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ANALYSIS OF A HYBRIDIZABLE DISCONTINUOUS GALERKIN METHOD
FOR THE MAXWELL OPERATOR

GANG CHEN!, JINTAO CUI? AND LIWEI XU%*

Abstract. In this paper, we study a hybridizable discontinuous Galerkin (HDG) method for the
Maxwell operator. The only global unknowns are defined on the inter-element boundaries, and the nu-
merical solutions are obtained by using discontinuous polynomial approximations. The error analysis
is based on a mixed curl-curl formulation for the Maxwell equations. Theoretical results are obtained
under a more general regularity requirement. In particular for the low regularity case, special treat-
ment is applied to approximate data on the boundary. The HDG method is shown to be stable and
convergence in an optimal order for both high and low regularity cases. Numerical experiments with
both smooth and singular analytical solutions are performed to verify the theoretical results.
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1. INTRODUCTION

Let £2 be a bounded simply-connected Lipschitz polyhedron in R3 with connected boundary I' := 9f2. We
consider the following Maxwell model problem: find the vector field u and the Lagrange multiplier p such that

VxVxu+Vp=jFf in (2
V-u=g in 2,
nxu=gr onl,

(1.1)
p=0 onlI.

Here, n is the outward normal unit vector to its boundary I', f € [L?(£2)]? is an external source filed, gr €
H~=(div,; I)N[H*(I")]? is a given function with § € (0,1/2], and H = (div,; I') is the range space of “tangential
trace” of space H (curl; £2), see [4] for the detailed description of space H _%(divr; .

The computational electromagnetics is of great importance in many areas of engineering and science, such
as aerospace industry, telecommunication, medicine, biology, etc. Many computational techniques have been
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developed for solving Maxwell equations in both frequency and time domains. The main difficulties and chal-
lenges in designing accurate, robust and efficient numerical methods for Maxwell equations of the formulation
(1.1) are as follows.

e The irregular geometries in the real-word electromagnetic problems may lead to low regularity of true
solutions, which makes the designing of stable and accurate numerical scheme and its error analysis more
complicated.

e The using of Lagrange multiplier in the formulation requires an inf-sup condition in numerical analysis, in
order to ensure stability and uniqueness of the approximation to p.

e The presence of nonzero gr brings difficulties into the derivation of regularity results and error analysis.
Moreover, it also affects the numerical performance of the schemes.

The finite element method is one of the most popular computational techniques for solving Maxwell equations
due to its great advantages in handling complex geometries. The methods using H (curl)-conforming edge
elements have been studied in vast literatures, see [12,19-21,27] for examples.

Since the late 1970s, discontinuous Galerkin (DG) methods have become increasingly popular in scientific
computation due to their attractive features. The first DG method for solving the time-harmonic Maxwell
equations in electric field was studied in Perugia and Schotzau [23], where a local discontinuous Galerkin
(LDG) scheme was proposed for the low frequency problem. An interior penalty discontinuous Galerkin (IPDG)
method for Maxwell equations with high frequency was studied in Perugia et al. [24], where the constants in
the stability estimates and the error estimates were highly dependent on the frequency. Mixed DG approach
for time-harmonic Maxwell equations with low frequency was studied in Houston et al. [15]. Numerical analysis
has been carried out for both cases when the analytical solution is smooth and holds minimal regularity, such
that

we [H ()3, Vxuel[H(Q)], peH™(Q), gre|HT2(I)P, (1.2)

with s > 1/2. Note that in model problem (1.1), the domain is assumed to be a bounded simply-connected
Lipschitz polyhedron, and the relative magnetic permeability and the relative electric permittivity are set to be
one; hence the above regularity results can be achieved by setting f € [L?(£2)]3, g € L*(£2) and g7 = 0.

In recent years, a “new” type of DG method, the hybridizable discontinuous Galerkin (HDG) method has
been successfully applied to solve various types of differential equations. Compared with conventional DG
methods, the HDG method has several distinct advantages: static condensation, less degree of freedom (reduced
discrete system size), flexible in meshing (inherent from DG methods), easy to design and implement, local
conservation of physical quantities, and so on. The first work on the HDG method for time-harmonic Maxwell
equations was founded in Nguyen et al. [22]. Two types of HDG schemes were introduced therein and numerical
experiments were presented to show the performance of proposed schemes. At a later time, HDG methods for
the time-harmonic Maxwell equations with zero frequency were introduced and analyzed in Chen et al. [6]. The
regularity assumptions for the convergence analysis are much more restrictive than (1.2), i.e.,

we [H(N)], Vxuc[H(N)® peH(2),

with ¢, s, > 1. This assumption is too strong to be satisfied (hence not realistic in practice). Actually, it can not
even be met for problems defined on bounded simply-connected Lipschitz polyhedral domains. Later in Chen
et al. [5], an HDG method was proved to converge optimally in both energy norm and L?-norm for w under the
regularity (1.2), and a posteriori error estimates were derived.

Recently in [8, 18], the authors studied the HDG methods for time-harmonic Maxwell equations with
impedance boundary conditions and large wavenumber. The error analysis in both work was derived by using the
regularity results given in [9,13], where the constants in error estimates were shown to be explicitly dependent
on the wave number. We also refer to Brenner et al. [3] for a nonconforming finite element method solving the
two-dimensional curl-curl (Maxwell operator) problem, refer to Zhu et al. [28] for a hybrid-mesh HDG method
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to the time-harmonic Maxwell’s equations, refer to [7,25] for preconditioners for the discretized time-harmonic
Maxwell’s equations in mixed form, and refer to Yang et al. [26] for an initial-boundary value problem for the
Maxwell’s equations.

The aim of this paper is to propose and analyze a new HDG method for solving the Maxwell operator. We
first derive the regularity results of Maxwell’s equations with general given data f, g and gr, which are new in
the literature: there exists a constant s € (1/2,1/2+ 4] (6 > 0) such that

19 x ully < € (Iflo + lgllo + lgrlhar + lgrl—y ., ) -

Jull, < C (

and

Then we introduce a new HDG method based on particularly designed projections on the boundary data, with
which the oscillation terms corresponding to the boundary data can be eliminated. We show that the HDG
method is stable and has optimal error convergence rates in mesh-dependent energy norm, under a general
(more realistic) regularity requirements. The general regularity is the lowest in the existing literature. Move
precisely, we only require that

we [H* ()P, Vxue[H(Q)P, peH™(2), greH :(div,;)N[HY(D)?, s>1/2, §>0.

The rest of this paper is organized as follows. In Section 1, we introduce the notation and give the regularity
results. In Section 2, we propose an HDG method for the Maxwell model problem (1.1). The stability analysis
and convergence analysis for the proposed HDG scheme are given in Sections 3 and 4, respectively. In Section 6,
we perform some numerical experiments to verify the theoretical results. Finally, we conclude this paper in
Section 7.

Throughout this paper, we use C' to denote a positive constant independent of mesh size, which may take on
different values at each occurrence. We also use a ~ b to stand for Cb < a < Cb.

2. REGULARITY ANALYSIS

For any bounded domain A C R® (s = 1,2,3), let H™(A) denote the usual m*-order Sobolev space on A,
and || - [|m, A, | - |m,a denote the norm and semi-norm on H™(A). We use (-, )m 4 to denote the inner product
of H™(A), with (-,-)a = (-,")o,a. When A = 2, we denote || - [|lm == || - lm.2: ] * |m =1 [m,2, (,-) == (-, ).
In particular, when A € R?, we use (-,-)4 to replace (-,-); when A € R, we use ((-,-) 1 to replace (-,-)4. Note
that bold face fonts will be used for vector (or tensor) analogues of the Sobolev spaces along with vector-valued
(or tensor-valued) functions. We denote the following Sobolev spaces

H(curl; 2) := {v € [L*(2)]® : V x v € [L*(2)]*},
H*(curl; 2) := {v € [H*(2)]? : V x v € [H*(2)]*} with s >0,

Hy(curl; 2) :={ve H(cwl;2) :n xv=0on I},
H(div; 2) :={v € [L*(2)?:V-v € L*(N)},
Hy(div; 2) :={v e H(div;2) :m-v=0on I},

H(div’; Q) := {v € H(div;2) : V-v = 0},

and
X := H(curl; 2) N H(div; £2), Xn = Hy(curl; £2) N H(div; £2), X := H/(curl; £2) N Hy(div; £2).
We define the norms on H?(curl; 2) and H (div,; "), respectively as follows:

1
ol = (l0l2 + 1V < 02)F, Jwll_y g, = _inf
nxv|p=w
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2.1. Regularity

Lemma 2.1 (Regularity for p). Let f € H(div;{2), then the model problem (1.1) has a unique solution p, and
there exists a constant s € (1/2,1] such that

IVplo < Ifllo;  [IPllh4s, < CIV - Fllo- (2.1)
Proof. We apply V- on the first equation of (1.1), and combine the last equation of (1.1) to get

Ap=V_-f in (2, (2.2a)
p=0 on I (2.2b)

By using integration by parts and (2.2), we get

(vpa VP) = _(Apap) = _(v ! f,p) = (fva)v

which implies ||[Vpllo < || f|lo- Utilizing ([11], Cor. 2.6.7) for the elliptic problem (2.2), there exists a unique p
and a regularity index sg € (1/2, 1] such that

[pll1+s, < C IV - Fllos

which proves the lemma. O

Lemma 2.2 (cf. [10]). If 2 is a Lipschitz domain, let v € X, n-v € L*(I,) and n x v € L*(I,)), where
'NI,=0,I,=1I orl,=1TI, then we have

[vllo < C(IV xvllo +[[V-vllo + [In x v]

o.r, +ln-vlor,)-

Lemma 2.3. The Mazwell model problem (1.1) has a unique solution w, and the following stability holds:

o).

Proof. A natural variational problem of (1.1) reads: for all (v,q) € Hy(curl;2) x H}(£2), find (u,q) €
H (curl; 2) x H}(£2) such that

[wllo.cort + IV X wllo,cont < C (HfHo +lgllo + llgrll-1 aiv, + llgr

(Vxu,Vxv)+(Vp,v) = (fv), (2.3a)
—(u, Vq) = (9,9), (2.3b)
n X u|lr = gr. (2.3c)

Since gr € H™ 2 (divy; I'), and H: (div,; I') is the range space of “tangential trace” of space H (curl; §2), there
exists a ug € H(curl; £2) such that

n X u0|p =dgrT. (24)

Setting w = u — g, the variational problem (2.3a)—(2.3c) becomes: for all (v,q) € Hy(curl; 2) x H}(§2), find
(w,q) € Hy(curl; 2) x H}($2) such that

(Vxw,V xv)+ (Vp,v)=(f,v) — (VX up,V xv), (2.5a)
Taking (v, q) = (w, p) € Hy(curl; 2) x H}(£2) in (2.5a)—(2.5b) and adding them together yield
IV x wllg = (£,w) = (V x w0,V x w) + (g,p) + (w0, Vp)

2 3
< Cs(lI£llo+ lgllo + llpll + lwollo,cur)® + - llwl§ + SV x w]5, (2.6)
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where 8 > 0 is a constant to be specified later, and C3 > 0 is a constant dependent on 3. It then follows from
(2.1), (2.4), (2.6) and the definition of || - || _1 that

,div,
IV xwllo < Ca(l[fllo + llgllo + gzl - 1 aiv.) + Bllwllo- (2.7)
By using a triangle inequality and Lemma 2.2, we can get

lwllo < flullo + luwollo
< C(IV xullo + llgllo + llgzllo.r) + l[uollo

< Co(IV x wllo + [V x uollo + llgllo + lgzllo.r) + [luollo- (2.8)
Combining (2.4), (2.7), (2.8) and the definition of || - [|_1 4, , we get

lwllo < Callfllo + llgllo + g7l -1 aiv, + llgrllo,r) + CoBllwlo.

Hence by taking g = we arrive at

1
2007
leollo < (Ifllo + lgllo + lgrll—y v, + lgrlo.r)

Then it directly follows from a triangle inequality that

[wllo.cont < [[wllo,curt + [[©0]l0,curt < € (Hfllo +llgllo + llgrll- 1 aiv, + ||9T||0,F> + luollo.cun-

Using the definition of || - || _1 4;,, and the arbitrary feature of ug, we get

Jesllocun < C (I1Fllo + llgllo + lgrl—3 aiv, + lgrllo.r) -

Since |V x V x ullo = [[f = Vpllo < 2|/ f]lo, we have

19 wlo.cun < C (Ifllo + llglo + lgr |y ., + lgzllo.r)
which completes the proof. O

The following Sobolev embedding results holds true.

Lemma 2.4 (c¢f. [2]). If 2 is a Lipschitz polyhedral domain, there exists a real number o € (1/2,1] such that
X1 and Xn are continuously imbedded in [H (£2)]3.

Lemma 2.5 (cf. [1)). If 2 is a Lipschitz polyhedral domain, then for each 6 € (0,1/2), the spaces
W:={weX:(nxw)rec[H(D))?} and V :={we X : (n -w)|r € [HD)*}

are continuously imbedded in [H®' (£2)]*, where s1 = min(§ + 1/2,0) and o € (1/2,1] are defined as in
Lemma 2.4.

Now we are well prepared to derive the following regularity result for problem (1.1).

Theorem 2.6. If (2 is a Lipschitz polyhedral domain and f € H(div; 2), the model problem (1.1) has a unique
solution (w,p). Moreover, there exists a reqularity index s € (1/2,1/2+ 6], such that

lulls < € (Ifllo + llgho + lgrlls.r +llgrl—ya. ) IPlies < CIV - £lo.
If in addition, gr € [H'*°(£2)]3, there holds

IV x ulls <€ (IFllo +llglo + lgrs.r + lgrll -y . ) -
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3. HDG FINITE ELEMENT METHOD

Let 7;, = |U{T} be the conforming triangulation of {2 made of shape-regular simplicial elements. For each
T € T7p, we let hp be the infimum of the diameters of spheres containing 7' and denote the mesh size h :=
maxrer, hr. Let Fy, = J{F} be the union of all faces of T € 7y, and let Fi and FP be all the interior faces
and boundary faces, respectively. We denote by hp the length of the diameter of circle containing face F'. For
al T € 7, and F € Fp, we denote by ny and np the unit outward normal vectors along 0T and face F,
respectively. Broken curl, div and gradient operators with respect to mesh partition 7; are donated by Vj, X,
Vi and Vj,, respectively. For u,v € L?(97;,), we define the following inner product and norm

(u,v)or, = Z (u, v)or, HUHg,aTh = Z HUHg,aT

T€eT, TeT,

Let F = 0T N AT be an interior face shared by element T and element T', and mp be the unit normal
pointing from T to T . For any piecewise smooth function ¢, we define the jump of ¢ on F as

(6] := plr — ¢ |y

On the boundary face FF = 9T NI, we set [¢] := ¢.
For a bounded domain A C R? (s = 1,2, 3) and for an integer k > 0, P;(A) denotes the set of all polynomials
defined on A with the degree at most k. The finite element spaces P;(7;) and P;(F},) are defined by

P;(71) == {qn € L*(2) : qn|7 € P;(T), VT € Tp,}, P;(Fn) = {qn € L*(F1) : qu|p € P;(E), VF € Fi,}.

3.1. Interpolations

3.1.1. L?-projection

For any T' € 7y, I' € Fj, and any integer j > 0, let 17 : L*(T) — P,;(T) and HJ‘? : L2(F) — P;(F) be the
usual L? projection operators. The following stability and approximation results are standard.

Lemma 3.1. For any T € Tp, and F € Fy, and nonnegative integer j, it holds

lv = 1T7vllor < ChZ[[0llsr Vv e HY(T),
lo = T3vlloor < Ch 2 |o]ls.x Vo € HY(T),
lo = Ivll0.0r < Chy " ollsr Vv e H(T),

117 0ll0.r < [|vllo.r Ve LA(T),
1227 v]lo,r < [vllo,r Yo e L3(F),

where s € (1/2,5 + 1].

3.1.2. Second type H(curl)-projection
For any integer k > 1, define

Di(T) = [Pra (D) @ aPy_y(T),  Di(F) = [Pr-1(F) @ aPy_ (F),

where & = (21,22, 23) and Pj_,(T) is the space of homogeneous polynomial of degree k — 1. For any T € 7},
and face F' C 0T, we let E C OF denote the edge of T on face F. Let tg be the unit tangential vector along
edge FE, and npp be the unit outer normal vector to edge E on face F. For any v € H*(curl; T') with s > 1/2,
we define the second type of H (curl)-projection (cf. [21]) P§™ : H*(curl; T) — [Py (T)]? such that

(Pv tg, wi)p = (v-tg,w)p Vwy € P(E), E COF.
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For any face F' of T, there holds when k > 2,
<’P2‘“1v,wk_1>F = (v,wi_1)p Vwi_1 € Dp_1(F),
and when k > 3,
(P{™ v, wy_o) = (v, wy_3) Ywi_1 € Dy_oT).

Note that the above definitions make sense when v € H*®(curl; T') with s > 1/2 (see [1], Lem. 5.1 for details).
The following approximation properties holds true:

Lemma 3.2 (cf. [1,19,21]). For any £ € (1,k + 1] and m € (1/2,k], one has

lv — Pi*ollg < ChElv]l, Yo € [HY ()],
lv = P ollo < CR™([0]lm + RV X ©]lm),
IV x (v = Pi")[lo < Ch™||V X 0| Yv € H™(curl; 2).

3.1.8. H(curl)-projection and H'-projection on finite element spaces

In the error analysis, we need the following Hy(curl)-conforming and H!-conforming interpolations.

Lemma 3.3 (cf. [14], Prop. 4.5). For any integer k > 1, let vy, € [Px(74)]3, there exists a function H}Cllfgl’cvh €
[Pr(71)]2 N Ho(curl; 2) such that

T3 wn = willo < Cllh " x [walo 7, (3.2)
IV x (I w5, = vn) o < CllhE""*n x [on]llo. ., (3-3)

with a constant C > 0 independent of the mesh size.

Lemma 3.4 (¢f. [16], Thm. 2.2). For any integer k > 1 and let qn, € Pr(7y), there exists an interpolation
operator If : Pr(7p,) — Pi(75) N HY($2) such that

atl

1hr® (Vian — VIan)llo < Cllhz [qn]l] 7, - (3-4)

Remark 3.5. The ([16], Thm. 2.2) states that (3.4) holds for @ = —1. Actually its proof can be extended to
any fixed real number « in a straightforward manner.

8.1.4. A modified projection

Let k > 1 be an integer. We introduce a modified projection II}" for all v € H*®(curl; £2) with s > 1/2 and
vy, € Uy, such that:

IT}7" (v,vp) = Brv + Vop, (3.5)
where By, is some well-defined interpolation from H#(curl; 2) to [P (73)]3, and o), € Pry1(7n)NHJ (2) satisfies
(Von, Van) = (T35 (v, — Brv), Van)  Yan € Pega(Th) N HY (02). (3.6)

With the above definition, we are ready to prove the following result.

Lemma 3.6. For all v € H*(curl; 2) with s > 1/2 and vy, € Uy, there holds the orthogonality

(L5 (on = T (0,00)), Van) =0 Van € By (T) N HG (42), (3.1)
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and approximation properties

1137 (v, 01) = Bywllo < C (|1 *n x [on = Bewllo.z, + on — Buvllo ) (3.8)
T (o = 113 (0, 00) o < € (1A *n x [on = Brvlllo.z, + Ilon = Bewlo) (3.9)
IV x (5 v, = 0, 00)llo < € (1050 x [on = Bevlllo.z, + V0 x (o0 = Beo)lo) . (3.10)

Proof. Using (3.5), (3.6) and the fact that IT}'; *“Voy, = Voy,, it arrives at
(IZ; 5 (v — I (v, 03)), Van) = (I35 (o — Beo) — Vou, Van) =0 Yy, € Pega(Th) N HY (12),
which proves (3.7). We take ¢, = o, in (3.6) to get
T (v, 01) = Brollo = | Voullo < T3 (vn — Biv)o- (3.11)
Combining (3.2), (3.5), (3.11) and a triangle inequality gives
LT3 (v, — I (0, 00)) o < 2] T3 (v, — Biw) o
<2 (T35 (o — Bro) — (4 — Byo) o + o — Brollo)

< C (Ini*n x [on = Bewllo.z, + lon — Buollo )

this implies (3.9). By using (3.11), we can directly derive (3.8). The proof of (3.10) is similar to the proof of
(3.9) O

3.1.5. H( div)-projection on domain surface

For any v € H*(curl; T) with s > 1/2 and T € T,, we consider P{""v restricting to the face F' such that

(P - tpp, wp) e = (v-trz,w)s Yy, € Py(E), E C 9F, (3.12a)
where tpp = np X npg, ie., tpg =tg or tpg = —tg. When k > 2, there holds
(Pi™v,we—1)p = (v, wp—1)F Vwi_1 € Dy_1(F). (3.12b)
Since
v-tpp=v -(npxnpg)=(WXnpg) ng=—(ng Xv) ng,
and
v|lp=(npxv)xXnp+ (v-np)np, v -np=0.

Hence equations (3.12a) and (3.12b) can be rewritten as
<('P2“rl('np X 'U) nE,wk>>E = <<(’I’LF X ’U) . nE,wk))E Vwk S IP;C(E), EC 8F,
and when k > 2,

<'qurl(TLF X v),nF X 'wk_1>p = ((np X ’U),TLF X wk_1>F Vwg_1 € Dk_l(F).

curl

The operator Py (np x -) maps from space H*(curl;T) to Upcor[Px(F)]? for each T € Tj,. Actually, by
denoting ’P‘}{‘,’c = PS5, we observe that ’P"}{‘,’c(np x v) defines a H(div)-projection of ng x v on domain
surface I'.
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2. HDG Method

For any integers k > 1 and m € {k — 1, k}, we introduce the following discrete spaces.

Ry, = [P (Th))?, Uy, = [Pr(Th))?, U, = {on € [Pe(Fn)] : B - nl 7, = 0},
ﬁf = {Bh € Up : n X O|r = Trig}, g=0,gr,
Py =Py(Th), Py = P(Fp), P = {Gn € Py : Gu|r = 0},

and Ty = 178 for the smooth case, Tr = ’Pdlv for the non-smooth case.

Remark 3.7. Note that ’Pdp“l’cﬁ with g = gr in (1.1) is well-defined, since gr = n x u and Theorem 2.6 ensures

u € H*(curl; 2) with s > 1/2. The calculation of ’P‘}ijfg;p can be done face by face (on I'). We use ’PC}%QT to
approximate g7 on surface I', and it could cancel some of the oscillation terms corresponding to g in the case
where

re[H (), welH ()],  greH *(div; D) n[H (D)P, (3.13)

with s > 1/2 and § € (0,1]. The numerical experiments in Section 6 also demonstrate that ’P(}if,;gT is indeed
a better choice for this case. However, in general, from Theorem 2.6 we see that only when § > 1 in (3.13)
could guarantee r € [H*(§2)]® with s > 1/2. With such regularity of gr, there is no need to use 'P‘}",’c since no
oscillation would be introduced by the gr term on I

By introducing r = V x u we can rewrite (1.1) as: find (7, u, p) that satisfies
r—Vxu=0 in £2,
Vxr+Vp=f in £,
V-u=gyg in {2, (3.14)
nxu=gr onl,
p=0 on I

The HDG finite element method for (3.14) in a compact form reads: for all (sp,vn, O, qn, @n) € Ry x Uy, X
UP x P, x PP, find (rp, up, Uh,pr,bn) € Ry x Uy x U x Py, x P such that

an(Ths 8n) + bn(wn, Un; sp) =0, (3.15a)
br(Vn, On; Th) + ch(Ph, Dhs vR) — ) (Wn, Un; v, OL) = —(f, vn), (3.15b)
cn(qns Gn; un) + 85, (Ph, Pri Gn, Gn) = (95 qn), (3.15¢)

where

an(Th, $n) = (Tn, n),
by (wn, Un; sp) = —(wn, Vi X 8p) — (N X Up, Sh)aT;, »
cnl(qn, @ns un) = (Vi - wn, qn) — (0 - un, Qu) o, »
sp(Wh, Up; vp,p) = (hp Yn x (up, — ap),n x (v, — On))or,
)=

sy (Phy Py ans @) = (W (ph — D), an — Qn)or,  with a € {—1,1}.

To simplify the notation, we let

o = (Th, Wh, Un, Ph, Dh), Th := (8h, Vh, O, Gh, Gh),
n ::RhXUthj}LXPh><ﬁh7 ng:::RhXUhXﬁgXPhXﬁ,?, with g = 0, gr,
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and

By (oh, Th) = ap(Th, Sn) + bp(wn, Un; sp) + b (vn, Ok;Th)
+ ch(Ph, Dh; OR) — S (Uh, Wh; VR, On) + ¢ (qh, Gh; Un) + S5 (PR, Dhs Ghs Gh),
Fy(7h) == —(f,vn) + (9,qn)-

The HDG method (3.15) can then be rewritten as: find o), € 7", such that
Bh(o'h,'rh) = Fh(Th) Y1, € 22 (316)
4. STABILITY ANALYSIS
We define semi-norms on the spaces U}, x ﬁh and P X ]3h as follows:
1w, D) = 1(0.0) 20 + 10, )3s 1@ DB = lhg® Vaall3 + 10 (g - 9)lls.o7,
where
1/2 .
10.9) 20 = V0 x 0l + 05200 % (0 = 8B om. 10.8) 3 = 10 Vi -l + 752 n- V]II5 51
Then we define the semi-norms on the space X}, as
lol%, = 715 + l(wa)F + 1e.DlE, 7%, = Isl3 + (v, 9)]F + (g, D)1 3-
Lemma 4.1. The semi-norm ||(-,)||u defines a norm on the space Uy X ﬁ,?
Proof. Let (vp,vr) € Uy X ﬁ}?, it suffices to show that ||(vp,op)|lv = 0 leads to (vp,vy) = (0,0). It is obvious
due to the fact that n x v, = 0 and n - v;, = 0 imply v, = 0, and V- v, =0, V X v, = 0 imply v, = 0 in
[Hy (92)- O
Lemma 4.2. The semi-norm ||(-,-)||p defines a norm on Pj, x ﬁ,?, and for all (qn,qp) € Py, ¥ ]3;?, there holds
~ 12 e 2 % PONT:
I (gn, @n)llp ~ l1he® VZianllo + 1R 2 (an — @n)llo.07, - (4.1)

Proof. Utilizing the definition of ||(,)||p, & triangle inequality and the estimate (3.4), we get

(an @) 3 = lIhg* vhqhuo+||h2<qh @)l
<0 (IIhg* (Vugn = VI3 + Ihat VIianl3+ 17 (an — G

< C (InE Lol 5, + Ihs* Va3 + 1 (an — @) 3 o)

bom)

)

< (Ihe* VTl + 107 (@

Similarly, we have

Ihe* VZanl < € (Ilhg* vquh—vhqh>||o+||vhqhn)
< C (IhElanll 5, + Ihr* Vaanl)
sc(nhl% an = @)l oz, + 1V nanl})
= Cll(an, @)-
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Therefore, the estimate (4.1) holds.
~ ~ atl
Next, we prove that ||(-,-)|p is a norm on P, x PP. For any (qn,qn) € P, x P such that ||h® V|2 +

Hh? (gn — EI\h)H(%,OTh = 0, we know gy, is a piecewise constant, and ¢, = @, on every face. Moreover, ¢, = @, =0
on boundary faces. Therefore, ¢, = ¢, = 0. This completes the proof. O

Theorem 4.3 (Discrete inf-sup condition). The following stability results of By hold

B
sup  BrTMT) S g5, (4.20)
ozmexe |ITallz,
B
sup  DTRT S s, (4.2b)

otaoneso llonl=,

Proof. Taking o, = (rp, un, Un, pr, Dn) € X5, we establish (4.2a)—(4.2b) in five steps.
Step one:
Take T} = (4, —wn, —Un, pn, pr) € X2, then by the definition of || - || 5, and the definition of By, we have

Iall, = llonll s, (4.32)

and
B b = [lrall? 4 1hpn x (ug, — @) h2 (o — pn)12 4.3b
n(ons ) = Irallo + Ihe"""n x (wn = @n)llg.07, + i (Ph = Pr)l6 .07 (4.3b)

Step two:
Taking 77 = (=Vj, x up,0,0,0,0) € X9, then by the definition of || - ||, and the definition of Bj, we have

17z, = IV x wnllo < llow] =, (4.4a)

and using the definition of By, integration by parts, and an inverse inequality, we get

Bh(O'h,T,%) = —(Th,vh X uh) + ||Vh X uhHg — <Vh X Up, T X (uh - ﬁh)>37h
1 - ~
2 5lIVh x unllZ = Cullrnll} = Callhp*n x (wn — @n)lIR o7, - (4.4b)
Step three:
Let rp, = h%p_o‘vh up, 7h = —hp%[n-up] on Ff and 7, = 0 on I'. We take 72 = (0,0,0,7),,7;,) € X°. Then
by the definition of || - || s, and an inverse inequality we have
atl a -
I W%, = e Varalls + 172 (rn = 70) 13,
l-o _a
<0 (I Vo wnlld 4+ e [ wall2 )
S C”o-hHQEh? (453)

Moreover, by the definition of B, we get

l-a —a ~ ~
Bu(on, ) = lhy” V- un|l§ + [Ihgp? [n - wn]ll§ er + (B (pn = Br)srn — Fi)or,

1 . a N
> 5 wn, @) G = Csllh 2 (pn = Pa)llo. .- (4.5b)
Step four:

We then take 7,/ = (0, fh%HVI,‘;ph, fh?fln x VIipn x n,0,0) € XP, and consider the cases where a = —1
and a = 1 separately.
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(i) When a = —1, by the definition of || - ||z, and an inverse inequality, we have

1—
2

=< —a atl
IT1%, = 1he? Vi - b VIipull§ + b [0 VIipn - nll§ 21 < Cllhy® VIpallg < Cllonl%, . (4.6a)
By the definition of Bj, we have

Bu(on, ™) = (W3 'VTipn, Vi x r) + (n x b VIipn, ri)or, — (Vi - b3 ' Vipn, pr) + (n - T VIipn, br)or,
= (W3 Vupn, Vapn) + (R (VIipn — Vapn), Vipn) + (R5 n - VIipn, Bn — pr)or,

1 atl @ R
> S lhr® Vapalls — Callhz (on — Bn) 5.0, (4.6D)
(ii) When a = 1, by the definition of || - |5, and an inverse inequality, we have
11— _
IT1%, = 1he? Vu- b3 VIipnll§ + b [h ™ VIipn - nll§ 4

—1/2 o C « C
Flhp 2 (hg e x VIEpy, — hen x Ve |12 o7,

atl
< Cllhy* VIipulls
< Clonl,. (4.7a)

From the definition of Bj, we obtain

Bi(on, 1) = (W3 'V IEpn, Vi x 1) + (n x W5 ' ZEpn, v,
— (Vi - h§ T N Iipn, pr) + (n - W N Iipn, Ph)or,
+ (hp' (W 'n x VIpy, — kT 'n x VIipy),n x (v, — U)o,
= (Vi x (W& ZEpn), rn) + (W ' hpn, Vapn) + (WS (VZepn — Vipn), Vips)
+ (hs - NV TEpn, D — pr)oT, + (hp' (heTin x VZEp, — bt n x VIgpy),n x (v, — 0n))oT,

> MR l2 — CullhE (o — B2 v — sl —o)?Ar —C 2 4.7b
= 5lhr™ Vipnlls = Callhi (pn = Pr)llo,o7, — Csllhe"n X (vn = Bn)lg.07, = Collrnllo- (4.7b)

Step five:

Take Cy = max(Cy + Cs,Cy + C5,C3 + C4) + 1 and 7, = Co1y + T2 + T3 + 74. Then combining (4.3)—(4.7),
we arrive at

Inlls, < Cllowls,,
and
r(Oh, Th) = Thilo up, up)||; pn,Du)lp) = Cllon|ls, -
By ( ) = C ([lrallg + € )M+ 1I( )IE) = Clloll3
Finally, the last two inequalities lead to
Bu(on, ) = Cllon| =, |mall =,

which implies (4.2a). Since By, is symmetric, (4.2b) also holds. O

The next conclusion is a direct consequence of Theorem 4.3.

Corollary 4.4. The HDG method (3.16) admits a unique solution o), € X9.
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5. ERROR ESTIMATES

5.1. High regularity case

In this subsection, we assume that r, u and p are smooth functions (i.e., the solutions have high regularities).
Let Try = IIP, a € {—1,1}, and

l+a 1 3
t.—s—TE <27/€+1] , wheres € (Q,k—i—l}.

5.1.1. Primary error estimates
Lemma 5.1. Let (r,u,p) be the solution of (3.14), o and Jno be defined as
o= (r,u,u,p,p), where (@,p) = (u,p)onFp,  Tpo := (g7, Miu,n x Hlux n, Ip,II}p).

Then we have the equation

By (T no, ) = Fyp(m) + EY (o57,) V74 € 2, (5.1)
where
E}‘Z(O';T}L) =—(nx (Vp —op), ;T — 1)o7, — (h;ln X (ITju — u),n X (vp, — Vp))oT,
—(n- (IT{w —w),qn — qn)ot, + (h&(II{p — D), qn — Gn)oT;,- (5.2)

Proof. Utilizing the definitions of a;, and by, we have
ap(II0 7, sp) + bp(IT u,m X H,?u X 105 8p)
= (II,r, sp) — (IT{u,V, X 8) — (n X H,?u,sh)gTh
= (r,sp) — (V x u,syp)
= 0. (5.3)
Using the definitions of by, ¢, and sj one can get
br(Vh, On; I3, 7) + cn (1], HI?P; vp) — s (ITju,m x HI?U X MV, V)
= —(vn, Vi x I 7) — (n x O, I ) o7, + (Vi - on, ITp)
—(n - vh,H,‘?p>aTh - <h;1n X (II{u —u),n X (v, — Up))oT,
=—(vp, Vx7)—(nx (0 —vp), I T — r)o1, — (v, VD) — (h;ln x (ITju —u),n X (vp, — Vp))oT,
=—(f,vn) — (nx (O —op), ;T —T)o7, — <h;1n X (IIju — u),n x (v, — Vp))oT, - (5.4)

From the definitions of ¢, and s} one can get

cn(qn, @n; TIRw) + s (IR, 17 p; qn, Gn)
= (Vi P, q,) — (n- I{w,Gn)or, + (hG(II2p — II2p), an — Gn)or,
=(V-u,qn) — (n- (IIjuw —u),qn — qn)oz;, + (he(II{p — p),qn — Gn)oT,
=(9,qn) — (- (ITuw —w),qn — qn)o1, + (RE(IIgp — D), qn — Gn)oT;- (5.5)
Therefore, equality (5.1) directly follows from the definition of By, and (5.3)—(5.5). O

Lemma 5.2. Let o be as defined as in Lemma 5.1 and (r,w,p) € [H*"Y(2)]? x [H*(2)]3 x HY(2) with
s€(3/2,k+1] andt =s— (a+1)/2, then there holds

Bl (o) < Ch*H(|Irs—1 + Julls + [pllo) |74l s, - (5.6)
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Proof. To simplify the notation, we define
EY = —(nx (0, —vp), T — 1)o7, , EJ = —(h;ln X (ITPu —u),n x (v, —Vp))oT,
Ef = —(n- (IIfu —u),qn — qn)oz,,  EY = (h&(Ip —p), qn — Gh)o;,-

We then estimate EY term by term as follows.

B <C ) |Inx (B —vn)] 0.0rhis 2|7l s—1.0 < CR* Y7l sor || 7hll 505 (5.7)
TeT,
B <C Y finx @ = vn)lloarhs 2 ullsr < Ch 7 ulllmll s, (5.8)
TeT),
BS1<C " Nlan = Glloorhy 2 ullsr < OB a5, (5.9)
TeTh
~ —1/24« o— s—
|E{|<C Z lgn = @nllo.orhl 2 Ipller < CREFCD2 |l 1)l s, = b5 Hpll a5, - (5.10)
TeT,
Hence, the estimation (5.6) directly follows from (5.2), (5.7)—(5.10). O

Theorem 5.3. Let o be defined as in Lemma 5.1 and (r,u,p) € [H*71(2)]3 x [H*(2)]® x HY(N2) with s €
(3/2,k+1] andt =s — (a+1)/2 > 1/2, let o}, be the solution of (3.16), then there holds

lon = olls, < Ch7H(|Irlls—1 + llulls + [lp]lo)-
Proof. From Theorem 4.3 and, (3.16), Lemma 5.1, and Lemma 5.2, we have

Bin(op — Tho, ) E (op, ™)

lon = Tnols, <C  sup =C sup < O ([7lls—1 + ulls + lplle),
07, €50 (k>4 ozmese  |Tal=,
which combines with a triangle inequality to get the result. O

5.1.2. L? error estimates
Assume @ € H(div’; 22). We first introduce the dual problem:

rd -V xu? =0, in £2,

Vxrd+Vpl=0O, inn,
V-ul=4, in, (5.11)

nxul=0, on I

p? =0, on I

Moreover, we assume that the solution (7%, u?) of the dual problem (5.11) satisfies
Il + lulh+s < C (I8llo + [[4]o) . (5.12)
for some fixed 8 € (1/2,1]. Notice that p? = 0 due to @ € H(div’; 2).

Lemma 5.4. Let (r,u,p) and (r¢,u?,p?) be the solution of (3.14) and (5.11), respectively, let o}, be the
solution of (3.16), then there holds
B (05T no)

| < CR* (|7 flsm1 + llulls) (@110 + [14]0) , (5.13)
\E;Z(crd; Jho —op)| < C

W0 (e s—n + [lulls + liplle) (1©110 + [14flo0) (5.14)

Here o .= (rd, u? ud p, p?), with (u?,p?) = (u?,p?) on F.

<
<
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Proof. By the definition of E} (cf. (5.2)), we have
E{ (o Tno) < |(n x (I{u’ — M{u®), 1T}, r — 7)1, |
+ [(hp'n x (IT{u — w),n x (ITgu® — ITJu®)) o7, |
< Ch 0 (efls—1 + ulls) 1wl
< O 2 ([[7lls—1 + llulls) (1©1l0 + 1 4llo) -

Moreover, it follows from Lemma 5.2 that

| (0% T — an)l < CR (|5 + |u’llp1)|The — onl =,
< Ch P (1010 + [ Allo) (lrlls—1 + llells + [Iplle)-

This completes the proof. O

Theorem 5.5. Let (r,u,p) € [H*~1(2)]? x [H*(2)]* x H'(2) with s € (3/2,k+ 1], t=5— (a+1)/2 > 1/2
be the solution of (3.14), let (v, wn, Wn, pr, pr) be the solution of (3.15), then there holds

e = wnllo + I1Tgp = pillo < € (A*= A2 4 =142 (|l oy + el + Ilplle), (5.15)

where o € (1/2,1] is defined in Lemma 2.4, and 5 € (1/2,1] is defined in (5.12).
Proof. Take A= II{p — py, in (5.11) and let @ € H(curl; £2) N H(div; £2) be the solution of

V x @ =V x (I (wy, — I (u, uy))) in £,
V-0=0 in £2,
nxe =0 on I

Due to (3.7) and the result in ([12], Lem. 4.5) one has
1© — (I (un — I (w, un))) o < Ch7 |V x (I3 (up, — I () o, (5.17)

where o € (1/2,1] is defined in Lemma 2.4. Now by taking By = II} in (3.8)—(3.10), we use the trace inequality
and an inverse inequality to get

1237 () = IZullo < C (|1 *n ¢ fun = Aoz, + fun — Hiulo) < CIHu —unllo.  (5.18)
Similarity, we can get
LTG5 Cap, = T () o < O TR — o, (5.19)
IV (5 an = T (o) lo < € (105 m x fus = ITZulllo s, + |1V x (Haw = wn) o)

<C(lo —anls, +IVa x (Tiu —un)llo + b~ ull;)
< CR ([ fls—1 + Nlulls + [Iplle)- (5.20)

It follows from (5.17) and (5.20) that
1© — (T (un — I (w, wn)))lo < OB (7l o—1 + Julls + Ip]l)- (5.21)
By (5.19) and (5.21), it holds
1©l0 < 1€ — (AT (un — I () + [T (un — I (2, n)) o
< CR T (rllsm1 + Nulls + llplle) + Ol HTRw — o (5.22)
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Similar to the proof of Lemma 5.1, we have
Bi(Tne?, 1) = —(O,v1) + (IIp — pu,qn) + B (o37) Vi € Ty
We take 7, = J o — o}, in last equality and use (5.1), (5.13)—(5.14), (5.22) to get
— (6, Iu — un) + [IT7p — pil3

= Bu(Tno’, Tno — o) — B (6%, Tno — oy)

:E}{(G;Jha) EJ( s Tho —op)

< Ch* ([l s—1 + lulls + lIplle) (1€l + [IHIZp — pallo)

— g S— 1 o o

< C(R* 2740 4 22020 ([ g+ [l + [Ipll)® + 5 (HTZw = w5 + [1Tgp = pall5) -

It directly implies that

o 1 o S— g S— 1 o
—(©, IT{u — up) + 5 [ ip = pullg < C(h** 72770 4 B2 72E20) (|7l so1 + ulls + Iplle)® + S M T{u — -

(5.23)
We let o, € Pi,(75,) N HE(£2) be as defined in (3.6), then we take g, = g, = o, in (3.15¢) to get
7(’u,h, Voh) = (g,crh). (524)
We use a direct calculation to get
(ITpw — IT (w, up ), ITJu — up,)
= (IT{w — I (w,up),u —up) + (Hpu — I (u, up,), Iju — u)
= (- Vah, u—up) + (HPu — I (u,up), Ijw — u) by the definiton of IT}
= (op, u) + (Vop,up) + (ITgw — I (w, up ), IHju — u) by integration by parts
(Hku I (u,up), IIpu — u) by (1.1), (5.24)
< O|IT2w — upljo|| 7w — ulo by (5.18).  (5.25)
We use (3.2) to get

1550 (wn — T () — (g, — T (w, wa)lo
< Chllhz"*n x [un — I (w,un)] o 5,
= Chllhp"*n x [uy, — ITRul o5,
= Chllhp"*n x [un — @ — Hfu+ H{ul|lo 7,
< Chllen — Thno| s,
S OR([rfls—1 + [lulls + [Iplle)- (5.26)
By using (5.23), (5.21), (5.25) and (5.26), one can obtain
[ TT7w — un|§ = (I{w — up, Iu — uy,)
= (8, IMju — wp) + (O — (IT; " (un — I} (u, un))), T{w — up,)
+ (ITu — I (w, up), IHu — wy)
+ (I (wn — IO (w, ) = (wy, — T (w, wp)), w — wp,)
< O (W72 L 2572 020) (|1 + [lulls + [Iplle)?

3
+ O MRu — w|)f + R~ un 3,
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which together with (5.23) and (5.22) implies (5.15).

5.2. Low regularity case
In this subsection, we take T = ’P(}i}c and o = —1.

5.2.1. Primary error estimates
Lemma 5.6. Let (r,u,p) be the solution of (3.14), and let o and Lo be defined as

o :=(r,u,u,p,p), where (u,p):= (u,p) on Fyp, I,0 = (ann’Piurlu,n X ’P%urlu x n, [7p, H,?p).
Then we have
Bh(IhO',Th):Fh(Th)#*E;{(O';Th) V1, € 22, (527)

where

E%(O’; ) =(Vxu—V x ’Pi‘”lu, sp) — (nx (U, —vp), I, r — 1)or,

+ (u =P, Vign) — (n - (PY™w — ), @ — an)oz, + (hp' (TI2p — p)an — Gn)oz,-  (5.28)
Proof. By the definitions of a; and by, we get

an(ITS 7, sp) + bp (P u, n x P u x n; sp,)
= (II2,r,sp) — (’qurlu, Vi X 8p) — {n x ’PZ“rlu, Sh)oT,
= (r,sp) — (V x ’qurlu, sn)

=(Vxu—VxPu,sp).
By the definitions of by, ¢, and s}, we get

b (vn, On; IIST) + cp (T, IT2p; vp) — 2P u, n x P§™u x n; vy, By
= _(vh7vh X H;)nr) - <n X ’l/)\h,Hzﬂ‘MTh + (Vh ) vh7Hl(c)p) - <n . ’Uh7nl?p>6'fh
= — (v, V x 1) = (n x (0}, — vp), 5,7 = 7)oz, — (v, Vp) = (n-on, [IYp = por,

=—(f,vn) — (n x (O, —vn), LT —T)oT;,.

By the definitions of ¢;, and s}, we get

cn(qn, Gn: PR w) + 85 (IT0p, IT2p; an, @)
= (Vi - P, qn) — (n- P, Gn) o, + (b (I2p — IIYp), qn — @n) o,
= (V- u,qn) — (P —w, Vi) — (n - (PP — ), G — an)o,
+ (hp' (I2p — II7p), an — Gn) o,
= (u— P, Vign) — (n- (P w — w), @ — an)oz, + (hp' (I17p — 1Yp), an — Gn) o, -

Then the desired result (5.27) follows immediately.
O

Lemma 5.7. Let o be defined as in Lemma 5.6 and (r,u,p) € [H*(2)]> < [H*(2)]> x H*T1(2) with s € (1/2, k],
then it holds that

Eji (o3 1) < Ch*(|[7lls + llulls + llplls+1) |70 =, (5.29)
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Proof. To simplify the notation, we define
ET = (Vxu—V xPMu,sp), Ef = —(mx (0, —vp), % — 1)o7,
Ef = (u—Pi™u, Vagn), Ef = —(n- (Il{w —u),3r — qn)o1,,
EOI = (h%(I{p — p),qn — Gn)oT,-

We then estimate EZ term by term as follows.

|ET| < CRe|rsllmlls, (5.30)
EZ| < C > Inx @ —vn)lloorhy vl < CRE el =, . (5.31)
TeT,
|E5| < CR°||ulls[[Vaanllo < CR°||ulls]l7] 5, (5.32)
BT <C Y llan = @nlloorhy llullsr < Ch* |7l 5, (5.33)
TE€Th
BE1<C Y N =ulloorhy P Ipllaer < CH*pllasa |7l . (5.34)
TeTy,
In view of (5.28), (5.30)—(5.34), we get the desired estimation (5.29). O

Theorem 5.8. Let o be defined as in Lemma 5.6 and (r,u,p) € [H*(2)]* x [H*(02)]> x H*TY(02) with s €
(1/2, k], let op, be the solution of (3.16), then there holds

lon = allz, < CR*(|[rlls + llulls + [plls+1)- (5.35)

Proof. By Lemma 5.6 and Lemma 5.7 we get

Byloy, —Zno, 1 Ef Oh,Th

low — Taols, <C sup 2 T gup BT s, s + o),
0#TrEX? HTthh 0#T,EX) ||Th||2h

which combines with a triangle inequality to get our desired result. O

5.2.2. L? error estimates

Assume © € H(div’; 2). We also introduce the following dual problem:

rf—Vxul=0, in 2,

Vxrd+Vpl=0, inn,
V-ul=4, in £, (5.36)
nxul=0, onl,

p?=0, onlI.

Using Theorem 2.6, there exists a regularity index so € (1/2,1] such that
Illso + lullsg < C(18llo + [[4]lo) , and p* = 0. (5.37)

Lemma 5.9. Let (r,u,p) and (r% u?,p?) be the solution of (3.14) and (5.36), respectively, let oy be the
solution of (3.16), then we have

By(o? = Tpo o —an) < Ch* (|[r[ls, + lulls)llo = ol =, (5.38)

Here o .= (rd u? ud p, p?), with (u?,p?) = (u?,p?) on F.
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Proof. From the definition of By, and integration by parts we have
Bh(o? —Tyol, 0 — o)
= (r —II2rd r — 1) — (V x (u? — PP ud), r — 1)
—(rd =27, V), x (u—up)) — (r? — Tor? n x (U —d, — (u —up)))or,
— (u? = PPt Vi (p — pu) + (n - (u? = Pul), (p = pr) — (0 Pn))or,
< O ([[r]so + ullso)llo = onlls,,
where we have used the fact p? = 0. O
Theorem 5.10. Let (r,u,p) be the solution of (3.14) and (r,u,p) € [H*(2)]3 x [H*(2)]? x H*L(0) with
s € (1/2,k], let (v, wn, @, pn,Dr) be the solution of (3.15), if gr € [H*(I")]® with s, > 1/2, then there holds
e = wnllo + lp = pallo < € (A2 4 540 (. + e + [p]esa)
+ Chmin(so,k71)+5g71/2”gTHsmr + CHU _ ’Piurlu”O, (539)

where o € (1/2,1] is defined in Lemma 2.4, so € (1/2,1] is defined in (5.37); otherwise, if gr ¢ [H(I")]* with
any sq > 1/2, it holds

loa — wnllo + llp — prllo < € (B +nGo k140272 4 ptminto k=D (4l + [l 1)
+ Cllu — P . (5.40)

Proof. We first prove (5.39). We take A = p — p, in (5.36) and let @ € H(curl; £2) N H(div; {2) be the solution
of

V x 0 =V x (I (wy, — I} (u, up))) in £,
V-0=0 in £,
nxe®=0 on I

Due to (3.7) and the result in ([12], Lem. 4.5) one has
1© — (I (un — I} (w, un))) o < Ch7 |V x (I3 (= I (, wn)) o, (5.42)

where o € (1/2,1] is defined in Lemma 2.4. Now taking By = P! in (3.8)-(3.10), we obtain the following
estimates,

1P — I (w, un) o < (IIhiﬂ/zn % [un — PR ulllo.z, + llun — PE‘MUIlo) < OIPu —upflo.  (5.43)
Similarity, we can get

T35 (=TI (w, ) o < CIPRu — unljo, (5.44)

IV (T3 (= I, wn))lo < € (120 % [un = PRl oz, + [V x (P = wn) o)

< C (llo = onlls, + [Vn x (PP —wn)lo)
< C(lo = onllz, + b |rl)
< CR (Il + Nl + pllssa). (5.45)
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It then follows from (5.42) and (5.45) that
1© — (I} (up, — IT (w, ) o < CRF (|7l + fae]ls + [[pllss1)- (5.46)
Follows from the above estimates inequality, it holds that
curl,c m curl,c m
1@lo < [|© — (I}, (un — IT (w, wp))) o + 1T}, (wn — IT;" (w, wn))|fo
< Ch 7 ([rlls + lulls + llplls1) + ClIPEw — wallo- (5.47)
From direct calculations, we have
Bu(o,1)=~(f,v) +(9.9) VTeX°, (5.48)
Bh(advT) :_(@7U)+(p_ph7Q)_<Td7n><§h>1—‘ VT e 27 (549)

where 7 = (5,v,9,¢,7), X° =S xV x VO x QxQ% X=8xV x V x Q x Q% S and V are broken H (curl)
spaces, @ is broken H! space, V, V? and Q° are defined as

V= [L(F))
VO .= {% € [L*(F)]? : n x | = 0},
Q" :={qe L*(F) : @lr = 0},
By the fact n X u|r =n X u|r = gr and n x uy|r = P?{LQT, we can get
<Td7n x (U —up))r = <7'dng - 'Pf}ijcgﬂr
= (r® —min(1,k — VII$r:, gr — PShgr)r
< CpRo R b 12 1pd | igr||s, . (5.50)
We take 7 = o0 — o, € X in (5.49), to get

— (@, u—up)+ lp— pullg

= Bh(o'd7 o—op)+ (rd,n X (u—up))r

=By(e? —Tyol,o0 —op) + (rln x (@ —ap))r by (5.48), (3.16)
< CRO (|75 + [[uls)llo = a5 + ORI DF =12 || by (5.38), (5.50)
< Ch** (|8llo + I = pallo) (Irlls + [lwlls) + CR™PEA=DFa =22 g by (5.35), (5.37)

< C (n# oot 4 n2220) ([lrfls + flulls + [l 1)
1 i _ S, — cur
5 (I = wnl§ + lp = pullf) + ChmEoE=DT0 =12 g+ Cllu — PR ullo by (5.47).
It directly implies that
1 2
= (©,u—un)+5lp—pully
S g s S 1
< O (2750t 12 02%0) (s 4l + pllosn)? + 5 —
+ CRmintok=DF =12 gl b+ Cllu — PR o (5.51)
We let o, € Pi,(75,) N HE(£2) be as defined in (3.6), then we take g, = ¢, = o, in (3.15¢) to get

_(uha VUh) = (97 Uh)' (552)
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We use a direct calculation to get

(u — ITi" (w, up), w — up)

= (u— P u,u —up) + (—Von,u —up) by the definiton of IT;"
= (u— P, u —up) + (04, V- u) + (Vou, up) by integration by parts
= (u— P u,u — up) by (1.1), (5.52). (5.53)

We use (3.2) to get
T3 (= I (w ) = (wn =TI () o
< Ch|hp"*n x [y, — I (w,up)] 0,7,

—1/2 —1/2 cur
= Ch|lhp*n x [unlllo 71 + Chllhg?n x [un — P§™ul o 52

= Ch|lhp*n x Tun — @nlllo =1 + Chllhgp"?n x [un — @]
< Chllop —Iho| sz,
< Ch*P([|7]ls + flu

0,FB

s + [[plls+1)- (5.54)
By using (5.51), (5.46), (5.53), and (5.54), one can obtain

[ —un[§ = (w—wn,u—up)
= (0, u—un) + (O — (I} (un — I} (u, un))), u — up)
+ (u— I (u,up,), u — up,)
+ (I (g — IO () — (un — T (w, wn)), w — uy,)
< C (20t + h2250) (s + llwlls + llpllsea)?

+ Chmin(sO’k_1)+sg_1/2||QTH

Sg»

1
1t 5l = wnll§+ Cllu - P ullo,

which together with (5.51) and (5.47) implies (5.39). The proof for (5.40) is followed by the similar steps in
Theorem 5.8 and by taking By, = P! in (3.8)—(3.10), thus we omit it.
(]

6. NUMERICAL EXPERIMENTS

In this section, we simulate numerical experiments to test the performance of HDG scheme (3.15). All
numerical tests are programmed in C++. The interior unknowns rj, u; and pp are eliminated locally, and
hence the resulting system consists of only the unknowns @, and py. The quasi-uniform simplex meshes are
used for all numerical examples. GMRES and SparseLLU are used as the linear system solvers.

6.1. Smooth solution
In the first experiment, we take 2 = [0, 1]?. The functions f, g and g7 in (1.1) are chosen according to the
following exact solutions with high regularities.

uy = sin(my) sin(7z), ug = sin(my) sin(wz), us = sin(my) sin(wz), p = sin(rz) sin(7y) sin(7z) /72

From the numerical results in Table 1, we observe that optimal convergence rates can be obtained for r, u
and p, confirming the theoretical results. Moreover, it can be observed that the convergence rate for p as a = —1
is better than that as a = 1; the convergence rate for u as a = 1 is better than that as a = —1.
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TABLE 1. Results for smooth solutions.

k,mand a R [r —7nllo v — wnllo llp — pallo DOF
Error Rate Error Rate Error Rate
k=1 2 1.75E+00 5.41E-01 1.07E-01 1080
m =0 4 9.32E-01 0.91 2.06E-01 1.39 2.86E-02 1.90 7776
a=-1 8 4.74E-01 0.98 6.50E-02 1.66 5.07E-03 2.50 58752
16 2.38E-01 0.99 1.78E-02 1.87 7.24E-04 2.81 456192
k= 2 1.74E+00 4.07E-01 2.35E-01 1080
m=20 4 9.31E-01 0.91 1.12E-01 1.87 1.46E-01 0.69 7776
a=1 8 4.73E-01 0.98 2.80E-02 2.00 7.76E-02 0.91 58752
16 2.38E-01 0.99 6.90E-03 2.02 3.96E-02 0.97 456192
k=2 2 1.12E-01 3.21E-02 1.35E-02 2160
m=2 4 1.72E-02 2.70  4.51E-03 2.83 1.06E-03 3.67 15552
a=-1 8 3.04E-03 2.50 6.23E-04 2.86 7.50E-05 3.82 117504
k= 2 1.21E-01 2.67E-02 2.89E-02 2160
m=2 4 2.16E-02 249 3.13E-03 3.09 5.84E-03 231 15552
a=1 8 4.50E-03 226 3.81E-04 3.04 1.32E-03 2.15 117504
TABLE 2. Results on L-shaped domain with singular solutions.
toRT =l = wn o lp—pillo  DOF
Error Rate Error Rate Error Rate
2 1.56E-01 2.40E-01 1.35E-01 846
4 9.73E-02 0.69 1.77E-01 0.44 8.00E-02 0.76 5976
% 8 4.72E-02 1.04 1.26E-01 0.49 3.64E-02 1.14 44640
16 1.98E-02 1.26 8.31E-02 0.60 1.42E-02 1.36 344448
32 1.16E-02 0.77 5.36E-02 0.63 5.63E-03 1.33 2704896
2 7.19E-02 1.06E-01 7.49E-02 846
4 2.88E-02 1.32 5.17E-02 1.04 2.83E-02 1.40 5976
% 8 8.73E-03 1.72 2.40E-02 1.11 7.96E-03 1.83 44640
16 2.70E-03 1.70 1.06E-02 1.17 1.82E-03 2.13 344448
32 5.01E-04 2.43 4.12E-03  1.37 4.23E-04 2.10 2704896

6.2. Singular solution on L-shaped domain

In the second experiment, we consider an L-shaped domain 2 = [-1,1]3/(—=1,0) x (=1,0) x (—1,1). The
functions f, g and gr in (1.1) are chosen according to the following exact (singular) solutions

up = tr'~tsin[(t — 1)4], uy = trt=* cos[(t — 1)6], uz =0, r=0, p=0.

By taking t = 2 and 3, we have u € [H3=(2)]? and u € [H37(£2)]3, respectively, for arbitrary e > 0. The
results for Kk =m =1, a = —1 are presented in Table 2.

It can be observed from Table 2 that the convergence rates of ||u — uy||o are approaching to 2 and 3 in the
cases when t equals to % and %, respectively. It confirms the theoretical result in Theorem 5.10. Moreover, when
t = 4 the convergence rates of |1 — rp|lo and ||p — pallo goes to 2, which are better than we expected. When
t = £, the convergence rates of ||p — pp|lo tends to be twice of 2, while the convergence rates of [|[r — ry|lo is
around %

Next we compare the errors obtained by using 'P‘}i};gT and IT ,? gr to approximate gy on I'. One can see
from Table 3 and Table 4 that, for t = 0.55, k = 1, m = 0 or 1, the convergence rate of |7 — 7p||o deteriorates
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TABLE 3. Comparison of ’P?“i,‘]]ggT and IT¢gr for t = 0.55, k = 1 and m = 0.

h! l[r = 7allo [w — wnllo P — pallo DOF
Error Rate Error Rate Error Rate

2 1.44E-01 3.35E-01 1.43E-01 846

4 1.09E-01 0.40 2.59E-01 0.37 1.01E-01 0.50 5976
’P‘}i}ch 8 6.38E-02 0.78 2.04E-01 0.35 5.33E-02 0.92 44640

16 3.30E-02 0.95 1.49E-01 0.45 2.32E-02 1.20 344448

32 2.01E-02 0.71 1.04E-01 0.52 9.40E-03 1.30 2704896

2 1.64E-01 3.05E-01 1.30E-01 846

4 1.32E-01 0.31 2.39E-01 0.35 9.85E-02 0.40 5976
H,?gT 8 9.47E-02 0.48 1.92E-01 0.32 5.22E-02 0.92 44640

16 8.26E-02 0.20 1.42E-01 0.43 2.26E-02 1.20 344448

32 9.29E-02 —0.17 9.97E-02 0.51  9.16E-03 1.31 2704896

TABLE 4. Comparison of 'P?{‘;’CQT and IT¢gr for t = 0.55, k = 1 and m = 1.

ht lm — 7allo lw —unllo llp — prllo DOF
Error Rate Error Rate Error Rate

2 2.06E-01 3.50E-01 1.76E-01 846

4 1.40E-01 0.55 2.75E-01 0.35 1.13E-01 0.63 5976
‘P‘}i}ch 8 7.55E-02 0.90 2.10E-01 0.39 5.59E-02 1.02 44640

16 3.80E-02 0.99 1.51E-01 0.48 2.35E-02 1.25 344448

32 2.50E-02 0.60 1.06E-01 0.53 9.50E-03 1.30 2704896

2 2.62E-01 2.92E-01 1.62E-01 846

4 2.33E-01 0.17 2.43E-01 0.27 1.10E-01 0.56 5976
H,?gT 8 2.42E-01 —-0.06 1.92E-01 0.34 5.43E-02 1.02 44640

16 3.02E-01 —0.32 1.40E-01 0.46 2.29E-02 1.24 344448

32 4.00E-01 —-0.40 9.78E-02 0.52 9.30E-03 1.30 2704896

when IT ,?gT is used. It also illustrates that the projection 'P‘}% has an effect on enhancing accuracy in the
computation.

We conclude that all numerical experiments in this section verify that the underlying HDG scheme is appro-
priate for solving the Maxwell model problem (1.1) with both high and low regularities.

7. CONCLUSION

We have proposed and analyzed a new HDG method for solving the Maxwell operator. Theoretical results
are obtained under a more general regularity requirement. In particular, a special treatment is applied to
approximate data on the boundary for the low regularity case.

Our future work includes the study of fast solvers for the proposed HDG method for the Maxwell operator.
We will also consider the application of analysis procedure presented in this work to the numerical solution of
incompressible magnetohydrodynamics [17].
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