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Abstract: We show that the gradient mapping of the squared norm of Fischer-Burmeister
function is globally Lipschitz continuous and semismooth, which provides a theoretical
basis for solving nonlinear second order cone complementarity problems via the conjugate
gradient method and the semismooth Newton’s method.
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1 Introduction

A popular approach to solving the nonlinear complementarity problem (NCP) is to refor-
mulate it as the global minimization via a certain merit function over IR". For this approach
to be effective, the choice of the merit function is crucial. A popular choice of the merit
function is the squared norm of the Fischer-Burmeister (FB) function ¥ : IR” x R" — R
defined by

¥a) = 53 lola b (1)

foralla = (ay, --,a,)" € R"and b= (by,---,b,)" € R™. The aforementioned FB function
is denoted by ® : R" x R" — IR™ whose i-th component function is ®;(a,b) = ¢(a;, b;)
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with ¢ : IR? — IR given by

qﬁ(ai, bl> = \/CL? + b? — a; — bz (2)

It is well-known that the FB function satisfies
¢(ai, bl) =0 <= a >0, b; > O, a;b; = 0. (3)

It has been shown that ¢? is smooth (continuously differentiable) eventhough ¢ is not
differentiable. This merit function and its analysis were subsequently extended by Tseng
[12] to the semidefinite complementarity problem (SDCP) although only differentiability,
not continuous differentiability, was established. More recently, the squared norm of the
FB function for SDCP was reported in [10] to be a smooth function and its gradient is
Lipschitz continuous.

The second-order cone (SOC), also called the Lorentz cone, in IR™ is defined as

K™= {(z1,22) € R x R™™ | |lz2]| < 21}, (4)

where || - || denotes the Euclidean norm. By definition, K' is the set of nonnegative reals
IR . The second-order cone complementarity problem (SOCCP), which is to find z,y € R
satisfying

r=F((), y=G((), (v,y) =0, ze€K", yek, (5)

where (-, -) is the Euclidean inner product and F,G : R" — IR" are continuous (possibly
nonlinear) functions. The FB function for the SOCCP is the vector-valued function ¢, :
R™ x IR™ — IR™ defined by

Gep(2,y) = (2" + ¥ = (x +y), (6)

and the squared norm of the FB function for the SOCCP is ¢, : IR" x IR"™ — IRy given
by

Ve (2:9) = 5100 (2, 9) " @

K"

Note that 2% and y? in (6) mean z oz and y o y, respectively (“o” is introduced in Sec. 2);
and x + y means the usual componentwise addition of vectors. It is known that 22 € K"
for all x € IR™. Moreover, if x € K" then there exists a unique vector in " denoted by
22 such that (2'/?)? = 2'/2 0 /2 = x. Therefore, the FB function given as in (6) is well
defined for all (z,y) € R™ x IR™. Besides, it was shown in [5] that property (3) of ¢ can be
extended to ¢.,. Thus, 1., is a merit function for the SOCCP since the SOCCP can be
expressed as an unconstrained minimization problem:

min Q) = U (F(O), (). 8
Like in the NCP and the SDCP cases, 1., is shown to be smooth, and when VF and —VG
are column monotone, every stationary point of (8) solves SOCCP; see [2].
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The last hurdle to cross in applying (8) to solve (5) is to show that the gradient of ¥,
is sufficiently smooth to warrant the convergence of appropriate computational methods.
In particular, we are concerned with the conjugate gradient methods and the semismooth
Newton’s methods [3]. The former methods generally require the Lipschitz continuity of
the gradient (f € LC" for short since f : IR® — IR is said to be an LC! function if it
is continuously differentiable and its gradient is locally Lipschitz continuous), while the
latter require that the gradient is semismooth (f € SC! for short since f is called an SC!
function if it is continuously differentiable and its gradient is semismooth), in addition to
being Lipschitz continuous.

The main purpose of this paper is to show that the gradient function of ¢, defined
as in (7) is globally Lipschitz continuous and semismooth, which is an important property
for superlinear convergence of semismooth Newton methods [9]. It should be noted that
this result is not a direct implication from a similar result on function W(X,Y") recently
published in [10]. Different analysis is necessary for the proof of Lipschitz continuity.

2 Preliminaries

For any z = (x1,z2) and y = (y1,%2) € IR xIR""!, we define their Jordan product associated
with K" as

oy = ((z,y), 12+ T1Y2). 9)
The identity element under this product is e := (1,0,...,0)T € IR*. We write 2% to mean
x o x and write x 4+ y to mean the usual componentwise addition of vectors. It is known
that 22 € K" for all z € IR". Moreover, if 2 € K", then there exists a unique vector in X",
denoted by x'/2, such that (2'/2)? = 212 0 2/2 = 2.

For any z = (71, 73) € R x IR"!, we define the linear mapping L, : from IR" to IR" as

T
L,y := )
y [ ) l‘ll ‘| y

It can be easily verified that x oy = L,y, Yy € IR™, and L, is positive definite (and hence
invertible) if and only if z € int(K"). However, L'y # 27! oy, for some = € int(K") and
y€R", ie., L1 £ L.

In addition, any = = (z1,75) € IR x IR"™! can be decomposed as

= Mut + hu?, (10)

2)

where A1, Ao and u™, u® are the spectral values and the associated spectral vectors of z,

with respect to K", given by

Ni = w4 (1), (11)
| T (=1 -22)if g £ 0,

o = L) i e (12
: (1, (=1)w), if x5 =0,

3



for i = 1,2, with w being any vector in IR""! satisfying |lw| = 1.

The above spectral factorization of z, as well as 2 and z'/? and the matrix L,, have
various interesting properties (cf. [5]). In particular, we have the following property about
the invertibility of L,.

Property 2.1 If z € int(K"), then L, is invertible with

L~ = det 1
* det(z) | —x2 ¢ (:1:)] + —x975
Wist T

For any function f : IR — IR, the following vector-valued function associated with X"
(n > 1) was considered in [6, 7]

@) = FOul + fQe)u®, o= (21,2:) € R x R". (13)

For a recent treatment, see [1, 5].

Since we aim to prove that the merit function ¢, defined as in (7) has a Lipschitz
continuous gradient, we now write down the gradient function of ¢, as below. Let ¢ ., 1.,
be given by (6) and (7), respectively. Then, from [2, Prop. 1], we know that V., (0,0) =
Ve (0,0) = 0. If (z,y) # (0,0) and 2% + ¢ € int(K"), then

Vit (2,y) = (LaLiaypope =1 ) bp(@,y), (14
Ve (@,y) = (LyLin, oy =1 )be(@,y).
If (x,y) # (0,0) and 2% + y* & int(K"), then 2% + 32 # 0 and
Vathpg (z,9) = (xl - 1) Des (2, 9),
Vot (2,y) = (f/Ty - 1) D (2, 9). (15)

3 Main results

In this section, we will present the proof that the gradient function of ¢, is Lipschitz
continuous.

Lemma 3.1 Let w : R" x R™ — IR™ be defined by w(z,y) = u(z,y) o v(z,y), where
u,v : R™ X IR™ — R™ are differentiable mappings. Then w is differentiable and

Vew(r,y) = Vou(z,y)Lyay) + Va0(2,y) Lugy),

16
Vyw(z,y) = Vyu(z,y)Lyey) + Vyu(z,y) Lu,y)- (16)



Proof. This is the product rule associated with Jordan product. Its proof is straightfor-
ward, so we omit it. O

Lemma 3.2 For any z,y € R, let z(z,y) = (22 +9*)V2, F(z,y) = L. L.} (v + ),

z(z,y)
and G(z,y) = LyLZ_&y) (x +vy). Then, we have

(a) z is differentiable at (z,y) # (0,0) € R™ x R™ with 2* + y* € int(K"). Moreover
Vez(z,y) = L L} V,2(v,y) = L,L_}

z(z,y)’ 2(x,y)"

(b) F,G are differentiable at (z,y) # (0,0) € R™ x R"™ with 2* + y* € int(K"). Moreover,
\VE(z,y)|, |IVG(z,y)|| are uniformly bounded at such points.

Proof. (a) That the function z is differentiable is an immediate consequence of [7]. See
also [1, Prop. 4]. Since, 2%(x,y) = 2% + y?, applying Lemma 3.1 yields

2V 2(2,y) Lawy) = 2Lz,  2Vy2(2,y) La(ey) = 2Ly,

Hence, the desired results follow.

(b) For symmetry, it is enough to show that F' is differentiable at (x,y) # (0,0) with
2 4+ y? € int(K") and that |V, F(z,y)|, ||V,F(x,y)| are uniformly bounded. It is clear
that F' is differentiable at such points. The key part is to show the uniform boundedness
of |[V.E(z,y)|, [V,F(x,y)|. Let A1, Aa be the spectral values of 22 4 y?, then

Moo=zl ) = 2llzws + el
A=zl Iyl + 2flzaws + el
Thus, z(z,y) := (2% + ?)"/? has the spectral values v/A;, v/A; and

2(z,y) = (21,22) = (\/)\_1;' \/)\_2, \//\_QQ \/)\_lw2>, (17)

122 + . . . .

where wy = e 1179 + Y192 # 0 and otherwise w, is any vector in IR"~!
|12 + Y192

satisfying |lws|| = 1.

Now, let w:= L.} (z +y). By applying Property 2.1, we compute u as below.

2(z,y)
- T
1 1 N T+
= — det(z(x 1
det(z(z,y)) | —2 MI + —22; [ T2 + Y2
L 21 21
1 (w1 + Y1)z — (22 +42)" 22 1
= < et(z T TZ
det(2(z,y)) | —(z1+y1)z2 + L8 (g 4 yp) + 2H2) 225

- [Z;].



We notice that F(z,y) = LmL;é’y) (x +y) = Lyu = z o u. Then, by applying Lemma 3.1,
we obtain

V.F(z,y) = L, + Vyu(z,y)L, and V,F(x,y)= Vyu(z,y)L,. (18)

To show that |V,F(z,y)| is uniformly bounded, we shall verify that both | L,|| and
IV u(z,y)L,| are uniformly bounded. We prove them as follows.

(i) To see ||L,]|| is uniformly bounded, it is sufficient to argue that |ui],|us| are both
uniformly bounded. First, we argue that |ui| is uniformly bounded. From the above
expression of u, we have

1 1

) (121 — 3 22) + m(%zl — s 22).

= det(z(z,y

Following the similar arguments as in [2, Lemma 4] yields

1 T ; o — oL
u, = 7))(xlzl_%z2)+det(z( ))(yl 1= Yp 22)

det(z(z,y T,y

(21 — $2Tw2) (y1 — szwz)
O(l) + 2\//\—1‘| + [0(1) + 27\/)\_1 ,

where O(1) denotes terms that are uniformly bounded with bound independent of (x,y).
Moreover, by [2, Lemma 3], if 129 + 1192 # 0 then |x; — 2l wy| < [|zo — zyws|| < VAL IF
7179 + y1y2 = 0 then A\; = ||z|> + ||y||* so that by choosing wy to further satisfy z2w,; = 0
we obtain |z; — 22ws| < ||z — mywy| < ||lz]| < VA1, Similarly, it can be verified that
ly1 — yTws| < v/ A1 Thus, |uy| is uniformly bounded.

Secondly, we argue that ||ug|| is also uniformly bounded. Again, using the expression of
u and following the similar arguments as in [2, Lemma 4], we obtain

_ 1 det(z(x,y)) xd 2y ]
= det(z(x,y)){ S 2 2t 2 2
), | ]
+det(z(x,y)){ e+ 2 Yt 2 2
_ o) - T1W2 n %(%Twﬂ ws| + |O(1) — Y1 W2 n \/\/%(ygﬂb) w
VA 2VA V) VA 2AVA V)

_ [O(l) B 1w V(= afwy) " ]
2(VA V) 2(VA VARV
" [0(1) Ly Vheiopu) ]
2(VA+Vha) 20V VAWAL ]

Using the same explanations as above for u; yields that each term is uniformly bounded.
Thus, ||ug|| is uniformly bounded. This together with |u;| being uniformly bounded implies

up ud
(75 U1]

that [|V.F(x,y)|| = || L] = is also uniformly bounded.




(ii) Now, it comes to show that ||V u(z,y)L.|| is uniformly bounded. From the definition
of u:= L. (x+y), we know that z(z,y) ou = z +y. Applying Lemma 3.1 gives

(z,y)
sz(l'a y)Lu + Vzu(m7 y)Lz(x,y) - -[7

which leads to
Vo, y) Lozyy =1 — Vaoz(x,y) Ly = I — (L, L}t

z(z,y)

)L,
= Vau(z,y) = (f - LxLz(m,wLu) Lo

= Vu(z,y)L, = (I Ly L7 Lu )L;(l o La

= Vou(r,y)Le = L7} Lo — Lol LuL 7 ) La

= Veu(z,y)L, = (LZ‘LZ_(}Qy))T - (LILz(lx,y))L (Lo Lz(lx y)) :
Therefore,

Va2, y) Lall < (Lo L))" |+ 1 Lo Ly I Lull - (2 L) " N1

By [2, Lemma 4], || L, L} ~(r.y || 15 uniformly bounded, so is ||(LxLZ_é,y)) ||. This together with
|| L || being uniformly bounded shown as above yields ||V u(z, y)L,|| is uniformly bounded.

From (i) and (ii), we conclude that ||V,F(z,y)| is uniformly bounded. Similar ar-
guments apply to ||V, F(z,y)|; and hence, |[VF(z,y)| is uniformly bounded. Thus, we
complete the proof. O

Lemma 3.3 Let ¢, be defined as (7). Then Vi), is continuously differentiable every-
where except for (z,y) = (0,0). Moreover, |V?¥,,(x,y)| is uniformly bounded for all

(x,y) # (0,0).

Proof. For any (z,y) € R"xIR", let z := (22+y?)'/2. We prove this lemma by considering
the following two cases.

(i) Consider all points (z,y) # (0,0) with z* + y? € int(K"). Since
Vothun(@.9) = (LeLs' = 1)oun(e.y) = 2 = LiL: (@4 ) = Gy (2.9)
vwaB(x7y) - LyLz_l - I>¢FB(x7y> =Yy LyLzl(l‘ +y) - QSFB(I?y)?

we can compute V2, (z,y) as follows:

Vid(e) = 1= Va(Ll@+y)) = (L1 = 1), (19)
Vigey) = V(LI +y) - (L - T),
Vidm(@y) = ~Vo(LL@+y)) - (LL 1),

V2 (ry) = 1-Y, <LyLzl(q: + y)) - (LyLZI - 1).



The continuity of V%, at (z,y) thus follows. It is easy to see that | L,L; ||, || L,L; "
are uniformly bounded by [2, Lemma 4] (|| - || and || - || are equivalent in IR™*™). Let
F(z,y) := L, L;'(z +y) and G(z,y) := L,L;'(z +y). By Lemma 3.2, we know that

HVI (LxLz_l(a: + y)) H = ||V, F(z,y)| is uniformly bounded. Likewise, we have that

HVy <LxL21(a: + y)) Vs (LyLzl(x + y)> [ Vy <LyLzl(x + y)> H are all uniformly bounded.

Thus, we can conclude that | V2, ¢c, (2, ), V5 es (2, )|, 1 Viethes (2, 911, 1V, 00 (2, )
are all uniformly bounded which implies that ||V, (z,y)| is also uniformly bounded.

(ii) Consider all points (x,y) # (0,0) with 22 4+ y* & int(K™). Since

X1

v$1/}FB<I7y) = —1 ¢FB T y =T — l’—f—y
2+ y? Vi + i
5N —
VwaB(‘r7y> - ( Z‘%—l—y% 1) ¢FB T y =Y \/Tyl S(Z—l—y FB I y)

we can compute V¢, (z,y) as follows:

be (T,9),

2, .3
Z1 Y] + Ui 10 T1
Vil (,y) = I - I+ l — | ——— 1] 1,(20)
v wptyt (@) L00 7+ 43
n, iy + Ty} [ 10 ]

v?g w €,y = - -
Y FB( ) \/m (x%—i—y%)?)/z

n iy +xyy |10 1
Ve (0,y) = - I- [ ] =
yaten 4y ()10 0 3+ 4
3 2
Y1 ] + T 1 0 1
Vzw xy = [I— I+ l ] - -1 17
Yy FB( ) SL’%—FZ/% (13%4—3/%)3/2 00 1;%4_3/%

where 0 denotes the (n —1) x (n — 1) zero matrix. Now we provide a sketch proof to verify
V2zyy is continuous. Let (a,b) # (0,0) and a® + b ¢ int(K"). We want to prove that

Vieles (2, y) = Vaatboy(a,b), as  (x,y) — (a,b). (21)

Due to the neighborhood of such (a, b), we have to consider two subcases: (1) (z,y) # (0,0)
with 2% + y? € int(K") and (2) (z,y) # (0,0) with 22 + 3> & int(K"). Tt is clear that (21)

holds in subcase (2) because the formula given in (20) is continuous. In subcase (1), we

have
Vealben(1,y) = 1=V, (Ll @ +y)) = (Lli' = 1) (22)
- [Lu +(LoL2Y) — (LL7Y) (L) (Lngl)T] —(L.L2' - 1).

In view of (19), (20) and (22), it suffices to show the following three statements for (21) to
be held in this subcase (1):



a1

(a) L,L;' - ——1, as (z,y) — (a,b).
\/ai + b3
(b) Lo — 2 1 as (1,9) — (a,h).
a? + b3

at(ay + by)
(af + b7)3/2

First, we know from [2, Prop. 2] that there holds

a1
Va2 + b3

I, as (z,y) — (a,b) since both (z + ) and L,L;*

(c) Ly — (L L;Y(L)(L L7H)T — I, as (z,y) — (a,b).

LoL; ' (z +y) — (a+b) as (z,y) = (a,b),

_u
Vai + b3
are continuous and (x +y) — (a + b) when (z,y) — (a,b). Secondly, if we look into the

entries of L, and compare them with the entries of L, L] (see [2, eq. (27)]), then it is clear

b
that L, — %12 I, as (z,y) — (a,b). Finally, part(c) follows immediately from part

ai + b}
(a) and (b). Thus, we complete the verifications of (21). The other cases can be argued
similarly for V¢, Vo, and V1., In addition, it is also clear that each term in the
above expressions (20) is uniformly bounded. Thus, we obtain that V21, is continuously
differentiable near (z,y) and ||V?,, (z,y)|| is uniformly bounded. O

which implies L,L;! —

Theorem 3.1 Let )., be defined as (7). Then, Vi), is globally Lipschitz continuous, i.e.,
there exists a constant C' such that for all (z,y), (a,b) € IR™ x IR",

IVt (2,9) = Vatbpg (a, D) | < Cll(2,y) = (a, )], (23)
IVytes (,9) = Vytbps (0, D) < Cli(z,y) = (a, )]

and 1s semismooth everywhere.

Proof. Because of symmetry, we only need to show that the first part of (23) holds. For
any (z,y) € R" x R", let 2z := (2% + ¢?)Y/2.

(i) First, we prove that V1., is Lipschitz continuous at (0,0). We have to discuss three
subcases for completing the proof of this part.

If (x,y) = (0,0), it is obvious that (23) is satisfied.

If (x,y) # (0,0) with 22 + y? € int(K"), then

IVatben (@, 9) = Vathe (0,0)]] = [IVatben (2, 9)l = llv — Lo L2 (2 + ) — ben (@, ).

It is already known that = and ¢, (z,y) are Lipschitz continuous (see [11, Cor. 3.3]). In
addition, Theorem 3.2.4 of [8, pp. 70] says that the uniform boundedness of V(LILZ_l(a: +



y) | (by Lemma 3.2) yields the Lipschitz continuity. Thus, (23) is satisfied for this subcase.
If (x,y) # (0,0) with 22 + y* & int(K"), then

x

7(1’ +y) - ¢FB(x’y)
Vot +ut

< 1 and both (z + y), ¢.s(z,y) are known Lipschitz continuous, the

||v$¢FB(I7y) - v$¢FB(O’ 0)” = ||VI¢FB<x7y)|| =%

T

Vot +ui
desired result follows.

(i) Secondly, we prove that V1., is Lipschitz continuous at (a,b) # (0,0). Let (z,y) €
IR"™ x IR™, we wish to show that (23) is satisfied. In fact, if the line segment [(a,b), (z,y)]
does not contain the origin, then we can write

IV sen )=Vt @, 0] < | [ 20 100,0) + 1((,) = (a0t

where the first inequality is from the Mean-Value Theorem (see [8, Theorem 3.2.3]), and the
second inequality is by Lemma 3.3. On the other hand, if the line segment [(a,b), (z,y)]
contains the origin, we can construct a sequence {(z*,y*)} converging to (x,y) but for
each k, the line segment [(a,b), (z*,y*)] does not contain the origin and apply the above

Since

< O||(z,y)—(a,b)],

inequalities to get

IVt (25, 5) = Vit (a,0) | < Cll(2",4") = (a,b)]],
which, by the continuity, implies

HvwaB(aj’y) o waFB(a7 b)” < O”(x>y> - <a7 b)”
Thus, (23) is satisfied.

To complete the proof of this theorem, we only need to show that Vi), is semismooth at
the origin as, by Lemma 3.3, Vi), is continuously differentiable near any (0,0) # (x,y) €
IR™ x R™. From (14) and (15), we know that for any ¢t € IRy and (z,y) € IR" x R™ we
have

Vi, (tx, ty) = tVip, (z,y) .
Thus, Vi, is directionally differentiable at the origin and for any (0,0) # (z,y) € IR"xIR"
Vi (2, 9) (2, y) = (Vi) (2, 9); (2,9)) = Vb (2, 9) .-
This means that for any (0,0) # (z,y) € IR" x IR" converging to (0, 0),
V¢FB(£? y) - VwFB((]? O) - VZwFB(x7y)(x7y) = VwFB(x7 y) -0- VwFB(x?y) =0,

which, together with the Lipschitz continuity of Vi, and the directional differentiability
of Vi, at the origin (Vi is, however, not differentiable at the origin), shows that
Vi, (x,y) is (strongly) semismooth at the origin. The proof is completed. O

From Theorem 3.1, we immediately obtain that the function ¢, defined as in (7) is an
SC! function as well as an LC! function.
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