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In this paper, we investigate the properties of the control process (z) in a class of backward stochastic
differential equation (BSDE) with Markovian terminal data driven by a forward stochastic differential equation
(SDE). We focus on determining the sign of (z), and find that it is determined via certain information about the
BSDE driver and the terminal data. Notably, we explore the co-monotonicity property of (z) when the terminal
value of the BSDE within the forward-backward SDE (FBSDE) system is non-monotonic. Three applications are
also showed in the paper. First, we provide a sufficient condition ensuring that the nonlinear g-expectation is
additive. Second, we obtain the explicit solution for a class of nonlinear BSDEs. Third, we offer a closed form

representation for the standard aggregator utility under ambiguity, as discussed in Chen and Epstein (2002).

1. Introduction

Pardoux and Peng (1990) [1] have shown that under some proper
conditions on the non-linear driver g and the terminal data &, there
exists a unique pair of adapted and square integrable solutions (y, z)
to the following backward stochastic differential equations (BSDEs for
short)

T T
yt=é‘+/ g(s,ys,zs)ds—/ z,dW,, t€[0,T]. 1.1
t t

Since their seminal work, the theory of BSDEs has been studied by
many researchers and many remarkable results about the solution pair
(y,z) have been obtained. Over the past two decades, BSDEs have
found applications in various fields, including mathematical finance,
stochastic control, and partial differential equations (PDEs), see for
instance El Karoui, Peng and Quenez [2], El Karoui and Quenez [3],
Chen and Epstein [4], Pardoux and Zhang [5], Darling [6], Ma, Protter
and Yong [7] and etc. However, the precise information about the
solution pair (y, z) remains to be fully explored. Indeed, there are few
results on the solution (z), which plays an important role in applications
to quantitative finance. In fact, in BSDE models of financial derivatives,
(z) is interpreted as the volatility. Therefore, accurately determining
the properties of (z), such as whether it is positive, is of significant
importance.

In the paper by Chen, Kulperger and Wei [8], the authors estab-
lished a co-monotonicity theorem for the control process (z). Specifi-
cally, they examined BSDEs with terminal data ¢ = @(X;), where @ is a

monotone function on R, and (X;)¢/, 7 is the solution to the following
forward stochastic differential equation (SDE):

dX; =b(s,X,)ds +o(s, X,)dW,,
(1.2)
X, =x, xeR, se[1,T].

They showed that if (y',z'), (32, z%) are solutions of the BSDE (1.1)
corresponding to the terminal values & = @,(X}) and & = @,(X2)
respectively, then z! - z2 > 0 if &, and @, are both increasing or both
decreasing on R. Subsequently, G. Dos Reis and R.J.N. Dos Reis [9]
studied solutions of Forward-Backward SDEs (FBSDE) with drivers that
grow quadratically in the control component (z). They found that when
the terminal values of BSDEs are co-monotonic, the control process (z)
are also co-monotonic, provided the terminal @ is monotone. Recently,
R. Likibi Pellat and O. Menoukeu Pamen [10] explored solutions to cou-
pled quadratic FBSDEs under weaker conditions on the drift coefficient
of the forward component. They derived a co-monotonicity theorem for
the control variable, extending the works [8,9].

However, all the previous works mentioned above have focused
on monotone terminal values. By applying comparison theorem for
FBSDEs, they obtained the desired results. When the terminal is not
monotone, comparison theorem does not work any more. More re-
cently, Chen, Liu, Qian and Xu [11] determined the sign of (z) and
obtained the explicit solutions for certain nonlinear BSDEs with non-
monotone terminal values &. Specifically, they considered the case
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where ¢ = @(W;), with &(x) being symmetric about a point ¢ and
monotonic on {x > c}, such as @(x) = x*> with ¢ = 0. By analyzing
the corresponding PDEs, they demonstrated that sgn(z,) = sgn(W; — ¢)
under certain regularity conditions on .

The objective of this paper is to investigate the sign of (z) for a more
general terminal £ = @(Xy), where (X))o is given by (1.2). The
SDE (1.2) and the BSDE (1.1) together form a decoupled FBSDE system.
For general results on the well-posedness of FBSDEs, see [12-15] et al.
In this paper, we aim to extend the co-monotonic theorem for BSDEs
in [8] to the case where @, and &, may not be monotone. Since
the comparison theorem for BSDEs is no longer applicable in these
scenarios, we address this challenge by carefully analyzing the corre-
sponding PDEs derived via the Feynman—Kac formula. By constructing
a martingale and employing stopping techniques, we determine the sign
of the solutions to the corresponding PDEs. Specifically, we deal with
the case where the terminal value ¢ = &(X;), with @ being a ‘piece-
wise symmetric’ function having more than one symmetric points, such
as @(x) = sin x. We show that the sign of z in BSDE (1.1) depends on @’
but is independent of g under some suitable conditions. This allows us
to analyze the co-monotonicity of (z) within a more general framework.
Suppose (y',z!), (3%, z2) are solutions of BSDE (1.1) corresponding to
terminal values & = @(X}) and & = @,(X2) respectively, where @,
and @, are general co-monotonic functions as defined in Definition 4.1.
Assume X ,’ (i = 1,2) are the unique solution of the following SDEs,

X = b (s, X!)ds + 0,(s, X)dW,,
X)=x;, x €R

Then, under some technical conditions on @;, b; and o; (i = 1,2), we
show that

z} 22> 0, ae. t€[0,7T].

We also discuss three applications of our main results in the last
part of the paper. First, we discuss the so-called g-expectation of ¢
(denoted by E,[£] in literature), defined as y,, where y, is the solution
of BSDE (1.1) with driver g. Unlike ordinary probability expectation,
the g-expectation is typically non-additive due to the nonlinearity of
g. This concept has significant applications in quantitative finance and
has been studied by various researchers, including El Karoui, Peng
and Quenez [2], Briand, Coquet, Hu, Memin and Peng [16], Chen and
Epstein [4], Coquet, Hu, Memin and Peng [17] and Rosazza Gianin [18]
and the literature therein. In this paper, we show that g-expectation
E, is additive for some nonlinear g. Specifically, if the terminal values
£, and &, are co-monotonic in our sense (see Definition 4.1), and g
satisfies a technical condition, then E,[¢] becomes additive. Second, by
using the result on the sign of z, we give the explicit solution of the
nonlinear BSDE when the terminal value ¢ = @(X;) and the generator
g(s,y,z) = k|z|. The third application pertains to the standard additive
utility, as discussed in works such as Duffie and Epstein [19]. Chen
and Epstein [4] considered this utility under ambiguity and derived a
closed-form expression. We use our results on the sign of (z) to obtain
a more explicit representation of the standard aggregator utility for
specific multiple priors.

The paper is organized as follows. In Section 2, we collect some
results of BSDEs. In Section 3, we show the relationship between the
sign of z and the terminal value &, In Section 4, we give the definition
of general co-monotonic considered in this paper, and show the co-
monotonic theorem. The applications of the main results, sufficient
conditions for the additivity of g-expectation, the explicit solution of a
nonlinear BSDE with a Markovian terminal condition and the explicit
form of the standard aggregator utility under ambiguity, are given in
Section 5.
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2. Preliminary notions

In this section, we briefly recall some basic notions and results
about BSDEs and establish notations as well, the reader may refer to
Pardoux and Peng [1] for more information. Let L2(0,T:;R) be the set
of Lebesgue function ¢ : [0,7] — R such that /OT lp(1)|?dt < o0, and
L*(Q, F,, P) denote the space of F,-measurable and square integrable
random variables on (2, F, P) for each ¢ > 0. Denote

S0, T;R) := {(y,),e[o’ﬂ : continuous (F,)-adapted process with

E [ sup Iy,lz] <oo}.
1€[0.T]
and

M0, T;R) := {(z,),e[oﬂ : real valued (F,)-adapted process with

ol o] <=}

The following assumptions will be enforced throughout the paper.

(A1) There exists a constant C such that
|b(t, x) = b(t,x")|, |o(t, x) — o(t,x")| < C|x — x'|
for x, x' € R, and moreover

[b(-,0)| + |o(-,0)| € L>(0,T;R), VT > 0.

(A2) There exists a constant C such that
lgt. y,2) — g(t,y, 2 < Cly = y'| + 1z = 2'])

fory, Yy eRand z, z €R.
(A3) /)" Ig(s. 3. 2)|*ds < oo for any (y,z) € RXR.

Under the conditions (A2), (A3), if moreover & € L*(2, F, P), Pardoux
and Peng [1] showed that BSDEs (2.1) admits a unique solution,
i.e., there is a pair of adapted processes (y, z) € S2(0, T; R)x M?(0, T; R)
such that

T T
Y =§+/ g(s,ys,zs)ds—/ z, dW;. 2.1)
t t

In this paper, we mainly consider the case when ¢ = @(X;), where
(X,)sep is the solution of the following SDE

{ dX, = b(s, X,)ds + o (s, X, )dW,, 2.2

X, =x, set,T].

and @(x) is a continuous function defined on R such that &(X;) €
L*(2, Fy, P). That is, we consider the following BSDE:

T T
¥, =D(Xp)+ / 8(s,y5,2,)ds — / z, dW. (2.3)
t t

We know that under condition (A1), SDE (2.2) admits a unique strong
solution in LP(22,Fr,P) (p > 1); and BSDE (2.3) admits a unique
solution under condition (A2) and (A3).

Let C™"(R x R) denote the set of functions ¢(x,y) : RXxR - R
such that the mth order partial derivative with respect to x and the
nth order partial derivative with respect y exist and are continuous,
and C;"’"(]R X R) denotes the space of those functions with bounded
partial derivatives. Suppose b(t,-), o(t,-) and &(-) € C3’(R), g(t,-,") €
C133(10, T x R x R). Let u(z, x) be the unique solution of the following
quasi-linear partial differential equations (PDEs) for a fixed T' > 0:

o,u(t,x)+ Lu(t,x)+g (l, u(t, x),o(t,x)o,u(t, x)) =0, (2.4)
wT,x)=®(x), (1,x)€OTIxR, ’

where
Lu(t,x) := %62(1‘, X)0, u(t, x) + b(t, x)0.u(t, x).

Define y, = u(1, X,) and z, = o(t, X,) - 0,u(t, X,). Then by Feynman-Kac’s
formula, we know that (y,, z,),e[; 7 solves BSDE (2.3), see [2] for more
details.
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3. The sign of Z

In this section, we study the sign of z of the following decoupled
FBSDE system:

T T
¥, =P(Xp) +/ g(s,y,,z5)ds —/ z, dW, (3.1)
1 t

where (X)) is the solution of SDE (2.2). We will show that the
sign of z has a connection with the terminal value ¢ = @(X;) and is
independent of g under some conditions.

Denote w(t, x) := d,u(t,x). Now we give the first main result.

Theorem 3.1. Suppose that (A1)—(A3) hold, and

@@ @™ (m =0,1,2,3) possess at most polynomial growth, g(t,y,z) €
C (R, xR X R);

G) D = {dj.j = 0,£1,%£2,...} is a nodal set of w(t,x). This is,
w(t, x)|ep = 0 for every t € [0,T].

Then the following conclusions hold:
(i) If @(x) is monotone on [d;.d,,], then z, - o(t, X, )®'(X,) > 0.

(ii) If @(x) is strictly monotone on [d;,d; ], then sgn(z,) = sgn(o(t, X,)
ID’(X,)).

Remark 3.2. It should be noted that when z is high-dimensional, by
defining z © x := (z,xy, 23X, ..., 24X,), Where z ® x > 0 means z;x; > 0
and z © x > 0 means z;x; > 0, the results in this paper still hold.
So without loss of generality, we only consider the case where z is

one-dimensional.

We now introduce some assumptions regarding the functions @, b
and o under which assumption (ii) in Theorem 3.1 is satisfied. Assume
that @ is a ‘piecewise symmetric’ function. Specifically, there exists an
increasing sequence

wd_y < <dy<d_| <dy<d; <dy<-<d,<-

such that @(x) in the BSDE (3.1), and b(¢, x) and o(t, x) in the SDE (2.2),
satisfy the following condition for 7 € [0, T]:

(H) @(d;—x) = (d;+x), b(t, d;=x) = =b(t,d;+x), 6(t,d;~x) = o(1,d;+x)
forxeR, j=0,+1,%2,...

Then we have the following result:

Theorem 3.3. Under assumptions (H) and (Al1)—(A3), if moreover,
@(x) € C3(R) and & (m = 0,1,2,3) possess at most polynomial growth;
g(t,3,2) = (1., ~2) and g(t, y,2) € C; (R, X R X R). Then

@) z -0 X)P'(X,) > 0 if d(x) is monotone on [d;.djiq]

(ii) sgn(z,) = sgn(o(t, X,)@'(X,)) if @(x) is strictly monotone on ld;.djq]

Proof. Under assumption (H) and g(1,y, z) = g(t, y, —z), we can verify
that u(t,d; — x) and u(z, x + d;) both are the solutions of PDE (2.4). By
the theory of PDEs, Eq. (2.4) has a unique solution under the regularity
conditions on @,b,c and g. Then we have u(t,d; — x) = u(t,d; + x)
for x € R, which means u(t, x) is an even function about x = d; (j =
0,+1,%2,...). Since w(t, x) = d,u(t, x), we have w(r,d;) = o, u(t, x)|x=dj
0, for all ¢ € [0, T]. Then the results follow from Theorem 3.1. []

Example 3.4. When the terminal value ¢ of BSDEs (3.1) is & =
DdWr) = cos(Wy). We know &(x) = cosx is symmetric with respect
to x = d; = kx, k € N. Then if g of BSDE (3.1) satisfies the condi-
tions of Theorem 3.3, the solution z of BSDE (3.1) satisfies sgn(z,) =
sgn(—sin(W,)), a.e. t € [0,T].

The following lemma is important when proving Theorem 3.1.
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Lemma 3.5. Under the assumptions of Theorem 3.1, the solution of PDE
(2.4) can be represented as
.
dult,x) = E [NTtbl(XT)efr DirXpydr (m,.;] .

where j is chosen such that X, = x € [d;,d; 1], D(s, Xy) and G(s, X,) are
given by (3.2) and (3.3) respectively,

t; = inf {s>1 X, =d, or dj+1} (j=0,%1,+2,...), and

s s
N, =exp {/ G(r, X,)dW, —/ %G(r, Xr)Zdr} .
t 1

Proof. Since g(1.y.z) € C,; (R, X R X R), &() € C3R), b().o() €
CH3(R) and @ (where i = 0, 1,2,3) possess at most polynomial growth,
the unique solution u(t, x) to PDE (2.4) belongs to C'3([0, T]xR), see for
example Friedman [20]. In particular we have d,u(t, x) € C1*([0, T]XR).

Let us first consider the case when @® (where i = 0,1,2,3) are
bounded. For this case, the second order derivative of u(z, x), that is,
o,w(t,x) is bounded in [0,T] x R. For 0 < s <1, set

a; =0,8 (s, u(s, Xy),o(s, Xy)w(s, XS)) s
by = 0,8 (s,u(s, X,), 0(s, X)uw(s, X)) .

Then, taking derivative of PDE (2.4) with respect to x and using Itd’s
formula,

dw(s, X,) = (dyw(s, X,)+ %GZ(S,XY) 202 w(s, X,) + 0, w(s, X,) - b(s,XY)) ds
+ 0, w(s, X;) - o(s, X;)dW,

= {— [0.b(s, X,) +a, + b, - 0,0(s, X,)] - w(s, X,)

— [o(s, X,)3,06(s, X,) + b(s, X,) + b, - 0,0(s, X,)] - 0w, xs)}
X ds
+ 0, w(s, X;) - o(s, X, )dW,.
Let M, = g,N w(s, X,), where

dq, = D(s, X,)q,ds, g, =1,
dN, = N,G(s, X )dW,, N, =1,

s € [t,T].

with
D(s,x) 1=0,b(s, x) + 0,81, u(t, x), (s, x)0,u(t, x))
+0,g(t,u(t, x), o(s, x)du(t, x))0,.o(s, x), (3.2)

G(t,x) 1= 0,0(s,x) + 0,g(t,u(t, x),o(t, x)ou(t, x)). (3.3)
Therefore,
dM = q(s5)d [Nyw(s, X,)] + Nsw(s, X)D(s, X)q(s)d s
=q(s)Nydw(s, X;) + q(s)w(s, X )N,G(s, X, )d W
+ q(s)N,G(s, X;)o(s, X;)0, . w(s, X )ds
+q(s)N w(s, X )D(s, X)ds.

Substituting dw(s, X,) into d M, by the definition of D(s, x) and G(s, x),
we obtain that

dM; = [q(s)N 0, w(s, X) - 0(s, X,) + q(s)Nw(s, X)G(s, X )dW,.

We now claim that M is a square integral martingale. In the following
illustration, C will denote a constant whose values vary from line to
line, which dependent on 7 and independent of s < ¢. Since o(t, -), b(t,-) €
C}(R) and g(t.y,2) € C;” (R, x R x R), it holds that

lg(s)Ny0,w(s, X) - 6(s, X ) + q(s)Nw(s, X)G(s, X)| < CIN],

and

E[|N,]’]= E [exp {2/ G(r, X,)dW, — / |G(r, x,)|2d,}]
t t
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<CE [exp{Z/sG(r, X,)dWw, —z/s |G(r, x,)|2d,}]

=C < +o0.

Then,

E|M,*=E { M, + /S[q(r)Nrdxw(r, X,)-o(r,X,)+q(r)N,w(r,X,)
' 2
x G(r, X,)]dW,}
<2FE {/S[q(r)Nrdxw(r, X,) o(r,X,)+q(r)N,w(r, X,)

x G(r, X,)]zdr}
+2E[M}]
<C
Thus, M, is a square integrable martingale up to time 7. Since
r,=inf {s>1, X, =d; or d;}

is a stopping time, finite almost surely (see (1.2) in [21]), by stop-
ping theorem for martingales, we have E (M,) = E (MTATJ ) Due to
w(s,d;)y=0forall se[t,T] (j =0,+1,+2,...), then

w(t,x) = E [q(T A TN w(T A7, XTM/)]
= E [Ny (ppe Deory o]
+ E [ae)N e, X )1, o |
For the case that @ (i = 0, 1,2,3) possess polynomial growth, we can

obtain the representation by the simple approximation procedure. The
proof is complete. []

Now we give the proof of Theorem 3.1.

Proof of Theorem 3.1. By the illustration in Section 2, let y, =

u(t, X,), z, = o(X,) - o,u(t, X,), where u(t, x) is the unique solution of

PDEs (2.4). Then (y,, z,) solve BSDEs (2.3), see [2] for more details.
Set w(t,x) := 0, u(t, x), by Lemma 3.5,

T
w(t,x) = E [NT(D/(XT)e/t DX, )dr | {K,j}] .

Due to the definition of 7j, We know X € ld;.d;] on {T < 7;} when
x€ld;.dj,] Since &(x) is monotone on (d; d;s1], we have @'(X;) >0
(or <0) on {T < 7;} if @(x) is increasing (or decreasing) on [d s djgr]

Thus, w(t,x) = E [NTID’(XT)e/rT D(-X,)dr | {MJ_,] > 0 (or <0). From this
we have w(z, x)®'(x) > 0 for all (¢, x) € (0,T] x R, which means
w(t, X,) - @'(X,) >0, ae tel0,T]

Therefore, z, - 6(t, X,)®@'(X,) = 6*(t, X )w(t, X,) - ®'(X,) > 0.
Furthermore, if &(x) is strictly monotone on ld;.d;], then

sgn(®'(x)) = sgn(@'(X})) on {T <7} Since w(t,x) = E

[NTdi’(X;)efrT D(”Xr)drl(qu]], it is not difficult to verify that sgn

(w(t,x)) = sgn(®@'(x)) for all (r,x) € (0,T] x R, which means, sgn
(w(t, X,) = sgn(@'(X,)), ae. t € [0,T]. Therefore, sgn(z,) = sgn
(o(t, X )w(t, X,)) = sgn(o(t, X,))sgn(®’ (X,)). The proof is complete. []

4. Co-monotonicity of z

In this section, we shall establish a more general co-monotonicity
theorem for z based on the study in the last section. Let us first
generalize the definition of the co-monotonicity, which was initially
introduced in [8].
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Definition 4.1 (Generally Co-monotonic). Two functions @,% : R - R
are said to be co-monotonic on set A if @ is increasing (resp. decreasing)
on A, then ¥ is also increasing (resp. decreasing) on A. If there exist
subsets A, A, ... such that @ and ¥ are co-monotonic on each subset
A; for i > 1, then @ and ¥ are said to be generally co-monotonic on
the set A=A UA, U .

Furthermore, @,% : R — R are said to be strictly co-monotonic on
a set A if @ is strictly increasing (resp. strictly decreasing) on A, then
¥ is strictly increasing (resp. strictly decreasing) on A. They are said to
be strictly generally co-monotonic on the set A = A; U A, U -, if @,
are strictly co-monotonic on each subset A; for i > 1.

Now we are in a position to show the co-monotonic theorem. For
i = 1,2, let 0;(s,x) and b;(s, x) satisfy assumption (A1) and (X;)SE[,_T]
(i = 1,2) be the solutions of the following SDEs, respectively,

{ dX' = b(s, XD)ds + o,(s. X)dW, @)

Xf:x,-, x;,€R, i=12

For any dbi(X;) € L*(2,Fr, P) (i = 1,2), let (3, z') be solutions of the
following BSDEs,

T T
si=eop+ [ g [ daw, (42)
t t

Let u’(t, x)(i = 1,2) denote the solutions to the PDE (2.4) with respect to
(@;,b;,0,,8), (i = 1,2). Define wi(t,x) := d,u'(t,x) for i = 1,2. We then
present the co-monotonicity theorem as follows:

Theorem 4.2. Suppose that @;, b;, o; and g; (i = 1,2) satisfy the
assumptions in Theorem 3.1. Let (y',z') and (37, z%) be the solutions of
BSDE (4.2) corresponding to the terminal values &, = QI(X}) and &, =
472(X%), respectively. Furthermore, assume that w'(s, x) and w?(s, x) have
the same nodal set, meaning w'(s,d;) = w*(s,d;) = 0 for d; € D.

@) If /(X)) PLX2) > 0 and o((s,X}) - 05(5,X2) = 0 a.e. 1 € [0,T],
then

zi -z? >0, ae. se[tT].

(ii) Furthermore, if @|(X))-®,(X2) >0 and o((s,X})-05(s, X} > 0 a.e.
s € [t,T), then

sgn(z)) = sgn(z?) a.e. t€[0,T].

Proof. Let )\ = u/(s,X!), zl = o(s, X!) - 0,u(s, X), where u(t, x) are
the solutions of PDE (2.4) with respect to (&;,b;,0;,8;), (i = 1,2). By
Feynman-Kac formula, see [2,22], we know ( yi, zi) are the solutions of
BSDE (4.2). Set w'(s, X) 1= 0,ui(s, X1).

(@ Since z = o;(s, X1) - 0,ui(s, X}) (i = 1,2), and @} (X})- Dy(X2) > 0,
zh- 22 = o (XHw' (s, X1 - 0y (s, XHw*(s, X2

o (X Hw!(s, Xsl)fbll (X)) - oy (s, XHw? (s, Xf)‘D;(Xf)
- @ (X P (X2)

Moreover, by the proof of Theorem 3.1, we have w/(s, X) - @/(X’) > 0.
Then, z; 4z§ >0, ae s€etT]

(ii) Since @) (X)) - ®L(X2) > 0, a.e. s € [1,T], then ®;(x) satisfy
the assumption of Theorem 3.1. By the proof of Theorem 3.1, we have
sgn(w'(s, X1)) = sgn(®](X?)), then

sgn(z}) = sgn(w' (s, X1))sgn(o;(s, X)) = sgn(®(X}))sgn(o;(s, X1)).

Moreover, by the assumptions di’l(XSl)@;(XSz) > 0and 6;(X1)-0,(X?) >
0, then sgn(@)(X})) = sgn(@}(X2)) and sgn(c;(X})) = sgn(oy(X2)).
Thus, sgn(z!) = sgn(z?) a.e. s € [1,T]. The proof is complete. []

When considering the same underlying process X,, we have the
following result.
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Theorem 4.3. Under the assumptions of Theorem 4.2, suppose that (y', z")
and (y?, z2) are the solutions of BSDE (4.2) corresponding to terminal values
& = @,(Xp) and &, = @,(X7), respectively.

(i) If @, and @, are strictly generally co-monotonic on R, then Zi . zf >
0, ae. se[t,T]

(ii) Furthermore, if 6(X;) # 0 a.e., then

sgn(z!) = sgn(z?), ae. se[tTI.

Proof. Since @, and @, are strictly general co-monotonic, from the
proof of Theorem 4.2, we have
zh - 22 = o(s, X)w' (s, X,) - o(X (s, X,)
X! (s, X)P|(X,) - (s, X)P(X,)
D (X)D(X,)

By Theorem 4.2, w/(s, Xs)afvlf(Xs) > 0. Moreover, 62(X,) > 0. Therefore,
zl .22 >0, ae. s € [t,T]. Furthermore, 6%(s, X,) > 0 a.e. if 6(s, X;) # 0
almost surely. Then z! - z2 > 0, a.e. s € [1,T], which means sgn(z!) =
sgn(zf), a.e. s € [t,T]. This completes the proof. []

5. Applications
5.1. Additivity of g-expectations

Under the assumptions (42)—(A3) and the following condition (A4),
Peng [23] introduced the notion of g-expectation.

(A4) g(t,y,0) =0 for each (¢,y) € [0,T] x R.

Definition 5.1 (g-expectation). Suppose g satisfies (A2)—(A4). For any
£ e L3R, F, P), let ()%, z°) be the solution of BSDE (2.1) with terminal
value ¢. Considering the mapping E,[]: L*(2,F, P) - R denoted by

£
E,[E] =y,
We call E,[£] the g-expectation of ¢.

Usually, E,[¢] with respect to BSDE (2.1) is nonlinear on
L2(Q, F, P). However, for some special cases, E,[] is still additive even
though g is nonlinear. In this subsection, we will give a sufficient
condition for the additivity of E,[¢]. In order to do this, first we
introduce a definition on the generator g, which will be used in the
main results of this subsection later.

Definition 5.2. A function g(t,y,z) : [0,T] xR xR — R is called
positively additive, if it holds that,

g, yy + 2,21 + 23) = g(t. ¥y, 21) + &1, ¥2, 22)

for any (y,,z;) and (y,, z,) whenever y,y, >0, z;z, >0, V¢t €[0,T].

Proposition 5.3. Suppose that @;(X}) and @,(X2) are the random
variables defined in Section 3 and g is a positively additive function.
Moreover, tD,-(X;) (i = 1,2) and g satisfy the assumptions of Theorem 3.1
and (A4).

(i) Suppose that @,(X]) > 0 and d,(X2) > 0 (or ®\(X;) < 0 and
Dy(X2) < 0). If 0y(X}) - 05(X?) > 0 and ®|(X,) - DLXD) > 0,
a.e. t € [0,T), then

E (@, (X7) + @y (X7)] = E (@) (X])] + E [y (X2)].

(ii) If g does not depend on y, the assumptions @, (X}) >0 and <I>2(X%) >
0 (or @, (X}) <0 and QZ(X%) <0) in (i) can be dropped.

Systems & Control Letters 203 (2025) 106160

@/ (X}) - D)(X?) > 0, then z] - 22 > 0 a.e. t € [0,T]. Moreover, by the
comparison theorem of BSDEs, see [23] for details, we have that y,1 >0
and y? >0 if @;(X}) > 0 and @,(X2) > 0. Hence y! - y> > 0, 1 € [0,T].
Since g is a positively additive function, then

Proof. Due to Theorem 4.2, we know if o(X}) - 0,(X?) > 0 and

gty +y2 2t + 2 =gty 2 + gt y2, D).

Thus, (y! + y?, z! + 22)y</<r is the solution of BSDE

T T
v, = ¢1(x})+zp2(x§)+/ g(s, y,, 2,)ds —/ z,dW,.
t t

Therefore, E,[®(X]) + ,(X7)] = y) + y5 = B [® (X )] + E,[@5(X7)].
If g does not depend on y, then it holds that

gtz +20) = g(t,2)) + g(t, z))

when z/ - z2 > 0 ae t € [0,T]. Thus, E,[®(X}) + ®,(X3)] =

E (@ (X])] + E [@,(X2)].
The proof is complete. []

When we consider the same process X, = X! = X2, it is obviously
that o, (X)) 0,(X?) = 6%(X,) > 0. Thus, we have the following corollary.

Corollary 5.4. Suppose that @,(X;) and ®@,(X ) are the random variables
defines in Section 3 and g is a positively additive function. Moreover,
@,(Xp) (i =1,2) and g satisfy the assumptions of Theorem 3.1 and (A4).

(i) Suppose that @, and @, are strictly generally co-monotonic on R with
@, (X7) > 0 and &y(Xy) > 0 (or &(Xy) < 0 and @,(Xy) < 0),
then

E [@(X7) + @2 (Xp)] = Eg[@ (X )] + Eg[@y (X )]

(ii) If g does not depend on y, then the assumptions @;(X;) > 0 and
@, (X7) 20 (or @ (X7) <0 and &,(Xy) < 0) in (i) can be dropped.

5.2. Explicit solutions of nonlinear BSDEs

In this subsection, we will use the sign of z in Theorem 3.1 to obtain
the explicit solutions of one kind of nonlinear BSDEs. Consider the
following nonlinear BSDE,

T T
y,=a>(xT)+/ k|ZS|ds—/ z,dW,, (5.1)
t t

where @(X;) is defined in Section 3. We should mention that Chen
et al. [11] obtained the explicit solution of the above BSDE when the
terminal is @(W;,). For Eq. (5.1), we have the following result.

Proposition 5.5. Assume that &(-), b(-), o(-) satisfy the assumptions in
Theorem 3.1. Then the explicit solution of BSDE (5.1) is given by

¥ = Egl®@(Xp)|F,1 =2 ut, X)),

z, = o(t, X;)ou(t, X,),
here 921, = exp{ [T k- sgn(o(s, X,)) - sgn(@®'(X,)dW, — Lk>T
where 22|, =expy /o sgn(o(s, X)) - sgn(@' (X )dW, — 5 .

Proof. Let y; = u‘(t, X)), z{ = 6(X,)-0,u(t, X,), where u°(t,x), t € [0,T]
is the solution of PDE (2.4) with g¢(s, y,z) = kVz2 + €, u(T, x) = ®(x).
It is easy to check that g satisfy the assumptions of Theorem 3.1.
By Itd’s formula, we know 05, zp) is the solution of BSDE (3.1) with

g6(s,y,2) = kVz2 + ¢, £ = @(Xp). Then due to Theorem 3.1, we have

sgn(z;) = sgn(o(t, X,) - o,u(t, X)) = sgn(o(t, X,)) - sgn(d, u‘(t, X,)),
ae. t€[0,T].

By the proof of Theorem 3.1, sgn(d,u¢(t, X,)) = sgn(@'(X,)) ae.t €
[0,T]. Thus, sgn(zy) = sgn(c(t, X,)) - sgn(®’(X,)), which means the sign
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of z{ is independent of e. Therefore, let ¢ — 0, by [11, Theorem 3.3]
or [24, Theorem 4.2.1], we have

sgn(z,) = sgn(o(t, X;)) - sgn(tp’(X,)) ae. t€[0,T].

Now using Girsanov’s theorem, we can get

T
y, = Ep [cb(XT) -exp { / k - sgn(o(s, X,)) - sgn(@' (X )dW, — %sz}
0

r.

Then by the relationship between y, and z,, see [11, Theorem 4] for
details, we get the representation of z,. []

5.3. Standard aggregator utility under ambiguity

In this subsection, we will use Theorem 3.1 to obtain a closed form
expression of standard aggregator utility for specific recursive multiple
priors. For any given consumption process ¢, Duffie and Epstein [19]
define the stochastic differential utility (SDU) as follows:

T
Y’ =E [/ f(cs,Yj’)ds|r,] ,
1

where the function f is called an aggregator. The special case f(c,y) =
U(c) — Py delivers the standard aggregator utility

T
Y =E [ / e’ﬂ(s”)U(cS)dslf',] .

t

Chen and Epstein [4] show that the above utility takes the following
form for recursive multiple-priors P9,

T
Y, = Qrgglg E, [ / e PEDY(e,)ds + e’ﬂ(r”)leF,] , 0<t<z<T.

We shall show that the above utility under ambiguity has more explicit
representation when P? is given by

) . do [ !
PY=30: — =expq = |6,|°ds — 0,dW, v, sup |6, <k .
dp 2 Jo 0 1€[0.T]
(5.2)

By [4, Theorem 2.2], Y, satisfies the following nonlinear BSDE when
Y = ®(X7) and P® is given by (5.2):

dY, = (=U(c)) + BY, + k| Z,|) dt + Z,dW,, Yy = ®(X7p). (5.3)

In the following, we assume the consumption process ¢, is a real
valued continuous function on [0,7]. We have the following result.

Proposition 5.6. Suppose that ®(-), b(-), o(-) satisfy the assumptions in
Theorem 3.1. Then the standard aggregator utility Y, with terminal Y =
@(X7) has the following closed form representation:

T
Y, = E, [e—ﬂ<T—’>4>(xT)+ / U(cy)e P6=ds F,], te(0,7], (5.4
t

where 99|, = exp {— JT k- sgn(a(X,)) - sg(@' (X,)d W, — %sz}.

Proof. By the illustration in this subsection, Y, is the solution of
BSDE (5.3). Let u¢(t,x), t € [0,T] be the solution of PDE (2.4) with
g6(s,y,2) = Ulcy) — Py — kVz2 +e, us(T,x) = P(x). It is obvious g¢
satisfies the assumptions of Theorem 3.1. By Itd’s formula, we know
Y =u(t,X,) and Z{ = o(1, X,) - 9,u°(z, X,) are solutions of BSDE (3.1)
with g€(s,»,2z) = U(cy) — fy—kVz2 + € and & = &(Xp). Using the similar
method as Proposition 5.5, it holds

sgn(Z,) = sgn(o(t, X,)) - sgn(@'(X,)) a.e. t € [0,T]. (5.5)

Let ¥, = ™'Y, and Z, = ¢™#'Z,. Applying the It6 formula to ¥,, we
know that ¥, solves the following BSDE:

dY, = (e P'U(c,) + k| Z,]) dt + Z,dW,, Y = e ToXy,). (5.6)
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By (5.5), we have sgn(Z,) = sgn(c(t, X,)) - sgn(®’(X,)). Thus, BSDE (5.6)
is actually a linear equation. Applying Girsanov’s theorem, ¥, is given

by
Ft] .
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