MULTIGRID METHODS FOR THE SYMMETRIC INTERIOR PENALTY
METHOD ON GRADED MESHES

S.C. BRENNER, J. CUI, AND L.-Y. SUNG

ABSTRACT. The symmetric interior penalty (SIP) method on graded meshes and its fast
solution by multigrid methods are studied in this paper. We obtain quasi-optimal error
estimates in both the energy norm and the Ly norm for the SIP method, and prove uniform
convergence of the W-cycle multigrid algorithm for the resulting discrete problem. The
performance of these methods is illustrated by numerical results.

1. INTRODUCTION

Interior penalty methods [7, 36, 2, 32] are prototypical discontinuous Galerkin methods [3]
for elliptic boundary value problems. They are useful in handling hanging nodes, problems
with constraints [8, 15], higher order problems [25, 18], and parameter dependent problems
[29, 4, 37]. However, very little attention has been paid to interior penalty methods on
graded meshes, which are needed for overcoming singularities due to nonsmooth boundary
and/or abrupt change of boundary conditions [5, 6, 1].

The goal of this paper is two-fold. First we will investigate discretization errors of interior
penalty methods on graded meshes, and secondly, we will study the convergence of multi-
grid methods for the resulting discrete problem. For simplicity, we will consider the model
problem of finding u € H} () such that

(1.1) /Vu-Vvdx:/fvdx Yo e Hy(Q),
Q Q

where 2 is a bounded polygonal domain in R? with reentrant corners and f belongs to the
weighted Sobolev space Lo ,(§2) (cf. (1.4) below). We will carry out the analysis of the
symmetric interior penalty (SIP) method [36, 2] on graded meshes for (1.1).

The results of this paper can of course be extended to more complicated problems [8,
25, 18] where interior penalty methods have distinct advantages. Our multigrid analysis
complements existing ones for interior penalty methods [26, 20, 35, 19, 23, 16|, and it is
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also relevant for other nonconforming methods where graded meshes play a crucial role
[15, 13, 14].

The rest of the paper is organized as follows. The discretization error estimates for the
symmetric interior penalty method on graded meshes are established in Section 2. Descrip-
tions of several multigrid algorithms are given in Section 3, followed by the convergence
analysis of the W-cycle multigrid algorithm in Section 4. Numerical results that corroborate
the theoretical results are reported in Section 5.

In the remaining part of this section we briefly recall the elliptic regularity results for

(1.1). Let wyq,...,wr be the interior angles at the corners ¢y, . .., ¢ of the bounded polygonal
domain €2. Let the parameters g, ..., uy be chosen according to

e =1 wy < T
(1.2) 1 s

— <y < — Wy > T

2 Wy

and the weight function ¢, be defined by

L
13 0u() = [T o = el
=1
The weighted Sobolev space Ly ,,(€?) is defined by
(1.4 L2 = 7 € Lo @) W10 = [ 63000 f(a)do < o0}
Note that Ly(£2) C Ly, (£2) and
(1.5) 1f 2o @) < Callfllo Ve Ly(),

where Cq denotes a generic positive constant depending only on 2.
Sobolev’s inequality implies that

(1.6) / folde < Callflin,@lollme Yo e HY(Q).

Hence the model problem (1.1) has a unique solution v for any f € L, ,(£2). Moreover v has
the following properties.

(i) The second order weak derivatives of u belong to L, and they satisfy

(1.7) 16%u/ 02027, , (o) = /gﬁi(x)(@%/@xi@l’j)%x) dz < Col|fll7, .
for 1 <i,5 <2.

(ii) Let § > 0 be small enough so that the neighborhoods Q5 = {x € Q: |z — ¢ < 6}
around the corners ¢, for 1 < ¢ < L are disjoint. At a reentrant corner ¢, where
we > 7, we have u € H'™#(Qy 5) and

(1.8) [ull ey 5) < CallfllLa, @)
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(iii) w is continuous on 2.
The regularity of u away from the corners follows from the standard elliptic regularity

theory. The elliptic regularity of u near a corner ¢, can be obtained through the change of
coordinates

(11, 29) = €'(cos 0,sinB),

where the local Euclidean coordinates (1, x2) centered at ¢, are chosen so that the two edges
emanating from ¢, are represented by 8 = 0 and 6 = wy.

Let u(t,0) = ¢ (x)u(zx), where ¢ is a smooth cut-off function that equals 1 near 0. Then
U(t,0) = e *i(t,0) € H?(S), where S is the infinite strip R x (0,w;), and

(1.9) Ul 1ses) < CollU |28y < Coallfll oo

The estimates (1.7) and (1.8) follow from (1.9) and a change of coordinates. The continuity
of u away from the reentrant corners follows from the usual Sobolev inequality, while the
continuity of u at a reentrant corner ¢, follows from the Sobolev inequality on S and a change
of coordinates.

Details can be found in [30, 22, 31].

2. ANALYSIS OF THE SIP METHOD ON GRADED MESHES

On a convex polygonal domain , the solution u of (1.1) belongs to H?(Q) when f €
Ly, () and the convergence of the SIP method using piecewise P; polynomials and quasi-
uniform meshes is quasi-optimal [2, 32, 17]. This is no longer the case when € is nonconvex
because v &€ H?(2) in general [27, 22, 31].

To compensate for the lack of H? regularity in the presence of reentrant corners, we use a
triangulation 7, of ) with the following property:

(2.1) Cihr < ®,(T)h < Cyhy VT €7y,
where hp = diam 7', h = maxreyg, hr is the mesh parameter, and ®,(7") is defined by
L
(2.2) ©,(T) = [ [ lee — ex[*.
=1
Here the grading parameters p, ..., iy, are chosen according to (1.2) and ¢y is the center of

T'. From here on we use C' (with or without subscript) to denote a generic positive constant
independent of the mesh parameter that can take different values at different occurrences,
and we will denote the relation (2.1) by hy = @,(T)h.

The construction of graded meshes that satisfy (2.1) can be found for example in [1, 11].
(See also the description at the beginning of Section 3 below.) Note that,

(2.3) hy ~ h'/*  if the corner ¢, is a vertex of T € T,

and for a given set of grading parameters p1, ..., uuz, the triangulation 7, satisfies the mini-
mum angle condition.
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Let V}, be the space of discontinuous P finite element functions defined by
Vi={veLyQ): vy =v|, e P(T) VT €T},

and denote by &, the set of edges of 7.
For f € L, ,(f2), the symmetric interior penalty (SIP) method [36, 2] for (1.1) is:
Find u, € V}, such that

(2.4) n(un, v / fudx Yov eV,
where
(2.5) ap Vw - Vvdxr — {Vwl - [v] + {Vul}-
> >/ Z / [w])ds
O el /

Here > 0 is a penalty parameter, |e| denotes the length of the edge e, and the mean {Vv}}
and jump [[v] are defined as follows.
Let e € &, be an interior edge shared by two triangles T € 7, v4 = ’U‘Ti, and ny be the

unit normals of e pointing towards the outside of T'y. We define, on e,

AVl = Vo, ;— Vu_

Let e € &, be a boundary edge. Then e C 9T for a T € 7;,. We define on e
{Vol} =V, and [[v] = vrn,

and [[v]] =viny +ov_n_.

where v, = v} o and m is the unit normal of e pointing towards the outside of €2.

Remark 2.1. Note that the right-hand side of (2.4) is well-defined because ¢ ' € Ly(f2) and
Vi, C LOO(Q)

It is well-known that the SIP method is consistent in the sense that
(2.6) ap(u,v) = / fode  Yv eV,
Q

where u is the solution of (1.1). From the Cauchy-Schwarz inequality we can see that the
variational form ay(+,-) is bounded, namely,
(2.7) ap(w,v) < |Jw||n||v||n Vo,we H(Q) + V,

for any s > 3/2, where

28) ol = Y 1olineny +07" o lel Vol +20 ) el Mol -

TeT;, ecép ec&y,
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The SIP method is also coercive on V}, if n > n, > 0, where 17, is a constant depending only
on the minimum angle of 7,. Consequently, we have the quasi-optimal error estimate

(2.9) |lu —up|ln < C inf |Ju— v,
veV)

where the constant C' depends only on the minimum angle of 7;, and the lower bound 7, for
the penalty parameter.
Note that under the condition n > 7, we have

(2.10) |v||2 ~ an(v,v) Vv eV,

and ay(+,-) is an inner product on V.

Details concerning (2.6)—(2.10) can be found for example in [17].

To turn the abstract error estimate (2.9) into a concrete estimate, we need an interpolation
operator. Let II, : C(2) — V}, be the nodal interpolation operator for the conforming P
finite element, i.e., Il,u € V, N H'() agrees with u at the vertices of the triangles of 7j,.

The following lemma provides an interpolation error estimate for IIj.

Lemma 2.2. Let f € Ly, () and u € H}(Q) satisfy (1.1). Then

(2.11) Ju = pulln < Chl Ly @)
Proof. 1t follows from (2.8) and the definition of the mean of the gradient that
(2.12) lu = Tyully = Y~ Ju = Wyulf ey + 07" Y lel IV (u = )}z,
TeT, e€&p
<Y (lu =Wl ry + 10711V (0 = )l o) ).
TeT,

Let 7, be the collection of triangles in 7, that touch a corner ¢, of 2. We can divide the
triangles in 7, into two disjoint families 7,/ and 7,” where

1= U T ad T =TT,
wye>T

For the triangles away from the reentrant corners, we derive from (1.3), (1.7), (2.1), (2.2),
a standard interpolation error estimate [21, 17], and the trace theorem with scaling that

> (lu = Wl + 10T 9 (u = W) 2,y ) < C D7 B fuliacry

TET) TeT)

2
(2.13) <O RPRUT) D 10°u/ 0017, o)

TeT, i,j=1

2
< Ch? Z Z 167 (8%u/0wi0)|17, ) < CR2|IfIIT, (-

ij=1TeT!
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For the triangles touching a reentrant corner, we can apply an interpolation error estimate
for fractional order Sobolev spaces [24] together with (1.8), (2.3) and the trace theorem with
scaling to obtain

@14) 3 (ju= Tl + 10711V (= ) 2yom ) <C S0 3 B2l

TE/]}{ wp>T TeTh,f
< Ch? Z ‘Uﬁ{Huz(Qz,&) < Ch2Hf”%2’”(Q)'
wy>T

(Without loss of generality we may assume h < §.)
The estimate (2.11) follows from (2.12)—(2.14). O

Theorem 2.3. Let f € Ly ,(Q2), u be the solution of (1.1), and uy, be the solution of the SIP
method associated with a triangulation Ty, that satisfies (2.1). We have the following error
estimate:

(2.15) lu = unllLa@) + hllu = unlln < CR?|[ £l s )-

Proof. The estimate
[ = unlln < CAIFl L 0
follows immediately from (2.9) and (2.11).
In view of (2.4) and (2.6), we have the following Galerkin orthogonality:
(2.16) ap(u — up,v) =0 Vv eV,

The Ly error estimate can then be established using a standard duality argument.
Let ¢ € H}(Q) satisfy

(2.17) / Vo VCdr = / o(u—up)de Yo e HY(Q).

Q Q
It follows from elliptic regularity, (1.5) and Lemma 2.2 (applied to ¢) that
(2.18) 1€ = InClln < Chllu — un| Ly()-

Note that we can rewrite (2.17) as
ah(v,():/v(u—uh)dx Yo e Hy(Q),
and that the consistency of the SIP ?nethod implies
ap(v,¢) = / v(u — up) dx Vv eV,
Hence we have, by (2.7), (2.16) andQ(2.18),
l|lu — uh||%2(m = /Qu(u —up) dr — /Quh(u —up)dz

= ap(u, () — ap(up, C)
= ah(u - Uh,C - th>
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< lu = up|[n]|]¢ = Hplln < Ch|lu — uplln]|u — unl| Lo,

which implies
lu = unll o) < Chllu = unlln < CR?|| fllL, ,0)-

3. MULTIGRID METHODS

Let 7y be an initial triangulation of €2 with the property that any triangle in 7y can have
at most one vertex that is a reentrant corner. The triangulations 75 (k > 1) are then created
recursively as follows. Given 7}, we divide each triangle T € 7 into four triangles according
to the following rules to obtain 7y, .

e If none of the reentrant corners is a vertex of T, then we divide T uniformly by
connecting the midpoints of the edges of T'.

e If a reentrant corner ¢, is a vertex of T" and the other two vertices of T" are denoted by
p1 and po, then we divide T" by connecting the points m, ¢g; and gy (cf. Figure 3.1).
Here m is the midpoint of the edge pips and g; (resp. go) is the point on the edge
cep1 (resp. c¢gpy) such that

M _o(m) g =12,
Ce — Pi

where 1, is the grading factor chosen according to (1.2).

D2

y4!

g1
Cy

FIGURE 3.1. Refinement of a triangle at a reentrant corner

The triangulations 7y, 7; and 75 for an L-shaped domain are depicted in Figure 3.2, where
the grading factor at the reentrant corner is taken to be 2/3.

It is easy to check that the nested triangulations 7}, satisfy (2.1). We will denote maxrer, hr
by hi. The mesh parameters on two consecutive levels are equivalent, i.e., there exists a pos-
itive constant C' independent of £ such that

Remark 3.1. The refinement procedure is identical with the one in [11].
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FIGURE 3.2. The triangulations 7y, 7; and 7, for an L-shaped domain

Let V}, be the discontinuous P; finite element space associated with 7. The k-th level SIP
method for (1.1) is:
Find u; € Vj, such that

(3.2) ak(uk,v):/vacM Vve Vg,

where

33 aw)= Y [ Vo veds= S [((Tu- (o] + (Toh - [w])ds
TeT;, /T €€ V¢

Y ﬁ / 0] - o] ds,

and & is the set of the edges of 7.
The analog of || - ||, is denoted by || - ||, i-e.,

ol =D 1oz 07 D lel VoL +20 ) el M ol -

TeT, c€E), c€E),
Note that (2.10) becomes
(3.4) v]|2 ~ ax (v, v) VveV,
and (2.11) is translated into
(3.5) [ = Tgully < Chiell fll s ),

where I, : C(Q) — V, is the nodal interpolation operator for the Lagrange P, element,
ie., Hyu € Vi N HY(Q) agrees with u at the vertices of the triangles of 7. Furthermore, the
norms || - ||x and || - [[x—1 are equivalent for functions that are piecewise smooth on 7;_1, i.e.,

(3.6) [wllk = [l Vwe H(Q) + Vi,

where s > 3/2.
We can rewrite (3.2) as

(3.7) Arur = fr
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where Ay : Vi, — V/ and f; € V] are defined by
(3.8) (Arw, v) = ag(w,v) Yo, we Vi,

(f,v) /fvd:v Yo e V.

Here (-, -) is the canonical bilinear form on V) x V.. Equations of the form (3.7) can be solved
by multigrid algorithms [28, 33, 10, 34, 17].

There are two key ingredients in the design of a multigrid algorithm. We need intergrid
transfer operators to move functions between grids and a good smoother to damp out the
highly oscillatory part of the error. Since the finite element spaces are nested, we can take the
coarse-to-fine intergrid transfer operator [ 1]5—1 : V.1 — Vj to be the natural injection and
define the fine-to-coarse intergrid transfer operator I; " : V! — V}/_, to be the transpose
of IF | with respect to the canonical bilinear forms, i.e.,

(3.9) (IFta,v) = (o, IF_v)  Ya€V,veV,.
In order to define the smoother, we first introduce an operator By, : V, — V| defined by
(3.10) (Brw,v) Z Z Vo,w e Vi,
TeT, meMrp

where M is the set of the midpoints of the three edges of T'. It is easy to see from (3.3),
(3.8), and (3.10) that we can choose a (constant) damping factor A so that the spectral
radius p(AB; ' Ay) satisfies

(3.11) p(AB;'A) <1 for k>0.

Given any g € V|, we will use a preconditioned Richardson relaxation scheme for the
equation

(3.12) Apz=yg
as the smoother, namely,
(313) Znew — <old + )\Bk_l(g — Akzold).

Remark 3.2. The dual space of Ly ,(12) is the space Lo _,,(€2) consisting of measurable func-
tions p such that

(3.14) el o = [ 632@)e? ) d < oo,
The weighted norm || -z, (o) is connected to the operator By, in (3.13) through the relation
(3.15) (Boo,v)y=> Y b, @ VeV,

TeT, meMrp

which follows from (1.3), (2.1) and (2.2).
We are now ready to describe multigrid algorithms for (3.12).
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Algorithm 3.3. Let g € V) and zy € Vj, be an initial guess. The multigrid V-cycle algorithm
for (3.12) with my (resp. msy) pre-smoothing (resp. post-smoothing) steps produces an
approximate solution MGy (k, g, z, m1, mg). For k =0, MGy (k, g, z9, m1, mg) = Ay'g. For
k>1, MGy(k,g,zy, mi, ms) is computed recursively as follows.
Pre-smoothing

Apply my steps of (3.13) starting with 2z, to obtain z,, .
Coarse Grid Correction

Let 1 = IF"Y(g — Apzm,) € V., be the coarse grid residual. Apply the (k — 1)-st level
algorithm to the coarse grid residual equation

Ap_1€r-1 =Tp1
with initial guess 0 to obtain the correction ¢ = MGy (k — 1,7rx_1,0,my, m2) and define
Zmy+1 = Zmy T II]:—lq'
Post-smoothing
Apply ms steps of (3.13) starting with z,,, 11 to obtain z,,, 4+ m,+1-
Final Output

MGV(’@ g, 2o, M1, mz) = Zmi+ma+1

Algorithm 3.4. Let g € V} and 2y € V}, be an initial guess. The W-cycle algorithm computes
an approximate solution MGy (k, g, zo, m1, mz) of (3.12). It differs from algorithm 3.3 in the
coarse grid correction step, where the coarse grid algorithm is applied twice. More precisely,
the correction ¢ € Vi_; is computed by

q = MGw(k —1,7,-1,0,m1,my),

q= MGW(k - 17 Tk—1, qla miy, m2)-
Algorithm 3.5. Let g € V) and 2y € Vj, be an initial guess. The F-cycle algorithm computes
an approximate solution MGr(k, g, z9, m1, mo) of (3.12). It differs from algorithm 3.3 and
algorithm 3.4 in the coarse grid correction step, where the coarse grid algorithm is applied
once followed by a V-cycle algorithm. More precisely, the correction ¢ € Vj_; is computed
by

q = MGp(k—1,7,-1,0,my,my),

q= MGV(k - 17 Tk—1, qla mi, m2)-

4. CONVERGENCE ANALYSIS OF THE W-CYCLE MULTIGRID ALGORITHM

We will analyze the W-cycle multigrid algorithm in this section and provide numerical
results for W-cycle, F-cycle and V-cycle algorithms in Section 5. The convergence analysis
of the V-cycle and F-cycle algorithm, which relies on the additive multigrid theory [12], will
be carried out elsewhere.
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Let E}. : Vi, — V}, be the error propagation operator for the k-th level W-cycle algorithm.
We have the following well-known recursive relation [28, 17]:

(4~1) Ey = sz(]dk - ]1];—1P15_1 + I£—1E2—1P£_I)kal>

where Idy is the identity operator on Vj, the operator Ry : Vi, — V; which measures the
effect of one smoothing step is defined by

(4.2) Ry, = Idy, — AB; ' Ay,

and the operator P,f_l : Vi — Vi_y is the transpose of IF | with respect to the variational
forms, i.e.,

(4.3) ar_1(PF w,v) = ag(w, If_v) Vo e Vioi, we V.
Note that, for z € Vj_1 N H} (), we have
a1 (PFIF 2,0) = ap(IF_ 2, IF_0) = ap_1(2,v) Voe Vi,
which implies
PIIf 2=2  VzeVio nHQ).
It follows that
(44)  an(iy2, (Tde = Ly P o) = a(Ii_y2,0) — ar(PE 7 g2, B o)
=ap(z, PF) —ap(z, PP ) =0 Vz € Vi1 NHYQ), ve Vi

The key to the convergence analysis of the W-cycle algorithm is a good estimate for the
operator Ry (Idy — IF_PF~')R;™, which is the error-propagation operator for the two-grid
algorithm.

We will follow the approach of [9, 38] in the analysis below. Let the mesh-dependent
norms ||[v||;x for j =0,1,2 and £ > 1 be defined by

(4.5) Bl = \/(Bu(B Av,v) Yo e Vi, k> 1.
In particular, we have, in view of (3.4) and (3.14),

(4.6 Ioll3s = (Buv. o) = 2ol ey Vo€ Vi
(4.7) |Hv\|ﬁk = (Agv,v) = ag(v,v) Vv eV,

Also the Cauchy-Schwarz inequality implies that

(Apv, w)

4.8 ! ~wero el
(48) lvll2, weVio}  Jlwllok

Vv e V.

The smoothing properties in the following lemma are simple consequences of (3.11), (4.2)
and (4.5). Their proofs are standard [28, 17].
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Lemma 4.1. There exists a positive constant C' independent of k such that

(4.9) I Bxvlle < Noll VveW, k=1,
(4.10) IRl < CA+m) P lvlloe Yve Vi, k21,
(4.11) IR vllz < CAL+m) vl Vve Vi, k21

The following lemma gives a preliminary approximation property.
Lemma 4.2. There exists a positive constant C' independent of k such that
(4.12) I(7dy, — L, P ollor < Cl(Tdy — Ly BE Dol Yo e Vi, k> 1

Proof. We will prove (4.12) by a duality argument.
Let v € Vj be arbitrary and

X =&, (Idy, — I _y P M.
According to (1.4) and (3.14), we have
(4.13) XN a0y = 1Tdi = Ly P ol s o)
Let £ € H () satisfy

/V&-Vvdx:/xvdx Yo € Hy(Q).
Q Q

It follows from the consistency of the SIP method that

(4.14) ag(§,v) = / xvdr Vv eV

Q
Furthermore, we have, by (3.1), (3.5) (applied to &), (3.6) and (4.13),
(4.15) g = iy TTi-1€lle < CllE = Temalli—s

< ChicalXlapio) < Chall(Ide = Ty PE Yol o
Combining (2.7), (3.4), (3.14), (3.15), (4.4), (4.6), (4.14) and (4.15), we find
I(1di — i PE ol = (Br(Idy — Ii_y P Yo, (Tdy, — IE_ PE o)
~ PN (Tde = I Py llL,

= hi? / 0,7 [(Idy — If P Yde
Q

= h? / x(Idy — I} PFYvdx
Q
(4.16) = hilap (&, (Idy, — IF_ PFv)
= I (& — I\ e &, (Idy — Iy PE o)
< CRNE = I ILa&lul|(Tdi — Iy PE 1ol
~ ChiM|(Ide — I P Yl o l(Tdy — I PEollie
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~ Cl(Edk — T, PEYollosll(Tdy — 5 PE Yol
which implies (4.12). O
The approximation property for the convergence analysis is provided by the next lemma.
Lemma 4.3. There exists a positive constant C' independent of k such that
(4.17) I(7dx — Iy PiDvllog < Cllvfley Vo€ Vi, k> 1.
Proof. Since ag(-,-) is an inner product on Vj, we have by (4.7) and duality,
- ar((Idy — IF_, PF Yo, w
(4.18) 1d— 1 Pl = sup ATt o)
weVi\{0} el x

Using (4.3), (4.8) and (4.12), the numerator on the right-hand side of (4.18) can be estimated
as follows:

ap((Idy — If_ P Yo, w) = ag(v, (Idy, — IF_, PFHw)
< Nollzill(Tdx = Ly P Hwlloe < Cllvllzillwllv,
which together with (4.18) implies
(4.19) I(Zd, = Iy P~ vl < Cllvllawe Yo € Vi, k> 1.
The estimate (4.17) follows from (4.12) and (4.19). O

Combining (4.10), (4.11) and (4.17), we immediately have the following theorem on the
two-grid algorithm.

Theorem 4.4. There exists a positive constant Crq independent of k such that
(4.20) 1Ry (Idy— I, P R0l < Oral(T+ma)(L+ma)] " Plloflye Vo e Vi, k> 1
Proof.
IR (Id, — Iy P R wllie < C(L+mao) ™2 (Idi — L B R 0llo
< C(1+ma) PR 0|2
< O(1+mao) (1 4+ my) 2ol
O

To go from the two-grid estimate (4.20) to an estimate for the WW-cycle multigrid algorithm,
we need the following lemma on the stability of I} , and PF~".

Lemma 4.5. There exists a positive constant Ceop independent of k such that
(4.21) 1wl < Corllllin-r Vo€ Vi,
(4.22) I1PE ol < Corllvl Vo € V.
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Proof. The estimate (4.21) follows from (3.4), (3.6) and (4.7):
510l i = an(Ti_yv, Ii_yv)
< Oyl < Cllvlliy < Cara(v,v) = CEpllvllf ooy
The estimate (4.22) then follows from (4.3) (4.7), (4.21) and duality.

ak_l(P,f_lv, w)

|||Plf_lv|”1,k—1 = max
w0 [Jwl]iis
ap(v, IF_w)
= max —t—— < Copllv]i-

weV,_1\{0} |||w|||l,k—1
O

Theorem 4.6. Given any C, > Crq, there exists a positive integer m, independent of k
such that

(4.23) IEcvll e < C.l(1+my)(1+mo)) " Pllulie Yo ey, k>0,
provided my + my > m,.

Proof. We will prove (4.23) by mathematical induction. The case k& = 0 holds for any m,
since Agz = ¢ is solved exactly.

Assume k > 1 and (4.23) is valid for k — 1. Let v € V} be arbitrary. In view of (4.1), we
have

B = Ry (Id, — IE_ PR o+ Ry (IE_ B2 PE~) Ry,
We obtain, from (4.20),
IR (I — Ly P R vllie < Cral(L+ma) (L +ma)] 2ol i,
and from (4.9), (4.21), (4.22) and the induction hypothesis,
IR iy Ei oy Py R ol < CEpC2I(L+ ma) (1 + ma)] ™ ol

It follows that
(424)  Bwlie < (Cral(L +mi) (1 +me)] ™2 + C2pOF[(1 +ma)(1 +ma)) ™ol

If we choose m, > 0 so that
C* - CTG

—-1/2
m <
- C%FC’E ’

then for m; + me > m, we have
Cral(1+m1) (1 +ma)] ™2 + CZrC2[(1 + my)(1 + mg)] "
< (Cra + CEpOZ[(1 4+ m) (L +ma)]2)[(L + mi) (1 +my)) 72
< (Cra + CEpCimI )1+ my) (1 +my)] 712
< CL(1 +my) (14 my)] V2,
which together with (4.24) implies that (4.23) is also valid for k. O



MULTIGRID FOR THE SIP METHOD ON GRADED MESHES 15

It follows from Theorem 4.6 that the W-cycle multigrid is a contraction with contraction
number independent of grid levels provided the number of smoothing steps are sufficiently
large. Furthermore, the contraction number decreases at the rate of 1/m for the symmetric
W-cycle algorithm where m; = ms = m. Numerical results show that this is also the case
for the V-cycle and F-cycle algorithms.

5. NUMERICAL RESULTS

In this section we report results of several numerical experiments for the model problem
(1.1) on the L-shaped domain (—1,1)%\ [0, 1)>. The triangulations 7y, 73, . . ., are created by
the refinement procedure described at the beginning of Section 3, where 7 has six elements
and the grading parameter at the reentrant corner is taken to be 2/3 (cf. Figure 3.2). The
mesh parameter of 7j, is hy, = 27",

In the first set of experiments we take the exact solution to be

u(,y) = (1= a?)(1 =2 sin (20— 7)),
where (r,0) are the polar coordinates at the origin. We computed the solution wuy of (3.2)
with 1 = 10, 100 and 1000. The energy errors a(Ilu — ug, I u — u)'/? and the Ly errors
[ TIu — || py) for n = 10 and 0 < k < 7 are presented in Table 5.1. The predicted
convergence rates in (2.15) are clearly visible.

Energy Error | Lo Error
=0 1.16 E40 3.09 E-1
1 6.17 E—1 6.36 E—2
=2 2.90 E-1 1.16 E-2
3 1.37 E-1 2.41 E-3
4 6.63 E—2 5.76 E—4
=5 3.29 E-2 1.52 E—4
6
7

1.65 E-2 4.24 E-5
8.33 E-3 1.19 E-5

TABLE 5.1. Energy errors and Ly errors for the L-shaped domain (7 = 10)

We also plotted the energy error versus the mesh size in the log-log scale in Figure 5.1 for
1 = 10, 100 and 1000. The energy error decreases as 1 increases, which indicates that the
constant C'in (2.15) can indeed be chosen to be independent of 7, as long as it is sufficiently
large.

In the second set of experiments we computed the contraction numbers of the W-cycle,
F-cycle and V-cycle algorithms on the graded meshes 77,...,7;. We used n = 10 as the
penalty parameter, A = 1/40 as the damping factor in (3.13), and m pre-smoothing and m
post-smoothing steps. The results are presented in Tables 5.2-5.3. It is observed that the
W-cycle algorithm is a contraction for m > 1, the F-cycle algorithm is a contraction for
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slope=1

Energy Error

—*—n=10
n=100
——n=1000

-3 . . M |

10
Mesh Size
F1GURE 5.1. Comparison of Energy Errors for n = 10, 100 and 1000

m > 4, and the V-cycle algorithm is a contraction for m > 8. Furthermore, when m > 4,
the W-cycle and the F-cycle have similar contraction numbers.

k=1|k=2|k=3|k=4|k=5|k=6|k=7
0.85 | 0.89 | 0.88 | 0.89 | 0.90 | 0.90 | 0.90
0.74 | 0.80 | 0.83 | 0.83 | 0.83 | 0.84 | 0.84
0.64 | 0.73 | 074 | 0.78 | 0.78 | 0.78 | 0.78
0.57 | 0.67 | 0.72 | 073 | 0.75 | 0.75 | 0.75
0.51 | 0.63 | 0.69 | 0.71 | 0.71 | 0.72 | 0.73
0.45 | 0.59 | 0.66 | 0.69 | 0.70 | 0.71 | 0.71
0.41 | 0.56 | 0.64 | 0.67 | 0.68 | 0.69 | 0.69
0.38 | 0.53 | 0.62 | 0.65 | 0.66 | 0.68 | 0.68
0.35 | 0.51 | 0.60 | 0.64 | 0.66 | 0.66 | 0.66
0] 032 | 049 | 0.59 | 0.62 | 0.65 | 0.65 | 0.66

Il
=|lo|o|~|o|o|e|w| |

SIS S22 |3 3

TABLE 5.2. Contraction numbers of the W-cycle algorithm on the L-shaped
domain (n = 10)

Finally, the asymptotic behavior of the contraction number with respect to the number
of smoothing steps for k£ = 6 is depicted in Figure 5.2. The log-log graphs confirm that the
contraction number decreases at the rate of m™!, as predicted by Theorems 4.4 and 4.6.
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k=1|k=2|k=3|k=4|k=5|k=6|k=7
0.57 | 0.67 | 0.72 | 073 | 0.75 | 0.75 | 0.75
0.51 | 0.63 | 0.69 | 0.71 | 0.71 | 0.73 | 0.73
0.45 | 0.59 | 0.66 | 0.69 | 0.70 | 0.71 | 0.71
0.41 | 0.56 | 0.64 | 0.67 | 0.68 | 0.69 | 0.69
0.38 | 0.53 | 0.62 | 0.65 | 0.66 | 0.68 | 0.68
0.35 | 0.51 | 0.60 | 0.64 | 0.66 | 0.66 | 0.66
032 | 049 | 059 | 0.62 | 0.65 | 0.65 | 0.66
0.30 | 047 | 0.57 | 0.61 | 0.64 | 0.64 | 0.64
0.28 | 0.45 | 0.56 | 0.60 | 0.62 | 0.63 | 0.63

o

[t

S|ISISIS|S|S|Z|3|3
I
=== oloo|~|o|o|e

[\)

TABLE 5.3. Contraction numbers of the F-cycle algorithm on the L-shaped
domain with (n = 10)

k=1|k=2|k=3|k=4|k=5|k=6|k=7
m = 0.38 | 0.55 | 0.65 | 0.69 | 0.72 | 0.73 | 0.74
m=9 0.35 | 0.53 | 0.64 | 0.68 | 0.71 | 0.71 | 0.72
m=10| 0.32 | 0.51 | 0.62 | 0.67 | 0.69 | 0.71 | 0.71
m=11| 030 | 049 | 0.60 | 0.64 | 0.67 | 0.69 | 0.70
m=12| 0.28 | 047 | 0.59 | 0.62 | 0.66 | 0.69 | 0.69
m=13| 0.27 | 046 | 0.57 | 0.61 | 0.65 | 0.68 | 0.68
m=141] 025 | 044 | 056 | 0.61 | 0.64 | 0.66 | 0.67

TABLE 5.4. Contraction numbers of the V-cycle algorithm on the L-shaped
domain (n = 10)
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