Another Four Practice Questions (no need to submit)
Q1. Consider the graph given in polar coordinates as follows
r = 2sin(0)

where 0 < 6 < 7. (You may pretend you do not recognize it as the unit
circle centered at (0,1) in this question.)

We can also express it in Cartesian coordinates with the parametric equa-
tions

z(0) = r-cos(f) = 2sin(f) cos(d) = sin(20)
y(#) = r-sin(@) = 2sin(f)sin(d) = 2sin?(9)

In [1]: polar plot(2*sin(x), (x, -pi/2, pi/f2))
Qut[1l]:
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(a) By solving @x(e) =0, we can find the maximum and minimum of

x with respect to 6 (the righ-tmost and the left-most x-coordinate
of the graph). Show that, the right-most at z = 1 occurred when

0 = 7, and the left-most x = —1 occurred when 0 = Su

i
(b) Define f(6) = (y(6))*- %x(@) Show that

() = 8mwsin*(0)cos(26).



(¢) Consider the volume of the solid generated by rotating this graph
about the z-axis. The solid is of a torus shape. Explain why the
volume of the solid can be obtained by
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(d) Note that the expression of f(#) given in (b) can be reduced for the
sake of integration. Consider the CoCalc reduction:

In [4]: show((8*pi*(sin(x))“4*cos(2*x)).reduce trig())

Out[4]:

27+ _liT(‘.!.Js(ﬁ:I?) 2w cos(dx) ;?T(‘.O:s(z;tl)
Using this, or otherwise, show that the volume of the solid obtained
in (c) is given by

vV = 27

Keep your workings and answers in terms of 7 and simplified rational
numbers only.

Q2. Consider the integral / x cos_l(x) dr for -1 <z <1.

(a) Use integration by parts to evaluate the indefinite integral.

2
1
Ans: %cosfl(x) - % 1—22 4+ Zsin_l(:z:) + K.
1
(b) Use (a), or otherwise, to evaluate / x cos™(x) d.
0

Ans :

ool 3
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Q3. Consider the rational function f(x) 2~ 1082 + 1691 ote tha e

denominator can be factorized.
In your answers to this question, keep those values in exact and simplified
rational number format only.

(a) Express f(z) in partial fractions, i.e.,

S
r—a x—f
Ans :

x—19 + z—89
(b) Apart from using Taylor/Maclaurin series expansion, power series of

d d o
g(x) = at £ = 0 can be obtained by letting —— = Z cpx"
=7 n=0

first. Then, multiply both sides by x — v to get

o0
d = (z—9)(co+az+ cox? + 32’ .. L) = —yeo + Z(cn,l —yep)x™.
n=1
By comparing coefficients, we can get ¢y = —%, and ¢, = &=L for
c
n =1,2,.... The radius of convergence is given by lim —— = |v|.

Find the coefficients of the first three terms (i.e., 2°, 2!, and z?) of
the power series of each of the two partial fractions obtained in (a)
at x = 0, and state the corregponding radius of convergence of each

6 6 .2
—e = — 5 — o= — e T L
one. Ans: 519 _iw_ 261:6_ 6359 2
r—89 89 ~ 7921 704969

(c) Use the above, or otherwise, find the coefficients of the first three
terms of the power series of f(z) at z = 0, and state the radius of

convergence.

) _ 610 _ 48970 .. 4257250 .2
Ans: f(z) = 1691 — 2850481L — 18353823714 T -

Radius of Convergence is the overlapping = min(]19], |89|) = 19.

Q4. Consider the two non-intersecting parabolas:

y=f(z) = 2>—-10x+25
=g(x) = —2®—6x—10

Let u be the z-coordinate of a point on f, and v be the x-coordinate of a
point on g.

(a) For any given z-coordinate u on parabola f, there exist a unique v
on parabola g, so that the tangent line on f at u, and the tangent
line on g at v, are parallel. (Similarly, we have the inverse, that for
any given v, there is a unique u, so that the two tangent lines are
parallel). Express v as a function of u under this condition.

Ans : v=—-u+2.



(b)

(c)

(d)

Let D be the square of the distance between two points, one on each
of the two parabolas, (u, f(u)) and (v, g(v)), and the tangent line at
w on f and the tangent line at v on g are parallel. Use the result
obtained in (a) to express D as a function of u only, i.e. D(u).
Ans : D(u) = 4u* — 80u? + 608u? — 2048u + 2605.

Consider the following CoCalc work:
In [1]: | f(x)=x"2-10%*x+25

g(x)=-x"2-6*x-10
fdash(x)=diff(f(x),x)
gdash(x)=diff(g(x),x)
var('u v')
parallel=solve(fdash(u)==gdash(v),v)
v=parallel[0].rhs()
D{uj=(v-u)"2+(g(v)-£(u))"2
show(factor(diff(D(u),u)))

Out[1l]:
16 (u® — 11w + 32) (u — 4)

Use this result, or otherwise, find the minimum of D(u). Include a

second derivative test to confirm it is indeed a minimum.
minimum u = 4.
Ans :

D'(4)=64 >0.

State the minimum location u* obtained in (c), and the associated
v* according to the parallel condition obtained in (a). Hence, list
the points (u*, f(u*)) and (v*, g(v*)).
Ans : (4,-1) and (-2, -2).
Briefly explain why the two points listed in (d) are the closest points
between the two parabolas. Sketch a diagram if necessary.
Ans : Tangents of the closest points on each parabola are parallel.




