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Abstract

We study the problem of minimizing a sum of Euclidean norms. This nonsmooth optimization problem arises in many
di7erent kinds of modern scienti9c applications. In this paper we 9rst transform this problem and its dual problem into a
system of strongly semismooth equations, and give some uniqueness theorems for this problem. We then present a primal–
dual algorithm for this problem by solving this system of strongly semismooth equations. Preliminary numerical results are
reported, which show that this primal–dual algorithm is very promising. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Consider the problem of minimizing a sum of Euclidean norms:

min
x∈Rn

m∑
i=1

||bi − AT
i x||; (1.1)

where b1; b2; : : : ; bm ∈ Rd are column vectors in the Euclidean d-space, A1; A2; : : : ; Am ∈ Rn×d are
n-by-d matrices. Let A = [A1; A2; : : : ; Am] and bT = [bT

1 ; : : : ; b
T
m]. Let

f(x) =
m∑
i=1

fi(x); (1.2)

� This work is partially supported by the Australian Research Council and the Research Grant Council of Hong Kong.
∗ Corresponding author.
E-mail addresses: maqilq@polyu.edu.hk (L. Qi), matsundf@nus.edu.sg (D. Sun), smazgl@nus.edu.sg (G. Zhou).

0377-0427/02/$ - see front matter c© 2002 Elsevier Science B.V. All rights reserved.
PII: S 0377-0427(01)00357-0



128 L. Qi et al. / Journal of Computational and Applied Mathematics 138 (2002) 127–150

where

fi(x) = ||bi − AT
i x||; for i = 1; : : : ; m: (1.3)

It is clear that x=0 is an optimal solution to problem (1.1) when all of the bi are zero. Therefore, we
assume in the rest of this paper that not all of the bi are zero. Problem (1.1) is a convex programming
problem, but its objective function f is not di7erentiable at any point x where bi − AT

i x = 0 for
some i. Problem (1.1) arises in many applications, such as the VLSL design [1], the Euclidean
facilities location problem and the Steiner minimal tree problem under a given topology [29]. Many
algorithms have been designed to solve problem (1.1), see [1–5,18,26,28–30].

In this paper we study the problem of minimizing a sum of norms. First in Section 2 we transform
this problem and its dual problem into some strongly semismooth equations. These transformations
are very important to our design of quadratically convergent algorithms. In Section 3 we give
some conditions for this problem having a unique solution. These conditions will be applied to the
quadratic convergence analysis of the algorithm presented in Section 5. In Section 4 we present
an augmented smoothing algorithm for solving nonsmooth equations, which is an extension of the
smoothing methods proposed in [19,24,27,32]. In particular, global and superlinear convergence of
this algorithm is established under some weaker conditions than those in [24]. In Section 5 we
then propose a primal–dual algorithm for minimizing a sum of Euclidean norms by applying the
augmented smoothing algorithm presented in Section 4 directly to a system of strongly semismooth
equations derived from this problem and its dual problem. In Section 6, some numerical results are
reported. We conclude this paper in Section 7.

Some words about our notation. For a continuously di7erentiable function F : Rn → Rm, we denote
the Jacobian of F at x ∈ Rn by F ′(x), whereas the transposed Jacobian as ∇F(x). In particular, if
m = 1, the gradient ∇F(x) is viewed as a column vector.

Let F : Rn → Rm be a locally Lipschitzian vector function. By Rademacher’s theorem, F is
di7erentiable almost everywhere. Let �F denote the set of points where F is di7erentiable. Then the
B-subdi7erential of F at x ∈ Rn is de9ned to be

@BF(x) =


 lim

xk→x
xk∈�F

∇F(xk)T


 ; (1.4)

while Clarke’s generalized Jacobian of F at x is de9ned to be

@F(x) = conv @BF(x); (1.5)

(see [11,21,25]). F is called semismooth at x if F is directionally di7erentiable at x and for all
V ∈ @F(x + h) and h → 0,

F ′(x; h) = Vh + o(||h||); (1.6)

F is called p-order semismooth, p ∈ (0; 1], at x if F is semismooth at x and for all V ∈ @F(x + h)
and h → 0,

F ′(x; h) = Vh + O(||h||1+p); (1.7)
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F is called strongly semismooth at x if F is 1-order semismooth at x. F is called a (strongly)
semismooth function if it is (strongly) semismooth everywhere (see [21,25]). Here, o(||h||) stands
for a vector function e : Rn → Rm, satisfying

lim
h→0

e(h)
||h|| = 0;

while O(||h||2) stands for a vector function e : Rn → Rm, satisfying

||e(h)||6 M ||h||2

for all h satisfying ||h||6 �, and some M ¿ 0 and �¿ 0.

Lemma 1.1 (Qi and Sun [25]). (i) If F is semismooth at x; then for any V ∈ @F(x + h) and any
h → 0;

F(x + h) − F(x) − Vh = o(||h||);

(ii) If F is p-order semismooth at x; then for any V ∈ @F(x + h) and any h → 0;

F(x + h) − F(x) − Vh = O(||h||1+p):

For a convex set � ⊂ Rn, ��(·) is the projection operator onto �. For a vector x ∈ Rn, ||x||
represents the Euclidean norm (

∑n
i=1 x

2
i )1=2. Let Id denote the d× d identity matrix. Let R+ = {j ∈

R: j ¿ 0} and R++ = {j ∈ R: j¿ 0}: Finally, we use j ↓ 0+ to denote the case that a positive
scalar j tends to 0.

2. Some equivalent formulations

The dual of problem (1.1) has the following form:

max
y∈Y

bTy; (2.1)

where

Y = {y = [yT
1 ; : : : ; y

T
m]T ∈ Rmd: yi ∈ Rd; ||yi||6 1; i = 1; : : : ; m;Ay = 0}: (2.2)

Theorem 2.1 (see Andersen [2]). Let x ∈ Rn; y ∈ Y and let x∗ ∈ Rn; y∗ ∈ Y be optimal solutions
to problems (1:1) and (2:1); respectively. Then

(a) bTy 6
m∑
i=1

||bi − AT
i x|| (weak duality)

and

(b) bTy∗ =
m∑
i=1

||bi − AT
i x

∗|| (strong duality):
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De�nition 2.1 (see Andersen [2]). A point x ∈ Rn and a point y ∈ Y are called j-optimal to
problems (1.1) and (2.1) if

m∑
i=1

||bi − AT
i x|| − bTy 6 j:

From Theorem 2.1 we have that (x∗; y∗) is a pair of optimal solutions to problems (1.1) and (2.1)
if and only if (x∗; y∗) is a solution to the following equations and inequations:

Ay = 0;
||yi||6 1; i = 1; : : : ; m;
m∑
i=1

||bi − AT
i x|| − bTy = 0:

(2.3)

In [4] it was proved that (2.3) is equivalent to
Ay = 0;
||yi||6 1; i = 1; : : : ; m;
(bi − AT

i x) − ||bi − AT
i x||yi = 0; i = 1; : : : ; m:

(2.4)

It follows from (2.4) that if (x∗; y∗) is a pair of optimal solutions to problems (1.1) and (2.1), then
for i = 1; : : : ; m, either bi − AT

i x
∗ = 0 or ||y∗

i || = 1. If bi − AT
i x

∗ �= 0 for some i then y∗
i = ∇fi(x∗):

De�nition 2.2. Let (x∗; y∗) be a pair of optimal solutions to problems (1.1) and (2.1). We say strict
complementarity holds at (x∗; y∗) if, for each i, ||y∗

i ||¡ 1 when bi − AT
i x

∗ = 0.

In [26] it was proved that (2.3) is equivalent to
Ay = 0;
yi −�B(yi + (bi − AT

i x)) = 0; i = 1; : : : ; m;
(2.5)

where B = {s ∈ Rd: ||s||6 1} and �B is the projection operator onto B.

Lemma 2.1. Let � ⊂ Rn be a convex set. If s; t ∈ Rn satisfy s = ��(s + t); then r = s + t and t
satisfy t − r + ��(r) = 0. Conversely, if r and t satisfy t − r + ��(r) = 0 then s = ��(r) and t
satisfy s = ��(s + t).

Proof. If s; t ∈ Rn satisfy s = ��(s + t), then

��(r) = ��(s + t) = s = r − t:

So, t − r + ��(r) = 0. Conversely, if r and t satisfy t − r + ��(r) = 0, then

��(s + t) = ��(��(r) + t) = ��(r − t + t) = ��(r) = s:

Let P(y) = [�B(y1)T; �B(y2)T; : : : ; �B(ym)T]T. It follows from Lemma 2.1 that (2.5) is equivalent
to

AP(y) = 0;

y − P(y) − (b− ATx) = 0;
(2.6)
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in the sense that if (x∗; y∗) is a solution of (2.6) then (x∗; P(y∗)) is a solution of (2.5), and
conversely if (x∗; y∗) is a solution of (2.5) then (x∗; y∗ + (b− ATx∗)) is a solution of (2.6). Let

F(x; y) =
(

AP(y)
y − P(y) − (b− ATx)

)
: (2.7)

So, we can solve problems (1.1) and (2.1) by solving the following nonsmooth equations:

F(x; y) = 0: (2.8)

3. Uniqueness theorems

In what follows we always assume that A has rank n. Under this assumption, the solution set of
problem (1.1) is nonempty and bounded; see Lemma 2.1 [26]. However, it is easy to show that A
having rank n is not suNcient for problem (1.1) having a unique solution. For example, let x ∈ R2,
b1 = (0; 1)T, b2 = (0;−1)T, A1 = A2 = I2, A = [A1; A2], and

f(x) = ||b1 − AT
1x|| + ||b2 − AT

2x||:
Clearly, A has rank 2, and f(x) has a minimum of 2 which is attained for all x = (0; x2)T with
−1 6 x2 6 1. In this section we will give some conditions for problem (1.1) having a unique
solution.

Lemma 3.1. (i) For any x ∈ Rn and y ∈ Rn with ||y|| 6 1, ||x|| ¿ yTx. (ii) If x �= 0; then
||x||¿yTx for any y ∈ Rn with ||y||¡ 1.

Proof. Since ||x|| = max||y||=1yT x = max||y||61 yTx, (i) and (ii) hold.

Theorem 3.1. Let (x∗; y∗) be a pair of optimal solutions to problems (1:1) and (2:1). x∗ is a unique
solution to problem (1:1) if

(i) strict complementarity holds at (x∗; y∗), and
(ii) OA = [Ai; i ∈ M0(x∗)] has rank n; where

M0(x∗) = {i: ||bi − AT
i x

∗|| = 0; i = 1; : : : ; m}:

Proof. For any d ∈ Rn with d �= 0 and �¿ 0 small enough,

f(x∗ + �d) =
m∑
i=1

||bi − AT
i (x∗ + �d)||

¿f(x∗) +
∑

i∈M0(x∗)

�||AT
i d|| −

∑
i �∈M0(x∗)

�(y∗
i )T(AT

i d)

= f(x∗) +
∑

i∈M0(x∗)

�||AT
i d|| −

∑
i �∈M0(x∗)

�(Aiy∗
i )Td

= f(x∗) + �
∑

i∈M0(x∗)

{||AT
i d|| + (y∗

i )T(AT
i d)}; by (2:3)

¿f(x∗); by (i); (ii) and Lemma 3:1 (ii): (3.1)



132 L. Qi et al. / Journal of Computational and Applied Mathematics 138 (2002) 127–150

The 9rst inequality follows from the convexity of fi(x). (3.1) shows that x∗ is a unique solution of
problem (1.1).

Theorem 3.2. Let (x∗; y∗) be a pair of optimal solutions to problems (1:1) and (2:1). Suppose that
OA = [Ai; i ∈ M0(x∗)] is an n× n nonsingular matrix; where

M0(x∗) = {i: ||bi − AT
i x

∗|| = 0; i = 1; : : : ; m}:
Then x∗ is a unique solution to problem (1:1) if and only if ||y∗

i ||¡ 1; for all i ∈ M0(x∗).

Proof. From Theorem 3.1, if ||y∗
i ||¡ 1, for all i ∈ M0(x∗), then x∗ is a unique solution to problem

(1.1). On the other hand, if there exists i ∈ M0(x∗) such that ||y∗
i || = 1, then a unique d ∈ Rn and

d �= 0 can be found satisfying

AT
i d = −y∗

i ;

AT
i d = 0; i ∈ M0(x∗)\{i};

and this corresponds to a direction of nonuniqueness as then it gives equality in (3.1) for all �¿ 0
small enough.

Remark. When d = 1, problem (1.1) is the following linear ‘1 problem, see [17].

min
x∈Rn

m∑
i=1

|bi − aT
i x|; (3.2)

where b1; b2; : : : ; bm ∈ R, and a1; a2; : : : ; am ∈ Rn. Let A = [a1; a2; : : : ; am] and bT = [b1; b2; : : : ; bm].
From (2.1) the dual of problem (3.2) has the following form:

max
y∈Y

bTy; (3.3)

where

Y = {y ∈ Rm: |yi|6 1; i = 1; : : : ; m; Ay = 0}: (3.4)

It follows from Theorem 3.2 that

Corollary 3.1 (Osborne [17]). Let (x∗; y∗) be a pair of optimal solutions to problems (3:2) and
(3:3). Suppose that OA = [ai; i ∈ M0(x∗)] is an n× n nonsingular matrix; where

M0(x∗) = {i: |bi − aT
i x

∗| = 0; i = 1; : : : ; m}:
Then x∗ is a unique solution to problem (3:2) if and only if |y∗

i |¡ 1; for all i ∈ M0(x∗).

4. An augmented smoothing algorithm for nonsmooth equations

In this section we present an augmented smoothing algorithm for solving nonsmooth equations,
which is an extension of the smoothing methods proposed in [19,24,27,32]. In particular, global
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and superlinear convergence of this algorithm is established under some weaker conditions than that
in [24].

Throughout this section, we assume that ' : Rn → Rn is a locally Lipschitzian function. We are
interested in 9nding zeroes of ', i.e., solving the system of nonlinear equations

'(x) = 0: (4.1)

Such a system of nonlinear equations arises from nonlinear complementarity, variational inequal-
ity, nonlinear programming, the maximal monotone operation problem, nonsmooth partial di7erential
equations, the nonsmooth compact 9xed point problem, and the Newton method for the complex
eigenvalue problem, the problem of minimizing a sum of norms; see [6–10,12–16,19–27,31,32] Var-
ious nonsmooth variants of Newton’s methods, quasi-Newton methods, and Gauss–Newton methods,
have been proposed and studied; see [21–23,25].

De�nition 4.3. Let z = (t; x) ∈ R × Rn. We say H : Rn+1 → Rn+1, de9ned by

H (z):=
(

t
G(z)

)
; (4.2)

an augmented smoothing function of ' if
(i) G is a locally Lipschitzian function and G is continuously di7erentiable at any (t; x) ∈ Rn+1

with t �= 0;
(ii) G(0; x) = '(x) for any x ∈ Rn.

Clearly, if H is an augmented smoothing function of ', then H is a locally Lipschitzian function
and H is continuously di7erentiable at any (t; x) ∈ Rn+1 with t �= 0. Moreover, H (t∗; x∗) = 0 if and
only if t∗ = 0 and '(x∗) = 0. So solving the system of nonlinear equations (4.1) is equivalent to
9nding the zeros of H .

Choose Ot ∈ R++ and + ∈ (0; 1) such that +Ot ¡ 1. Let Oz:=(Ot; 0) ∈ R × Rn and s ∈ [ 1
2 ; 1]. De9ne

the merit function  : Rn+1 → R+ by

 (z):=||H (z)||2
and de9ne - : Rn+1 → R+ by

-(z) : =+min{1; [ (z)]s}:

Algorithm 4.1
Step 0: Choose constants � ∈ (0; 1); s ∈ [ 1

2 ; 1] and . ∈ (0; 1
2 ). Let t0:=Ot; x0 ∈ Rn be an arbitrary

point and k:=0.
Step 1: If H (zk) = 0 then stop. Otherwise, let -k : =-(zk).
Step 2: Compute Qzk :=(Qtk ;Qxk) ∈ Rn × Rn by

H (zk) + H ′(zk)Qzk = -k Oz: (4.3)

Step 3: Let lk be the smallest nonnegative integer l satisfying

 (zk + �lQzk) 6 [1 − 2.(1 − +Ot)�l] (zk): (4.4)

De9ne zk+1:=zk + �lk Qzk .
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Step 4: Replace k by k + 1 and go to Step 1.

Lemma 4.1. If for some z̃:=(t̃; x̃) ∈ R++ × Rn; H ′(z̃) is nonsingular; then there exist a closed
neighborhood N(z̃) of z̃ and a positive number O0 ∈ (0; 1] such that for any z = (t; x) ∈ N(z̃) and
all 0 ∈ [0; O0] we have t ∈ R++; H ′(z) is invertible and

 (z + 0Qz) 6 [1 − 2.(1 − +Ot)0] (z); (4.5)

where Qz is the solution of the following linear equation:

H (z) + H ′(z) Qz = -(z) Oz:

Proof. Since H ′(z̃) is invertible and t̃ ∈ R++, there exists a closed neighborhood N(z̃) of z̃ such
that for any z = (t; x) ∈ N(z̃) we have t ∈ Rn

++ and that H ′(z) is invertible. For any z ∈ N(z̃), let
Qz = (Qt;Qx) ∈ Rn × Rn be the unique solution of the following equation:

H (z) + H ′(z) Qz = -(z) Oz (4.6)

and for any 0 ∈ [0; 1], de9ne

gz(0) = G(z + 0Qz) − G(z) − 0G′(z)Qz:

From (4.6), for any z ∈ N(z̃),

Qt = −t + -(z)Ot:

Then for all 0 ∈ [0; 1] and all z ∈ N(z̃),

t + 0Qt = (1 − 0)t + 0-(z)Ot ∈ R++: (4.7)

It follows from the mean value theorem that

gz(0) = 0
∫ 1

0
[G′(z + 20Qz) − G′(z)]Qzd2:

Since G′(·) is uniformly continuous on N(z̃) and Qz → Qz̃ as z → z̃, for all z ∈ N(z̃),

lim
0↓0

||gz(0)||=0 = 0:

Then, from (4.7), (4.6) and the fact that -(z) 6 +[ (z)]1=2, for all 0 ∈ [0; 1] and all z ∈ N(z̃), we
have

(t + 0Qt)2

=((1 − 0)t + 0-(z)Ot)2

=(1 − 0)2t2 + 2(1 − 0)0-(z)t Ot + 02[-(z)]2 Ot2

=(1 − 0)2t2 + 20-(z)t Ot + O(02)

6 (1 − 0)2t2 + 20+[ (z)]
1
2 ||H (z)||Ot + O(02)

=(1 − 0)2t2 + 20+Ot (z) + O(02) (4.8)
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and

||G(z + 0Qz)||2
=||G(z) + 0G′(z)Qz + gz(0)||2
=||(1 − 0)G(z) + gz(0)||2
=(1 − 0)2||G(z)||2 + 2(1 − 0)G(z)Tgz(0) + ||gz(0)||2
=(1 − 0)2||G(z)||2 + o(0): (4.9)

It then follows from (4.8) and (4.9) that for all 0 ∈ [0; 1] and all z ∈ N(z̃), we have

 (z + 0Qz)

=||H (z + 0Qz)||2
=(t + 0Qt)2 + ||G(z + 0Qz)||2
6 (1 − 0)2t2 + 20+Ot (z) + (1 − 0)2||G(z)||2 + o(0) + O(02)

=(1 − 0)2 (z) + 20+Ot (z) + o(0)

=(1 − 20) (z) + 20+Ot (z) + o(0)

=[1 − 2(1 − +Ot)0] (z) + o(0)

6 [1 − 23(1 − +Ot)0] (z) + o(0): (4.10)

Then, from inequality (4.10), we can 9nd a positive number O0 ∈ (0; 1] such that for all 0 ∈ [0; O0]
and all z ∈ N(z̃), (4.5) holds.

Assumption 4.1. For any z = (t; x) ∈ Rn+1 with t ¿ 0; H ′(z) is nonsingular.

Lemma 4.2. Suppose that Assumption 4:1 holds. Then Algorithm 4:1 is well de9ned at the kth
iteration and for any k ¿ 0;

0¡tk+1 6 tk 6 Ot; (4.11)

and

tk ¿ -(zk)Ot: (4.12)

Proof. It follows from Lemma 4.1 that Algorithm 4.1 is well de9ned at the kth iteration. Now we
prove that (4.11) and (4.12) hold by induction. First, t0 = Ot ¿ 0. From the design of Algorithm 4.1
and that, for any z ∈ Rn+1; -(z) 6 +¡ 1, we have

t1 = (1 − �l0)t0 + �l0-(z0)Ot 6 (1 − �l0)t0 + �l0+Ot 6 t0

and

t0 ¿ -(z0)Ot:

Hence (4.11) and (4.12) hold for k = 0. Suppose that (4.11) and (4.12) hold for k ¿ 0. We now
prove that (4.11) and (4.12) hold for k + 1. From the design of Algorithm 4.1 we have

tk+1 = (1 − �lk )tk + �lk -(zk)Ot:
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Since tk ¿ -(zk)Ot,

tk+1 6 (1 − �lk )tk + �lk tk = tk

and

tk+1 ¿ (1 − �lk )-(zk)Ot + �lk -(zk)Ot = -(zk)Ot ¿ 0:

So, (4.11) holds for k + 1. We now prove (4.12) holds for k + 1 by considering the following two
cases.

Case 1:  (zk)¿ 1.
In this case we have -k=+. It, therefore, follows from tk ¿ -(zk)Ot and -(z)=+min{1; [ (z)]s}6 +

for any z ∈ Rn+1 that

tk+1 − -(zk+1)Ot

=tk + �lk Qtk − -(zk + �lk Qzk)Ot

¿ (1 − �lk )tk + �lk -k Ot − +Ot

¿ (1 − �lk )-k Ot + �lk -k Ot − +Ot

=(1 − �lk )+Ot + �lk +Ot − +Ot

=0: (4.13)

Case 2:  (zk) 6 1.
In this case, we have

 (zk + �lk Qzk) 6 [1 − 2.(1 − +Ot)�lk ] (zk) 6 1: (4.14)

So

-(zk + �lk Qzk) = +[ (zk + �lk Qzk)]s:

Hence, by using the 9rst inequality (4.14), we have

tk+1 − -(zk+1)Ot

=tk + �lk Qtk − -(zk + �lk Qzk)Ot

=(1 − �lk )tk + �lk -k Ot − +[ (zk + �lk Qzk)]s Ot

¿ (1 − �lk )-k Ot + �lk -k Ot − +[1 − 2.(1 − +Ot)�lk ]s[ (zk)]s Ot

=-k Ot − +[1 − 2.(1 − +Ot)0]s[ (zk)]s Ot

=+[ (zk)]s Ot − +[1 − 2.(1 − +Ot)0]s[ (zk)]s Ot

=+ {1 − [1 − 2.(1 − +Ot)0]s} [ (zk)]s Ot

¿ 0: (4.15)

So, (4.12) holds for k + 1. This completes our proof.

Theorem 4.1. Suppose that Assumption 4:1 holds. Then an in9nite sequence {zk} is generated by
Algorithm 4:1 and each accumulation point z̃ of {zk} is a solution of H (z) = 0.
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Proof. It follows from Lemma 4.2 and Assumption 4.1 that an in9nite sequence {zk} is gener-
ated such that tk ¿ -k Ot for all k ¿ 0. From the design of Algorithm 4.1,  (zk+1)¡ (zk) for
all k ¿ 0. Hence the two sequences { (zk)} and {-(zk)} are monotonically decreasing. Since
 (zk); -(zk)¿ 0 (k ¿ 0), there exist  ̃ ; -̃ ¿ 0 such that  (zk) →  ̃ and -(zk) → -̃ as k → ∞. If
 ̃ = 0 and {zk} has an accumulation point z̃, then from the continuity of  (·) and -(·) we obtain
 (z̃)=0 and -(z̃)=0. Then we obtain the desired result. Suppose that  ̃ ¿ 0 and z̃=(t̃; x̃) ∈ Rn×Rn

is an accumulation point of {zk}. By taking a subsequence if necessary, we may assume that {zk}
converges to z̃. It is easy to see that  ̃ =  (z̃); -(z̃) = -̃ and t̃ ¿ -(z̃)Ot ¿ 0. Then, from Assumption
4.1, H ′(z̃) exists and is invertible. Hence, by Lemma 4.1, there exist a closed neighborhood N(z̃)
of z̃ and a positive number O0 ∈ (0; 1] such that for any z = (t; x) ∈ N(z̃) and all 0 ∈ [0; O0] we have
t ∈ R++; H ′(z) is invertible and

 (z + 0Qz) 6 [1 − 2.(1 − +Ot)0] (z);

where Qz is the solution of the following linear equation:

H (z) + H ′(z) Qz = -(z) Oz:

Therefore, for a nonnegative integer l such that �l ∈ (0; O0], we have

 (zk + �lQzk) 6 [1 − 2.(1 − +Ot)�l] (zk)

for all suNciently large k. Then, for every suNciently large k; lk 6 l and hence �lk ¿ �l. Then

 (zk+1) 6 [1 − 2.(1 − +Ot)�lk ] (zk) 6 [1 − 2.(1 − +Ot)�l] (zk)

for all suNciently large k. This contradicts the fact that the sequence { (zk)} converges to  ̃ ¿ 0.
So, we complete our proof.

Assumption 4.2. The level set L(z0) = {z ∈ Rn+1|  (z) 6  (z0)} is bounded.

It follows from Theorem 4.1 that

Corollary 4.1. Suppose that Assumptions 4:1 and 4:2 hold. Then an in9nite sequence {zk} is gen-
erated by Algorithm 4:1 and there exists at least one accumulation point z̃ of {zk} such that z̃ is
a solution of H (z) = 0.

Assumption 4.3. For any 0¡t1 6 t2, the level set

L[t1 ;t2](z0) = {x ∈ Rn:  (t; x) 6  (z0); t ∈ [t1; t2]}
is bounded.

Assumption 4.4. The solution set of Eq. (4.1) is nonempty and bounded.

For any given t ∈ R, de9ne  t(x) : Rn → R+ by

 t(x) = ||G(z)||2: (4.16)
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Clearly,  0(x) = ||'(x)||2, and for any 9xed t ∈ R++;  t is continuously di7erentiable with the
gradient given by

∇ t(x) = 2(G′
x(z))TG(z): (4.17)

If Assumption 4.1 holds, then G′
x(z) is nonsingular at any point z = (t; x) ∈ R++ × Rn. For any

z = (t; x) ∈ R × Rn,

 (z) = t2 +  t(x): (4.18)

Lemma 4.3 (Facchinei and Kanzow [14]). Let C ⊂ Rn be a compact set. Then for any �¿ 0;
there exists a Ot ∈ R++ such that

| t(x) −  0(x)|6 �

for all x ∈ C and all t ∈ [0; Ot].

Theorem 4.2. Let f : Rn → R be continuously di:erentiable and coercive; i.e.;

lim
||x||→∞

f(x) = +∞:

Let C ⊂ Rn be a nonempty and compact set and de9ne m to be the least value of f on the
(compact) boundary of C:

m:= min
x∈@C

f(x):

Assume further that there are two points a ∈ C and b �∈ C such that f(a)¡m and f(b)¡m.
Then; there exists a point c ∈ Rn such that ∇f(c) = 0 and f(c) ¿ m.

This theorem is the famous Mountain Pass Theorem, see Theorem 5:3 [14]. We can use it to
prove the following theorem.

Theorem 4.3. Suppose that Assumptions 4:1; 4:3 and 4:4 hold. Then
(i) An in9nite sequence {zk = (tk ; xk)} is generated by Algorithm 4:1; and

lim
k→+∞

H (zk) = 0; and lim
k→+∞

tk = 0: (4.19)

Hence each accumulation point; say z∗ = (0; x∗); of {zk} is a solution of H (z) = 0.
(ii) The sequence {zk} is bounded. Hence; there exists at least one accumulation point; say z∗ =

(0; x∗); of {zk} such that x∗ is a solutions of '(x) = 0.
(iii) If (4:1) has an unique solution x∗; then

lim
k→+∞

xk = x∗:

Proof. (i) It follows from Lemma 4.2 and Assumption 4.1 that an in9nite sequence {zk} is gen-
erated such that tk ¿ -k Ot for all k ¿ 0. From the design of Algorithm 4.1,  (zk+1)¡ (zk) for
all k ¿ 0. Hence the sequences {tk}, { (zk)} and {-(zk)} are monotonically decreasing. Since
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 (zk); -(zk)¿ 0 (k ¿ 0), there exist  ̃ ; -̃ ¿ 0 such that  (zk) →  ̃ and -(zk) → -̃ as k → ∞.
Suppose that  ̃ ¿ 0. Then, from Lemma 4.2,

lim
k→+∞

tk = t̃ ¿ -̃Ot ¿ 0:

By Assumption 4.3, the sequence {zk} is bounded. From Theorem 4.1,  ̃ = 0. This contradiction
shows that  ̃ = 0, i.e.,

lim
k→+∞

H (zk) = 0; and lim
k→+∞

tk = 0:

(ii) Suppose that the in9nite sequence {zk} is not bounded. Then the sequence {xk} is not bounded.
Let S be the solution set of '(x) = 0, i.e., the solution set of  0(x) = 0. Without loss of generality,
assume that {||xk ||} → ∞. Hence there exists a compact set C ⊂ Rn with S ⊂ int C and

xk �∈ C (4.20)

for all k suNciently large. Let a ∈ S is a solution of Eq. (4.1). Then we have

 0(a) = 0:

Since

Om:= min
x∈@C

 0(x)¿ 0;

we can apply Lemma 4.3 with �:= Om=4 and conclude that

 tk (a) 6
1
4

Om (4.21)

and

m:= min
x∈@C

 tk (x) ¿
3
4

Om (4.22)

for all k suNciently large. From (i) we have

 tk (x
k) 6

1
4

Om; (4.23)

for all k suNciently large. Now let us 9x an index k such that (4.20)–(4.23) hold. Applying Theorem
4.2 with b:=xk , we obtain the existence of a vector c ∈ Rn such that

∇ tk (c) = 0 and  tk (c) ¿ 3
4 Om¿ 0:

From (4.17) and Assumption 4:1 we have G(tk ; c) = 0, i.e.,  tk (c) = 0, which gives us the desired
contradiction.

It follows from (i) and (ii) that (iii) holds.

Remark. Clearly, if Assumption 4:2 holds, then Assumptions 4:3 and 4:4 hold. But the converse of
this statement is not true. For example, let x = (x1; x2) ∈ R2, B = [ − 1; 1], �B(·) be the projection
operator onto B and

'(x) =
(

x2

x2 −�B(x1 + x2)

)
:
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Let

H (t; x) =


 t

x2 + tx1

x2 − (x1 + x2)=q(t; x)


 ;

where

q(t; x) =
{
|t| ln(exp(1=|t|) + exp(

√
(x1 + x2)2 + t2=|t|)) if t �= 0;

max{1; |x1 + x2|} otherwise;

and

 (t; x) = t2 + (x2 + tx1)2 + [x2 − (x1 + x2)=q(t; x)]2:

Clearly, (0; 0) is the unique solution of '(x) = 0, and for any t2 ¿ t1 ¿ 0 and 0¿ 0, the level set

L[t1 ; t2](0):={x ∈ R2:  (t; x) 6 0; t ∈ [t1; t2]}
is bounded. Let t0 = 1, x0

1 = 0, and x0
2 = 1. Then we have  (t0; x0

1 ; x
0
2) ¿ 2. But  (t; x1; x2) = 1 for

any (t; x1; x2) ∈ R3 with t = 0, x1 ∈ [0;+∞) and x2 = 1. So the level set

L(z0):={(t; x1; x2) ∈ R3:  (t; x1; x2) 6  (t0; x0
1 ; x

0
2)}

is not bounded.
Let z∗ = (0; x∗) and de9ne

A(z∗) = {lim H ′(tk ; xk): tk ↓ 0+ and xk → x∗}: (4.24)

Clearly, A(z∗) ⊆ @BH (z∗).

Lemma 4.4. If all V ∈ A(z∗) are nonsingular; then there is a neighborhood N (z∗) of z∗ and a
constant C such that for any z = (t; x) ∈ N (z∗) with t �= 0; H ′(z) is nonsingular and

||(H ′(z))−1||6 C:

Proof. If the conclusion is not true, then there is a sequence {zk = (tk ; xk)} with all tk �= 0 such
that zk → z∗, and either all H ′(zk) are singular or ||(H ′(zk))−1|| → +∞. Since H is locally
Lipschitzian, @H is bounded in a neighborhood of z∗. By passing to a subsequence, we may assume
that H ′(zk) → V . Then V must be singular, a contradiction to the assumption of this lemma. This
completes the proof.

Theorem 4.4. Suppose that Assumption 4:1 is satis9ed and z∗ is an accumulation point of the
in9nite sequence {zk} generated by Algorithm 4:1. Assume that all V ∈ A(z∗) are nonsingular and
s ∈ ( 1

2 ; 1]. If H is semismooth at z∗; then the whole sequence {zk} converges to z∗;

||zk+1 − z∗|| = o(||zk − z∗||) (4.25)

and

 (zk+1) = o( (zk)): (4.26)
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Furthermore; if H is strongly semismooth at z∗; then

||zk+1 − z∗|| = O(||zk − z∗||2s) (4.27)

and

 (zk+1) = O( (zk)2s): (4.28)

Proof. First, from Theorem 4.1, z∗ is a solution of H (z) = 0. Then, from Lemma 4.4, there is a
scalar C such that for all zk suNciently close to z∗,

||H ′(zk)−1||6 C: (4.29)

Hence, under the assumption that H is semismooth (strongly semismooth, respectively) at z∗, from
Lemma 1.1, for zk suNciently close to z∗, we have

||zk + Qzk − z∗||= ||zk + H ′(zk)−1[ − H (zk) + -k Oz] − z∗||
= O(||H (zk) − H (z∗) − H ′(zk)(zk − z∗)|| + -k Ot)

= o(||zk − z∗||) + O( (zk)s) (=O(||zk − z∗||2) + O( (zk)s)): (4.30)

Then, because H is semismooth at z∗, H is locally Lipschitz continuous near z∗, for all zk close
to z∗,

 (zk)s = ||H (zk)||2s = O(||zk − z∗||2s): (4.31)

Therefore, from (4.30) and (4.31), if H is semismooth (strongly semismooth, respectively) at z∗,
for all zk suNciently close to z∗,

||zk + Qzk − z∗|| = o(||zk − z∗||) (=O(||zk − z∗||2s)): (4.32)

By (4.32), for any 9 ∈ (0; 1
2 ), there is a k(9) such that for all k ¿ k(9),

||zk + Qzk − z∗||6 9||zk − z∗||: (4.33)

By (4.3) and (4.29),

||Qzk || = ||H ′(zk)−1[ − H (zk) + -k Oz]||
6C||H (zk)|| + OtC[ (zk)]1=2

= (1 + Ot)C||H (zk)||:
Then,

||zk − z∗||6 ||Qzk || + ||zk + Qzk − z∗||
6 (1 + Ot)C||H (zk)|| + 9||zk − z∗||: (4.34)

Thus,

||zk − z∗||6 2(1 + Ot)C||H (zk)||: (4.35)
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Hence, if H is semismooth (strongly semismooth, respectively) at z∗, for all zk suNciently close to
z∗, we have

 (zk + Qzk) = ||H (zk + Qzk)||2

= O(||zk + Qzk − z∗||2)

= o(||zk − z∗||2) (=O(||zk − z∗||4s))

= o(||H (zk) − H (z∗)||2) (=O(||H (zk) − H (z∗)||4s))

= o( (zk)) (=O( (zk)2s)): (4.36)

Therefore, for all zk suNciently close to z∗ we have

zk+1 = zk + Qzk ;

which, together with (4.32) and (4.36), proves (4.25) and (4.26), and if H is strongly semismooth
at z∗, proves (4.27) and (4.28). So, we complete our proof.

5. A primal–dual algorithm for minimizing a sum of Euclidean norms

De9ne p(t; s): Rd+1 → Rd by

p(t; s) =
{

:(|t|; s) if t �= 0;
�B(s) if t = 0;

(5.1)

where

:(t; s) = s=q(t; s); (t; s) ∈ R++ × Rd; (5.2)

and

q(t; s) = t ln(exp(1=t) + exp(
√

||s||2 + t2=t)):

Proposition 5.1 (Qi and Zhou [26]). p(t; s) has the following properties:
(i) For any given t ¿ 0; p(t; s) is continuously di:erentiable;

(ii) p(t; s) ∈ int B; for any given t ¿ 0;
(iii) |p(t; s) −�B(s)|6 (ln 2 + 1)t;
(iv) For any given t ¿ 0;

∇ps(t; s) =
1

q(t; s)
Id − ssT

q(t; s)2(1 + e(1−
√

||s||2+t2)=t)
√||s||2 + t2

; (5.3)

and ∇ps(t; s) is symmetric; positive de9nite and ||∇:s(t; s)||¡ 1;
(v) For any given s ∈ Rd and t ¿ 0;

∇pt(t; s) = − 1
q2(t; s)

(
ln e(t; s) − e1=t

te(t; s)
+

||s||2e
√

||s||2+t2t=t

t
√||s||2 + t2e(t; s)

)
s; (5.4)

where e(t; s) = e1=t + e
√

||s||2+t2=t;



L. Qi et al. / Journal of Computational and Applied Mathematics 138 (2002) 127–150 143

(vi) p(t; s) is a strongly semismooth function on R × Rd;
(vii) If ||s∗||¡ 1; then

lim
tk↓0+

sk→s∗

∇ps(tk ; sk) = Id;

(viii) If ||s∗||¿ 1; then

lim
tk↓0+

sk→s∗

∇ps(tk ; sk) =
1

||s∗|| Id −
1

||s∗||3 s
∗(s∗)T;

which is symmetric; nonnegative de9nite; and the norm of this matrix is less than 1 and the
rank of this matrix is d− 1.

Let z:=(t; x; y) ∈ R × Rn × Rmd and de9ne H : R × Rn × Rmd → Rn+md+1 by

H (z):=


 t

Ap(t; y) − tx
y − p(t; y) − (b− ATx)


 ; (5.5)

where p(t; y) = [p(t; y1)T; : : : ; p(t; ym)T]T. Then H is an augmented smoothing function of F de9ned
in (2.7). From Proposition 5.1, H is continuously di7erentiable on R++ × Rn × Rmd and strongly
semismooth on R × Rn × Rmd.

Lemma 5.1. For any z = (t; x; y) ∈ R++ × Rn × Rmd;

H ′(z):=


 1 0 0

AE(z) − x −tIn AP(z)
−E(z) AT Imd − P(z)


 ; (5.6)

where

E(z) = ∇pt(t; y); (5.7)

and

P(z) = Diag(p′
s(t; yi); i = 1; : : : ; m); (5.8)

and H ′(z) is nonsingular.

Proof. We have that (5.6) holds by simple computation. For any z = (t; x; y) ∈ R++ × Rn × Rmd,
in order to prove H ′(z) is nonsingular, we only need to prove that

M =
(−tIn AP(z)

AT Imd − P(z)

)

is nonsingular. For any t ¿ 0 and (x; y) ∈ Rn×Rmd, from Proposition 5.1 P(z) is symmetric positive
de9nite and ||P(z)||¡ 1. Let Mg = 0, where g = (gT

1 ; g
T
2 )T ∈ Rn × Rmd. Then we have

−tIng1 + AP(z)g2 = 0; (5.9)
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and

ATg1 + (Imd − P(z))g2 = 0: (5.10)

From (5.10) we have

g2 = −(Imd − P(z))−1ATg1: (5.11)

Then,

(tIn + AP(z)(Imd − P(z))−1AT)g1 = 0: (5.12)

Let

B(z) = tIn + A(Imd − P(z))−1P(z)AT: (5.13)

Then B(z) is an n-by-n symmetric positive de9nite matrix because A has full rank. So g1 = 0. Thus
g = 0. This indicates that M is nonsingular. So H ′(z) is nonsingular. This completes the proof.

Choose Ot ∈ R++ and + ∈ (0; 1) such that +Ot ¡ 1. Let Oz:=(Ot; 0; 0) ∈ R × Rn × Rmd. De9ne
 : R×Rn×Rmd → R+ by  (z):=||H (z)||2; and - : R+×Rn×Rmd → R+ by -(z):=+min{1;  (z)}:

Algorithm 5.1
Step 0: Choose constants � ∈ (0; 1), . ∈ (0; 1=2) and 91; 92 ¿ 0 as termination tolerances. Let

z0:=(Ot; x0; y0) ∈ R++ × Rn × Rmd and k:=0.
Step 1: If ||Ap(tk ; yk)||6 91 and |∑m

i=1 ||bi −AT
i x

k || − bTp(tk ; yk)|6 92 then stop. Otherwise, let
-k :=-(zk).

Step 2: Compute Qzk :=(Qtk ;Qxk ;Qyk) ∈ R × Rn × Rmd by

H (zk) + H ′(zk)Qzk = -k Oz: (5.14)

Step 3: Let jk be the smallest nonnegative integer j satisfying

 (zk + �j Qzk) 6 [1 − 2.(1 − +Ot)�j] (zk): (5.15)

De9ne zk+1 := zk + �jk Qzk .
Step 4: Replace k by k + 1 and go to Step 1.

Lemma 5.2. Assume that A has rank n. Then the set

S = {(x; y) ∈ Rn × Rmd: F(x; y) = 0}
where F is de9ned in (2:7); is nonempty and bounded.

Proof. From Lemma 2.1 and Lemma 2.1 of Ref. [26], this lemma holds.

Lemma 5.3. For any 0¡t1 6 t2 and 0¿ 0; the level set

L[t1 ;t2](0) = {(x; y) ∈ Rn × Rmd:  (t; x; y) 6 0; t ∈ [t1; t2]}
is bounded.
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Proof. For any (x; y) ∈ L[t1 ;t2](0),

 (t; x; y) = t2 + (Ap(t; y) − tx)2 +
m∑
i=1

(yi − p(t; yi) − (bi − AT
i x))2 6 0:

So
m∑
i=1

(yi − p(t; yi) − (bi − AT
i x))2 6 0; (5.16)

and

(Ap(t; y) − tx)2 6 0: (5.17)

From (5.17) x is bounded. It follows from (5.16) y is bounded. Hence Lt(0) is bounded.

By Lemmas 5.1, 5.2 and 5.3 and Theorem 4.3, we have

Theorem 5.1. (i) An in9nite sequence {zk} ⊆ R × Rn × Rmd is generated by Algorithm 5:1; and

lim
k→+∞

H (zk) = 0 and lim
k→+∞

tk = 0: (5.18)

Hence each accumulation point; say z∗ = (0; x∗; y∗); of {zk} is a solution of H (z) = 0; and x∗ and
P(y∗) are optimal solutions to problems (1:1) and (2:1); respectively;

(ii) The sequence {zk} is bounded. Hence there exists at least an accumulation point; say
z∗ = (0; x∗; y∗); of {zk} such that x∗ and P(y∗) are optimal solutions to problems (1:1) and (2:1);
respectively.

(iii) If problem (1:1) has a unique solution x∗; then

lim
k→+∞

xk = x∗:

Let z∗ = (0; x∗; y∗) and de9ne

A(z∗) = {lim H ′(tk ; xk ; yk): tk ↓ 0+; xk → x∗ and yk → y∗}: (5.19)

Proposition 5.2. Let M0(x∗) = {i : ||bi − AT
i x

∗|| = 0; i = 1; : : : ; m}. If OA = [Ai; i ∈ M0(x∗)] is an n× n
nonsingular matrix and ||y∗

i ||¡ 1 for i ∈ M0(x∗), then all V ∈ A(z∗) are nonsingular.

Proof. Without loss of generality, we suppose that ||bi−AT
i x

∗||=0 for i=1; : : : ; j and ||bi−AT
i x

∗||¿ 0
for i=j+1; : : : ; m. Then ||y∗

i ||¡ 1 for i=1; : : : ; j and ||y∗
i ||¿ 1 for i=j+1; : : : ; m. From Proposition

(5.1) and (5.19) we have that for any V ∈ A(z∗), there exists a sequence {zk = (tk ; xk ; yk)} such
that

V =


 1 0 0

AE∗ − x∗ 0 AP∗

−E∗ AT Imd − P∗


 ;
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where

E∗ = [E∗
1 ; : : : ; E

∗
m]T;

(E∗
i )T = lim

tk↓0+

xk→x∗

yk
i →y∗

i

∇pt(tk ; yk
i ); for i = 1; : : : ; m;

and

P∗ = Diag(P∗
i );

P∗
i = Id; for i = 1; : : : ; j;

P∗
i =

1
||y∗

i ||
Id − 1

||y∗
i ||3

y∗
i (y∗

i )T; for i = j + 1; : : : ; m:

Let

M =
(

0 AP∗

AT Imd − P∗

)
:

Hence, proving V is nonsingular is equivalent to proving M is nonsingular.
Let

Ã = [Aj+1; : : : ; Am];

D = Diag(P∗
i ; i = j + 1; : : : ; m);

and

q = [qT
1 ; q

T
2 ; q

T
3 ]T ∈ Rn ×Rn ×Rmd−n:

Let Mq = 0. Then we have

OAq2 + ÃDq3 = 0; (5.20)

OA
T
q1 = 0; (5.21)

and

Ã
T
q1 + (Imd−n − D)q3 = 0: (5.22)

From (5.21) we have q1 = 0. Then, from (5.22) q3 = 0. It follows from (5.20) q2 = 0. Thus q = 0.
This indicates that M is nonsingular. So V is nonsingular. This completes the proof.

From Proposition 5.2 and Theorem 4.4 we have

Theorem 5.2. Suppose that z∗ = (0; x∗; y∗) is an accumulation point of the in9nite sequence {zk}
generated by Algorithm 5:1. Let M0(x∗)={i: ||bi−AT

i x
∗||=0; i=1; : : : ; m}. If OA=[Ai; i ∈ M0(x∗)] is

an n×n nonsingular matrix and ||y∗
i ||¡ 1 for i ∈ M0(x∗), then the whole sequence {zk} converges

to z∗, and the convergence is Q-quadratic.
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Table 1
Numerical results for Algorithm 5.1

Example n d m It NH NO f(xk) relgap ||Ap||
1 16 2 17 17 54 4 2:54e + 01 2:70e − 16 7:66e − 16
2 4 2 5 10 17 1 4:00e + 02 0 1:40e − 16
3 10 2 55 14 29 2 2:26e + 02 1:25e − 16 2:41e − 15
4 3 3 100 7 25 0 5:59e + 02 1:02e − 15 1:41e − 13
5 4 4 150 8 25 0 8:46e + 02 6:71e − 16 1:84e − 13
6 5 5 200 7 23 0 1:32e + 03 2:07e − 15 3:69e − 13
7 7 7 300 8 23 0 2:32e + 03 1:96e − 16 1:22e − 13
8 8 8 400 7 21 0 3:48e + 03 1:83e − 15 5:62e − 13
9 9 9 500 7 21 0 4:58e + 03 1:59e − 15 4:55e − 13

10 10 2 100 18 36 2 6:86e + 01 0 9:57e − 14
11 20 3 200 32 104 0 1:78e + 02 3:17e − 16 6:27e − 13

6. Numerical experiments

Algorithm 5.1 was implemented in MATLAB and was run on a DEC Alpha Server 8200 for the
following examples, where Examples 1 and 2 are taken from [29] and Examples 3–11 from [18].
Throughout the computational experiments, we used the following parameters:

� = 0:5; . = 0:0005; Ot = 0:002; and + = 0:5:

We terminated our iteration when one of the following conditions was satis9ed
(1) k ¿ 50;
(2) relgap(xk ; p(tk ; yk)) 6 1e−8 and ||Ap(tk ; yk)||6 1e−12;
(3) ls ¿ 20.

where ls was the number of line search at each step and

relgap(x; p(t; y)) =

∣∣∑m
i=1 ||bi − AT

i x|| − bTp(t; y)
∣∣∑m

i=1 ||bi − AT
i x|| + 1

:

The numerical results which we obtained are summarized in Table 1. In this table, n, d and
m specify the problem dimensions, It denotes the number of iterations, which is also equal to the
number of Jacobian evaluations for the function H , NH denotes the number of function evaluations
for the function H , NO indicates the number of norms that are zero at the optimal solution, more
precisely, which is interpreted as being zero if it is less than the tolerance 10−10, f(xk) denotes the
value of f(x) at the 9nal iteration, relgap denotes the relative duality gap, and ||Ap|| denotes the
value of ||Ap(t; y)|| at the 9nal iteration. In the following, we give a brief description of the tested
problems, where 0 is the vector of all zeros and e is the vector of all ones.

Example 1. This is a SMT problem [29]. The starting point x0 = e and y0 = 0.

Example 2. This is a SMT problem [29]. The starting point x0 = e and y0 = e.
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Example 3. This is a multifacility location problem [18]. The starting point x0 = e and y0 = 0.

The following examples are generated randomly. We use the following pseudo-random sequence:

 0 = 7;  i+1 = (445 i + 1) mod 4096; i = 1; 2; : : : ;

O i =
 i

4096
; i = 1; 2; : : : :

Example 4 (see Overton [18]).

n = 3; d = 3; m = 100:

Ai = I; i = 1; 2; : : : ; m; except Ai = 100I if i mod 10 = 1:

The elements of bi, i = 1; 2; : : : ; m, are successively set to be O 1; O 2; : : : ; in the order (b1)1; : : : ; (b1)d;
(b2)1; : : : ; (bm)d, except that the appropriate random number is multiplied by 100 to give (bi)j if
i mod 10 = 1. The starting point x0 = bm and y0 = 0.

Example 5. The same as Example 4 except n = 4; d = 4; m = 150.

Example 6. The same as Example 4 except n = 5; d = 5; m = 200.

Example 7. The same as Example 4 except n = 7; d = 7; m = 300.

Example 8. The same as Example 4 except n = 8; d = 8; m = 400.

Example 9. The same as Example 4 except n = 9; d = 9; m = 500.

Example 10 (see Overton [18]).

n = 10; d = 2; m = 100:

The elements of Ai; i = 1; 2; : : : ; m, those of bi; i = 1; 2; : : : ; m, and those of x0 are successively set to
O 1; O 2; : : : ; in the order:

(A1)11; (A1)21; : : : ; (A1)n1; (A1)12; : : : ; (A1)nd; : : : ; (Am)nd;

(b1)1; : : : ; (b1)d; (b2)1; : : : ; (bm)d; x0
1 ; : : : ; x

0
n;

except that the appropriate random number is multiplied by 100 to give (Ai)jk or (bi)j if i mod 10=1,
and y0 = 0.

Example 11. The same as Example 10 except n = 20, d = 3, m = 200.
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The results reported in Table 1 show that this method is extremely promising. The algorithm was
able to solve all examples after a small number of iterations. The number of iterations increases
slowly with the size of the problem. For Examples 1 and 2, the number of iterations required by
our algorithm is fewer than that required by the algorithm proposed in [29].

7. Conclusions

In this paper we 9rst transformed the problem of minimizing a sum of norms and its dual prob-
lem into a system of strongly semismooth equations, and gave some uniqueness theorems for this
problem. We then presented a primal–dual algorithm for this problem by solving this system of
strongly semismooth equations. Numerical results showed that this primal–dual algorithm worked
very satisfactorily for the tested problems.
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