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Abstract In this article, we study a finite element approximation for a model free
boundary plasma problem. Using a mixed approach (which resembles an optimal
control problem with control constraints), we formulate a weak formulation and study
the existence and uniqueness of a solution to the continuous model problem. Using
the same setting, we formulate and analyze the discrete problem. We derive optimal
order energy norm a priori error estimates proving the convergence of the method.
Further, we derive a reliable and efficient a posteriori error estimator for the adap-
tive mesh refinement algorithm. Finally, we illustrate the theoretical results by some
numerical examples.
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1 Introduction

Let @ C R? be a bounded polygonal domain with boundary denoted by 9. However
the results are applicable for any bounded polyhedral domain in R" (n > 1), where
R” denotes the Euclidean space of dimension n. We consider the following model
problem which arises in plasma physics, see [5, page 521] :

—Au+iu_ =0 in £, (1.1)
ulsgo = ceR on 9Q (i.e., u = constant on 9S2), (1.2)

ou
—ds =1, (1.3)

a0 on

where A, I are given positive real numbers and u_ (x) = max{0, —u(x)}, the negative
part of u. Hereafter du/dn denotes the normal derivative of u on the boundary in
the sense of the trace. A slightly more general but similar problem is studied in [2].
The plasma problem consists of finding # and a constant ¢ such that # = ¢ on 92
and they satisfy (1.1)—(1.3). It is shown in [5] by some minimization formulation that
the above model problem has a solution. Further under an additional assumption that
A < Ap it is shown [5, Theorem 11.2] that the solution is unique, where A; is the
second smallest eigen-value corresponding to —A on 2 with homogeneous Dirichlet
boundary condition. The set 2, = {x €  : u(x) < 0} is called the plasma set and
the set Q, = {x € Q : u(x) > 0} is called the vacuum set. Further the sets £2,, and
2, are connected sets in 2, see [5, Theorem 12.1]

For the rest of the discussion, we introduce some notation. Let L2(D) be the stan-
dard space of measurable and square integrable functions defined on the open set
D C Q. The L%(D) inner-product and norm are denoted by (-, )p and || - l2(p),
respectively. When D = 2, we denote the L?(2) inner-product and norm by (-, -)
and || - ||, respectively. We denote by | D|, the 2-dimensional measure of an open sub-
set D C Q. The Sobolev-Hilbert space of order m > 0 on D C Q is denoted by
H™ (D) with the norm and semi-norm,

2 2 2 2 -
vl Em py = Z ||D°‘v||L2(D) and  [vlgmp) = Z ||D°‘v||L2(D), respectively,

la|<m la|=m

where « is a multi-index and D is the distribution derivative of order ||, see [6]. Let
D(D) be the topological vector space consisting of C°°(D) functions with compact
support in D. Further let H(; (D) be the closure of D(D) in H' (D). Finally C(D)
denotes the space of continuous function on D, the closure of D C .

We briefly discuss the proof of existence of a solution to the model problem (1.1)—
(1.3) by the approach in [5]. Let K be a closed and convex subset of L2(2) defined
by

K={pelL*Q):p>0ae.inQ, /pdx:[}. (1.4)
Q

It is easy to prove that the set K is nonempty. For instance, let p € L?(Q) with
p>0in Q. Ifr = (p,1), then p = Ip/t € K. Let G(x, y) denote the Green’s
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FEM for free boundary plasma problem

function for —A on €2 with homogeneous Dirichlet boundary condition. Define the
functional J : L2(Q) — R by

~ 1
J(P)=Z

It is proved in [5, Theorem 11.1] that the minimization problem

1
/ pzdx—z f / G(x, y)p(x)p(y)dx dy. (1.5)
Q QJIQ

J(g) =minJ(p).
peK
has a solution ¢. Let J/ be the Frechet derivative of J which is given by

- 1
J'(p) = 7P —/QG(x, yp(y)dy Vpek

Then the first order optimality condition implies that

J'(@)(p—q) >0 V¥pek,

or in other words,

1
/Q (Xp(x) - /Q Gx,y)p(y) dy) (p—q@)x)dx >0 VpekK. (1.6)

If the function u is defined by

u(x) = — /Q Gr, g dy +c,

for some constant ¢ € R satisfying

J'(q) = —c inf{xeQ:qkx) >0},
> —c in{x € Q:qx) =0},

then u is a solution of Eqgs. 1.1-1.3 and ¢ = Au_, see [5, page 523].

The direct numerical approximation of Eq. 1.5 requires either closed form Green’s
function (although it is known for Laplace operator, in general it is not available)
or requires a discrete version of it. Even if the Green’s function is explicitly known,
the optimality condition (1.6) appears in a nonlocal fashion which results in a dense
matrix in its discrete version. Therefore in the upcoming discussion in this article,
we introduce a mixed formulation to study the model problem and its approximation.
This approach resembles an optimal control problem with control constraints, see for
example [7] for the fundamental literature on optimal control problems.

The contribution of this article can be described as follows:

e Using a mixed formulation, we formulate the continuous model problem as an
optimal control problem with control constraints.

e  We derive an explicit formula for the constant ¢ which appears in Eq. 1.2 that
will be quite useful to design its discrete counterpart.

® We propose a finite element method and study the convergence of the method.
Further, we derive a reliable and efficient a posteriori error estimator.

e Finally, we illustrate the theoretical results by some numerical examples using a
primal dual active-set method.
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There is hardly any literature on numerical approximation of the aforementioned
free boundary plasma problem. This article makes an attempt to study a finite element
approximation and some of its analysis. The rest of the article is organized as follows.
In Section 2, we discuss the continuous problem in a mixed formulation. In Section
3, we study the finite element approximation and derive both a priori and a posteriori
error estimates. We discuss some numerical examples in Section 4 and finally we
conclude the article in Section 5.

2 Mixed formulation

In this section, we rewrite the formulation of [5] as in [2] as a mixed formulation
which appears like an optimal control problem with control constraints. We begin
with defining a cost functional J : L3(Q) x H(} (2) > Rby

1 1
J(p,w) = —IIpI* + =(w, p). 2.1
(p, w) 2/\IIPII +2(w p) (2.1
For given p € L3(Q), letw € H(} (£2) be the unique weak solution of

(Vw, Vz) = —(p,2) Yz e H}(Q). (2.2)

We can associate a solution map § : L*(Q) — H& (£2) by assigning for p €
LZ(SZ) the solution S(p) = w with w satisfying (2.2). Then restricting to such pairs
{p, w}, we can introduce the reduced functional j : L%(2) — R as

1 , 1
i(p) = — =(S(p), p). 2.3
J(p) = —llpII” + 5(S(p). p) (2.3)
Then the mathematical model problem is to find ¢ € K such that

Jj(g) = min j(p), 2.4
pekK

where K is defined as in Eq. 1.4.
The following assumption is made for the rest of the article.

Assumption-L. There holds 0 < A < A, where A is the best constant that appears in
the Poincaré inequality (or the smallest eigen-value of —A on 2 with homogeneous
Dirichlet boundary condition):
2 _ 1 2 1
vll* < o IVull® Vv e Hy(€2). 2.5

Before proving the existence of a unique solution for Eq. 2.4, we prove the
following lemma:

Lemma 2.1 There holds for all p € L*(Q) that

1
IIS(p)IISA—IIIPII and |[VS(p)Il = \/—IIPII
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Proof Note by the definition of S, the Cauchy-Schwarz inequality and Eq. 2.5 that

1
vSI? = (p, S < S < — vS(pl.
IVSpI [(p, S(PHI = pll ISP mllpllll I

The remaining proof follows by applying Eq. 2.5. O

In [5], it is assumed that 0 < A < X, to prove the uniqueness of the solution,
where A is the second smallest eigen-value of —A on 2 with homogeneous Dirichlet
boundary condition. However, our assumption is more restrictive than that in [5]. This
is due to fact that the arguments in [5] for the continuous problem seems to suggest
to use discrete maximum principles of finite element methods in order to analyze the
discrete problem. Therefore the subject of investigation for the case A; < A < Ay is
postponed to the future. However the subsequent derivation of explicit constant c is
valid once the solution exists. Further the numerical method is useful in computations
without restriction on A.

Theorem 2.2 Let ). < A1. Then the minimization problem (2.4) has a unique solution
denoted by q € K. Further the following first order optimality condition holds:

1
(S(q)+xq,p—q)20 Vp eK,

where S(q) € Hé (R2) satisfies

(VS(q),Vz) = —(q.2) Vz € Hy(S).

Proof Using Eq. 2.3 and Lemma 2.1, we find

(9 = 1Pl = IV = (5= — == ) P12 = 0
JAP) = 5 WP = IV =\ oy = g ) P =
The existence and uniqueness of a solution for Eq. 2.4 follow from the standard
theory of optimal control problems [7]. The necessary first order optimality condition
is given by

.r%j(qut(p—q))—j(q) S0 VpeKk.

J'@(p—¢) = lin p
with
J'(@) = S(@ + %q.
To verify this, consider

. _ _ 1 1 1
jlg+t(p tq)) i@ _ ~@. P =D+ 55 =9, 9+ 5(5@, p = q)

t t

—(p—q,p— —(S(p=q),p—q).

+2k(p q,p q)+2( pP—q9)p—q
Then

1 1 1
i'@p—q) = 7@ P =D+ 58P -9 +55@.p—9) VpeK
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Now from the definition of S,

Sp—q),q9)=—(VS(@),VS(p—q)) = —(5(q), p — q).

This completes the proof. O

Note that by introducing v = S(g), we find that the following is satisfied by ¢ and

(Vu,Vz) = —(q,2) Vze Hy(Q), (2.6)
(v-i—%q,p—q) >0 Vpek 2.7)

It is easy to deduce that the model problem (2.6)—(2.7) has a unique solution. The
following theorem finds a solution for Egs. 1.1-1.3 with an explicit constant ¢ such
that u = ¢ on 0L2.

Theorem 2.3 Let v € HO1 (RQ) and q € L2(Q) be the solutions of Egs. 2.6-2.7.
Define

ulx) =vx) +ec, (2.8)

where c is defined by

1
<v(y) + Xq(y)) dy, (2.9

C = —
121] Jo,

and Q1 = {x € Q: q(x) > 0}. Assume that q € C (). Then, u is the solution of
Egs. 1.1-1.3.

Proof Let xo be a point in £27. As €7 is an open set, there is a neighborhood By =
Bs(xp) such that By C €2;. By the definition of €21, there holds ¢ > 0 on By. Let
¢ € D(By) with maxp, |¢| < 1 and (¢, 1)p, = 0. Extend ¢ to Q by zero outside of
By. Then for sufficiently small € > 0, the functions p* = ¢ + €¢ € K. Substituting
p*inEq. 2.7, we find

1 1
(U + Xq7 ¢)Q] - (U + Xq, ¢)BQ == O
Since (¢, 1)@, = (¢, 1), = 0, there holds

1
(v+ 34 +c, dg, =0,

for any ¢ € R. We take in particular c to be the constant defined in Eq. 2.9. By scaling
there holds

1
W+ =g +c.d)g, =0 V¢ € D(Bo) with (¢, De, =0.
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Using this argument, we conclude that
1 .
(v + 74 +c,d)o, =0 Vo e D(Q) with (¢, 1)q, =0,
and further
1
(v+ 74 +c,¢+r)g, =0 VreRandVe € D(Q)) with (¢, 1), =0.

From the fact that the function space Dy(21) = {¢ € D(Qy) : (¢, 1)o, = 0}
is dense in the space L%(Ql) = {¢p € L>(Q)) : fQu ¢ dx = 0} with respect to the

L2-norm, we conclude that
1
W+g+ed+rg =0 VreRandvee L3()).
Let ¢ € L2(2;) and define the function ¢ by

- 1 -
=0 — —— dx.
P=0 1 Jo, P

Then ¢ € L3() and
1 1 -
0= (U+ Xq+ci¢)91 - (M—‘r Xqv(p)ﬂ]a
which proves that

1 - -
W+ 9, $)a, =0 Ve L*(Q)).

Therefore ¢ = —Au on 1. Now let the set Q2o = {x € Q : g(x) = 0}. Then since
(1, p — q) = 0for any p € K, we find

1 1 1
05/(v+;q>(p—q>dx =/(v+xq+c><p—q)dx =/<u+xq>(p—q>dx
Q Q Q
1 1
=/(u+—q)(p—q)dx+/ (u+—q)(p—q)dx
Q A Q0 A

1
=/ wu+—-qg)(p—q)dx =f up dx. (2.10)
Qo A Qp

If p e L?(Q) with p # 0and p > 0 ae.in Q, then p = Ip/(p,1) € K. By
taking p in Eq. 2.10, we conclude that

/ updx >0 Vpe{pe LX(Q): p > 0ae.in 2}.
Qo

This implies that # > 0 on the set ¢ and proves that ¢ = Au_ on Q. Further
since ¢ = Av = Au and g € K, we conclude that

a
/ lds:/Audx:/qu:I.
aQ on Q Q

This proves that u is the solution of Egs. 1.1-1.3. O

Remark 2.4 The characterization of ¢ in Eq. 2.9 is useful in defining its discrete
counterpart and in deriving error estimates of finite element approximation.
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Note that since ¢ € L%*(Q), the solution v € H(}(Q) of Eq. 2.6 will be in
H3/2t€(Q) for any € > 0, by the well known shift theorem [6]. As we are in 2D, the
Sobolev imbedding theorem that H'7¢(Q) ¢ C () for any € > 0 holds true [6]. We
conclude that v € C(2) and hence u € C(Q). Since u € H3/*7¢(Q) N C(Q), there
holds ¢ = —Au_ € H'(Q) N C(Q). If we assume further that the domain  is con-
vex, then v € H*(R2) and hence u € H?(R) by the elliptic regularity theory [6]. In
general due to the free boundary, the boundary of the set 1, the solution g & H>().

3 Finite element approximation

Let 7;, be a regular triangulation of €2 (see [1, 4]) and T be a generic triangle in 7y
with diameter denoted by 7. Set h = maxre7;, hr.
Let V), C V be a finite element subspace defined by

Vi ={ve Hy(Q) :vlr e Pi(T) VT € T},

where P, (T') is the space of polynomials of degree less than or equal to . Let Oy, be
another finite element space defined by

On=1{peL*Q):plr ePy(T) YT € Ty).

The discrete closed and convex set K, is defined as
Kn={peQn:p=>0ae.in, /pdx:l}.
Q

It is obvious that K;, C K and K}, is nonempty.

Let 5;1 be the set of all interior edges in 7, and a generic edge is denoted by e
whose length is denoted by /.. For any ec &}, there are two triangles 7} and T in
Th such that e = dT¢ N 3T, . Then set 7, = T U T5 . For any v, € Vj, the jump of
Vv, on any edge ec &) is defined as

[Vvrll = Vonlreny + Vup|gena,

where n; is the unit outward normal to 8Tie on the edge e fori = 1, 2.

Finite element method Find v, € V}, and g;, € K}, such that

(Vvop, Vzp) = —(qn, zn)  Yzn € Vi, (3.1
1
(vn + s Ph = gn) = 0 Vpy € K. (3.2)
The discrete solution uy, is then defined to be

up = vp +cp, 3.3)

-1 1
ch = vr(y) + —qn (y)> dy 3.4

2101 Ja,, ( A

where Q21;, = {x € Q : gn(x) > 0}. Since g, is piecewise constant, it is easy to
find the set Q215. As in the case of continuous problem, it can be shown that the
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discrete problem (3.1)—(3.2) has a unique solution for A < X;. Indeed, If S,(pp) is
the solution of

(VSr(pn), Vzn) = —(pn,zn)  Vzn € Vp,

then the minimization problem

Jngn) = mm Jn(pn), (3.5)

where . .
. 2
S —(S , , 3.6
Jn(pn) m lpull” + 2( 7 (Ph)s Ph) (3.6)

has a unique solution g,. Then by setting v, = S;,(gp), we find a unique solution for
the discrete problem (3.1)—(3.2).

A priori error analysis For the purpose of error analysis, let Iy, : LY(Q) — Oy be
the L2(Q)-pr0jection defined as [T, p € Qp, for p € L?(2) and

/I'Ihpdx:/pdx VYT € Tp.
T T

Note that if p € K, then it is clearly true that I1, p € K. Similarly, we define the
projection Py, : Ho] (2) — Vj, as follows: For given v € HO] (2), find Pyv € Vj, such
that

(VPyv,Vzy) = (Vu,Vzy) Vzi € Vi

From Cea’s Lemma [1, 4], it is well-known that

V(v — Ppo)|l = min [|[V(v —zp),
ZheV)
lg — Mpgll = min |lg — pu)l.
Ph€Qn

These projections play a crucial role in obtaining error estimates under the
assumption that & < A (the assumption made for the continuous problem). We now
prove some a priori error estimates.

Theorem 3.1 There holds
IV —v)ll + llg —qnll < C IV — Ppo)|l + llg — pqll + lv — o).

Proof First of all, from the Egs. 2.6 and 3.1, we find that
(V@ —wn), Vzp) = —(q — qn, zn)  Vzp € Vj.
Then using the definition of Py, we find
IV (Prv — o) 1> = (V0 = vp), V(Pov — vp)) = —(q — g Phv — vp)
< llg = gnll 1 Prv — vpll-
By applying the Poincaré inequality (2.5), we derive

IV(Prv —vp)|l < 3.7

_IIq — qnll-
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From the inequalities Eqgs. 2.7 and 3.2, we note since K; C K that
1
(v+xq,6m —q) =0,

1 1
(v + Fan 4 = qn) > (vp + PR pn) Vpn € Ky.

Adding the above two inequalities,

1 1
(v—vp+ X(q —qn),qn —q) = (vp + $an-q = pn)  Vpu € Ky,

which implies with p; = I ¢q that

A

1
Xllq—thl2 < W= gn—q)— (W —v,q — pr) — (v, g — pn)

IA

|Prv — vnllllg — gnll
+(v — Prv,gn —q) — (vn —v,q — pp) — (v, q — pa)l.
Using Egs. 3.7 and 2.5, we find

A

1 1
(X - E) lg —anl® < (v = Phv,qn — q) — Wi —v.q = pi) = (v.q — pa)|

= [(v—Ppv,gn —q) — (vh —v,q — pn) — (v — pv, ¢ — pp)|

< llv— Puollllg — qull + llg — pull (lv — Ppoll + llv — o)
+llg — pull | Prv — vall

< llv— Puollllg — qull + llg — pull (lv — Ppoll + llv — i)

A

1
+7llq = pull llg —qnll
1
which implies
lg = anll? = € (v = Puvll® + v = Mol + g = pal?)
This completes the proof. O

If A < Aq, the solution u defined in Eq. 2.8 is the unique solution of the mode
problem (1.1)—(1.3). By using [5, Theorem 12.1], we note that 2, = Q. But since
2, = Q1, we can redefine c¢j, in Eq. 3.4 by

-1 / ( 1
Ch = = vn(y) + —qh(y)) dy. (3.8)
12 Jo A
Further note that ¢ defined in Eq. 2.9 is given by
—1 / < 1
c=— v(y) + —q(y)) dy. (3.9
12 Jo A

The following theorem proves estimates for u — uy,.

Theorem 3.2 There holds
IV@—up)l+llu—upll+lc—cal = C IV = Ppo)l + llg — Hpgll + llv — Hpvl) ,
where ¢ and cj, are defined by Eqs. 3.9 and 3.8, respectively.
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Proof Since u = v + c and u, = vy, + ¢, there holds
IV —up)ll =1V — vl

By the definition of ¢ and ¢;, in Eqs. 3.9 and 3.8, respectively, and the Cauchy-
Schwarz inequality, we have

_ 1
lc—cpl < 19712 (nv —uill + < llg —qhn)

IA

|Q|—l/2 L”V(v — )|l + l”q —qnll
VA A

12 IV — Pl + llg — Tigll + llv — Tvl)) .
12

IA

This proves the desired estimate since ||u — up|| < ||[v —vp|| + 22|/ “|c —cp]. O

We deduce the following result on the order of convergence:

Corollary 3.3 There holds

IV — o)l + lg — gull < € (W lul oy +h (19151 + la1ey))
||M — uh”Hl(Q) + |C — Ch| < C (hS|M|H1+5(Q) + h (|q|H1(§2) + |v|H1(Q))) )

where s € (0, 1] is the elliptic regularity index of v (or u). If the domain Q2 is a convex
polygon, then s = 1.

A posteriori error analysis Since the model problem can exhibit free boundary,
the boundary of the set {x € Q : g(x) > 0}, and corner singularities, it is appro-
priate to use adaptive finite element method to resolve the solution around the free
boundary. This can be done by deriving a residual based a posteriori error estimate
and use it for adaptive mesh refinement. In this case a posteriori error estimates can
be derived efficiently by using suitable auxiliary problems. We define an auxiliary
solution denoted by v as follows: Find v € H(} (€2) such that

(VD,Vz) = —(qn,2) Yz € H}(Q). (3.10)

This auxiliary solution plays a crucial role in deriving an error estimator under the
assumption that A < A (the assumption made for the continuous problem). Note that
vy, is the Galerkin approximation of v. Therefore the following residual based error
estimate for ||V (v — vp)|| is well known [1, 8]:

1/2

VG = ol =€ | 3 Bhlantiag, + 3 [helvitas | . G
e

TeTy eeé‘,‘;

since u, = vy, + cy. Define for T € 7, and ec 5;;,
=h + inf Aup+qgp —w ,
nr 7llgn ||L2(T) wyePo(T) IAun + gn h||L2(T)
1/2
ne = b2 NIVuRT L2
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and set
172

domtyom
TeT, ecEl

The following theorem derives reliable a posteriori error estimates.

Theorem 3.4 There holds

IV = vl + llg = gull = Cn,
lu —unllgiq) + lc —cnl = Cn,

where ¢ and cj, are defined by Eqs. 3.9 and 3.8, respectively.

Proof First of all, from the Egs. 2.6 and 3.10, we find that
(V0 =1),V2) = ~(¢ = qn.2) Yz € Hy().
Then using the Cauchy-Schwarz inequality, we find
IV =9)*=—(g —gn.v—"0) < llg —qull v -1,
and using Eq. 2.5,

IV —v)| < (3.12)

lg = qnll.
\/_

which implies that
_ 1
o =vll = -—llg = gnl- (3.13)
1

As before using the inequalities (2.7), (3.2) and since K;, C K, we note that
1
(U"‘XCI,CIh —-q) =0,

1 1
(vn + $anq - qn) > (v + S an-q — pn) VYpn € Kp.

Adding the above two inequalities and using (3.13), (2.5), we obtain for all p;, €
K}, that

A

1 1
Xllq —aqnll* < =, qn —q) — (vp + wan-4 = Ph)

A

1 _ 1
ol —qnl? + 10— vn, qn — q) — (v + ana = pu)l.

Choose p, = I1jq. Then since (wy, g — pp) = Oforany wy, € Qp and ||g—pp|| <
lg — gnll, we find

_ 1
lg —qnll> < CI( — v, qn — q) — (vn + ~an+n = Wi, g = p)l

IA

c (IIV(ﬁ —up)ll + im; Aun +qn — wh”) llg — qnll-

wpelh
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Using Eq. 3.11, we find the estimate for ¢ — gp. Then using Egs. 3.12 and 3.11,
we find the estimate for v — vy,. The definitions of c, ¢, together with the estimates
for v and g imply the estimate for ¢ — c¢j,. This completes the proof. O

The following theorem proves the local-efficiency estimates of the error estima-
tors:

Theorem 3.5 There holds

IA

hrllgnllp2ry = C

1/2
he “NIVupllliz2@ = €
C

inf Ay 4+ qgn — wyllr2 <
thPO(T)” h T 4h h||L (T)

A

(V@ = vl 2¢ry + hrllg — anllz2c) -
(V@ = vl 207y + hellg = anll2e) »
(||u —unllp2ry + llg — Qh||L2(T))

+C (lu = Tl 27y + 1lg — Mgl 2¢7) -

Proof First note that

inf  |Aup +qn —wipllp2gry < inf [A(up —u) + (g — q) — wpll 2
wp Py (T) LM wy €Po(T) L
+ inf A+qg—w
i eBo(T) I q h ||L2(T)
< (llu = unllp2cry + llg = qnllz2r))

+C (llu — Tyl 27y + g = Tagll2¢r)) »
by choosing w;, = I, (Au + ¢). The first two inequalities follow from the standard
bubble function techniques [8]. O
4 Numerical examples
In this section, we discuss the modification of the primal-dual active set strategy
introduced in [7, Section 2.12.4] and present some numerical experiments illustrating
the theoretical results.
4.1 Primal-dual active set strategy
We begin by describing the numerical procedure to solve the discrete problem by

a primal-dual active set method [7]. To this end, we introduce the Lagrangian L :
Ko x R—R by

E(Ph,r)=jh(17h)+r(/ Phdy—1> pn € Kon, ¥ € R,
Q

and find the solution through the critical point of £, where

Kon :=={pn € On : pr = 0a.e.in Q}.
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The optimality system then leads to the following system: find v;, € Vj,, g, € Kop
and ¢;, € R such that

(Vup, Vzp) = —(qn, zn)  Vzn € Vp,

1
(v + S dn +cnpr—qr) = 0 Vpy € Kop,
(I,gn —1) = 0.

We solve the above system by using the primal-dual active set strategy described
in [7, Section 2.12.4]. For completeness, we describe the method here since we have
the additional unknown ¢y, in the system:

Let the triangles in 7, be enumerated by {T;}(1<j<n,}- Let N2 be the dimension
of V and {¢;}{1<i<n,) be its canonical Lagrange basis functions. The basis of Oy,
denoted by {¥;}{1<j<n,} is given by the characteristic functions of T}, 1 < j < Ny,
ie.,

1 ifx ey,
vix) =
0 ifx ¢ T;.

Denote by K = [K;jl{1<i, j<n,) the stiffness matrix, where
Kij = (V¢;, V).
Define the matrices B = [B;jl{1<i<n,,1<j<N,} and D = [D;;jl{1<i, j<n,}, Where
Bij=/ ¢idx and Dij=/ Yivjdx.
T; Q
Further define M = [M]{1<j<n,), With
M; :/ Yidx = |Tjl.
Q
Let X, = [X;jl{1<i,j<n,) be the matrix defined by
1 ifi=j, jeA,,
Xij:=10ifi =j,j¢&Aq, 4.1)
0 ifi # j.

where A, is the index set of the active set in the iteration which will be defined later.
Further define the matrix E by

1 -1
E= (XD) Id — X,),

with Id is Ehe identity matrix of size N1 x N;i. Now, consider the problem of finding
@ € RV, 8 € RM and ¢ € R such that

Ka+Bf =0, (4.2)
EBTG + B+ EMc = 0, 4.3)
MTB = 1. (4.4)
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Since vy € V), and g, € Qj, we write

N, Ny
vy =y ¢ and gy =) i,
i=1 i=1
for scalars o; (I = L,Z,n- ,Ny) and B ¢ = 1,2,---,Njp). Set
(ar,00, -+ ,an,) and B = (B1, B2, -+, Bn,). Define the multiplier
[ijl<j<ny by

TR

i =—(EBTG +cEM + B).
The primal-dual active set strategy is defined as follows: Let 1% and BO are given.
Let » > 0 be some fixed real number and k = 1.

Step 1. Find the set AX by

Ag={1<j=N:p "+l <o)

Step 2. Compute X f; using the index set AZ and Eq. 4.1.

Step 3. Solve the system (4.2)—(4.4) for finding ak e RM2, Bk € RM and ¢* e R.

Step4. Setk = k + 1. Go to Step 1 and compute AX. If AX = A%~! stop the
iteration otherwise continue.

4.2 Numerical experiments

We present numerical experiments for a few model examples to illustrate the theo-
retical results and to draw some conclusions. In all the examples below, we take the
constant » = 1 in the Step I of the above algorithm.

Example 1 In this example, we consider the domain Q2 = (0, 1)2, A=19and I =4.
Note that the eigen-values of

—A¢p = A inQ,
¢ =0 onadQ,

are given by A, = 2n’mx? forn = 1,2,3,---. Therefore we have the hypothesis
A < A1 = 272 fulfilled. We consider a sequence of uniform triangulations of € with
mesh sizes hy = 1/2", for k = 2,3, ---,7. On this sequence of meshes, we solve

Table 1 Errors and orders of convergence for Example 1

h IV@l —ub=D) Order [V —vf~D)|l Order gk —gf™ "I Order |ck — k=1 Order
1/8  7.1776e-01 - 7.1776e-01 - 2.2080e+00 — 3.5548¢-02 —

1/16  4.0720e-01 0.8178 4.0720e-01 0.8178 2.2080e+00 0.9056 1.3097e-02 1.4405
132 2.0979¢-01 0.9568 2.0979¢-01 0.9568 1.1786e+00 1.0179 3.7055e-03 1.8215
1/64  1.0575¢-01 0.9883 1.0575¢-01 0.9883 2.8817¢-01  1.0142 9.6097e-04 1.9471
1/128 5.3003¢-02 0.9965 5.3003¢-02 0.9965 1.4362¢-01 1.0047 2.4271e-04 19853
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Table 2 Errors and orders of convergence for Example 2

h V@l —ub=h) Order |V@F —vE™h) Order gk —gF~ "l Order |ck —ck=!| Order
V2/18  8.0816¢-01 - 8.0816e-01 - 1.5461e+00 — 4.1412¢-02 -

V2116 4.8976¢-01 0.7226 4.8976¢-01 0.7226 9.3499e-01  0.7256 1.6775e-02 1.3037
V2132 2.7059-01 0.8559 2.7059e-01 0.8559 4.6154e-01 1.0185 5.4893e-03 1.6117
V2164 1.4982¢-01 0.8529 1.4982¢-01 0.8529 2.2375¢-01 1.0446 1.6913¢-03 1.6985
V2/128 8.5003¢-02 0.8177 8.5003¢-02 0.8177 1.1009¢-01  1.0232 5.2949e-04 1.6755

the discrete solutions v,’ﬁ, ul,‘l and cﬁ. Since we do not have the exact solution, we
compute the errors of discrete solutions at successive levels of meshes by computing
||V(u”;l—u];l_l)||, ||V(v£—vfl_l)||, ||q;’l‘—q;l‘_1 | and |cﬁ—cﬁ_l | and report them for k =
3,4,---,7.1in the Table 1. The numerical results show clearly the expected order of
convergence. However, we can observe from the table that the orders of convergence
in approximating the constant c is close to 2, which seems to be a super-convergence.

Example 2 In this example, we consider an L-shaped domain Q2 = (—1, 1) x (0, 1)U
(—1,0) x (—1,0). Set . =9 and I = 4. Since the first eigen-values of

—Ap = A

in €2,

¢ =0 onaf,

10!
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T

Error and Estimator

-
e
T
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—&— Error
—%— Optimal rate
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10°

10’ 102
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Fig. 1 Estimator converges at optimal rate
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0.4

0.2

Fig. 2 Mesh refinement at intermediate level

is A; &~ 9.639723844, [3, Page 421]. Therefore the assumption A < A is satisfied.
In the first case, we consider a sequence of uniform triangulations of & with mesh
size hy = 1/ (Zkﬁ), for k = 2,3,---,7. We compute the discrete solutions and
the errors as in example 1 and report them in Table 2. The numerical results show
the expected orders of convergence. The order of convergence in u; (or vy) is not
optimal since the solution on L-shaped domain can have corner singularities.

We now test the performance of a posteriori error estimator by using the
successive mesh refinement adaptive algorithm consisting of the steps
SOLVE — ESTIMATE — MARK — REFINE

with Dorfler’s bulk marking strategy with parameter 0.3 and the longest edge bisec-
tion algorithm in the refinement step. The the errors (sum of the errors in the discrete

Table 3 Errors and orders of convergence for Example 3 with 1 = 40

h HV(uﬁ — ufl)l\ Order ||V(vz - v;fl)\l Order Hq,’;’ — qul || Order |c,’§ — 0271| Order
1/8  1.0768e+00 - 1.0768e+00 - 3.5479e+00 - 8.5863e-02 —

1/16  6.3641e-01 0.7587 6.3641e-01 0.7587 2.5827e+00 0.4581 3.1001e-02 1.4697
1/32 3.3720e-01 0.9164 3.3720e-01 0.9164 1.3304e+00 0.9570 9.3145e-03 1.7348
1/64  1.7105e-01 0.9792 1.7105e-01 0.9792 6.6645e-01  0.9972 2.4852e-03 1.9061
1/128 8.5920e-02 0.9933 8.5920e-02 0.9933 3.3007e-01  1.0137 6.3005e-04 1.9798
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Table 4 Errors and orders of convergence for Example 3 with A = 78

h IV@E —ub=™D) Order  |V(WF —vf~)|| Order llgk —gf ="'l Order |k — i1 Order
1/8  1.6588e+00 - 1.6588¢+00 - 2.0943¢+01 - 1.8353¢-01 —

1/16  6.2581e-01 1.4063 6.2581e-01 1.4063 9.4903e+00 1.1419 2.6873e-02 2.7718
/32 5.9125e-01 0.0820 5.9125e-01 0.0820 7.9485e+00 0.2558 3.2962e-02 -0.2946
1/64 1.8561e-01 1.6715 1.8561e-01 1.6715 2.9408e+00 1.4345 1.6807e-03 4.2937
1/128 9.9283e-02 0.9027 9.9283¢-02 0.9027 2.9709¢+00 -0.0147 2.2620e-03 -0.4285

solutions for u, v and ¢) which is computed using discrete solutions at two consecu-
tive mesh levels and the computed estimator at each mesh are reported in Fig. 1. The
numerical results clearly show the optimal order of convergence and the estimator
has effectively captured the corner singularity, see Fig. 2.

Example 3 Similar to the example 1, we consider the domain Q2 = (0, l)2 and I = 4.
But we take two cases with A = 40 and A = 78 which lie between the first two least
eigen-values A1 and A of

—A¢p = Adp in <,

¢ =0 onaf.
Although the hypothesis A < X is not satisfied, we would like to check the per-
formance of the method. As in the example 1, we consider a sequence of uniformly

refined meshes and compute the discrete solutions and the errors. In the first case
when A = 40, we observe the same performance as in the case of example 1, see

Discrete Solution u, Discrete Solution q,

220

2206
252EK

o
i)

e
Pee

poco

oS

Fig. 3 Discrete solutions u, (left) and gy, (right) for Example 3 with 1 = 40
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Table 3. But in the case when A = 78, we observe deterioration in the performance
which can be seen in Table 4. The discrete solutions u;, and gj, are shown in Fig. 3
for the example with A = 40.

5 Conclusions

In this paper, we have studied a mixed formulation of a model free boundary plasma
problem involving two positive constants A and /. If A < A1, where A is the smallest
eigen-value of —A on the domain €2 with homogeneous Dirichlet boundary condi-
tion, it is shown that the model problem has a unique solution. A result on obtaining
explicit form of the boundary value of the solution is derived. Using the same mixed
formulation setting, we have proposed a finite element method and studied both a pri-
ori and a posteriori error estimates. Using a primal-dual active set strategy, we have
performed numerical experiments which illustrate the theoretical results. The exis-
tence and uniqueness of the solution for the model problem is known when A < X,
where A, the second smallest eigen-value of —A on the domain €2 with homogeneous
Dirichlet boundary condition, see [5, Theorem 11.2]. The discrete problem and its
analysis for the case A1 < A < A2 may require discrete maximum principles and we
investigate this in the future despite our numerical experiments for this case seems to
be inconclusive.
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