Cal, Z., HE, C. & ZHANG, S. (2017) Discontinuous finite element methods for interface problems: robust a priori
and a posteriori error estimates. SIAM J. Numer. Anal., 55, 400—418.

CarL, Z., YE, X. & ZHANG, S. (2011) Discontinuous Galerkin finite element methods for interface problems: a priori
and a posteriori error estimations. SIAM J. Numer. Anal., 49, 1761-1787.

CARRERO, J., COCKBURN, B. & ScHOTZAU, D. (2006) Hybridized globally divergence-free LDG methods. 1. The
Stokes problem. Math. Comp., 75, 533-563 (electronic).

CastiLLO, P., COoCKBURN, B., PErRUGIA, 1. & ScHOTZAU, D. (2000) An a priori error analysis of the local
discontinuous Galerkin method for elliptic problems. SIAM J. Numer. Anal., 38, 1676—1706 (electronic).
CHEN, H., Qru, W.,, SHi, K. & SoLANO, M. (2017) A superconvergent HDG method for the Maxwell equations. J.

Sci. Comput., 70, 1010-1029.

COCKBURN, B., GOPALAKRISHNAN, J. & LAazarov, R. (2009) Unified hybridization of discontinuous Galerkin,
mixed, and continuous Galerkin methods for second-order elliptic problems. SIAM J. Numer. Anal., 47,
1319-1365.

COCKBURN, B., GOPALAKRISHNAN, J. & Savas, F.-J. (2010) A projection-based error analysis of HDG methods.
Math. Comp., 79, 1351-1367.

COCKBURN, B., KANSCHAT, G. & SCHOTZAU, D. (2005) A locally conservative LDG method for the incompressible
Navier-Stokes equations. Math. Comp., 74, 1067-1095 (electronic).

CoCKBURN, B. & SHu, C.-W. (1998) The local discontinuous Galerkin method for time-dependent convection-
diffusion systems. SIAM J. Numer. Anal., 35, 2440-2463 (electronic).

020z |Mdy 0€ uo Jasn AjsieAlun a1uyosihlod Buoy BuoH syl Aq 06SS0ES/. .S |L/2/0voeNsqe-ajonie/eulewi/woo dno olwapese//:sdjy Wol) papeojumMo(]



1600 G. CHEN AND J. CUI

COCKBURN, B. & ZHANG, W. (2012) A posteriori error estimates for HDG methods. J. Sci. Comput., 51, 582-607.

COCKBURN, B. & ZHANG, W. (2013) A posteriori error analysis for hybridizable discontinuous Galerkin methods
for second order elliptic problems. SIAM J. Numer. Anal., 51, 676-693.

DEMKOWICZ, L. & GOPALAKRISHNAN, J. (2011) Analysis of the DPG method for the Poisson equation. SIAM J.
Numer. Anal., 49, 1788—-1809.

D1 PieTRO, D. A. & ERN, A. (2012) Analysis of a discontinuous Galerkin method for heterogeneous diffusion
problems with low-regularity solutions. Numer. Methods Partial Differ. Equ., 28, 1161-1177.

Dryia, M., SArkis, M. V. & WipLUND, O. B. (1996) Multilevel Schwarz methods for elliptic problems with
discontinuous coefficients in three dimensions. Numer. Math., 72, 313-348.

FaLGour, R. D. & YANG, U. M. (2002) Hypre: A Library of High Performance Preconditioners. Berlin, Heidelberg:
Springer, pp. 632-641.

GRISVARD, P. (1985) Elliptic Problems in Nonsmooth Domains. Monographs and Studies in Mathematics, vol. 24.
Boston, MA: Pitman (Advanced Publishing Program), pp. xiv+410.

Gupl, T. (2010) A new error analysis for discontinuous finite element methods for linear elliptic problems. Math.
Comp., 79, 2169-2189.

KELLOGG, R. B. (1975) On the Poisson equation with intersecting interfaces. Applicable Anal., 4, 101-129.
Collection of articles dedicated to Nikolai Ivanovich Muskhelishvili.

LEHRENFELD, C. (2010) Hybrid discontinuous Galerkin methods for solving incompressible flow problems. Ph.D.
Thesis, Rheinisch-Westfalischen Technischen Hochschule Aachen.

L1, B. & X1k, X. (2016) Analysis of a family of HDG methods for second-order elliptic problems. J. Comput. Appl.
Math., 307, 37-51.

Qiu, W., SHEN, J. & SHI, K. (2018) An HDG method for linear elasticity with strong symmetric stresses. Math.
Comp., 87, 69-93.

Qru, W. & SHI, K. (2016a) An HDG method for convection diffusion equation. J. Sci. Comput., 66, 346-357.

Qru, W. & SHI, K. (2016b) A superconvergent HDG method for the incompressible Navier-Stokes equations on
general polyhedral meshes. IMA J. Numer. Anal., 36, 1943-1967.

VERFURTH, R. (1994) A posteriori error estimation and adaptive mesh-refinement techniques. Proceedings of the
Fifth International Congress on Computational and Applied Mathematics (Leuven, 1992), vol. 50., pp. 67-83.

WIHLER, T. P. & RIVIERE, B. (2011) Discontinuous Galerkin methods for second-order elliptic PDE with low-
regularity solutions. J. Sci. Comput., 46, 151-165.

020z |Mdy 0€ uo Jasn AjsieAlun a1uyosihlod Buoy BuoH syl Aq 06SS0ES/. .S |L/2/0voeNsqe-ajonie/eulewi/woo dno olwapese//:sdjy Wol) papeojumMo(]



	On the error estimates of a hybridizable discontinuous Galerkin method for second-order elliptic problem with discontinuous coefficients
	1. Introduction
	2. Notation and the HDG method
	2.1 Notation
	2.2 An HDG finite element method
	2.3 Projections

	3. A priori error estimates
	4. A posteriori error estimates
	4.1 Reliability
	4.2 Efficiency

	5. Numerical experiments
	5.1 Smooth problem
	5.2 L-shaped domain problem
	5.3 Kellogg's problem



