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Assignment 02 (Solution)

Question 1

(a) In f(x)=(cosx)In(cosx)
= LAC)) =(—sinx)In(cos x)—sinx = f'(x)=—(cosx)“**(sin x)(In(cos x)+1)

J()

3 3
JI=(30)7 A1-9x°

(b) f'(x)=~-

2"In2

(¢) fi(x)= 1+“21

1 1 2x
12 T 2x=— 12
(tan” x")In4 x" +1 (x"+1)(tan™ x")In4

(d) f'(x)=

Question 2

(a) yz(x—f)r = Iny=rin(x+1)—rln(x—1)

1 -2 dy 2
_ﬂ: r r ro_ dy_—2ry

y dx x+l ox—1 x-1 dx  x*—1

(b) Rearrange the expression in (a ) gives (x’ —l)% =-2ry.
By Leibniz’s Formula, ZCr" (x> =D ()" = 2ry™
r=0

Co (x> =Dy +C 20y +C (2N = =2ry™

C) (x> =1)y" +Cl'2x)y"” +Cy2y" " = 2ry™



(xz _ l)y(n+1) + 2nxy(n) + l’l(l’l _ l)y(n—l) _ —27')7(")

(x2 _l)y(n+l) + 2(nx+ r)y(n) + (nz _n)y(n—l) -0.

Question 3
(a) lim cotx (9)
x—7/2 cot 3x 0
—csc’ x . sin?3x 1

= lim ———=
wor/2-3csc”3x  723sin” x 3

(b) i XV (Ej
a0 x4] 0
1
I+ —F=
lim 2%

(¢) limltang (oo-O)

)C*)Ox
tan = 1oo2*
=lim 0 = lim 2 2 1
=0 x 0 x>0 1 2
(4) hm(i—L (o—c0)
x—1 x_l lnx
i Y= (=D (9}
=l (x=1)Inx 0
xl+lnx—1 Inx 0 1
:linll X :lin} I (_j :l-ilml X 1 _
Tx=D=+hx T 1-“+Inx 0 RN
X X X x

N | —



Question 4

(a)

The domainis R since f(x) is a polynomial.
f(=x)=—(=x)* +6(=x)> =4 =—x*+6x> —4 = f(x) - Even function

F1(x) =—4x° +12x = —4x(x+3)(x—3) Fi(x)=0 = x=0,%+3

F(0) =122 +12 = —12(x—1)(x +1) f'(0)=0 = x=+I

(0,=B3) | =B | Bo=D) | =1 | LO) [0 | O | 1] 1,\3) | 5 | (B.,»)
£ + 0 - 0 + 0 -
f"(x) — 0 + 0 —

There are two local maxima at (ixﬁ,S), a local minimum at (0,—4), and two

inflection points at (£1,1).

The x-intercepts are (&+/3— NG ,0) and (£y3+ J5 ,0).

The y-intercept is (0,—4).

There is no asymptote.

y
(- v3.5) (¥/3.5)

=11 (1.1)

y=-x'+6xt-4

(0.-4)




(b)
The domain is | x| < \/8_

f(=x)= (—X)\/S —(=x)* = 8= x? =— f(x) = 0Odd function

22-x)(2+x)

J@V2 + 3242 - )

f'(x)= f'(x)=0 = x=12

2x(x* =12)

S (X)ZW

f'(x)=0 = x=0 for |x|<8

2.-2) | =2 (-2,0) 0 0-2 | 2 | @&2V2)
f'® - 0 N 0 N
£ * 0 -

There is a local maximum at (2,4), a local minimum at (—2,—4), and a inflection

poins at (0,0).
The x-intercepts are (12\/5, 0). The y-interceptis (0,0).

There is no asymptote.

y Loc max
2,4)

(0, 0) Infl

(-2,-4)
Loc min



(c)

The domain is R\++/3.

B _(—x)2—4_x2—4_ .
f(=x)= ——— =23 f(x) = Even function
£ =—22 F)=0 = x=0
(-3 - -
v —6(x*+1) )
f')= —(xz 3y f"(x)#0 Vx
(—0,—\3) | =B | (—\3,0) 0\3) | B | (B
') — N. A - + N.A. n
S - N.A. N. A. -

There is a local minimum at (0,%)

. . : . 4
The x-intercept is (£2,0).  The y-intercept is (0,5].

There are two vertical asymptotes: x=—/3 and x= J3.

There is one horizontal asymptote: y=1

y
1 A 1
' 4+ ' _x*—4
1 1y= 2
: 3 : x"=3
I I
x=—\/§: 7| ' x= 3
_______ e oo Sl
Hﬂl |r_—a~
1 I
| | 1 | | 1 | | N
4 3 \'-10] 1 23 4
1 -1+ I
1 I
I I
I 2 [
I I
-3F 1
1 I




(d)

The domainis R.

fv(x):§x2/3 _I?OX—I/S =§x_1/3(x—2) fV(x)zo = x=2
f"(x) :%x_m +gx_4/3 :%xWS(erl) f'(x)=0= x=-1

Note that f'(x) and f"(x) are not definedat x=0 but f(0) is defined.

(_OO’ - 1) -1 (_19 0) 0 (0, 2) 2 (29 (X))
S + undefined — 0 +
f(x) - 0 + undefined +

There is a local minimum at (2,—3-2%7), a local maximum at (0,0), and an inflection
point at (—1,—6).

The x-intercepts are (0,0) and (5,0). The y-interceptis (0,0).
There is no asymptote.
Y

y =x¥ (x — §)

(0,0)

(-1,-6) (2.0,-4.76)




Question 5

Circumference of the circle: 60—4x; Radius of the circle: 602_ 4x ;
V4
Area of the circle: - ( 60 4xj = (30-2x) .
2 V4
_ 2
Objective: Minimize the total area A(x)=x"+ 30=20"
V4
2
dA _ 5, 800729 g 445, 8
dx T dx V4
%:0 = 27x-120+8x=0 = x= 60
dx 7+4
d’A 8 . . :
> =2+—>0 - Global minimum (*.: Only one stationary point)
dx” | _ 60 V4
+4
2
60 \’ [30_2( 604)} 3600+900 900
Min A(x)=( j + rER] 20T D £ 126.02em’
0<x<60 T+4 Vg (r+4) T+4
Question 6

Let r be the radius of the cylinder where 0<r <10.

Then the height of the cylinder is 241007 |

Objective: Maximize the volume V(r)=27r>100—7r"

dav _ 2zr(200 -3r?)
dr 1007

_ 2
d—V:O = 27r(200 - 3 ):O = r =0 (rejected), ,/@

dr J100— 2

d—v>0 when r < 200 and d—v<0 when r > /?

dr 3 dr

r=, /? —> Global maximum (" Only one stationary point)

0<x<10 3 3\/5

2 2
MaxV(r)=27{ ?j \/100[ 200} _ 30007 5418 40cm’



Question 7

Since f(x) mustbe continuousat x=0 and x=1, we must have lim f(x)= f(0)
x—0"
which implies a=3 and lim f(x)=1lim f(x) which implies m+b=5.
x—1* x—1"

Since f(x) must be differentiable at x=1, we must have lim f'(x)=lim f'(x)
x—1* x—>1"

which implies m =1 and hence, b=4.

Question 8

Consider the function A(x)= f(x)—g(x). Y
y=f(x)
h(x) is continuous and differentiable on [a,b], y=g(x)
and since h(a)= f(a)—g(a)=0 and
h(b) = f(b)—g(b) =0, by the Mean Value
Theorem, there must be a point ¢ € (a,b) | | -x
where h'(c)=0.

Since, h'(x)=f'(x)—g'(x) = h'(c)=f"(c)—g'(c)=0, this implies f'(c)=g'(c)
and ¢ is apoint where the graphs of f(x) and g(x) have tangent lines with the

same slope, so these lines are either parallel or in fact the same line.

Question 9

(a) Ixsxixz—ldx Let u=x"—1 = du=2xdx and x’ =u+1

=%J'(u+1)2\/l;du :%I(MS/Z +2u” +u"?)du

=l zu7/2+ﬂu5/2+zu3/2 +C=lu7/2+2u5/2+lu3/2+c
2\7 5 3 7 5 3
1

z;(x2_1)7/2+%(x2_1)5/2+%(x2_1)3/2+c

(b) Ixcosxzdx Let u=x> = du=2xdx

1 1 1
=—|cosudu=—(sinu)+C =—(sinx*)+C
3| - (sinu)+C = (sin ')



© [

By completing the square: 4x—x" = 4—4+4x—x" = 4—(x-2)’
j;dx—‘[;dx Let u=x—2 = du=dx
Vdx—x* »\f4—(x—2)2
=I ! du =sin™' [ZJ-FC:SiH_I (x—_zijC
4—y’ 2 2

(d) Ix2€4x dx Let u=x", dv=e*dx = du=2xdx, v:ie“

o1 1
=—x’e" —EJ.xe” dx Let u=x, dv=e"dx = du=dx, v=—e™

1
—X
4
:lxze‘“‘—l l)ce4"—l e™ dx =lxze4x—lxe4x+Le4x+C
4 2{4 4 4 8 32

:Le“(Sx2 —-4x+1)+C
32

(e) J.exln(l+ex)dx Let u=l+¢" = du=e'dx

=Ilnudu Let f=Inu, dg=du = df:ldu, g=u
u

:ulnu—j du=ulnu—u+C=(+e")In(l+e*)—e"+C

1 1
f cos\de Let u=«/; = du=—=dx=—1dx
(f) j 2x T 2u
:J-2ucosudu Let f=2u, dg =cosudu = df =2du, g =sinu

:2usinu—I2sinudu =2usinu+2cosu+C

:Zx/;sin x+2cos«/;+C
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0.5 1.0

44
By differenting the polynomial once, we have f'(z) = 20z* — 3. So solving for f'(c) =1,

7

we have 20c¢! — 3 = 1, which implies ¢ = +

2013-2014 Sem 1 Q5(a)

By differentiating these using Product Rule, we have Z—g = 7'(0) cos(0) — r(0) sin(0)
d

and d‘—g = +/(6) sin(9) + r(0) cos(8). Therefore,

dz\* [dy\? . .
(%) + (d—Z) = (r'(0))? cos?(0) — 2r(0)r'(9) cos(0) sin(6) + (r(#))? sin®(H)
+('(9))? sin®(0) + 2r(0)r' () sin(0) cos(#) + (r(0))? cos?()

Using the trigonometric identity sin?(f) 4+ cos?(#) = 1, we can simplified the expres-

sion into d_.r i + @ i = ('7‘/(9))‘2 + (7'(9))2
do o) '
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4. (a) t =tan(6/2), the figure gives

Therefore cos < g)

V1412
(b)
0 0 1 .
cos(f) = cos(2-=) =2cos?(=)—-1= -
@ = cos(25) = 200 (3) -1 = 2(75)
2. o Rsle?
T 1442 T o1+12
sin(f) = sin{2-=| = 2si g 0
=/gin = 2sin( 5 ) cos 5
- ( t )( 1 >_ 2t
V1+t Vi+eZ) 1+t
6 1 2
(c) 3 = tan™ " (t), therefore df = 58 dt.
(d)
/ 1 do = / l+t
3sin(@) — 4 cos(h) 3(1+t) 4< )
2t2+3t— 2t—1 (t+2)

2
5 5
/ %1 542

|
= =In

5 tan(6/2) + 2

1 1
2tan(6/2) — 1

dt

gln

+c

2t —
t+

1
2

+0
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5.

(a)
(b)

l-x - dy_x2—2:1:—1
1442 de ~ (14+z2)2°

d?y 22346z + 6z — 2 d?y ) 3 2

. IR ,so,m=0g1ve52x — 6z —-6x+4+2=0,
or 2(z + 1)(z? — 4z + 1) = 0.

Since y =

Given that

Therefore, the candidate locations for the points of inflection are at z = —1, and
. By (14 z%)(—622 + 122°) — (—223 + 622 + 62 — 2)(6z)

z=2++3. Smceagz A+ 22

nonzeros for all three locations, and thus, all three candidates are points of inflection.

Whenz=-1,y=1.

are

-3 -1

When z =243,y = ————.
. 4(2 +/3)

V3 —1

Whenz=2—+3, y = ——.
! YT ie—3)

Using two-point-form on the last two points of inflexion, we have

(@5%) - @56) _ H(ER) - (@R)

v (@)

z—(2-v3)  (2+V3)-(2-V3) 2v3
A (—v3-1)(2—V3) - (V3-1)(2+V3)
8V3 2+ v3)(2 - V3)
1 (VB4 - (V341 _ —2v8 _ -1
8/3 4-3 Co8V3 47

By re-arranging, we have

4y — <E> = —x+2—\/§,

2-+3
or
aily = U=y =] Bl B4 bH
2-+3 2 -3
_ (6-3V9) _ 3(2-v8) _,
243 23 '

Check that the first given inflection point (—1,1) also satisfies the equation
(—1) +4(1) = 3.

Therefore, all the three points lie on the same straight line z + 4y = 3.
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uestion 12

$typeset_mode True
g(x)=(x+1)/(x"2+9)

g
integral(g(x),x)
plot(g(x),x,-15,15)

T
1acta 1m
Z arctan | =
3 3

0.2 1
0.15 1

0.1

5 10 15


Joseph Lee
Question 12


