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A PROJECTION AND CONTRACTION METHOD FOR THE
NONLINEAR COMPLEMENTARITY PROBLEM AND ITS
EXTENSIONS

Sun De-feng
(Institute of Applied Mathematics, Academia Sinica)

Abstract

In this paper we propose a new globally convergent iterative method for solving the
nonlinear complementarity problem and its related problems. The method behaves effec-
tively for not only linear cases but also nonlinear cases. In a special case, our method

reduces to the same, as was discussed in [9, 11, 22] for linear cases.
1.5 &
FELAME T AR A8 NCP(RY, F) 245 K z* € Ry, 1%
F(J:')Tz‘ =0, F(z*)e€ RZ, (1.1)

Her F i Ry 3| R PRIBLSGT. ASCERM T ) LR T 4N 8
KrreX={zeR'|I<z<u},§18§

F(z)T(x —z*)>0, VzelX, (1.2)

Hep 1 u & {RU{oo}}” FMMEHE | <w LEMMEBEIZE NCP(X, F). %4 X = R?,
e (1.2) iBALRE (1.1). %

X* = {z € X[z &NCP(X, F) (f1f#}. (1.3)
BHBIE, e X  HHY « e THMREHE (—BRIELR):

Pxle - BF(a)] = z X3 —BIE 8 >0, (1.4)
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HAMEERE y € R,

Px(y) = argmin {z € X[l -y}, (1.5)

KE| - | ECH R Y L EHEFHEESMERER. AR (3. 51 X HF
B, B Px(y) BHEH. 4 X & R~ PHEMEEESHALER, BUF 1.2) AT
E B A EXBE G2k VIP(X,F)). FE#ILIEX X* = {z € X| = & VIP(X,F)
fRE ) B B AL, = B VIP(X,F) MRS B =« BREFR (14) R BAEAXEF
TERBRE TR (14). TEHCEARITIS, K NCP(X,F) X VIP(X,F) ELABRKMH
s, flana] W (7).

EN 1.1, Mg F: R — R # 4

(a) EEE X FpiF, mE

[F(z) - F(y)]"(z —y) >0, Vz,y€X; (1.6)
(b) 7ESE S X L OHHIE (pseudomonotone), HMH
Fy)'(e-y)20= F(z)T(z—y) >0, Vz,y€X; (1.7
(c) E&EE X LRBIAE, MRHFEEFH o E5
[F(z) - F@)]" (z - ) 2 allz —yl?>, Vz,y€ X; (1.8)
(d) SRS X EWETRERSY, MR X EFEHANERE e X F
F(z)T(z-2*)>0, VrelX. (1.9)
% F(z) 7£ X L8i{HH Lipschitz #%E, ie , FE—IEFH L, H15
IF@ - FWI < Lie—sll, VeweX, (1.10)

Korpelevich!'®! F|fI#ME AR L H T T 8/ MEFE 3 (Extragradient Method):

{ T* = Px[zk — BF(z*)],
(1.11)
zk+l = Pylzk - ﬁF(Tk)],
Hfo<p<i/L. ERFEHRBEERENFERAEMALR 4,7, 20) PHOEETER
B B BAERSEEWTEE Lipschitz B3, MXELFRPAESLHR. 1EELE 21
heg T AMEE R — MG E T
MEFER e (0,1),ae(0,1),s € (0,+00). ERERIMT:
{ zF = Px[z* — BiF(z*)),

ghtl = Px [l‘k - ﬂkF(fk)],

(1.12)
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HA B = sa™ 3 H m B TRBLAY B/ E RBERC:

IF@E) - Pt < M2 =2 (1.13)
Br
B SR B BB F(o) 89 Lipschitz 280 A ASFONEER. NESRE
SYERTEEREES (9, 10, 11) §F TR HERIE H BT . ACCH) H 6024 R
R A A T A B U R, O B BT B S R L R R A T L
RPN REA . A SR AT (SRR AR 5 (11, 22) B
EUARRY T R B0, T [11,22] %5 BLRR 5 RHA T AN I th i

2. EF5[HE

Bk X B R P EEHNEH F(o) & X L&
5138 2108 MR F(z) 7€ R~ FHEZTEROB Y &S WHFEyY eY E15

Fy ) (y-y)>0, Vyev.

9138 2.203%. MBEHEHT Px(-), M FHER:

(i) 24 y € X B [Px(2) — 2]"[Px(z) —y] <0, Vz € R™; (2.1)
(i) [[Px(2) = Px@)Il < lz—yll, Vy,z € R™ (2.2)
3|38 2.32%. A re R" R de R, INFEXHIRE:

| Px (z + Ba) — z||

6(8) = 3 B>0 (2.3)
REJF (dE4) 8.
HEEUE M 0 € 0,1], X
o(z,B) = nF(@)T {z - Pxlc - BF()]}, (2.4)
.Wam:nM—Pﬂ?ﬁN@W’ -
Hfp>01z€X.
H5222 (1), Rz=z-F(@x) Ry==z1%
T
8{z - Pxlz - BF(2))} F(z) > |lz - Pxlz - BF(2)]|I* (2.6)

28 (24)-(25) & (2.6) ATiRw T EH-
T 2.1, % o(z, 8) F w(z,8) B (2.4) & (25) FBIEN W
() p(z,8) > $(@,B), vz e X,
(i)ze X R p(z,8) =00z X Kk ¢(z,8)=0—z€ X"
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I 2.2. Rig F(z) 7E X LiEZEH n€(0,1). R Sc X\X* B—FRHA%L, NHF
E—EEBSFBNFAEzcS R e (0,6 F

{F(z) - F(Px[z — BF(2)])}" {z — Px[z — BF(2)]}
< (1-n)F(z)"{z — Px[z - BF (2)}}. (2.7)

EH. BT ScX\X" B HRHER Fo) £ X LESE WIEE 6 > 0, B
FrA z €S WAL
1Pl - F(@)] - 2l| > 60 > 0. (28)
M 23 & 28) R, XA sc(0,1] kzeSH
e - Pxlz — F(@))
3
t F(o) TESHER, F(o) 76 S FARE BGELE. SEM3IM 22 > (i) T4, G
EX 6 ERXFTAceS R Be (0,6 FH R s<1)

> [lz — Px[z — F(z)]ll 2 bo. (2.9)

|1F(Px [z — BF(z)]) — F(z)]| < (1 - n)éo- (2.10)
e (29) & (2100 &, MEE zeS ke (0,8 F
{F(z) — F(Px[z — 8F(z)))}T {z — Px[z — BF(z)]}
< |F(z) - F(Px[z - BF(z))llllz — Px[z — 8F(z)]]
< (1= n)le - Px[z - BF(2)]I1%/8
< (1= n)F(z)"{z — Px[z - BF(z)]},

He b — M AELHAT (26) X, AL

& 2.1 FEMEHERIET 3 A EMREERNSEN.

& 2.2. Y4 F(z) =Dz +c 3 H DR —RX¥HERE (DT =-D) 8, 27)AXn=1
F Be(0,40),z e X, BT

3. AR StE
iZ
9(z.B) = F(Px[z — BF(z)}), B >0. (3.1)

T 3.1. 1% F(z) £ X LESOFEWRATRIERM (19). WREFE - EHE S, #
5 (2.7) XX K e X oz, W

(z—x")Tg(z,8) > p(z,3) Vz*e X" (3.2)
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. BT Fo) WEITMERME 1.9), Bz e X F

{Px[z — BF(z)] — "} F(Px[z — BF(z)]) > 0, (3.3)

(z - 2")7g(z, 8) = (¢ — )T F(Px[z - BF()))
= {z - Px[z — BF(2)]}" F(Px[z - BF(z)))
+{Px[z - BF ()] - z*}" F(Px[z - BF(z)))
> {z — Px[z - BF(2)]} " F(Px[z - BF())) (FIA (3.3) )
= {e — Px[z — BF(2)]}" {F(Px[z — BF(2))) ~ F(z)}
+ F(z)T{z — Px[z — BF(2)]}
> (n - 1)F(z)T{z ~ Px[z - BF ()]}
+ F(z)T{z - Px[z — BF(x)]}. " (3.4)
FEBEE—ARERMAT @7) X, NHES
(¢ — z*)Tg(z, B) > nF(2)T{z — Px[z — BF(z)|} = ¢(z,B).
e AR s € (0,+00) & n € (0,1), A& Hm T hy 3%
HWEABELeX RE¥Moac(0,1),7€(0,2). ¥ k=01, IR z* ¢ X*,
1. BHRE Oi = sa™, Hoof mi A FRASLAR/NE R
(s ~ Pxle* - 3P} {FGH) - F(Pxle* - BF(E) )
< (1= n)FE)T{* - Px[s* - BF(a*)]}, (3.5)

2. IR (2.4) & (3.1) S AITE w(=*, Be), 9(c*, Br),
3. 18
Pk = ‘P(zkv 5k)/”9(-’rk,ﬂk”2a (36)

4. %
. gttt = Pyle* — vprg(z", Bi)]. (3.7)
W X ={zeRl<z<u), RINTTULEEE A WAHER: Mce X,
N= {iz(zi =1; H(g(z,8)): > 0) 8 (z: = w H(g(z,B)): < 0)},

B={1,2,---,n}\N. (3.8)
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%E X gn(z,B), 9p(z,B) T -

0, i € B,

(9(z,B))i, i€N,

(98(z,B))i = (9(z,B)): — (gn (2, B))s, i=1,---,n. (3.9)

(gN(Ia/B))i = {

BEHEIE, MEEceX  RzeX, &
(z—-2")Tgn(z) <0, (z-2")Tgn(z,0) 2 (¢ — ") g(z,B). (3.10)
EIE 3.2. EEHIMWRFTH
(z —2")Tg5(z,8) > p(z,B), Vz* e X*. (3.11)

W, BER3L K 3.10) X51E.

Bk B (B% A MAGHIER). /%€ «° € X, s € (0, +00),n,a € (0,1) } v € (0,2). Xt
k=0,1,---, tE z* ¢ X*, $47- ’

1. BE Bk = sa™, Hrft m, B TR R/NEREY:

{2 - Pxle* - BF )} {F(eb) - F(Pxla* - BuF(H) }
<Q- T))F(:vk)T{:ck — Px[z* - ,@kF(mk)]}. (3.12)

2. AR (2.4) B (3.1) 5 B (2, Br), 9(z*, Br)-
3. B (3.8) & (3.9) #:E gu(c*, Bx) FFHIHH

pr = o(z*, Bk)/ llgn (=, Be)II%. (3.13)

4. &
gkt = Px[z* - vorgp(z*, Bi))- (3.14)
i+ 3.1. X4 F(z) = Dz + ¢ 3 H D H—RMKERK (DT = -D) B, AFRW 7 =1
R p=1ME%BE 1] PHEUMNTER N EEIE 1) PRENERITH
9(z) = DT{z — Px[z — (Dz + ¢)]} + Dz + ¢. 1 FIAt DT = —D, &

g9(z) = —D{:c — Px[z — (Dz + c)]} + Dz +c
= DPx[z — (Dz + ¢)] + c = g(z,1), (3.15)

Hep g B 1. T 11] BRI gp(2) FR T 952, 1), FAF KPR/ ML~
B RRRIXT TR, RITWA%RS 1) PR, % DT £ -Dat, (1] FHRE
SAXGHAARE 4 F(z) HARLERSE,  (11] PRFIERRA AR AT 4 X8
HREHES B IR IR,
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T HEOEESHER, Jik A IERTRLUREE B A, 8 TEEERREB.
EHE 3.3 B X* FEHHFo) EX={reRI<z<u} L#EE. WRF@) &
X bR (1.9), MAMER = € X*, MM B ST S5 (=5} HE

5+ — 2*||? < ||lz* — 7|2 —"1(2 - )¢ (c*, Br)/llgn (=*, Br)II*. (3.16)
WA H5IE 22 2 (i) REH 3.2 7]
¥t — 2|1 = ||Px[z* — yprgB(=*, Bk)] — z°|®
< lle* = vorgm(z*, Br) — 2”2
= |lz* — z*|1? - 2yprgn(a®, Bx)T (c* — =) + 7V pillgn(z*, Be)|I?
< |le* — ") - 2vprp(z*, Be) + v2illgn (=", Bi)lI?
= [le* — 2*||2 - 2y (=*, Bk)/llgn (=, Bi)II?
+7%0%(*, Be)/llgn (=, Bu)I?
= lle* = 2 — (2 — 1)@, B llam (. B,
XBIEH T (3.16) K.
£
dist(z, X*) = inf{|}z — z*[||=* € X"}. (3.17)
BT (3.16) XEF «* € X* #MIL, HhEHE 337
(dist(c**1, X*))? < [dist(z®, X *))? — 7(2 — v)¥?(z*, Be)/llgB(=*, Bi)|%, (3.18)

ie, JF3 {z*} X THE X* A Féjer - BIHHY.
EIE 3.4. RECEH 33 WRMGMIL, WHEEz e X, " -7 Y k- +oo
. Rz eX. FHWIE, §— Féer - RPFFIIRARY. BiX

lim dist(z*, X*) = 6, > 0, (3.19)
k— o0

W {z*} c S = {z € X|bo < dist(z, X*),|lx —z*| < [z° —z*||}, 3B s B—FHHAL. ©
FSEAFAEH ScX\X*, M ER22H, BE—EFEH s, FEBMFAzes
B e (0,8] A (2.7) L. NTTHER

Bk > min {ab,s} >0, Vk. (3.20)

HER 2.1 & (3.20) 55
inf p(z*, B;) > 0. (3.21)
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M gp(z,B) BME XK F(z) WESEES M
sup [|g5(z*, Bk)|| < +oo. (3.22)

i (3.21) & (3.22) 1%
inf p?(*, Bk) /g (z*, Bi)||* = €0 > 0. (3.23)

B (3.19) Hl, FETE ko >0, HEMATHE k> ke B
[dist(z*, X")J < 88+ 2(2- 7). (3.24)
B—HE, M (3.18), (3.23) K (3.24) 1§
[dist(z**!, X*)]? < [dist(z", X*)]* — €0(2 — 1)y £ 6§ - %"(2 — ), Vk > ko,

XY (3.19) XFE #8H

Jim dist(z*, X*) = 0. (25)
B EX K (3.18) XA, fFfET € X*, 1§
o 5T, k- +oo.

F 32 & X kxH Fe) £ X LA, EEOHEMIL, BV #ER
AL

& 3.3 WRIESIE 2.1, Y X £ R FESEROER, F X # ¢ Y X TR,
X* ARG (7).

4. ¥{EXE

TEHSEFAREL B itHN— 26 TOREZR, FASHETEET LR
THEAITHHTEERURBEAE. Hb NeP REXHHH L B, EGM % (15]
MM EEYL; MEGM R [21] el MM R LCP AR (11) PEF R EAET AN
BAEMED. B o =0579=095 (4 n T 1 BRESREE). FEm&ENN
o(z,1) < ne?, Hp e AR EMRKE (EE o(z,1) > nllz — Pxlz - F(2)]|?).

Ol 1. ABh 4 GEAERAEE AN M BB K s = a/4 K2 =107 %1 BA
B IHRER. R 1EBMER TAXEEENE v HE&ATEHEL MEGM R18%2. H
F i AAELAPEIE Lipschitz FE4EH), % EGM & LCP Xk Jg A

Bl 2. BB 4 VR 7. S F:Rx R2 x Ry —» R* AWM TREA:

P+ P+ P
y — a(ba Py + b3 P3)/ Py
by —y— (1 —a)(baPr + b3P3)/ P,
b3 —y

F(y1P17P29P3) =
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HAFEE b,b3 > 0, € (0,1). XMHAPIHHBHSE (o, b2, b3) = (0.75,1,0.5) 1 (0.75,1,2).
B s=m/2,e2 =1071°.

1. 6] 1 P NER

Hik M ERRHM RERERKE
MEGM (0,0,0,0) 380 758
NCP(y = 1.95)  (0,0,0,0) 22 22
NCP(y =1.0)  (0,0,0,0) 52 52
MEGM (1,1,1,1) 395 785
NCP(y = 1.95) (1,1,1,1) 28 27
NCP(y =1.0)  (1,1,1,1) 73 63

% 2. fl 2 HBEBR

B¥H Hik Eukof=y ERKRE AHERKRE
a=0.75 | MEGM (1,1,1,1) 103 0
b2 =10 | NCP(y=1.95) (L,1,1,1) 42 0
bs=05 | NCP(y = 1.0)  (1,1,1,1) 56 0
a=0.75 | MEGM (1,1,1,1) a1 0
by =1.0 | NCP(y = 1.95) (1,1,1,1) 36 0
b3 =20 | NCP(y=10) (1,1,1,1) 43 0

Bl 3. RATHFR (1) PHEELH—DHIF. F(z)=Dz+c, K cRnfEmE, D

R X PRAE -

(4 -2

1 4 -2

14
\

1 4 }

X = [l,u), Hd 1 = (0,0,---,0)T,u = (1,1,---,1)T. %} EGM fl MEGM B¥IEHK s =

VA/T, 3 NCP BT s = ya/a. B e? = n10-", Hep n REABEEH.

NCP

(y =1.95) A5 LCP (v = 1.0) #tt, H H# K EGM &k MEGM #R18%. BURR M5

B, SR
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EREKH () BRBERKRE (5)
I n=10 n=100 n=200 n=>50 n=1000
EGM 59 (0 5 [0 59[0 59|0 580
MEGM 59 (0 5 [0 590 5|0 58|0

NCP(~y=1.95) 1|9 14|11 14| 10 17 | 10 16 | 10
NCP(y=1.0) 31 | 27 31 (26 31 |25 31| 25 31 | 24

LCP(y=1.95) 39| 0 39(0 39(0 39|0 38|00

LCP(~=1.0) 8|0 190 190 19|0 19 |0

% 4. 61 4 BRI (0,0,---,0) PHKMER

ERKY () BABERKY ()

"H % n =10 n =20 n = 50 n = 100 n = 200 n = 500
EGM 27| 0 43a| 0 / / /
MEGM 150 5 202 5 305 13 372 16 456 21 593 43

NCP(y=1.95) 12 8 15 | 17 20 42 26 73 44 | 172 64 | 317
NCP(v=1.0) 32 | 16 36 | 30 56 | 100 63 | 158 71 | 221 85 | 359
LCP(v=1.95) 10 0 11 0 5 0 11 0 7 0 12 0

LCP(v=1.0) 26 0 26 0 26 0 26 0 26 0 27 0

“f FRERWBE T 1000 K.

B 4. ABIPFR—REET RN, HERERA Lemke HF RN IEHZ HIXBEIEE
YKH(J [19]- ﬁfﬂﬂﬁ—ﬁﬁ%%m = (_lv =i 50000 _I)T &

(1 2 2 --- 2\
01 2 -.- 2
D= 001 --- 2 i

\Joooo 1)

F(x) = Dz + c. ttf5] Harker #11 Pang/®, Harker ] Xiaol®! thi}if1t. X EGM B £ K
s = /1/(V2n); 3 MEGM B s = v/2n/(4y/n); X NCP B s = \/7/2, X B n R[ABL4EH.
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B €2 = n10714, FJ8A & (0,0,---,0) B, NCP (y = 1.95) LCP (y =1.95 5% 1.0) 18, Bp
fEandt, ik EGM Kk MEGM HRiF%. LEaiits (06, ---,06) & (1,1, -, 1) i,
NCP (y =1.95) T LCP (v = 1.95 5 1.0). XE{F LB A (0, 0, ---, 0) fyitHL
L

M 5. X5E F(z) = Fi(z) + F2(z),z = (z1,Z2, -, Zn)T, 20 = Tny1 = 0, Fi(z) = (fl(z),
cooy fa(@)T, Fa(2) = Dz+c, A fi(z) =22, + a2+ 2 1zi+ migign,i=1,---,n, 3FH D,c
5613 A —8. B X =[,4, HF1=(0,--,00T Zu=(1,---,1)T. X} MEGM J& NCP
BWMELEK s = /n/4 BFIB 2 = n10714, Kt n HRIBHER. HE 5 °\[FH NCP
H. MEGM 118 %.

% 5. 0 5s MG <0 = | IMELR

BRI () BAFTEARRY ()
(=8 n =10 n =20 n =50 n = 100
MEGM 58 | 57 60 59 61 60 62 | 60

NCP(y=195) | 14 | 13 14 |13 13|12 13|11

NCP(y=10) {20 |19 19|18 19|18 19 |17

fEE SPRERLHARINE, BEEE 3.4 WIERBURL, IR RZH.

£ F X W

[1] Ahn, Byong-hun, Iterative methods for linear complementarity problem with upperbounds and
lowerbounds, Math. Prog., 26(1983), 295-315.

[2] P.H. Calamai, J.J. More, Porjected gradient method for linearly constrained problems, Math.
Prog., 39 (1987), 93-116.

[3] B.C. Eaves, On the basic theorem of comlementarity, Math. Prog., 1 (1971), 68-75.

[4] M. Fukushima, Equivalent differentiable optimization problems and descent methods for asym-
metric variational inequality problems, Math. Prog., 53 (1992), 99-110.

[5] E.H. Gafni, D.P. Bertsekas, Two-metric projection methods for constrained optimization, STAM
J. on Contr. Opti., 22 (1984), 936-964.

(6] P.T. Harker, J.S. Pang, A damped-Newton method for linear complementarity problem, in G.
Augower and i(.Geory, eds., Computational Solutions of Nonlinear Systems of Equations, Lectures
in Applied Mathematics, Vol.26( American Mathematical Society, Province, RI, 1990), 265-284.

[7] P.T. Harker, J.S. Pang, Finite-dimensional variational inequality and nonlinear complementarity
problems: A Survey of Theory, Algorithms and Applications, Math. Prog., 48 (1990), 161-220.

[8] P.T. Harker, B. Xiao, Newton's method for the nonlinear complementarity problem: A B-
differentiable equation approach, Math. Prog., 48 (1990), 339-357.

[9] B. He, A saddle point algorithm for linear programming, Shu Xue Banian Kan, 6 (1989) 4-48.



194

I G- 4 1994 4

[10]
(1]

(12]
(13]
(14]
(15]
[16]
(17]

(18]

[19]
[20]

(21)

(22]
(23]

B. He, J. Stoer, Solution of projection problems over polytopes, Numer. Math., 61 (1992) 73-90.
B. He, A projection and contraction method for a class of linear complementarity problems and
its application in convex quadratic programming, Appl. Math. and Opti., 25 (1992) 247-262.

S. Karamardian, Generalized complementarity problems, JOTA, 8(1971), 747-756.

S. Karamardian, S. Schaible, Seven kinds of monotone maps, JOTA, 66 (1990), 37-46.

M. Kojima, S. Shindo, Extensions of Newton and quasi-Newton methods to systems of PC’
equations, J. of Oper. Res. Society of Japan, 29 (1986), 352-374.

G.M. Korpelevich, Ekstragradientnyi method dlia otyskaniia sedlovykh tchek i drugikh zadach,
Ekonomika I Matematicheski Metody, 12 (1976) 747-756.

C.E. Lemke, On Complementarity Pivot Theory, in Mathematics of the Decision Sciences, G.B.
Dantzig and A.F. Veinott (eds), 1968.

L. Mathiesen, An algorithm based on a sequence of linear complementarity problems applied to
a walrasian equilibrium model: An example, Math. Prog., 37 (1987), 1-18.

J.J. More, Coercivity conditions in nonlinear complementarity problems, SIAM Review, 16 (1974)
1-16.

K.G. Murty, Linear complementarity, linear and nonlinear programming, Helderman, Berlin, 1988.
J.S. Pang, D. Chan, Iterative methods for variational and complementarity problems, Math.
Prog., 24 (1982), 284-313.

D.F. Sun, I. An extragradient method for solving variational inequality problems, Master Thesis,
Dept. of Math., Nanjing University, China 1992.

TR, fTBY], —XORBOHRIA B SN, Y, 1 (1991) 51-57.

E.H. Zarantonello, Projections on convex sets in hilbert space and spectral theory, in E.H. Zaran-

tonello, ed., Contributions to Nonlinear Functional Analysis, Academic Press, NewYork, 1971.



