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Question 1
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( b) Diverges by the comparison test: 1 < L < ! and zl diverges.
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(f) Converges by the alternating series test:
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( g) Converges absolutely by the ratio test:
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(h) Converges by the integral test:
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(1) Converges by the alternating series test:

Since (1) f(x)=ln(1+l) = f'(x)=
x

<0 for x>0.
x(x+

2> f(x) isdecreasing for x>0

and (2) lima, = limln(1+lj = ln{lim(ljtlﬂ =In1=0.
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Question 2
(a) f(x)=2" fh)=2
f'(x)=In2-2" f')=In2-2

f'(x)=(n2)*-2" f'"M)=(n2)*-2
f"(x)=(n2)’-2" f"()=(n2y’-2

FO@ =22 0= (n2y 2

Taylor series at x=1:

2+(21n2)(x—1)+@(x_1)2 2(1131!2) i2(ln2) (x=1)"

n=0



(b) f(x)=2x+x"+3x-8 fHy=-2

f'(x)=6x>+2x+3 f'=11
F(x)=12x+2 fr()=14
f"(x)=12 f"1=12
fP(x)=0 for n>4 @1 =0 for n>4

Taylor series at x=1:

—2+11()c—1)+12—‘t()c—1)2 +%(x—1)3 =2+11(x—-D)+7(x—=1)* +2(x 1)’

Question 3

(a) f(x)=(+x)e™ fO)=1
£'(x)=(3+2x)e™ f'0)=3
£"(x) = (8+4x)e™ f£"(0)=8
£"(x)=(20+8x)e*" f£"(0)=20

Maclaurin’s polynomial (up to degree 3):
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(b) f(x)=InGB+e") f(0)=1In4
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f"(x) = Gie)y f (0)—32

Maclaurin’s polynomial (up to degree 3):
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Question 4

21 4
(a) BySarrus’Rule: |3 5 —7[=(-20—7+72)—(20+84+6) = —65
1 6 2

(b) Expand along the second row:

1 325
135 13 2
0032(3)150(2)154
=(- +
1540
121 12 1
121 1

By Sarrus’ Rule:

= (-3)[(5+0+10)=(25+0+3)]+(2)[(10+8+3) —(5+12+4)] =39

(c¢) Expand along the third row:

0 -1 2 1

-1 2 1 0 -1 2
_43_35—(1)3 3 5|-(-D|-4 3 -3
1 0 0 -1

1 0 1 -1 1 0

-1 1 0 1

By Sarrus’ Rule:

=([(B+10+0)—(-3+0+6)]+(1)[(0-3-8)—(-6+0+0)]|=5

Question 5
4 1 0
det(A—4D)=| 0 -4 1 (0)‘ 0‘+( 4)‘_4 0‘ (1)‘_4 1‘
e — = — =— — — =
17 4 4 4 4 17
4 -17 4
= 4isaroot of det(A—xI)=0.
—x 1
0 N ) O e o "
Ly _ Ly _
-17 8—x 4 8—x 4 -17

4 -17 8-x



=(=0)(=0)8—x)—()(17x—4) =—x" +8x" —17x+4 =(x—4)(x* —4x+1)

det(A—xI) = (x—4)(x* —4x+1)=0=>x=4,2+/3.

Question 6
2 4 6| x 1
(a) |4 6 2| x,|=|3].
6 2 4| x 5
2 4
A=14 6 2|=-144 (#0).
6
1 4 6 2 1 6
A=3 6 2|=-132, A,=|4 3 2|=12,and A;=(4 6 3|=12.
5 2 4 6 5 4 6
By Cramer’s rule, we have x1=ﬁ=ﬁ=2, x2:£=£:—i, and
A -144 12 A —144 12
A, 12 1
.x3=—=—=——_
A —144 12
2x, + 2x, - x, = 3
(b) {3x, — 4x, + 2x; =
8x, — x, — 3x, = 4
B B O Y-S O
A 49 A 49 A 49



Question 7

(a) I=F =F A’ =(I-A)L+A+A*) =(I-A)I+A+A%)
= I-A)"'=I+A+A’

(b) A’—A+I=0 = I=A-A’=AI-A") = A'=1-A"

Question 8
v _d|f® L@
dx dx g]('x) gz(x)

=L (W80~ £008,(9)
(108004 £ (1)8,0) (£ Dg,(0)+ £,()g ()
= (180~ £ ()8 0) + (/8.0 — (08 ()

[ £()
£(x) & (%)

L) f()
8'(%)  8,'(x%)

+
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Let z, y, and 2z be the measures of the first, second, and third classes of corn. We thus
have

3r+2y+2 = 39
204+ 3y + 2 34
r+2y+32 = 26.

32 1 | 39 L2301/ | ) o, 1 2/3 1/3 | 13
2 31 | 34| drp—rp |2 3 1 | M I?_rl_er 0 5/3 1/3 | 8
123 | 2| |1 2 3 | 2| 32""17""3 |o 4/3 8/3 | 13
1 2/3 1/3 | 13 12/3 1/3 | 13
Srp—ry |0 1 1/5 | 24/5| r3—4ro—r3 |0 1 1/5 | 24/5 Zr3—rs
— 0 4/3 8/3 | 13 o 0 12/5 | 33/5| —
12/3 1/3 | 13 1 2/3 1/3 | 13
0 1 1/5 | 24/5] ro—irg—ry (0 1 0 | 17/4
0 0 1 | 11/4 oo 1 | 1174
100 | 37/4
rl—%rz—%rg—»rl 01 0 | 17/4
00 1 | 11/4

_3 17 u
Therefore, z = 5, y = <, and .
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Therefore, the inverse is given by
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det(Al—A) = det

=M+ AP -2 A+2
=(A-12A+ 2+ 1)

the characteristic equation is

A-1PA+2)A+1)=0

The eigenvalues are A = |, A = -2, and A =-1. If weset A = 1, then (\/ -A)x = 0
becomes

-1 1 =1 0f|a| [0
0 -l 8 O0f||la2| |O
0 0 0 0]« 0

Thus, x| = 2s, x, = 3s, x; = s, and x, = ¢ is a solution for all s and ¢. In particular, if we
let 1) e=1,t=0

@ 1= TN
2 0
3 0
and
1 0
0 1

form a basis for the eigenspace associated with A = 1.



If we set & = -2, then (A - A)x = 0 becomes

2 0 -2 0][x 0
-1 2 <1 0ffa|_|O
0 -1 0 O0|]|ay]| |0

0 0 0 =3f|l=x/| [0

The augmented matrix can be reduced to

1 01 0 0
O 1.0 0 0
o 00 1 0
O 00 0 0

This implies that x, = =5, #, =&, = 0, and &, = s, Therefore the vector

-1
0
1
0

forms a basis for the eigenspace associated with A = -2.
Finally, if we set A = <1, then (A - A)x = 0 becomes

-1 0 2 0][=x 0
-1 -1 -1 0|[lay|_|o0O
0 -1 1 of|lay]| |0
0 0 0 -2]|[ax 0
The augmented matrix can be reduced to

1 0 2 0 0

0 1 <1 0 0

0o 0 0o 1 0

0 0 0 0 0

forms a basis for the eigenspace associated with 4 = -1,
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3. (a)

E—% 4 2
det(A - AI) dt| 4 5-X 2
2 2 2-X
5=X 2 4 2 4 5-)
- (5_’\)‘ 5 - "2 2—,\|+2’2 2 ’
= B=MNG-=N2-2)-(2)(2) —4(4(2 - A) = (2)(2)) +2((4)(2) - (5 = N)(2))
=N 4 1252 - 91X 410
= —(A=1)*(x-10).

-

(b) For A = 10, the associated eigen-space can be found by solving

5-10 4 2 |0 i 6 -2 @
4 5-10 %% |0l — 01 -2 ] 0
2 8. 3—18| © 00 0 | O

So, the required line is given in parametric form by

& 2
yl = 8|2
z 1

(c) For A =1, the associated eigen-space can be found by solving
5-1 4 2 | 0 I 1 0

4 5-1 2 | 0] — OO0 0 | O

2 2 2-11]0 0 0 0

So, the required plane is given in parametric form by

o —S—%t ] o=
y| = S =8| 1|+¢t] 0
2 t 0 1
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5. To find the radius of convergence, we use the ratio test:

| (& + 1) [(n+ 1)274) . (z + 1)nH! n2"
lim , : lim :
n—00 (z + 1)7/[n27] n—oo |\ (n + 1)2n+1 (z+1)»
. n
= || T
So,
. n
implies that
L le+1] < 1
5 .

Thus, the series converges absolutely for |z + 1| < 2, or =3 < z < 1. That is to say, the
radius of convergence about zg = —1is p = 2.



uestion 11

%typeset_mode True
A=matrix([[1,2,3,4]1,(0,1,1,8],([1,3,4,7],[1,0,0,71])
b=vector([4,3,2,1])|

AM = A.augment(b)

show (AM)

AM.rref ()

1 2 3 4 4

011 8 3

1 3 4 7 2

100 71
10 0 0 -6
01 0 0 -21
0 010 16
0 001 1
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