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Divergence-Free HDG Methods for the Vorticity-Velocity Formulation of
the Stokes Problem

Bernardo Cockburn and Jintao Cui

Abstract

We study a hybridizable discontinuous Galerkin method for solving the
vorticity-velocity formulation of the Stokes equations in three-space di-
mensions. We show how to hybridize the method to avoid the construction
of the divergence-free approximate velocity spaces, recover an approxima-
tion for the pressure and implement the method efficiently. We prove that,
when all the unknowns use polynomials of degree k > 0, the L? norm of
the errors in the approximate vorticity and pressure converge with order
k + 1/2 and the error in the approximate velocity converges with order
k 4+ 1. We achieve this by letting the normal stabilization function go
to infinity in the error estimates previously obtained for a hybridizable

discontinuous Galerkin method.

Keywords: discontinuous Galerkin methods, hybridization, incompress-

ible fluid flow.

1 Introduction

In this paper, we analyze a hybridizable discontinuous Galerkin (HDG) method

for the numerical solution of the Stokes equations:

w—-—Vxu=0 1inQ, (1.1a)
Vxw+Vp=Ff inQ, (1.1b)

The first author was partially supported by the National Science Foundation (Grant
DMS-0712955) and by the Minnesota Supercomputiong Institute.



V-u=0 1in{, (1.1¢)
u=g ond, (1.1d)

/Qp = 0. (1.1e)

Here we assume that |, 909 ™ =0 and that 2 C R3 is a Lipschitz polyhedral
domain.

The present study of the HDG method under consideration focuses on the
way in which the divergence-free condition is handled. Let us give a brief idea
of the main difficulties around this issue. Let us begin by noting, since the
approximate velocities in the test space are all taken to be divergence-free,
the pressure disappears from the formulation. This poses two problems. The
first is how to efficiently implement the method: It is well known that the
construction of basis functions for the velocity spaces are almost impossible to
construct, especially for high-order approximations in three space dimensions;
see the discussion in [1] and the references therein. The second is how to recover
an approximate pressure converging as well as the approximate vorticity does.
Here we address these questions by extending to our setting the approach taken
in [6] for HDG methods based on velocity gradient-velocity formulations.

We proceed as follows. First, we enhance the space of approximate ve-
locities by not requiring that they be elementwise divergence-free and by in-
troducing an approximate pressure in the interior of the elements. Then,
following [1], we show how the construction of basis functions for the space
of approximate velocities is avoided by relaxing the continuity of their nor-
mal component across elements and by introducing an approximate pressure
defined on the interelement boundaries. Finally, we argue that if these two
approximate pressures are related by suitably defined auziliary unknowns on

each border of the elements, the HDG method under consideration can be



formally thought of as a limit of the HDG method introduced in 2009 in [3]
and recently analyzed in [2]. More precisely, the HDG method in [3, 2] uses
a stabilization function 7, to control the interelement jumps the normal com-
ponent of the approximate velocity. In this paper, we let 7,, go to infinity and
obtain an HDG method that provides a divergence-conforming and globally
divergence-free approximate velocity.

Here we prove that this limiting process does not degrade the already
proven convergence properties of the HDG method [2] as the error estimates
are independent of the normal stabilization function 7,. This idea was pro-
posed in [6], where the HDG methods based on a velocity gradient-velocity
formulation were shown to be the limit as 7, goes to infinity of the HDG
methods introduced in [9] and analyzed in [4]. Thus, the approximate vortic-
ity and pressure, which are piecewise polynomials of degree k, converge with
order k + 1/2 in L? norm for any k > 0; and, the approximate velocity, which
is piecewise polynomial of degree k, converges with order k + 1.

These results have to be compared with those corresponding to the method
proposed in [1], which hold for the two-dimensional case. Therein, the approx-
imate vorticity and pressure, are taken to be polynomials of degree k — 1
converge with order k in L? norm for any k > 1. Moreover, the approximate
velocity, which is piecewise polynomial of degree k, converges with order k£ + 1
if k> 1.

Another finite element method for incompressible fluid flow problem, which
also uses a vorticity-velocity formulation and H (div)-conforming spaces for the
velocity approximation was developed in [8]. Therein, the second-type H (curl)-
conforming edge elements of order k are used to approximate the vorticity, and
the H(div)-conforming edge elements of order k — 1 are used for the approx-

imate velocity. In [8], it was shown that both vorticity and velocity converge



with order k — 1 in the L2-norm for k > 1.

The organization of the paper is as follows. In Section 2, we introduce the
method and show how to formally relate it to the HDG methods introduced
in [3] and analyzed in [2]. We also state the main convergence results which

are then proven in Section 3.

2 The HDG method

Here, we present the divergence-conforming method based on a vorticity-
velocity formulation. We then show how to introduce an approximate pressure
and how to render it efficiently implementable by using a hybridization tech-
nique. Finally, we relate the resulting method to the HDG method based on a

vorticity-velocity-pressure formulation introduced in [3] and analyzed in [2].

2.1 The mesh and the associated spaces

Let 7, be a shape-regular, conforming triangulation of {2 which consists of
tetrahedra T. We denote by &), the set of all faces of all tetrahedra T of 7,
and by 07}, the set of boundaries 01" of 7},

We associate to the triangulation 7}, the following finite dimensional spaces

that will be used to define the HDG method:

W, ={w € Ly(Tp,) : w|yr € PR(T) YT €T}, (2.1a)
Vi i ={v e Ly(Tp) : vlr € Pp(T) VY TeT), (2.1b)
My, ={p € La(&E) : plp € Pp(F) VYV F €&}, (2.1c)
MP ={p € Ly(0T5) ulor € Ri(OT) ¥ T € Tp}, (2.1d)

where P (T) is the space of polynomials of total degree at most k defined on T,
and Py (T) = [Px(T)]", Px(F) and Py(F) are the corresponding polynomial



spaces on F', and
Rk((‘)T) = {(5 € Lg(aT) : 5|F S Pk(F) VFE € aT}

Note that functions in M ,‘? are allowed to have different values on two sides of

an interior face F'. We are also going to use the affine manifolds

Vh(g) —{veV,NH(iv,Q): (v—g) n,naa=0Yne M2}, (2.2a)
Viulg) ={v e Vi(g): V-v =0} (2.2b)

as well as the pressure space

P, =P o p, (2.3a)
Pl ={q € Lo(Th) : qlr € Por(T) VT €Ty}, (2.3b)
Pt ={q € Lo(Tp) : q|r € P(T)* VYT €T}, (2.3¢)

where Py (T)* is the space of polynomials in Py, (7") which are L?(K)-orthogonal
to the elements of Py_1(T).
2.2 The divergence-free method

The method consists in looking for (wp,up,up) € Wi, x ‘N/h(g) x M, such
that

(wp, 7)1, — (Up, V X T)7;, — (Up, T X n)p7;, =0, (2.4a)
(wp, V xv)7, + (n X Wy, ve)or, = (F,v)7,, (2.4b)

(up - —up-n,p-n)sy, =0, (2.4c)

(n X Wy, py)az;\o0 = 0, (2.4d)

(Wn,, oo = (9 ) o, (2.4e)



for all (7,v, ) € Wy, x V,(0) x M, where

wy, = wp, + 1t(up —up) xn on 97,  on 07y. (2.4f)

Here the stabilization function 7; is taken to be constant on each face on 97},.

Note that v; := v— (v-n)n = n xv xn. We also use the standard notation
(v, 0)7, = e, (v, w)T, (v, W), = >3, (vi,wi)T,, Where (-,-)7 denotes
the Lo-inner product on L*(T). Similarly, (v,w)sz = > e, (Vs w)or and
(v,w)o1, = > 11 (vi,wi)eT,, Where (-, -)or is the inner product on L?(9T).

Note that the pressure does not appear in the formulation due to the fact
that the velocity test functions lie on ‘N/h(O) and are thus divergence-free.

A similar method was introduced in [6] for HDG methods based on velocity
gradient-velocity formulations. Therein, the stabilization function @y could
also be eliminated from the formulation by setting 7+ equal to zero. In our
case, the existence and uniqueness of the approximate solution is guaranteed

only when 7 is strictly positive function, as we see in the following result.

Proposition 2.1 Assume that € is simply connected and that 7, > 0 on 97},
Then the approximate solution (wp,wup,u,) defined by the equations (2.4)

exists and is unique.

Proof. Since the system defining the approximate solution is square, we only

have to show that the only solution in the case (f,g) := (0,0) is the trivial

solution.
So, assuming that this is the case, taking 7 := wy, v := uy, pu := —uy and
W := —n X wy, in the first four equations of the weak formulation, respectively,

and adding them up, we get

(’wh,'wh)Th + (n x (wp, —wp,), up — ’ah>37h =0



Since 74 > 0 on 07}, the equations (2.4c¢) and (2.4f) allow us to conclude that
wy, = 0 in 7, and that uy, = Uy on &,

The first equation defining the method implies that V x uw;, = 0 in 7},.
Since 2 is simply connected, this implies that u, = VS. The fact that .S must
be a harmonic function follows from the fact that V - up = 0 in €. Finally,
since n - VS|go = n - uplog = 0, we conclude that S is a constant and hence

that u;, = 0 in 75, and that uj, = 0 on &,. This completes the proof. [l

2.3 The HDG method

Next, we hybridize the method just described in order to define an approximate
pressure and in order to render it efficiently implementable. We do this in

several steps.

e Step 1: Introduction of the pressure pﬁ_l in 7,

We begin by relaxing the condition V - uj, = 0. Thus, instead of taking the
test velocities v in V5,(0), we take them in the larger space in V7 (0). This
allows us to introduce an approximation for the pressure, pﬁ_l € P}lf_l, into the
equations. Consequently, instead of taking uy, in ‘N/h(g), we take it in Vh(g).
We then must force its divergence on each element to be zero by introducing
new equations in the formulation.

Thus, we now define the approximation (wy,, uh,pﬁ_l, up) € Wy x Vh(g) X

P,]f_l x M, by requiring that

(wp, 7)1, — (Up, V X T)7;, — (Up, T X N)p7;, =0, (2.5a)
(wp, V x v)7, — (071, V -0) g, + (0 x Wp, v0)or, = (£,0)7,, (2.5b)
(V-up,q)1, =0, (2.5¢)

(up-n—up-n,pu-n)sy, =0, (2.5d)



(n X Wh, py)oz\00 = 0, (2.5¢)
<’ah,t7u/t>8ﬂ = <gt7y’t>8ﬂv (25f)
Py~ )7, =0, (2.5g)

for all (7,v,q, ) € W, x ‘7h(0) X P/f_l x My, where
wy, = wp, + 7(up, —up) xn on 07,  on 07y, (2.5h)

e Step 2: Introduction of the pressure p;, on &,

Now, we relax the continuity constraint of the normal component of the ap-
proximate velocity on interelement boundaries. Thus, instead of taking the
test velocities v in Vh(O), we take them in the larger space in V'j,. This allows
us to introduce an approximation for the pressure, py, € M, ,‘? , into the equa-
tions. Consequently, instead of taking wup in ‘A/'h(g), we take it in V. We
then must enforce the continuity of its normal component across interelement
boundaries by introducing new equations in the formulation.

So, we look for (wy, uh,pi_l, Up, p) in the space Wi, x Vi, X P,’f_l x M, x

M ,‘? and determine it by requiring that

(wp, 7)1, — (Up, V X 7)1, — (Up, T X )p7;, = 0, (2.6a
(wp, V x v)7, — (0F 1,V - 0)7, + (0 X @y, + Prn,v)ar, = (F,0)7,, (2.6b
(V S Up, q)Th =0 (2.60

(n X Wy + P, ) or;\00 = 0,

)

)

)

(Un, w)oo = (g, w)oq, (2.6d)
)

((up —up) - m,m)oz, =0, )
)

(pﬁ_17 1)Th = 07 (26g



for all (7,v,q,m,n) € Wy x Vi x P}]f_l x My, X M;?, where
wy, == wyp, + 7(up, —up) xn on 97,  on 07y, (2.6h)

Note that the divergence-conforming constraint on uj, is imposed by equation

(2.6f) in the above formulation.

e Step 3: The form of p, and the introduction of the pressure

Ph
Finally, we give a particular form to the numerical trace of the pressure py
which will allow us to improve the quality of the approximation of the pressure
in the interior of the elements.
So, for each element T' € 7j, we take
Dh = ph + On on 0T,
phi=py ' +p, T,
where pit|r € PH(T) and 6p|or € Ri(9T) is such that

On,q Yo, =0 Vgt e P

Now, note that, since pi-|r € PH(T), we can write that

P Do = @8 + 5, Da = (o4, 1),

and that, for any v € P (1),
_(pz_17 \E v)Th = _(pi_l + pﬁ’ V- v)Th

= —(pn,V-v)7,

= —(ppn, V)o7, + (Vpn,v)7,.



Note also that, by the definitions of wj and py, the equations (2.6b) and (2.6e)

read

(V xwp, + Vpp,v)7, + (e(un, — p)e + opn,v)or, = (f,v)7,,

(n X wp, + ppn + 7 (up — Up) + 6, wog,\ a0 = 0.

Thus, we arrive at a HDG method which seeks the approximate solution

(wp, wp, ph, Up, 0p) in the space Wi, X Vi x Py x My, x M}? such that

(wn, 7)1, — (Up,V X T)7, — (Up, T X N)p7, =0, (2.7a

(V xwp + Vpp,v)7, + (7e(un, — Up) + 0pm, v)o7, = (f, )7, (2.7b
(V-up,q)7, =0, (2.7c

(On,a")om, =0, (2.7d

(T, w)oa = (g, w)oq,

(n X wp, + ppn + 7 (wp — Up)e + O, oz \00 = 0, 2.7t
((up, —up) -m,m)og;, =0, (2.7¢g
(pn, 1)z, = 0. (2.7h

for all (7,v,q,q%, u,n) € W, x V}, x P}]f_l x Pt x M, x M}?

Note that, due to the last equation of this formulation, the number of
unknowns seems to be exactly one less than the number of linearly independent
equations. However, there is one equation that is linearly dependent, namely

the one obtained by taking ¢ := 1 in the equation (2.7¢). Indeed, we have



=0.

Therefore, by excluding the choice ¢ := 1 as a test function in (2.7¢), we can
consider that the above system of equations defined by (2.7) is actually square.

Moreover, the method is actually well defined, as we see in the next result.

Proposition 2.2 Assume that € is simply connected and that 7, > 0 on
07p,. Then the approximate solution (wp,wp, P, U, x) given by the HDG
method (2.7) exists and is unique. Moreover, the component (wp, up,up) is

the solution of the equations (2.4).

This result allows us to say that we have successfully introduced an ap-
proximation for the pressure, pj, in the original formulation of the method,
as wanted. Moreover, as exactly as for the HDG method developed in [6], we
can verify that the method can be implemented in such a way that the only
globally coupled unknown are uj, and the elementwise averages of py,.

Proof. Let us begin by noting that, if (wp, wp, pp, Un, 0n) € Wi x Vi X P X
M, x M} solves the equations (2.7), then (wp, u, Uy,) solves equations (2.4).

To do that, let us note first that (wp,, wp, up) € Wi, x ‘N/h(g) x M,. Indeed,
uy, € V), and, by equations (2.7¢c), (2.7g), and (2.7e) with p := nn for n € M2,
we readily see that wj, also belongs to Vj,(g).

Note that the equation (2.7a) is the same as (2.4a). The fact that (wy,, up, up)
satisfies (2.4b) follows from equations (2.7b), the fact that v € V,(0) C V,
and by equation (2.7f). The equation (2.4d) is a direct consequence of (2.7f)
with vectors p with only tangential components. Finally, the equation (2.4e)
holds in view of (2.7e) and (2.7g).

Now, let us prove that the solution (2.7) exists and is unique. Since this is
a square system, we only have to prove that, when (f,g) := (0,0), the only

solution is the trivial one.
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Since (wp, up,up) solves equations (2.4), we get, by Proposition 2.1 that
(wp, up, up) = (0,0,0). It remains to show that (pp,dr) = (0,0).
To do that, we begin by noting that equations (2.7b) and (2.7f) are now

reduced to
(Vpn,v)7, + (dpm,v)o7, =0 Vo e Vy, (2.8a)
(Ph+ O, - Yoz 00 =0 V€ My, (2.8Db)
By [6, Lemma 4.5], we have that
Re(0T) = {v-nlor : v € P(T)} @ {qlor : ¢ € P.(T)*}

is an orthogonal decomposition in Lo(0T). As a consequence, there exists
v € V7, such that v|gr € Pip(T)* and v - n|sgr = Splor VT € Ty. Using this
v as a test function in (2.8a), we readily get d, = 0. We now take v := Vpy
and conclude that pj, is a constant on each element T' € 7},.

Since the equation (2.8b) implies that p; € H'(Q), we conclude that py, is
a constant on {2 and by equation (2.7h), that such a constant is actually zero.

This completes the proof. O

2.4 HDG methods with completely discontinuous velocities

Here, we are going to establish a relation between the HDG method just consid-
ered and the HDG method introduced and studied in [2]. Such HDG method
uses spaces for the velocity which are completely discontinuous and uses a
stabilization function 7, in order to control the interelement jumps of their
normal component.

The method is defined as follows. We look for (w™,u™, p" a;") € Wy, x

Vi, x P, x M}, such that
(i, )7, — (w", V X T)3;, — ()", T X m)or, =0, (2.9)

12



(V xwh + Vp" v)g, + (S-(up — dp),v)a7, = (f,v)7, (2.9b)
—(u;", V)1, + (U, qn)sz, =0, (2.9¢)

(nxwy +pphn+ S, (u — "), wor o0 =0, (2.9d)
(uy, o = (g, m)on (2.9e)

w7 1)z, = 0. (2.91)

for all (7,v,q, ) € Wy, x Vi x P, x My. Here
S:pu:=mmXxXpuxXn+rm(p-n)n,

and the stabilization function 7,, is taken to be constant on each face on 07j,.
We make here explicit dependence of 7, in the notation since we want to study
the behavior of the approximations as 7,, tends to infinity. We want to rewrite
this method in the same manner we wrote the HDG method (2.7). To do that,

we introduce the quantity
o =mp(uy" —ut) -m € Mf?

as an unknown, and then split (2.9¢) into two equations, one corresponding to
q € Py_1(T) and the other one corresponding to q € Pi-(T).
We can rewrite the above method as follows. We look for the approximation

(w™, u™, pir u, 07 ) € Wi, x Vi, x Py x Mp, x MP defined by

(wi™, T)7, — (u;", V X 7) 7, — (W, 7 x n)ag;, =0, (2.10a)

(V xwy" + Vp,v)g, + (re(u;® — 4™ ) +6,"n,v)o7, = (f,v)7,, (2.10b)
(V- up,q), — (7,185 a)or, = 0, (2.10¢)

(01, qYor, =0, (2.10d)

(wy", moa = (g, woa, (2.10e)

(n X wy" +pprn+ 7 (up” —upt ) + 0" n, war a0 = 0, (2.10f)

13



(rter — (upr —aj") - m,m)ar, =0, (2.10g)

(pr", 1)z, = 0. (2.10h)

for all (7,v,q,q%, u,m) € Wj, x Vi, x P/f_l X Phl X My, x M}‘?. We can now see
that the HDG method (2.7) appears when we formally set 7,,' = 0 in (2.10c)

and (2.10g). Next we explore an important consequence of this fact.

2.5 The divergence-free HDG method as a limit

We now show that the divergence-free HDG method (2.7) is the limit of the
HDG method (2.10) as the normal stabilization term 7,, goes to infinity. We
follow [6].

Tn Tn

Proposition 2.3 Let (w;",u;",p;",u;",0;") be the solution of (2.10) and

(Wp, Wh, ph, Up, 0p) solve (2.7). Then
(w;;n7 u;;n7p;;n7,a;n7 5}7;71) - (wh7 Uh, Ph ahv 5h)7

in the space W, x V), x P, x M, x M,‘? = Pu(71,) as 7, — 0.

~

Proof. Set s = 7, and denote X (s) := (w}",u",p;", ", 06;") € Pu(T).

Then (2.10) can be written as

where A(s) is a linear operator from Py (7) to its dual space Pp(7;,)" and
B e 'Ph(%)/.
Note that A(s) is an affine function of s and A(s) is invertible for all s > 0,

see [3, 2], and also for s = 0, see Proposition 2.2. Therefore,

lim A(s)~! = A740),

s—0

14



and

lim X (s) = A7Y(0)B = (wp, up, pp, Wn, Op).

s—0

This completes the proof. O

3 Convergence estimates

Here, we state and prove our error estimates. We begin by introducing a
projection (ITw, ITwu,IIp). We then obtain upper bounds for the projection of
the errors, namely, € := Ilw — wy,, €* := IHu — uy, ¥ := [Ip — pp and also
€% := Pyu — Uy, where (wp, up, pp, Up) is the approximate solution of (2.7)
and Py is the Ly projection into M. Finally, we obtain the wanted error

estimates. The remainder of this section is devoted to proving the estimates.

3.1 The projection

Given a function (w,w,p) in HY(7;) x HY(7;) x H'(T}), we define its projec-
tion (IMw, IMu,p,1195) € W), x V), x P, x Mg as follows. On an arbitrary

element T of the triangulation 7}, we require that

Mw —w,7)r=0 YV 71ePyT), (3.1a)
(Hu—u,v)r=0 Yove P, (T), (3.1b)

(Mp —p,q)r =0 Y qe P (T), (3.1c)

((Tp —p) + (M%), wyr =0 V¥ p € Pp(F), (3.1d)
(M195,q)or = Y q € P.(T)*, (3.1e)
(Hu-n—u-n),v-n)ogr=0 VYvePyT)". (3.1f)

for all faces F' of the tetrahedron T'.
The following result states that the above projection is actually well defined

and that is has optimal convergence properties.

15



Theorem 3.1 The system (3.1) is uniquely solvable for (ITw, ITu, IIp, 1195).

Moreover, if V - u = 0, there is a constant C' independent of T" such that
HH'w —w HT < Ch?{”-H ]w\qu+1(T),
[ Tw— w7 < Chigt ful geas g,
Lp+1
IHp —pllr < Chg ™ |plgesiry,

for €, Ly, by in [0, K]

3.2 Main results

To state our error estimates, we need introduce the following dual problem.

For any given 6 € Lo(2), let (1, ¢, ¢) be the solution of

Y+Vxp=0 inQ, (3.2a)
~Vxt$h—Vé=60 inQ, (3.2b)
~V-¢p=0 inQ, (3.2¢)
$=0 ondQ, (3.2d)

A¢:a (3.2)

We assume

1% zs+1(0) + @l Hst2(0) + |9l H5+1 () < CllO £5(02), (3.3)

for some real number s. In three dimensional case, s < 0 if the domain is
convex (cf. [7]).
We are now ready to state our main results. They are going to be stated

in terms for the following quantity:
—-1/2 1/2
10w — w, M — )| o7, 2= |7 *n o (M —w) + 7,7 (ITw — ) o,
which can be estimated by the following result (c.f. [2, Proposition 2.2]).

16



Proposition 3.2 ([2]) For all (¢,n) € HY(T;) x H*(7},), we have

1/2

I(MI¢ = ¢, T — )|+, 01, < C max hy 17 1H1L/oz or) B¢, )

+C maxh/ 1712 oy E(TI,m),

where

£(©,0) = nf 3" (h7*(|© = 0]} + IS~ 0]f) + V(S — 0)]}).
TeT,

and C is a constant depending on the shape-regularity constant of the elements

and on the polynomial degree k.

Theorem 3.3 Assume () is simply connected and that 7+ > 0 on 97;. Then
[€“]le <[[(TIw — w, ITu — Pyu)|+ o7,
€]l <(TIp — p)| |22 + Cr, |(Tw — w, Hu — Pou)||-, o1,

where

1/2
Croi= 1+ (pahr |Imllr= o)) "

Moreover, if the elliptic regularity inequality (3.3) holds with s = 0, we have
”euHQ < H‘Ft ”’(Hw —w, ITu— Pa’u’)mThaTh?
where

e 1/2) —11/2
H,, = CTtIQ"éaT};h 17 o (o)

It follows from Proposition 3.2 and Theorem 3.3 that, when 7; and 7, are
of order one, the L? norm of the projection of the errors in the approximate
vorticity and pressure converge to zero with order k+ 1/2 and with order £+ 1
in the approximate velocity for & > 0.

Combining Theorem 3.1 and Theorem 3.3, we immediately obtain the errors

in the following Corollary.

17



Corollary 3.4 Under the hypotheses of Theorem 3.3, and when the solution

is very smooth, we have that

lw —wplo <C R,

Ip — pullo <C RF1/2

lu — upllo <C R,

provided 74 and Tt_l are of order one on 07},.

3.3 Proof of the approximation properties of the projection

Here, we give a detailed proof of Theorem 3.1. We proceed in several steps.

Step 1: The projection is well defined

We begin by showing the following result.

Proposition 3.5 The projection given by (3.1) is well defined.

Proof. We first note that, by (3.1a), the ITw is the simple L2-projection of w
into Py(T).
Next, we note that the equations defining the projection of the velocity are
(Tu —u,v)r =0 Vove P 4(T),
(Hu-n—wu-n),v-n)sgr =0 Ve Py(T)".
We can see that this is a square system and that if w = 0, we immediately get

that ITu = 0. The projection for the velocity is thus well defined.
Now, we have that Ilp is given by

(Tp—p,q)r=0 Vqe P(T),
(Mp —p,Yor =0 Vg e PH(T),
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since (1196, q)or = 0 for all ¢ € P;-(T). This readily implies that IIp is well
defined.
Finally, we have that II96 satisfies

<H867 :u>8T = <Hp - Db M>8T viu S Rk(aT)a

This also defines I195 since the right-hand side is equal to zero whenever p =

q€ Pkl(T). This completes the proof. O

Step 2: The projection for the HDG method in [2]

Next, we recall the projection considered in [2]. We do this because we are
going to show that such projection converges to the projection just defined as
the stabilization function 7, tends for infinity.

The projection is defined as follows:

(T w, 7)7 = (w, 7)r V1 e PL(T), (3.62)

(™ u,v)r = (u,v)r Vove Pui(T),  (3.6b)

(II™p,q)r = (p, @) Y q € P.1(T), (3.6¢)
I™p+ (™ u) nyp)p = (p+mu-n,u)r ¥V pe€P(F), (3.6d)

Note that the IT™w is the L2-projection of w into P (T) and that (IT™u, [T p)
is the same projection used in the analysis of HDG methods for diffusion prob-
lems in [5] with the stabilization parameter T used therein replaced by 1/7,.

Consequently, we have the following result.
Theorem 3.6 ([5]) Assume that 7,|p7 is nonnegative and that (72%)p :=
min 7,|7 > 0. Then the projection given by (3.6) is well defined. Moreover, if

V -u = 0, there is a constant C independent of T" and 7,, such that
n b +1
HHT w—wHTSC’hK \w]quH(T),
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lpt1
||HT"’U/ —u ||T < Ch%—i_l |U|Hlu+1(T) +C L * |p|pr+1(T)7
()7

Tn L
1™ p — pllr < C W™ bl s oy,
for £y, £y, by in [0,k]. Here (7,)7 := min7p|gp\ g+, where F'* is a face of T' at
which 7|7 is minimum.
Step 3: Letting 7, go to infinity

In order to compare the two projections introduced above, we are gong to
rewrite the last projection in a suitable manner.

To this effect, we set
26 .= T (II™u-n — Pyr(u-n)) € Ry (0T),

and treat it as an additional unknown. Here Pyr : L?(0T) — Ry (0T) is the
orthogonal projection onto R (9T).
Then, we define (I w, IT u, .p,T196) € W, x Vj, x Py x M;? on the

element T' € 7}, as the solution of

(ILew,7)r = (w, )7 V1€ Pr(T), (3.7a)

(I ou,v)r = (w,v)r YV ve Py (T), (3.7b)

(Mep, @) = (p, @) Vg€ P1(T), (3.7¢)

(Uep + (28), ) p = (p,p)p ¥ i € Pu(F), (3.7d)

7 (026,9)or = —(V-u,q)r  VgeR(T)", (370

(r'M%6 — Deu-n,v-n)or = —(u-n,v-n)gr YoveP(T)". (3.7

Note that if V- u = 0 and we formally set 7, ! = 0, we obtain equations

defining the projection (3.1). In fact, we have the following result.
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Proposition 3.7 Under the same hypotheses of Theorem 3.6, the projection
given by (3.7) is well-defined. Moreover,

(I w, IT ju, IT.p, 1126) = (™ w, O™ uw, ™ p, 7, (I ™u - n — Pyr(u - n))),

and

(Iw, IT ju, p, 126) — (TIw, I w, IIp, T16)
as 7, — oQ.

Proof. The fact that the projection given by (3.7) is well-defined can be
proven in a way similar as the proof that the projection given by (3.1) is well
defined.

To prove the first identity, we only have to show that the solution of (3.6)
with 126 = 7,,(IT™w - n — Pyr(u - n)) solves (3.7). In other words, we only
have to deal with (3.7d), (3.7e), and (3.7f).

Note that (7, (Pyr(u-n) —u-n),u)p =0 Vu e Py(F), VF € OT. Hence
(3.7d) follows from (3.6d) and the definition of I19. Moreover, (3.7f) is a direct
consequence of the definition of H? and Pyp.

Finally,

<TTL_1H(257 q>8T

((II™Mu — ) -n, q)or

( (™ u — u), )T—i-(HT”u—u,Vq)T

(V- (IT™u),q), — (V- u,q)r
— (V- u,q)r Yqe Py (T)h,

which implies (3.7e).

We now can set 7, goes to infinity and show that the solution of (3.7)
converges to the solution of (3.1). The argument is exactly the same as the
one in Proposition 2.3.

This completes the proof. O
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3.4 Proof of the error estimates

We are now ready to prove Theorems 3.1 and 3.3.

Theorem 3.1 follows from Theorem 3.6 by letting 7,, go to infinity and by

applying Proposition 2.3.

The estimates Theorem 3.3 follow from similar estimates in [2] by letting

T, go to infinity and by applying Propositions 2.3 and 3.7.

This completes the proof of our main results.

References

[1]

Carrero, J., Cockburn, B., and Schétzau, D. (2006). Hybridized, globally
divergence-free LDG methods. Part I: The Stokes problem. Math. Comp.
75, 533-563.

Cockburn, B., and Cui, J. (2011). An analysis of HDG methods for the
vorticity-velocity-pressure formulation of the Stokes Problem in three di-

mensions. Math. Comp. To appear.

Cockburn, B., and Gopalakrishnan, J. (2009). The derivation of hybridiz-
able discontinuous Galerkin methods for Stokes flow. SIAM J. Numer.
Anal. 47, 1092-1125.

Cockburn, B., Gopalakrishnan, J., Nguyen, N.C., Peraire, J., and Sayas,
F.-J. (2011). Analysis of an HDG method for Stokes flow. Math. Comp.
80, 723-760.

Cockburn, B., Gopalakrishnan, J., and Sayas, F.-J. (2010). A projection-
based error analysis of HDG methods. Math. Comp. 79, 1351-1367.

22



[6]

[10]

Cockburn, B., and Sayas, F.-J. Divergence—conforming HDG methods for
Stokes flow. Submitted.

Dauge, M. (1989). Stationary Stokes and Navier-Stokes systems on two-
and three-dimensional domains with corners. 1. Linearized equations.

SIAM J. Numer. Anal. 40, 319-343.

Nédélec, J.-C. (1986). A new family of mized finite elements in R3. Nu-
mer. Math. 50, 57-81.

Nguyen, N.C., Peraire, J., and Cockburn, B. (2010). A hybridizable discon-
tinuous Galerkin method for Stokes flow. Comput. Methods Appl. Mech.
Engrg. 199, 582-597.

Schoberl, J., and Zaglmayr, S. (2005). High order Nédélec elements with
local complete sequence properties. International Journal for Computation

and Mathematics in Electrical and Electronic Engineering. 24, 374-384.

23



