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Abstract

A finite difference method is proposed for solving the compressible reduced cou-
pled model, in which the flow is governed by Forchheimer’s law in the fracture and
Darcy’s law in the surrounding porous media. By using the averaging technique, the
fracture is reduced to a lower dimensional interface and a more complicated trans-
mission condition is derived on the fracture-interface. Different degrees of freedom
are located on both sides of fracture-interface in order to capture the jump of velocity
and pressure. Second-order error estimates in discrete norms are derived on nonuni-
form staggered grids for both pressure and velocity. The proposed scheme can also be
extended to nonmatching spatial and temporal grids without loss of accuracy. Numer-
ical experiments are performed to demonstrate the efficiency and accuracy of the
numerical method. It is shown that the parameter £ has little influence on the fluid
flow, and the permeability tensor of fracture has a significant impact on the flow rate
in both the surrounding porous and fracture-interface.

Keywords Karst aquifers - Finite difference method - Reduced model -
Forchheimer equation

Mathematics Subject Classifications (2010) 65M12 - 65M15 - 65M06

>4 Wei Liu
sdu_liuwei@163.com

School of Mathematics and Statistics Science, Ludong University, Yantai, 264025, China

Department of Applied Mathematics, The Hong Kong Polytechnic University,
Kowloon, Hong Kong

School of Mathematics and Information Sciences, Yantai University, Yantai, 264005, China

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11075-019-00749-z&domain=pdf
mailto: sdu_liuwei@163.com

134 Numerical Algorithms (2020) 84:133-163

1 Introduction

The fractures are considered to be the storage spaces of drinkable groundwater and
occurrence sites of environmental pollution in Karst aquifer system. It is important to
gain a better understanding of groundwater flow in aquifer with fractures, in order to
assess groundwater risk and control pollution. Due to the close connection between
the fracture and surrounding medium, a coupled model is usually applied to demon-
strate the groundwater flow process in fractured media aquifer system, where the flux
exchange at the junction between the fracture and surrounding medium is treated as
a coupling term (see [1—4] for details).

The permeability of the fracture may differ greatly from that of the surrounding
medium. It has a very important influence on the flow rate in the whole domain. Under
the condition that the fluid flow in the fracture is sufficiently rapid, the linear relationship
between the velocity and the pressure gradient is invalid [5-8]. By adding a quadratic
term in velocity, the Forchheimer equation is used to model the flow of fluid in the
fracture. It indicates that a coupled model demonstrating the flow in the fractured
media is quite different from Darcy’s model in [9-13]. Due to the fact that the thick-
ness of fracture is much smaller than characteristic diameters of surrounding porous
medium, the fracture can be reduced into an interface of co-dimension one. The dimen-
sion reducing process can be carried out by averaging across the fracture as in [9, 12—18].
As a result, one can reduce the cost of computation without losing the physical
properties of fractured media and avoid from refining locally around the fracture.

In the past, researchers have studied the reduced Darcy flow in fracture theoreti-
cally and numerically such as by finite volume method in [9, 11, 19, 20], by extended
finite element method in [10], and by RT( mixed finite element method in [12, 13].
Recently, the Forchheimer model in the fracture starts to receive a great deal of atten-
tion. Frih et al. [21] gave the incompressible reduced model with the Darcy equation
in porous medium and the Forchheimer equation in fracture. The discrete formula-
tion was derived by using mixed finite element method and some numerical examples
were presented therein. Knabner et al. [22] considered the steady model problem
with the Darcy flow in the porous media and the Forchheimer flow. The existence and
uniqueness of the solutions were established for the problem. However, the flow in
the fracture along the direction normal to the fracture was described by Darcy’s law
in [22], and the pressure was assumed to be continuous across the fracture-interface
in [21]. The convergence analysis was not given in both [21] and [22].

In this paper, we consider the case where the Forchheimer law governs the flow
along both directions normal and tangential to the fracture. Our model problem is dif-
ferent from the ones in [21] and [22]. By using averaging across the fracture, a more
complicated transmission condition on the fracture-interface is obtained to describe
the process of flux exchange between the fracture and surrounding medium, which
makes sense in practice. An additional term corresponding to the flux of surrounding
medium in and out of the fracture-interface is added to the fracture-interface equa-
tion. The reduced coupled model is no longer assumed to have continuous pressure
across the fracture-interface. The flow of fluid in surrounding domain is considered
to obey Darcy’s law. In other words, reduced coupled model will be analyzed and
simulated in this paper (cf. Fig. 1).
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Fig. 1 The sketch figure of whole domain. Left: the convex domain is divided by the fracture region Q2
with the thickness § into €21 and €2;. Right: Q2 is treated as a fracture-interface Q,, between subdomains
Q] and Qz

As far as we know, there is no study of finite difference method for compressible
Forchheimer fractured models with Neumann boundary condition. In this paper, we
use the coupled block-centered finite difference scheme to solve the reduced cou-
pled model. The block-centered finite difference method [23-29] is also considered
as the lowest order Raviart-Thomas mixed element method with proper quadrature
formulation. The application of the finite difference enables us to approximate both
the velocity and pressure with second-order accuracy. Moreover, the block-centered
finite difference method transfers the saddle point system of the mixed element
method into a symmetric positive definite system. Based on the high-order interpo-
lation operators, the finite difference scheme proposed in this work can be applied
efficiently to solve the reduced coupled model with a complicated transmission con-
dition. Its novelty is that degrees of freedom are introduced separately on both sides
of fracture domain to capture the jump in the normal component of the velocity. When
the flow moves rapidly in the fracture, smaller grids in space and time may need to
be employed in fracture domain than in the surrounding medium. Such requirement
brings a multi-scale challenge to the numerical methods for the reduced model. The
finite difference method studied in this paper can be easily extended to solve the
reduced models on nonmatching spatial and temporal grids, which is another advan-
tage of the proposed scheme. In order to preserve accuracy of the extended methods
on nonmatching grids, some properly defined interpolation operators are applied in
different domains.

In the numerical experiments, second-order convergence rates are verified for the
finite difference approximations of the reduced coupled model. For the fractured
system, one can observe that the numerical solutions are discontinuous across the
fracture-interface, and the behavior of velocity and pressure is clearly different on
two sides of domain. It is also illustrated that there is little influence of the parameter
& on the numerical solutions for the reduced coupled model. Moreover, the normal
and tangential components of permeability tensor play important roles in affecting
the flow rates in the surrounding porous media and fracture-interface, respectively.

The rest of the paper is organized as follows. In Section 2, the reduced coupled
model is derived for the Forchheimer flow in the fracture and the Darcy flow in the
surrounding porous media. In Section 3, a coupled block-centered finite difference
method is introduced for the compressible reduced coupled model in fractured media
aquifer system. The method is then extended to nonmatching grids for fracture and
surrounding porous media in both space and time. The error analysis of the schemes
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is derived in Section 4. In Section 5, several numerical examples are presented to
illustrate the method’s accuracy and efficiency. The numerical results of some prac-
tical problems demonstrate the desired physical properties of compressible reduced
coupled model. The conclusions are given in Section 6.

Throughout this paper, we use C to denote a generic positive constant indepen-
dent of the discretization parameters, which may take different values in different
appearances.

2 The reduced coupled model

In this section, we describe the original model and derive the reduced coupled model
for the flow in the Forchheimer fractured system.

We suppose that the flow in convex domains €21 and €2 is governed by a mass
conservation equation and the Darcy equation connecting the pressure p and veloc-
ity u. The flow in the fracture Q2 is governed by Forchheimer’s law describing a
nonlinear relationship between the velocity uy and pressure p . For slightly com-
pressible fluid, the density oy depends on the pressure py,ie., oy = ps(ps). Then,
the original coupled model with Neumann boundary condition is given as follows,

si 0 pi + divu; = q;, in; xJ, i=1,2, (2.1)
u = —K;Vp;, in; xJ, i=1,2, (22)
¢sClops+divuy =gy, in Qs xJ, (2.3)
wrur+KBror(ppludur+KVpr=0, in Qp x J, 24
u;-n; =uy-n;, ony; X J, i=1,2, (2.5)
Di=Dps, ony; x J, i=1,2, (2.6)
u; v =g, onl; x J, i=12, 1 2.7
pi(,0) = p?, in Q;, i=1,2 f,28)

where the time interval J = (0, T']. s is the storage coefficient, K is the perme-
ability tensor (or hydraulic conductivity), ¢ is the source or sink term, g € L?(32)
is the given flux through the boundary, p° are the given pressure on the initial time
level, respectively. Let plo, = pi,ulg, = w,sle, = s, Klg, = K, glg, =
gi-qle; = 4qi, p|?2i = p?, I'; is the boundary of €2;, v; is unit outer normal vector to

K*¥ 0 . o
! , and there exist positive

Q; (i = 1,2, f). Here, we assume that K; = ( 0 K’
1

constants «;" and «; fori = 1,2, f such that
X X X y y y
Ky < K; <K, ki <K; <kj.

The notation | - | represents the Euclidean norm, i.e., u f|2 = uy - uy. The constant
u  denotes the viscosity coefficient of the fluid in fracture; the constant 8 denotes
the Forchheimer number; the constant ¢  is the porosity and C f is the coefficient of
compressibility. The parameters of Forchheimer equation in fracture are assumed to
be constants.
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Next, we use the technique of averaging across the fracture in order to reduce the
model to be one-dimensional.

For the conservation (2.3) in the fracture, we have the following equations such as
in [12]

diviuy =gy + (u; -milg, + w2 -mlg,), on 2, (2.9

5
by using (2.5). Here, div; denotes the tangential divergence, u, = [?; u}dn and
-2

$
ay =/’ g qrdn.

Equation (2.9) models the mass conservation equation inside fracture-interface
2,,. A source term (uj -ny |QV +up ~n2|QV) is introduced to characterize the difference
between the flow in and out of the fracture.

For the Forchheimer equation (2.4), we divide it into two parts according to the
tangential and normal directions as follows,

wruf+ KiBroy(pp)lusluy + KpVepy =0, (2.10)
ppu's + KiBrop(ppluglu’y + KVups = 0. 2.11)

where V; denotes the tangential gradient. Note that our equation (2.11) is different
from (9b) in [21] and (13) in [22], in which the flow in the fracture along normal
direction satisfies Darcy’s law.

By using the constant assumption of the parameters in Forchheimer equations and
integrating both sides of (2.10) on the section (—%, %), we get

5
2
My./

3
2

$ k)
2 2
pf(pf)luf|u}dn + K;VT / prdn =0. (2.12)

3 3
2 2

uydn + Ky By /

Under the condition that the thickness of fracture § is very small and Suff AUy,
we have

u ur-nly, +us-n 1
|uf|=,/<u;->2+<uf;>2w\/<7y>2+<f N2 Nyl (2.13)

0,CFrr=PP 0 F 0
Note that ps(py) = pre /1~ pr(1+ Cr(py — py)). then pr(py) can be
approximated as a linear function of py. We can then apply rectangle quadrature
formula and (2.13) to (2.12) and obtain

Kr,Bypy (Py)
Wylly meymy + K, 8Vepy, =0. (2.14)
)
Here p, = % f °s prdn, which represents the average pressure along the nor-
-2

mal direction cross the fracture. Equation (2.14) describes Forchheimer’s law in the
direction tangential to the fracture-interface £2,,.

In order to derive the interior boundary condition on £2,,, we use three different
approaches to cope with (2.11).
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(D). By integrating both sides of (2.11) across the fracture over interval (— %, %), we
have

8 8
2 2
My / ] u'sdn + K3, By / , Prpp)luyl updn + Ky (pa2le, — pile,) =0, (2.15)
2 2

which is obtained by the pressure relationship (2.6).

By trapezoidal integral formula, (2.5) and (2.13), we get

) (uf-n|y, +ur-nly,)
5@l b ugnl,) + K7 By oy (py) | =12

+K, (p2le, — pile,) =0. (2.16)

Setting v, = 2K /6 and using (2), we arrive at
g Y 14

o u
M(ul ‘Mg, — w2 -mlg,)

+ ay(p2le, — pile,) =0. (2.17)

uy(uy-mile, —w-mlg,) +

. + .
Together with p, ~ w, we obtain

1 + ayﬂypy(Py)|”y|)

- E(My > u; -nile, +aypile,
1 ay By py (py)luy|
= —5(y + T w mla, + @y py, (218)
1 ay By py (py)luy|
_E(My +%) w-mlo, +oyprle,

ay By oy (py)luy |

1
= _E(My'i' )

Jui nilg, +ay, py. (2.19)

(II). By integrating (2.11) on interval (—%, 0) and (O, %), respectively, we get

0 0 0
,uy/ u'}dn + K}',’/Sy/ pf(pf)qulu’}dn + K;/ Vaprdn =0, (2.20)

_3 — 3
2 2

) —
2

8
2 2 2
My/ u’}-dn-i—K}",,By/ pf(pf)luflu'}dn—i-K]','/ Vuprdn =0. (2.21)
0o 0 0

By trapezoidal integral formula,

- %(My + M) u; -nile, +aypile,

=y + PPN ot b aypy @22
_%(My + w) w-m|o, +ayp2le,

= —%(My + M)ul ‘nile, +oypy. (2.23)
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(III). By using rectangular integrate formula to (2.20) and (2.21), we obtain

ay By oy (py)luy| Pl'Qy — Py

1y + 5 yup -mile, — Ky 52 =0, (2.24)
( i O{y:B)/p}/(p)/)luyl)u o _ K" P2|Qy — Dy —0 (2.25)
My - 5, iy y—8/2 . .
Then,
ay By py (py)luy|
— (uy + %)ul ‘nile, +aypily, = oy py, (2.26)
oy By py (py)luy |
—(ny + T w mlo, + oy paly, = ay py. (2.27)

Combining the above three cases, we have the following general transmission
condition on the fracture-interface,

ayﬁyﬁ/’([’y”uﬂ

—&(uy + 2 ) up-mile, +oypile,
aty By oy (py)luy |
= (1 =)y + 7w mlg, +aypy, (228)
oy By py (Py) iy |
—E(uy + L) wymg, oy pale,

2
ay By py (py)luy |
2
where £ = 1/2,& = 3/4,& = 1. For the purpose of general applications, we take

the range of parameter £ from 1/2to 1,1i.e.,& € (1/2,1].

Combining the conservation equation (2.9), Forchheimer equation (2.14), and
fracture-interface condition (2.28)—(2.29), we obtain the reduced coupled model as
follows,

= -1 =8y + up - nylo, +aypy.(2.29)

si0; pi + dive; = g¢;, inQ;xJ, i=1,2, (2.30)
u; = -K;Vp;, ne xJ, i=12, (231
by C o py +diveu, =gy +(u - nilg, +uz - mg,). ong, xJ, (2.32)
K} By oy (py)
[yt + %my\uy +K8Vep, =0, onQ, x J, (2.33)
ay By py (py)luy |
e(uy + PP PO ey e,
ayBypy(py)lity |
=7(17$)(,U.V+M)uz~n2|gy +aypy . one, xJ, (2.34)
ay By py (py)luy |
—E(uy + LT g, + oy p2le,
=—(1 Sy By by Py )lty | onQ, xJ 235
=—( _S)(My“'f)ul'nllﬂy"raypyy y X J, (2.35)
u; - v =g, onr xJ, i=1,2,y, (236)
pi(-0) = pY, in ©;, i=1,27.0237)

Equation (2.32) describes the mass conservation on fracture-interface 2, with an
additional source term (uj - ny |Qy +up - ny| Qy). This extra source term corresponds
to the contribution of the surrounding porous media flows into the fracture-interface.
Equation (2.33) is Forchheimer’s law on one-dimensional fracture-interface €2, . The

@ Springer



140 Numerical Algorithms (2020) 84:133-163

transmission conditions (2.4)—(2.35) denote the coupling relationship between the
fracture-interface €2, and surrounding subdomains €21, €2;. The exchanging flux for
Forchheimer flow depends on the difference of the pressure in the fracture-interface
and surrounding medium, which makes sense from the practical application point
of view. Based on the assumption that the flow in fracture obeys Forchheimer’s law
along both normal and tangential directions of the fracture-interface, the conditions
(2.4)—(2.35) are different from (9b) in [21] and (13) in [22]. It is obvious that the pres-
sure is no longer continuous across the fracture-interface. The influence of parameter
& on the numerical solutions will be shown in Section 5. The roles of parameters K
and K7 on the fluid flow in the fractured media will also be illustrated for a fixed
fracture thickness.

3 A coupled finite difference method

In this section, we design a block-centered finite difference method to solve (2.30)-
(2.37) on matching grids in Section 3.1 and nonmatching grids in Section 3.2.

3.1 Coupled scheme on matching grids

Let the two-dimensional porous media Q) = [x4, xp] X [Va, Ye)» Q22 = [x4, Xp] X
(¥¢» y»] and one-dimensional fracture-interface 2, = [x4, xp] x {y = y}. The
regular space partitions Qi = ©F x 07, Q; = ©* x ©) and Q,; = O" for the
domains 21, 27 and 2, are given as follows.

@x:xa = X172 < X372 < -

O i Ya=Yip<y3p<-

< XN,—1/2 < XN, +1/2 = Xp,
< YNy—1/2 < YNy+172 = Yes

®§ “Ye = VN 412 < IYNj43/2 <0 < INy—1/2 < YNy+1/2 = Vb-
Set0 =10 <! <... <M = T and define

Atk =tk — k=1 At = ml?x{Atk},

Xm—1/2 T Xm+1/2
Xm = f’

hy, = Xmy172 — Xm—1/2,

hx +hx
+1 m
h2+1/2 = mT =Xm+1 —
hy = mﬂ?X{h;H/z’ Hon}s
wherem =1,--- ,Ny—1,n=1, --
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hy = m,f‘x{hZH/zv hin},
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For wé"l = @(xg, VI, yata node-point (x;, ys, tk), denote

Pmn ~ P
il = =

k k k k
% 4 @ N
k m+1,n nm,n k m+1/2,n m—1/2,n
[dx‘P]m_H/z’n = B ) [Dx¢ly,n = e )
m+1/2 m

k k
P12 = Pmn—1,2
h;, )

(pk |- gok

k m,n+ m,n k

[dy(p]m,nJrl/Z = hy—’ [D}’(p]m,n =
n+1/2

Denote
Q) mr12.8,41/2 = Coms Xm+1) X YR, 41726
withl <m < N, — 1,
Q) Wyr1/2 = Cm=172, Xm+1/2) X V§ 11725
with 1 <m < Ny,
Qimn = Km—172> Xm+1/2) X (Yn—1/25 Yn+1/2)>

withl <m <N,, l<n<N,fori=1; 1<m<N,, Ny+1<n<N,fori=2,
Qi,m-H/Z,n = (Xm, Xm+1) X (yn—1/27 yn+1/2)7

withl <m<Ny—1, 1<n<Nyfori=1; l<m<Ny—1, Ny+1<n<N,fori=2,

Qimn+1/2 = Xm—1/25 Xm+172) X (Yn, Yn+1),

withl <m <Ny, 1<n<Ny—lfori=1; 1<m=<Ny, Ny+1<n<N,fori=2,
Note that n # Ny, for Q; . na1/2-

For discrete functions ¢ and 6, define the midpoint quadrature formula on different

domains such as

XYy
(i 0D M. = o Pn®i.m nOism.n

’
(@2 0)X,2 10 = M1 2 Hnim+1/2,00im+1/2,n

y
(@i 0. ns1p = hfnhn+1/2<pi,m,n+1/29i,m,n+1/2,

— hX ~ ~
(@, Qy)VM,Qy_mH/z_,;,fVH/z = hm¢y,m,Ny+1/29y,m,1vy+1/2’

(¢y, QV)VXvQy.m,ﬁ;,-+l/2 = hﬁur1/2€0y,m+1/2,1’\7y+1/29y,m+1/2,ﬁy+1/2- (3.1

Next, we give the following definitions of the discrete inner products and semi-norms
based on the above quadrature formula

N, Ny
(01, 00)Mm = Z(Ql)l, OM. Q2 pn = Z thnhzﬁal,m,n@l,m,m
m,n m=1n=1
Ny Ny
(@2, 00 =Y (2. 0)M.00, = D Dy mnb2mn,
m,n m=1n:1r\lvy+l
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Ne—1 Ny
@1.00x = D@1 ODXRirizn = D D w1 phn@1mr1/2.000 417205
m,n m=1 n=1
Ne—1 Ny
(p2,0)x = Z(fﬂz, 02) X, Qi1 jom = Z Z h, .H/zhn(pz m4+1/2,002,m+1/2,n
m,n m=1 p=N,+1
Ny ﬁd‘
(@1, 00y = Y @1, 00v.2ppi1p = 2 Zhﬁlh,)lﬂ/gwl,m,n+1/291,m,n+1/2,
m,n m=1n=1
N, Ny—1
(¢2,02)y = Z((ﬂz, )Y, i1y = Z Z hfnh3;+1/2(p2,m,n+1/292,m,n+1/2,
m,n m=1 n:ﬁ;
N,
@y Oy = D@y 0y M2 i = D iy m W12 m Wy 2
m m=1
Ne—1

@y 0)yx =) _(¢y, Oy)yX.2, 0 5s1/2 = ) R 129y m1/2.8, 11728y m 12,7, 41725
m

m=1

2 2 2
ol =D (wineom,  llolx =D (eie0x, ey = (@i, v,

i=1 i=1 i=1

lelixy = llolx +llely,  lol2y = @y e)ym, el x = @y, oy)yx.

The freedom of pressure p is defined on the center of element. In order to get
the pressure approximation of the porous media on the fracture-interface, we use the
extrapolation operators /{ in Q| and ] in Q, respectively, such that

2h> +h‘ » h~
oy 7<ﬂ v 7(# v (3.2)
1 ¥1,m,Ny+1/2 — y y_ 1,m,Ny y y 1,m,Ny—1°
e +hN)_l kg g
2hlv\l +1 +hlv\1 +2 hi] +1
Izpf/’z,m,ﬁ}.ﬂ/z —h} sy Pom Ny+1— 7}!) e P2, Wy 2r (3.3)
Ny+1 Ny+2 Ny+1 Ny+2
Set
k
ik _ |Uy,m+1/2ﬁ;+1/2| +1U 7, m71/2 N,+1/2| (3.4)
| |y,m,17y+1/2_ D) ’ :
Py om12 N2 = o Bp1 Py 5172 + P By i1 8, 41/2)> (3-5)
m+1/2
and
K3 By 0y (py) oy By py (py)
a;(p)/) — Y V(SV Y , by(py) — )4 sz Y .

The block-centered finite difference scheme with a backward difference in time
iS given to apprOXimate M';C (-xm+1/27 )’n, tk)a uly(xm, )’n+1/2, tk)a pi (xm’ Yna tk) (l =
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1,2), tty (tm1/2, Yes 1) and py (i, ye, 1) by U;,C;rlfﬂ/z,n’ Uiy,z;];,nﬂ/z’ Pi],(m,n (i =
1,2), U;]:,m+1/2,ﬁ}+1/2 and P;If,m,ﬁ;ﬂ/z as follows:

sild P, + (D UMY, + IDyUT TS = g 3.6)
Ui),(}rlz(+1/2,n + K [de Pilyy 10 =0, (3.7)
Ui‘,'}:,nﬂ/z +K]'ldy Pi]]:n,n+1/2 =0, (3.8)
¢y Cy ld; PV]fn,/V,H/z + [DXuV]f(nﬁyH/z = q}li,m,lrl}-%—lﬂ + Uifz,ﬁﬂﬂ - é‘:,rplcz,lf\varl/Z’ 39
(ky + a; (FV)WV llr(n+1/2.17y+1/2)Uﬁ.m+1/2ﬁy+1/2 + K;‘S[dXPV];H/z,ﬁ}H/z =0, (3.10)

(y +by POITY LS o WU oy = Uy )
= 2;1 T P T T P 51 = 2Py 10 (3.11)

1y + by (POIT S & W o Ul o)

v Ny+1/27 7 1m, Ny +1/2 2,m,Ny+1/2
=a, (I Plk,m,ﬁy+1/2 712P2k,m.17}.+1/2)’ (3.12)
Ulam = =8 Ga 3 1), U 1o = 8 G, s 1), (3.13)
U1 = =81 Yar 19, U{’,’f,,N},H/z = g2(tm. Yb. 1), (3.14)
U]y(.l/lﬁyﬂ/z = gy (xa, 1), U;:,Nx+l/2,1’\’:+1/2 = 8y (x5, 1), (3.15)
Pl = Y Cons i, 0), (3.16)
P T = Py Cms ye, 0), (3.17)

where

lfnflv;fori:l, ]’\7;+1§n§Nyfori=2,
and 1 <m < N, forbothi = 1,2 in (3.6);
l<n<Nyfori=1, Ny+1<n<N,—1fori=2,
and 1 <m < Ny — 1 forbothi = 1,2 in (3.7);
l<n<Ny—1fori=1, Ny+1<n<Ny—1fori=2,
and 1 <m < N, — 1 forbothi = 1,2 in (3.8);
1 <m < N, in (3.9), (3.11), (3.12), (3.17s);
l<n<Nyfori=1, Ny+1<n<N,fori=2in(3.13);
1 <m < N, in (3.14); 1 <m < N, —1in (3.10);
l<n<N,fori=1, Ny+1<n<N,fori =2,
and1 <m < N, forbothi = 1,2 1in (3.16);
k > 1forall kin (3.6) — (3.15).

In the above scheme, we place the different degrees of freedom of numerical veloc-
ity on the both sides of fracture-interface. As a result, the jump of velocity along
the direction normal to fracture, which arises from the velocity across the fracture
(u; - m |Qy +u - n2|gy), can be captured easily. This is one of the major advan-
tages of the proposed numerical approach. In order to show the grids with degrees

@ Springer



144 Numerical Algorithms (2020) 84:133-163

of freedom in Fig. 2, a small thickness of fracture is plotted for the convenience of

v.k

describing the position of U ; and U”* whose values are not equal

Jm,Ny+1/2 2,m,Ny+1/2’
in general. In both the theoretical analysis and numerical computation, the fracture is
considered as one-dimensional interface between two two-dimensional subdomains.

Remark In order to better observe the flow of fluid in fracture-interface, one might
need to use smaller grids in the fracture-interface compared with those in the sur-
rounding porous media. This will lead to nonmatching spatial and temporal grids
for one-dimensional fracture-interface and two-dimensional surrounding medium.
By means of appropriate interpolation and extrapolation operators in space and time,
we can adapt the proposed finite difference scheme to the nonmatching grids in
Section 3.2.

3.2 Extension to nonmatching grids

In this subsection, we extend the block-centered finite difference method to non-
matching grids in both space and time.

Considering the fracture acts as a fast path in the aquifer system, the flow moves
very rapidly in the fracture. Then, smaller scale of meshes in space and time might
be employed in fracture domain than in the surrounding medium in order to simulate
the rapid changes of flow velocity and pressure in the fracture. Such requirement
brings a multi-scale challenge to numerically solve the reduced model, which will

=
A4

tk‘+1
A

Ur —AUY v P—oU —v Py —o

Fig.2 Grids with labeled degrees of freedom of block-centered scheme
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lead to nonmatching spatial and temporal mesh grids. In this subsection, we modify
and extend the block-centered finite difference scheme to nonmatching grids in both
space and time.

Suppose

Qyp i Xa =X1/2 <X32 <= < X412 < -+ < XN3—1/2 < XN3+1/2 = Xp,

where N;/‘ > N*. Then, the spacial grids of fracture domain do not match those of
surrounding porous media (see Fig. 3).

For the purpose of constructing the block-centered finite difference scheme, we
define IT} and l'[f as the bilinear interpolation and extrapolation operators for €2;
withi =1, 2. Take 1'[“ and l'[p for example:

e  For each point (x, y) € [xl/g,xl) X {yN +1/2} we define l'[“ y(x y) to be the
)

LN +172 Y128 +12°

as the bilinear extrapolation by using PLIN,+1> PLLN,+2 PLON, 410 P1Lo.N 42

bilinear extrapolation by using > and define I'If pir(x,y)

e For each point (x,y) € [Xxu, Xm+1] X {yﬁ;+l/2} withm = 1,---, N, — 1,

. u y o1 . . . y
we define IT{u;(x, y) to be the bilinear interpolation by using U s
y

~ n fine 17 he bilinear extrapolation in
ul,m+l’Ny+1/2, and define IT| pi(x, y) as the bilinear extrapolation by using
Pim Ny+10 PLom, Ny+2> PLm+1,Ny+10 PLm+1, N 421

e For each point (x,y) € (xn,,Xn,+1/2] X {Y17,+1/2}’ we define l'[?u{(x,y)
W
LN Nyt 1727 YN =1L N 1727

. p oy . — —_
define IT{ p1(x, y) as the bilinear extrapolation by using P1N, Nyt 10 PLN, N, 420

to be the bilinear extrapolation by using u’ and

PN —1,Ny+1> PLN —1,N 42

Similarly, we can define the bilinear operators IT5 and l'[é7 on u;(x, y) and pa(x,y),
respectively.

When the temporal grids of fracture domain do not match those of surrounding
porous media (see Fig. 4), we use t; with j = 0,1, ---, NJ’, to denote the temporal
grids of fracture region and A¢; = t; — t;_ to represent the time step. In order to
preserve accuracy, we set fo = t9 and #; = ¢!, and subdivide the remaining part of
time grid according to rAt; = Atk (r € Z*1). Fort; € (t%, "] with k > 1, we

Fig.3 Sketch of nonmatching 7 A
spatial grids A o A o A
A $ A S A
f-s-N g :@: o2 ATl s L:@;\:@ 2
i\ o Vi o i\

v Y
A o A o A

v Y

Z‘AUU V P OU”riﬁ P’Yﬂ
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Fig.4 Sketch of nonmatching tr
temporal grids
te +—

t3_

define H;,uy’j as the linear extrapolation to ¢; by using u?k and u? k=1 and Hg,pj

as the linear extrapolation to #; by using p¥ and p*=1.

Then, the block-centered finite difference scheme on the nonmatching grids is

giVen to aPPTOXimate ux(xm+l/2 Yn, tk) uy(xms yn+l/27tk), pi(xms Yn, tk) @
k
1,2), uy (x111/2, yes t7) and py (x1, ye, t/) by U} m+1/2n’ Ui):m,nJrl/Z’ Pi]fm,n

1,2), U; 11284172 and P;f,l,NyH/z as follows:
¢VCV [d’PV]/jN +1/2 + [D"UV]/ Ny+1/2
= q;{,l.ﬁ;ﬂ/z +1T, HMUI}ZJN +1/2 - HMUzysz +1/2°
(ny +a, (Fy)lUyll]H/z Ny +1/2)Uy,1+1/2,17y+1/2
+Ky8ldy P ]z+1/21v =0
iy + by (Py)|Ty |l]N +1/2)(Ht l‘[“Ul’]’N +1/2 H;HgUz}:’z{ﬁyH/z)
= 2;1 l(ng/nllyPlj;z,ﬁ.+1/2 +10, ngzlz Ny+1/2 ZP;,I,ﬁv+l/2)’
iy + by (Py)|Ty |le +l/2)(nt HuUlysz st m, HuUz)sz +172)
=y (I, anl LNy+1/2 7 I, ngp’iz,ﬁyﬂ/z)’
U;{I/ZN‘+1/2 gy (- 1), U;i N3 +1/2,8,+1/2 = gy (. 1),

P;(/)/ Ny+1/2 = Py, 3, 0),

(@

(3.18)

(3.19)

(3.20)

(3.21)
(3.22)

(3.23)

where the discretized scheme on the surrounding porous media is the same as (3.6)—

(3.8), (3.13)=(3.14), (3.16), and

1 <1 <N, in(3.18), (3.20), (3.21), (3.23);

1<I<N:—1in(319; 1<j<N, in(3.18) - (3.22).
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4 Error estimates

In this section, we derive the prior errors theorem 1 of the block-centered finite dif-
ference scheme (3.6)—(3.17) for the reduced coupled model (2.30)—(2.37). Firstly, we
give some lemmas.

Lemma 1 Suppose p; € L>(0, T; W3(Q;)) fori = 1,2, y, then

OPim+1/2.n L[ 29%pi\]
— = —[d p'] /20— < d (hx) _
ax x FMilm n 8 i X 8)(?2 | P
+0(h; + h) 1 pill3.00- 4.1)
op; 17 0
TPimntl/2 ldypilmnt12 — 3 ((hy)2 pl)
ay 8L dmnt12
+O(1; + h) | pill3.00- 4.2)
Py mt1/2.8,+1/2 — ldypy] _ _l )28 Py
ax Xy m+1/2,Ny+1/2 8 .
m+1/2,Ny+1/2
+O M)y 113,00, 4.3)
where

l<n<Nyfori=1, Ny+1<n<Ny—1fori=2, and1 <m < Ny —1forbothi =1,2in (4.1);

lfnfﬁ;,—lforizl, 1’\\’;-‘,-1 <n=<Ny—lfori =2, and1 <m < Nx—1forbothi =1,2in (4.2);
1<m < N,—1in4.3).

Proof According to Taylor expansion, we have

8pi.m+1/2,n 1 (hfrH—l)z 82pi,m+l,n (hfn)z azpi,m,n)

dy pi = -
[ xpt]m+l/2,n 9x + hjol/z < 3 9.2 3 9.2

1 iz (R 0?0 = xma)? 87 pi
+ _ / m+1 _ m+ 31 (x yn)dx
2hm-ﬁ—l/Z X) 8 2

m+1

Xm+1/2 (hfn)z (.x - -xm)z a Pi
)

+ 1 m+1) 32Pi,m+1/2,n . 82pi,;n+l,n
h* 8 x2 x2

m+1/2
+(hxm)2 82Pi,m,n _ 82pi,m-&-l/2,n
8 0x2 0x2

ap; 1 82 p;
= Demtl2n g ()2 ”) + O + 1)1 pill3,00,
dx 8 8x2 m+1/2,n

where 1 <n < Nyfori =1, Ny+1<n<N,—1fori =2, andl <m <
N, — 1 forbothi =1, 2.
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And

[dy pilmn+12 = ;
yPilm,n+1/ 3y h31+|/2 3 ay 8 ayz

1 ez (B, )2 v 2\ 53
+— (/ < n-SH _ (y .;ﬂ“’l) Pi (Xm y)dx
2hn-%—l/2 Yn+1
W2 [ ()’ (y*yn)2> a3p,
- — 5 (Xm, y)dx
/y,, < 8 B ms
L] o)) (0 pimntiy 02 pimanta
o 8 ay? dy?

_’_(hz)2 3% pimn _ 82 Pimont1)2
8 ay? 9y?

op; a
= w——[ ((hw2 ”)} + O+ h)pill3.00.
dy m,n+1/2 :

3P1.m,n+1/2 1 <(h}+l) 32 Pi.m.n+1 (h%)z 82Pi.m,n>

where 1 </ < N, —lfori =1, Ny+1<I<N,—1fori =2 andl <s <
N, — 1forbothi =1, 2.
Similarly, we can obtain (4.3). ]

The following lemma follows directly from Lemma 1.
Lemma 2 Suppose p; € L>(0, T; W3(Q;)) fori = 1,2, y, then

6 i1 j2n = =K 1du(pi = 1) lmy 120 + OT + B pills.cor  (4.4)
W] pn1p = =K 1dy(pi = m)lmnt12 + Oh; + h)pill3co,  (4.5)

KyUy m+1/2.Ny+1/2 T (a;j (py)luy |“V)m+1/2,1\7y+1/2

= —K;8lde(py = m) i1 o, 74172 + OUD 1Py 13,00, (4.6)
where
92 02
Nimn = ((h’C)2 Py W= i ) : 4.7)
m,n
1 282py
TymNy+1/2 = g ((hx) 2 N , (4.8)
m,Ny+1/2
and

l<n<N,fori=1, Ny+1<n<N,—1fori=2, and1 <m < N, — | forbothi = 1,2 in (4.4);
lgngﬁ;—lfori:l, ﬁ;—l—l <n=<Ny—lfori=2, and1 <m < Nx—1forbothi =1,2in (4.5);

1<m<N,—1in(4.6).

@ Springer



Numerical Algorithms (2020) 84:133-163 149

Lemma 3 If p; € L0, T; W3%(Q;)) and u; € L®(0, T; W>®(Q))) fori =
1,2, y, then it holds that

Si [dtlai]lr{n,n + [Dxuf]ﬁz,n + [D)’uzy]lrf@n
),k
= g+ OAD P ll2.00 + OBE + B2 (1] 13,00 + 1126 I13.00 + 17F13.00), (4.9)

F ~ 1k k v.k vk
¢y Cy [d’pl’]m,ﬁyﬂ/z FDxuy ], §oin ~ (ul,m,ﬁ,,+1/2 uz,m,ﬁyﬂ/z)
=4y, 7112+ OADIPL .00 + O 1300 + 1P} 13.00). (4.10)

where p; = p; —n; withi = 1,2 and p, = p, —n,, and
l<n<Nyfori=1, Ny+1<n<N,fori=2, and1 <m < N, forbothi = 1,2 in (4.9);
1 <m < N, in (4.10).
Proof By the definitions of operators d;, Dy and Dy, we have
silds i, , + [Dxu 1k, , + [DyulTY,

k
_api,m,n

= h + 5ildi (P = )Ty — 51—
x,k y.k
_u.'m’” Yk au'Jn,n
alx +[Dyui]m,n_é—y
= gy + OADIPE 12,00 + O + K2 pE 113,00

FOD) U} 13,00 + OB 1] 113,004 (4.11)

+[Dyuf1k, , —

and

Frg =~ 1k k _ (VoK _ 0k
Gy Cy ldiPy Ly 5 ap TPy L g1y = O Fst 2 ™ Yo 412

k
apy,m,ﬁ;--i-l/Z

at

_ kK F ‘ .
= 9y m Ny+1/2 + ¢, C, [di(py — ”V)]m,ﬁy+1/z - ¢,C)

auk
k y,m,Ny+1/2
m,Ny+1/2 ox

=4} 710 T OADIPL 2,00 + OEDIPY 3,00 + OB 13,00 (412)
Then, (4.9) and (4.10) follow from (4.11) and (4.12), respectively. O]

+[Dyuy]

We refer to Lemma 3.3 in [26] for the proof of the following lemma.

X y x y X y ;
Lemmad Let W, o\ 5 o Wo 100 Vit o Vinns 120 @ @ @i n be discrete
. : X _yY _ X — v — ;
Junctions with Vi, =V, 1 =Vy 410, = Vm,Ny+1/2 = 0 and satisfy

{ W W) mi12,0 = —de @™ lmt1/2.05
(I//yWy)m,n-H/2 = _[dy‘Py]m,n+1/Za
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where y* and Y are generic discrete functions. Then, we have

(I/IXWX’ VX)X = ((ﬂx’ DXVX)Ms (WyWy» Vy)Y = ((py9 Dyvy)M

Based on the above lemmas, we give the convergence analysis of the scheme (3.6)—
(3.17) for reduced coupled model in the following theorem.

Theorem 1 Let P}, UX, U)" with i = 1,2 and P%, U be obtained by the block-
centered finite difference scheme (3.6)—(3.17). Suppose the coefficients in reduced
coupled model are bounded from above and below and the thickness of fracture is
small enough, then there exists a positive constant C independent of hy, hy, and At

such that

1/2
2
N N, xk x,k 2 v,k v,k 2
DR - ’“M+ZN SOOE — a4 10 -
i=1 i=1
= Ct+hi+hy), 4.13)
N
N k k
IPY: = pYellym + - ARNUS —ub
k=1
< C(At+h3). (4.14)
Proof Denote
Xk & \ i
Eix,m+1/2,n = Ufm+1/2,n — i (Xmt1/25 Yns 1),
with 1 <n <Ny fori =1, Ny+1<n<Ny—1fori=2 and1<m <Ny —1forbothi,
.k y k
Eimniia = Ulmn+l/2 w; (Xm, Y172, 1),
with 1 <n<Nyforz =1, IV;SnSNy—lforizz, and1 <m < N, — 1 forbothi = 1,2,
k
Elpmn _Plkmn Pi(xm,)/n,lk%
with 1 <n < Nyfori =1, Ny+1<n=<Nyfori=2 andl<m =N, forbothi =12,
uk k » k . B
€y m+1/2.8,+1/2 Uy,m+|/z,;7y+1/2 =y Xmt1/2, Y, q10: 1), Withl <m < Ny — 1,
Pk k

k .
~ — ~ < <
€y mNy+172 Py,m,Nerl/Z Py Goms Y1720 1) with 1 <m < Ny.

According to Lemma 2, we have

El m+1/2 nt KX [dx (E + r]’)]m+1/2 n = O(hz + h%)v (4.15)
v,k
Ei m n+1/2 + K; [d(Ep + m)]m n+1/2 = O(hi + hi)? (4.16)
ot k
Hye y.m+1/2,Ny+1/2 + (@ (PV)|UV‘UV)m+1/2 Ny+1/2

—(ay Cﬂ"‘yl”l’)mﬂ/z Nyt Ky dldy (e + ”V)]m+1/2 Ny+1/2 =0y, (417

where n # Ny in (4.16).
Setting g7 = 1/K’, B = 1/1(.” and B, = 1/K}5, multiply-

ing (4.15), (4.16), and (4.17) by El m+1/2 nhm+1/2h"’ E; n n+1/2hmhn+1/2, and
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e k . .
€ 2Nt ] /2hm +1/20 respectively, and summing up m and n, we get from

Lemma 4 that

2 2
k , ,
=Y (EP b DeEF Yy + ) (002 + 1), EFy, (4.18)
i=1 i=1
2 k k
2% S E By
k k 2 k
= Z<E5” +f. DyE! Yy + ) (0(h3 + k). Ef )y, (4.19)
i=1 i=1
" ﬂypy(P ) /3)//0;/(17 )
ny(s( e, ey x + (U Uy = ==l luy, €5
= (D" + 5. DeelM)ym + (0(h3). €45)yx. (4.20)

By applying Lemma 3 and Taylor expansion to (3.6) and (3.9), we have

sildi(EF + )15, + [DeEf 1%, + [DyETT,
= O(At +h} +h3), (4.21)

F k uk
¢rC, ldi (el )L, G TP L 7

— Yk _gyk 2
- E1,m,ﬁ}+1/2 E2,m,Ny+1/2 + O(At + hy). (4.22)

Multiplying (4.21) and (4.22) by (E” + )k, ,h,hy and (EL + ny) T /zhjw

respectively, and summing up m and n, we have

2
k k
> s (dt(E,»" +00), EP + n{-‘)M +¢,C) (dt(e;"" +nh). eb + n’;)

M
i=1 14

2 2
k ), k k
+Y D EPEN b + D Dy EN EP by
i=1 i=1

H(Dyel*, ek + )y
< (0(AN, EP* 40w + (0% + h2), EP* + fom
HEY e )y m — (B, el* + ), m + (O(At +17), el F ), m. (4.23)
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It follows from (4.18)—(4.20) and (4.23) that

'MN

k k
si(dr(EPS 4 EPF ) 40, CF (ditef® + ). el + )

i=1 rM

2 M

7 Exk o E}k vk 14 ,k
+Z]<Kx< >x+Kl< )y m(e )yx
ﬂypy( y) k By oy (Py) ook
( |UV|UV)m+1/2,A7y+1/2_( 5 luy Ju V)m+1/2N+1/2’ Y
yX

2 2

Z 0N, EP* + 0w + Y 02 +12), EP* +
i=1 i=1
HEY, el ) m — (B, el* +0))ym + (0(At +13), e0F + )y m
2 2
)k "
+3 02+ 1), EFNx + Y (002 + 1), EM )y + (0hd), e )y (4.24)
i=1 i=1

Combining (4.24), Cauchy-Schwarz inequality, we arrive at
2 2 k
S s; At
D S EL + 0 U5, + 3 = (E] + )y
i=1 i=1

¢ycF ¢, CT ALk
Ldil (el + nﬁ"ﬂiM +

k k n
+Z—||Ex ||X+Z CIEP 13 + nyall [
i=1 ’ i=1 l

+

llde (el + ) 12 p1

k
<cC ((Az +h+ R+ Z IED +nf 5 + el + n’;niM)
i=1

k W
+ZZKX||E”||X+ZZKy||Ey +2K§5u K2y (425)
i=1

Multiplying (4.25) by 2ArF and summing up k from 1 to N;, we have
2

D CE! +n)V 5+ il + m) N2y
i=1
2 N

+) ) (ak)? ||dt<Ep+n,>"nM+Z<Ark) lld (e? + 0, ¥ 12 41
i=1 k=1 k=1
Ny

k
+ZZA’ WES I3 +1E 1) +2Ar e 112

i=1 k=1 k=1

2 N
((At+h2+h2)2+ZZAt IEPK 4+ nk IIM+ZAt leb* + k12 >.(4.26)

i=1 k=1 k=1
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Using Gronwall’s lemma, we obtain

2
D UCE! + 0™ 15+ 11l + )Ny
i=1

k .k
+ZZAt UES 1% + IE" ||Y>+2Ar el 1 x

i=1 k=1
< C(At+h3 +h)> 4.27)

It follows from (3.4) that

1y Iy 5712 = V00D, 57 10+ OED Nty 12,00 (4.28)

Combining (2)—(2), (3.11)—(3.12), and (4.28), we have
v.k

v,k
My E N2 T (by (pl’)lul’l)m N, vor12E 0, Ny+1/2
v,k k v.k
(bV(pV)lUVDm 12V i1 (bV(PV)lUVD 12V, Ny+1/2
.k

v,k
+(by (pl’)"‘i’l)m,z\ﬁﬂ/zl]l mNy+1/2 (by(p,,)IU,,I)m 1’\\/;+l/2U1,m,/’\7;+l/2

k v.k .k
+(by (py)‘”V|)m.1ﬁ+1/2U1,m,ﬁy+1/2 (by (p7)|“7/|)n1 Ny+1/27 1m, Ny+1/2
1« P 1
+§(2§ — — o) (E; + rlz)m vt 2(25 I +ay) h(ET + '71)m Ny+172
2ay
_ » 2 2ok
28 — ((3 + ny)m+1/2 Ny+1/2 + O(hx + h))”p; ”2,003 (4.29)
v,k v.k
myEy N1 T (by (pV)I"VI)m Vo172 2.m N1 2
= (by (p)IU, |)mN+1/2U2mN+1/2 (by (PITy |)mN 112Y2m W 412
v.k v,k
+by (P D), 512U 10— Cr PO D), 5410 Us 5
v,k v,k
+(by (Py)\“ﬂ)m Fr12Ys w10~ By (pV)lul’l)m T2V w412
1 1

%y
=3 25 +<xy)12(62 +772)mN Y 2(2‘§ T —a)li(ef +?71)mN Y

pr— LR Tt O + M) pfll2.00- (4.30)

Applying (4.27) to (4.29)-(4.30), we have

k
1E" —  llx + |E

1Lm,Ny+1/2 Ix < C(hi +h3). 4.31)

2m Ny+1/2

Finally, the theorem establishes on the basis of (4.7)—(4.8) and (4.27)-(4.31) for
the finite difference scheme (3.6)—(3.17) approximating the reduced coupled model.
O
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Remark Due to the fact the bilinear interpolation and extrapolation operators remain
the second-order accuracy, the block-centered finite difference scheme (3.18)—(3.22)
on the nonmatching grids for the fracture and surrounding media is without loss of
any accuracy.

5 Numerical examples

In this section, some examples are given to illustrate the efficiency and accuracy
of the coupled finite difference method for the reduced coupled model. In order to
observe the influence of parameter £ on the flow of fluid, we take different values
of £ in the reduced coupled model to compare the results. Several experiments are
performed to analyze the roles of the permeability tensor of the fracture in affecting
the flow rate of fluid.

All test cases in this section are based on the following reduced coupled model

(cf. (2)—(2)),

o pi +divu; = g, inQ; xJ, i=12,
ui+Vpl-:Gi’ inQ[X], i:1,2,
0 Dy —};S}igvxuy(= ;]y + U -mile, +u-mlg,), on 2y x J,
oy (p
(1+M|uyl)uy+K;8Vrpy :G)u on QV x J,
(py)
—E(uy + M)Ul ‘nile, +aypile, 5.1

= —(1 = £)(uy + 2L L2y mylg +aypy. on @y x U,
—&(uy + 2Ly g, + 0y pala,

= —(1 = §)(uy + 2L L2y nylg +aypy. on @y x U,
w v =g, onl x J,
pi(-,0) = p?, in Q;,

where o, = 2Kj /3.

In this section, we shall solve the reduced coupled model (5.1) by block-centered
finite difference scheme on the following domain, as shown in Fig. 5. The values of
other parameters are given in the examples.

5.1 Test cases for convergence rates

In this subsection, one example is given to demonstrate the convergence rate of finite
difference method for the reduced coupled model (5.1). Let i be the maximum of

0.5 0.5
L] L]
0 08y
L] L]
-0.5 0 1 —0.5 0 1

Fig.5 The figure of whole domain
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Table 1 Errors for reduced coupled model on nonuniform mesh when ¢ = 0.5

Mesh h I1EP 1 m 1 E“llxy lley 1y m lley Ily x
4 x4 3.7500e—01 6.3813e—01 2.1479e—01 4.5191e—01 8.6113e—06
8x8 1.8750e—01 1.3654e—01 5.1204e—02 9.3760e—02 2.0991e—06

16 x 16 9.3750e—02 3.2887e—02 1.2617e—02 2.2161e—02 5.6654e—07

32 x 32 4.6875e—02 8.1481e—03 3.1433e—03 5.4495e—03 1.5594e—07

64 x 64 2.3438e—02 2.0325e—03 7.8517e—04 1.3560e—03 4.3420e—08
rate 2.0656 2.0217 2.0866 1.9014

hy and hy, and E?, E*, ef,’, e;ﬁ denote the prior errors obtained by block-centered
finite difference method (3.6)—(3.17) to the example model. The temporal mesh size
is chosen that At = h? in all examples on the nonuniform rectangular grids.

Example 1 We determine the right-hand side functions and initial boundary condi-
tions according to the following analytic solutions

uy, = x(1—x), on £, x J,

py = tsin(2wx) — (Btsin(2mrx)(S0x(x — 1) — 1))/1000, on 2, x J, (5.2)
p1 = tsinQuax)(y + 1), in Q1 xJ, )
p2 = —tsin2rx)(y — 1), in 2 xJ,

where J = (0,0.5], K, =0.1L, 8, = 0.5, p, =1, =4/5.

The errors obtained by using finite difference scheme (3.6)—(3.17) to solve the
reduced coupled model are listed in Table 1. We compute the errors by using the
definitions of norms.

The a priori errors for pressure and velocity in the discrete relative L? norms
and their corresponding convergence rates are listed in Tables 1 for reduced cou-
pled example 1. The convergence rates are obtained by applying a least-square fitting
method to the numerical errors with respect to the mesh sizes /4. From Table 1, it
can be seen that the proposed finite difference approximation has second-order accu-
racy in discrete L2 norms for both pressure and velocity, which is consistent with the
theoretical results in Theorem 1.

5.2 Test cases for influence of &
We have assumed that the range of parameter £ is from 1/2 to 1 in Section 2. In
this subsection, we check the influence of value & on the flow of fluid in fractured

system. In Example 2, we compare numerical results obtained by changing the value
of parameter & while keeping other parameters unchanged.
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Example 2 Consider a practical model in time interval J = (0, 1]. Here, we choose
the following right-hand side functions and initial boundary conditions:

G =0, in Q1 xJ,
G, =0, in Q x J,
G, =0, on 2, x J,
qy =0, on 2, x J,
6]120, in leJ,
g2 =0, in Q2 x J,

uy(0) =u, (1) =0;
up - vily=—o0s =1,
up - vily=0 = —1, (53)
up-vilx=1 =1,

uz - 1ly=0s = —1,

uz - v2x=0 = —1,

uz - v2x=1 =1,

p1(-,0) =0, in Qp x J,
p2(-,0) =0, in QxJ,
py(-,0) =0, on Q, x J,

where 8; = 3, p; = 1(i = 1, 2, y) in the fractured media aquifer system (5.1). The
fracture is assumed to be anisotropic.

The numerical results on nonuniform staggered meshes obtained by different val-
ues of & are plotted in Figs. 6 and 7 and Figs. 8 and 9 for reduced coupled model.
From the numerical results, it is clear to see that the value of parameter £ has little
influence on the flow rate of fluid for reduced coupled model, which is independent
of the permeability tensor of the fracture.

figure of numerical pressure for

05 reduced coupled model in the fracture

o4l —6—¢=1
: —A— =23
.- —8— ¢=3/4| |
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021

011

ok

-0.1F

0.2

03

041

05 I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 06 07 0.8 0.9 1

Fig.6 Plots of numerical pressure solutions for Example 2 with K = 0.1 and K ﬁ =100 whent =1
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figure of numerical velocity for
%104 reduced coupled model in the fracture
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Fig. 7 Plots of numerical velocity solutions for Example 2 with K;,' =0.land K ; =100 whent =1

5.3 Test cases for the impact of permeability tensor in fracture

In practice, the source of contaminants often occur on and near the ground surface.
We will simulate this behavior in Example 3 by introducing one source term at the
top of the the whole domain.

figure of numerical velocity for
reduced coupled model in the fracture
0.5 T T

05 . . . .
0 0.2 0.4 0.6 0.8 1

Fig.8 Plots of numerical pressure solutions for Example 2 with K3, = 100 and K,'f =0.1 whent =1
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figure of numerical velocity for
x107* reduced coupled model in the fracture
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0 0.2 0.4 0.6 0.8 1

Fig.9 Plots of numerical velocity solutions for Example 2 with K3, = 100 and K ]f =0.1 whent =1

Example 3 Consider a practical model in time interval J = (0, 1]. Here, we choose
the following right-hand side functions and initial boundary conditions:

G1 =0, in 21 xJ,
Gr, =0, in QxJ,
G, =0, on Q, x J,
qy =0, on Q, x J,
q1 =0, in Q xJ,

g2 = 10(J(x — 0.5)2 4+ (y — 0.5)%| < 0.1), in Q, x J,
uy(0) = u, (1) =0;

uy - vily=—0s5 = 0;

ui - vilx=o = —1, ©H
ui - vily=1 =0,

up - v2ly=05 =0,

uz - v2|x=0 = —1,

uz - ly=1 =0,

p1(-,0) =0, in Q1 x J,
p2(-,0) =0, in Q5 x J,
py(-,0) =0, on Q, x J,

where £ = 2, p, = 1 in the model (5.1).

We report the numerical results in Figs. 10, 11, 12, 13, and 14. The flux exchanging
between the surrounding porous media and fracture-interface is shown to have clear
impact on the fluid flow. When the thickness of fracture is fixed, the permeability
tensor plays an important role in affecting the fluid flow inside the fracture. More
precisely, when the permeability along normal direction of fracture is bigger, the flow
rate in surrounding porous media is higher due to exchanging flux with the fracture.
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figure of numerical pressure for

figure of numerical velocity with contour plot for
reduced coupled model when t=1

reduced coupled model when t=1
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Fig. 10 Plots of numerical solutions for reduced coupled Example 3 with K, = 100l when 7 = 1. Left:
the figure of numerical pressure solution in surrounding porous media. Right: the figure of numerical
velocity solution in surrounding porous media

If the permeability along tangential direction of fracture is bigger, the flow rate in
fracture is higher, which is consistent with the physical phenomenon.

5.4 Comparison of Darcy fracture model with Forchheimer fracture model

In order to demonstrate the influence of the Forchheimer fracture in Karst aquifer sys-
tem, a comparison of the reduced model presented in this paper with the Darcy model
in [12] is given in this subsection. We still use Example 3 to show the differences of
numerical solutions of the two models.

figure of numerical pressure for
duced coupled model when t=1

figure of numerical velocity with contour plot for
reduced coupled model when t=1

05 L : : . :
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Fig. 11 Plots of numerical solutions for reduced coupled Example 3 with K3, = 100 and K}X = 0.001
when ¢ = 1. Left: the figure of numerical pressure solution in surrounding porous media. Right: the figure
of numerical velocity solution in surrounding porous media
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figure of numerical pressure for figure of numerical velocity with contour plot for
reduced coupled model when t=1 reduced coupled model when t=1
o
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Fig. 12 Plots of numerical solutions for reduced coupled Example 3 with K3, = 0.001 and Kf,’ = 100
when t = 1. Left: the figure of numerical pressure solution in surrounding porous media. Right: the figure
of numerical velocity solution in surrounding porous media

By testing the different values of permeability tensor in the fracture, it can be seen
that there are few differences between the two models when the value of K jﬁ is big
and there are some differences when the the value of K j‘c is big. From Figs. 15 and 16,
we observe that the pressure shows different behavior in the fracture. The pressures
in the Forchheimer fracture change more than those in the Darcy fracture. Moreover,
we can also observe that the velocity in the former case changes more rapidly that in
the latter one.

From the above numerical tests, one can also observe that the pressure and veloc-
ity show different behavior on two sides of fracture-interface. Therefore, our idea
of allocating different degrees of freedom on the two sides of fracture-interface is
efficient for solving the reduced coupled model.

figure of numerical pressure for figure of numerical velocity with contour plot for
reduced coupled model when t=1 reduced coupled model when t=1
0.5 ™ ™ ™ ™ T T T T
04 04
0.3 3 0.3
0.2 S 0.2
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0.1 [ 25 0.1
0 0
01 2 -0.1
-0.2 -0.2
15
-0.3 -0.3
-04 -04
1
~05 . " R . R R R R R
0.2 0.4 0.6 0.8 1 0.1 02 03 04 05 06 07 08 09

Fig. 13 Plots of numerical solutions for reduced coupled Example 3 with K, = 0.0011 when ¢ = 1.
Left: the figure of numerical pressure solution in surrounding porous media. Right: the figure of numerical
velocity solution in surrounding porous media
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figure of numerical pressure for figure of numerical velocity for

reduced coupled model in the fracture .10¢ reduced coupled model in the fracture
1.68 T T T T T T T T T 3 T T T T T T
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Fig. 14 Plots of numerical solutions for reduced coupled Example 3 with different K, when ¢ = 1. Left:
the figure of numerical pressure solution in the fracture. Right: the figure of numerical velocity solution
in the fracture

6 Conclusions

In this paper, we consider reduced coupled model with different dimensions in frac-
tured media aquifer system. The Forchheimer’s law is employed for modeling the
flow in the fracture. The flow in the surrounding domain follows Darcy’s law. The
fracture is treated as an interface due to its relatively small thickness, which leads
to reduced coupled model. The nonlinear exchanging condition is imposed on the
fracture-interface. A block-centered finite difference scheme is designed to approx-
imate the flux transmission condition on the fracture-interface without requiring
continuities in pressure and velocity. It is proved theoretically and demonstrated
numerically that the block-centered finite difference method preserves second-order
accuracy for both pressure and velocity. Moreover, we show the permeability tensor
in the fracture has an important impact on the flow rate in both the surrounding porous

figure of numerical pressure for figure of numerical velocity for
reduced coupled model in the fracture reduced coupled model in the fracture
1.665 T T T T 0.015 T T T T
1.66 ]
0.01f
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1.65 0.005
1.645
(o] AAAAAAAAA
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1.635 —-0.005 1
=—©0— Darcy fracure model
1.63 —©—Darcy fracure model
—&— Forchheimer fracure model| -0.011 1
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1.62 N N N N . —0.01 N N N N
6 0 0.2 0.4 0.6 0.8 1 0.0 5O 0.2 0.4 0.6 0.8 1

Fig. 15 Plots of numerical solutions for Example 3 with K, = 1001 when ¢+ = 1. Left: the figure of
numerical pressure solution in the fracture. Right: the figure of numerical velocity solution in the fracture
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figure of numerical pressure for figure of numerical velocity for
reduced coupled nlgdel in the fracture 8 x 1072 reduced coupled model in the fracture

—©— Darcy fracure model 3 41 =—©— Darcy fracure model
—&— Forchheimer fracure modell ] —#— Forchheimer fracure mode
6} ]
N N N N -8 N N N N
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Fig. 16 Plots of numerical solutions for Example 3 with K3, = 100 and Kj = 0.001 when t = 1. Left:
the figure of numerical pressure solution in the fracture. Right: the figure of numerical velocity solution
in the fracture

media and fracture-interface. It is observed that the tangential direction of perme-
ability tensor determines that flow rate in the fracture and the normal one determines
the flow rate in the surrounding porous media. By using high-order interpolation and
extrapolation operators, it is easy to extend the numerical procedure to the nonmatch-
ing spatial and temporal grids in the whole domain without losing any accuracy. Our
future work is to consider the multiple Forchheimer fractures with orientations by
referring to [30, 31].
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