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1. Introduction
A standard primal linear semidefinite programming (SDP) problem is the problem of minimizing a linear func-
tion in the space S" subject to m linear equality constraints and the essential positive semidefinite constraint
X e S'}. Mathematically, the primal SDP has its standard form:
min (C,X) st. AX=b, Xe§], 1)
XeS"
where C € S", b € R™ are given data, and A : S" — R" is a linear mapping given by AX := ((A1,X)--(A,, X))" for
all X € §", with given matrices A; € S”, fori=1,...,m, and (-, - ) denoting the standard trace inner product. Note
that the adjoint of A, denoted by A", is a linear mapping from R" to S" defined as A"y := ), y;A; for y e R™.
Associated with problem (1), the Lagrangian dual problem of (1) is given by
max (by) st. Ay+Z=C, ZeS]. (2)
yeR™, ZeS"
In this paper, we assume that the primal problem (1) admits at least one optimal solution and satisfies the Slater’s
condition; that is, there exists X € S"}, such that AX =b. Under these assumptions, the dual problem (2) has an
optimal solution, and the dual optimal value is equal to the primal optimal value.' Thus, the duality gap between
(1) and (2) is zero. As a consequence, the following system of KKT optimality conditions, given as

AX=b, Ay+Z=C, XeS!, ZeS", (X,Z)=0, 6)

admits a solution. We call an arbitrary triple (X,7,Z) € S" x R" x S" a KKT point if it satisfies the KKT conditions
in (3). Let X be an optimal solution to the primal problem (1); for simplicity, we denote the set of associated
Lagrangian multipliers M(X) as

M(X):={(y,2) e R" xS" : (X,y,Z) is a KKT point}. 4)

Then, under the aforementioned conditions, M(X) is a nonempty set.
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The research on SDPs has been active for decades and still receives strong attention to date. Indeed, SDP has
become one of the fundamental modeling and optimization tools that encompasses a wide range of applications
in different fields. The increasing interest in SDP has resulted in fruitful and impressive works in the literature.
For theoretical developments and many important applications of SDP in engineering, finance, optimal control,
statistics, machine learning, combinatorics, and beyond, we refer the reader to Bonnans and Shapiro [3], Chan
and Sun [11], Majumdar et al. [33], Sun [57], Vandenberghe and Boyd [66], and Wolkowicz et al. [70], to mention
just a few. In the next few paragraphs, we will briefly review some influential works on developing efficient solu-
tion methods, including interior point methods (IPMs), first-order methods (FOMs), augmented Lagrangian
methods (ALMs), and smoothing Newton methods, for solving SDPs.

Perhaps the most notable and reliable algorithms for solving SDPs are based on the IPMs; see Todd [63] and
Wolkowicz et al. [70] for comprehensive surveys.” IPMs admit polynomial worst-case complexity and are able to
deliver highly accurate solutions. The essential idea of a primal-dual IPM is to solve the KKT conditions in (3)
indirectly by solving a sequence of perturbed KKT conditions:

AX=b, Ay+Z=C, XZ=ul, u>0,

with u being driven to zero. At each iteration of the IPM, one usually needs to solve a linear system whose coeffi-
cient matrix (i.e., the Schur complement matrix) is of size m X m and generally fully dense and ill-conditioned.
Thus, IPMs may not be suitable for some practical applications because SDPs arising from such applications are
typically of large size. To alleviate these issues, many modifications and extensions of IPMs have been devel-
oped. Two main approaches are (a) investigating iterative linear system solvers for computing the search direc-
tions (Toh [64], Toh and Kojima [65]) in order to handle large-scale linear systems and (b) exploiting the
underlying sparsity structures (such as the chordal structure of the aggregate sparsity pattern) in the SDP data
for more efficiency (Kim et al. [29], Ko¢vara [31]). For (a), we note that iterative linear system solvers (such as the
preconditioned conjugate gradient (PCG) method) require carefully designed preconditioners to handle the issue
of ill-conditioning. However, finding an effective preconditioner is still a challenging task. For (b), we note that
not all SDPs admit appealing sparsity structures, and hence, the range of applications for this approach remains
limited. In summary, there exist several critical issues that may stop one from applying an IPM and its variants
for solving large-scale® SDPs in real-world applications.

FOMs are at the forefront on developing scalable algorithms for solving large-scale optimization problems
because of the low per-iteration complexity. For SDPs, we mention some relevant FOMs to capture the picture
on recent developments along this direction. In the early 21st century, Helmberg and Rendl [21] applied a spec-
tral bundle method to solve a special regularized problem for the dual SDP (2). These authors proved the conver-
gence of the proposed method under the condition that the trace of any primal optimal solution is fixed. FOMs
such as the (accelerated) proximal gradient method are also popular; see, for instance, the works of Jiang et al.
[25] and Yang et al. [72] together with some numerical evaluations of their practical performance. Later Renegar
[47], proposed an FOM that transforms the SDP into an equivalent convex optimization problem. But no numeri-
cal experiment was conducted in this work, and hence, the practical performance of the proposed algorithm is
unclear. Meanwhile, operator splitting methods and the alternating direction method of multipliers (ADMM)
and their variants (Povh et al. [41], Sun et al. [62], Zhao et al. [75], Zheng et al. [76]) have been demonstrated to
be well suited for solving large-scale SDPs, although high accuracy solutions may not be achievable in general.
More recently, in order to design storage-efficient algorithms, Yurtsever et al. [73] proposed a conditional-
gradient-based augmented Lagrangian method equipped with random sketching techniques for solving SDPs
with fixed trace constraints. The method has state-of-the-art performance in memory consumption, but whether
it is also efficient in computational time for obtaining high-accuracy solutions of general SDPs (with or without
fixed trace constraints) requires further investigation. Another similar storage-optimal framework can be found
in Ding et al. [17]. For sparse SDPs, Jiang and Vandenberghe [24] recently proposed a Bregman distance-based
Chambolle-Pock primal-dual algorithm (note that the classical Chambolle-Pock algorithm is an equivalent form
of the so-called linearized ADMM,; see Chambolle and Pock [10]) with provable convergence properties, which
exploits data sparsity to reduce the computational cost for evaluating the Bregman proximal operator. Indeed,
those existing works have shown that FOMs are scalable algorithms. However, a commonly accepted fact for
FOMs is that they may not have favorable efficiency for computing accurate solutions, or they may even fail to
deliver moderately accurate solutions. Therefore, when high-quality solutions are needed, FOMs may not be
attractive.

Being studied for decades, augmented Lagrangian methods (ALMs) have been shown to be suitable for solv-
ing large-scale optimization problems (including SDPs) efficiently and accurately. Many efficient algorithms
based on the ALM have been proposed. For example, Jarre and Rendl [23] developed an augmented primal-dual
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method. Later, Malick et al. [34] proposed a Moreau-Yosida regularization method for the primal SDP (1). Both
methods perform reasonably well on some SDPs with a relatively large number of linear constraints. Zhao et al.
[75] developed a dual-based ALM (i.e., the ALM is applied to the dual problem (2)) whose design principle is
fundamentally different from the one in Malick et al. [34] by relying on the deep connection between the primal
proximal point algorithm and the dual-based ALM (Rockafellar [52], Rockafellar [53]) and the highly efficient
semismooth Newton method (Qi and Sun [44]). The solver developed in Zhao et al. [75] has shown very promis-
ing practical performance for a large collection of SDPs compared with existing ones. Moreover, practical experi-
ence shows that when a good initial point is available, the performance of the algorithm can be further
improved. This has motivated the same group of researchers to develop a hybrid framework, namely SDPNAL+
(Yang et al. [71]), which combines the dual-based ALM (Zhao et al. [75]) and the ADMM method (Sun et al. [62])
with some majorization techniques. SDPNAL+ has demonstrated excellent numerical performance, particularly
when solving SDPs with large numbers of constraints (say more than 20,000), and it can handle additional poly-
hedral constraints. Lastly, we mention another popular ALM-based approach for solving low-rank SDPs, namely
the Burer-Monteiro (BM) method (Burer and Monteiro [7]). The key ingredient of the BM method is to replace
the essential constraint X € S” with the low-rank factorization X = RR” that reformulates (1) as a nonconvex opti-
mization problem in R™”, where r is a prior bound on the rank of an optimal solution. Following the same
research theme of Burer and Monteiro [7], recent works (Wang and Hu [67], Wang et al. [68]) demonstrate that
one can expect more promising practical performance for solving low-rank SDPs via incorporating the matrix
factorization technique with manifold optimization. Moreover, many important works on the connection
between the factorized problem and the primal SDP (1) have also been published; see, for instance, Boumal et al.
[4], Burer and Monteiro [8], and Pataki [37]. However, choosing a suitable * to balance a conservative (large) and
an aggressive (small) choice is a delicate task because the former will lead to higher computational cost per itera-
tion, whereas the latter may lead to convergence failure. As a consequence, the practical performance of the BM
method is sensitive to the choice of r.
Different from IPMs, one could also consider solving the non-smooth reformulation of the KKT conditions in (3):

AX —b
FXy2):=| —Ay-Z+C | =0, (X,5,2)eS"xR"xS", (5)
X — g (X - Z)

where the conditions X € S}, Z € S}, (X, Z) = 0 are replaced by a single non-smooth equation X —Ilg: (X — Z) =0,
and ITg: () is the projection operator onto S. Obviously, the function F(-) is non-smooth because of the non-
smoothness of Tlg: (-). Thus, the classical Jacobian of F(-) is not well-defined, and the classical Newton method is
not applicable for solving (5). Because the B-subdifferential and the Clarke’s generalized Jacobian (Clarke [16]) of
[g: (), namely, dpllg: and JIlg:, are well-defined and Ig: (-) is strongly semismooth (Sun and Sun [60]), dpF and
JdF are both well-defined, and F(-) is also strongly semismooth. Then, it is natural to apply the semismooth New-
ton (SSN) method (Qi and Sun [44]) that has a fast local convergence rate under suitable regularity conditions.
However, the global convergence of the SSN method needs a valid merit function for which the line search pro-
cedure for computing a step size is well-defined. Typically, such a valid merit function should be continuously
differentiable or satisfy other stronger conditions. Yet defining such a merit function from F(-) directly turns out
to be challenging. This motivates us to develop a smoothing Newton method because a suitable merit function
can readily be obtained, and its global convergence can be established. Moreover, the smoothing Newton
method inherits the strong local convergence properties from the classical Newton method and the semismooth
Newton method under similar regularity conditions.

Existing smoothing Newton methods have been developed and studied extensively in different areas. To men-
tion just a few of these works, the reader is referred to Chan and Sun [11], Chen and Tseng [13], Chen et al. [14],
Chen et al. [15], Gao and Sun [18], Kanzow and Pieper [28], Qi and Chen [43], and Qi et al. [45]. These smoothing
methods can be roughly divided into two groups, Jacobian smoothing Newton methods (Chen et al. [14], Kan-
zow and Pieper [28]), and squared smoothing Newton methods (Chan and Sun [11], Gao and Sun [18], Qi et al.
[45]). The convergence analysis of Jacobian smoothing Newton methods depends strongly on the so-called Jaco-
bian consistency property and other strong conditions for the underlying smoothing functions. However, many
smoothing functions, such as those functions defined via normal maps (Robinson [50]), do not satisfy these con-
ditions. Furthermore, to get stronger convergence results, it is often useful to add a small perturbation term to
the smoothing function. In this case, conditions ensuring those stronger results for the Jacobian smoothing New-
ton methods are generally not satisfied.
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Smoothing Newton methods rely on an appropriate smoothing function for the plus function
p(t) :=max{0,t}, teR,

in order to deal with the non-smooth projector I'lg: (-). To the best of our knowledge, the most notable and com-
monly used smoothing function is the so-called Chen-Harker-Kanzow-Smale (CHKS) function (Chen and Harker
[12], Kanzow [26], Smale [56]),

e, )= (V2 +4e2+1)/2, (e,t) eRXR,

which has been studied extensively and used for solving SDPs and semidefinite linear and nonlinear comple-
mentarity problems. For other smoothing functions whose properties have also been well-studied, the reader is
referred to Qi et al. [45] and Sun and Qi [58] for more details. However, it is easy to see that &(€, ) maps any neg-
ative number ¢ to a positive one when € # 0, even though p(t) = 0. Thus, it destroys the possible sparsity structure
when evaluating the Jacobian of the merit function. Hence, smoothing Newton methods based on the CHKS
function would require more computational effort when performing the matrix-vector multiplications needed in
an iterative linear system solver for computing the search directions; see Section 4.3 for more detailed discus-
sions. To resolve this issue, we propose to use the Huber smoothing function (Pinar and Zenios [40]), which
maps any negative number to zero so that the underlying sparsity structure of the plus function is inherited. To
use the Huber smoothing function, we then need to study some fundamental properties, including continuity,
differentiability, and (strong) semi-smoothness of the matrix-valued mapping associated with the Huber
function.

Although much progress has been made in developing efficient algorithms for solving SDPs in the literature,
the efficiency and cost of these methods are still far from satisfactory. This motivates us to study and analyze the
squared smoothing Newton method via the Huber smoothing function. To evaluate the efficiency, we implement
the algorithm and conduct extensive numerical experiments by solving several classes of SDPs. Our theoretical
analysis and numerical results show that the proposed method admits appealing convergence properties, and it
has shown promising numerical performance for computing relatively accurate solutions. Compared with the
ALM-based method in Zhao et al. [75] for solving an SDP problem, our smoothing Newton method has the
advantage that it can also handle a relatively large number of linear constraints and has the feature that it is
applied to a single nonlinear system of equations, whereas the ALM method needs to solve a sequence of sub-
problems for which the total number of Newton iterations is usually more than the former. Moreover, because
the practical performance of the smoothing Newton method for solving SDPs has not been systematically evalu-
ated in the literature, our theoretical and numerical studies can certainly help one to gain a better understanding
of this class of algorithms. However, note that a comprehensive comparison of the practical performance of dif-
ferent smoothing functions is not the main focus of this research.

The rest of the paper is organized as follows. In Section 2, we summarize some existing results that will be
used in later analysis. Then, we study the continuity, differentiability, and semi-smoothness of the matrix-valued
mapping defined upon the Huber function in Section 3. Using these results, we are able to analyze the correct-
ness, global convergence, and local fast convergence rate of the proposed squared smoothing Newton method in
Section 4. In Section 5, we conduct numerical experiments for solving various classes of SDPs and evaluate the
practical performance of the proposed method. Finally, we conclude the paper in Section 6.

2. Preliminary

Let Y and Z be any two finite dimensional real vector spaces, each equipped with an inner product (-, -) and its
induced norm || - ||. Assume that O CY is an open set and ©® : O — Z is a function on O. If © is locally Lipschitz
continuous on O, then it is Fréchet-differentiable almost everywhere on O (Rockafellar and Wets [54]), that is, for
almost every y € O, there exists a linear operator depending on y, denoted as ©’(y) : Y — Z, such that

lim €W +Ay) —O(y) — O (WAl _
llAyll—0 llAyll

and ©'(y) is called the F-derivative of © at y € O. Hence, the B-subdifferential (Qi [42]) of © at y € O, denoted by
d0O(y), is well-defined and given by

0,

dO(y) := {V V= khm @' ("), y* — y,© (") is the F-derivative of @ at yk}.
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Moreover, Clarke’s generalized Jacobian (Clarke [16]) of © at y € O is defined as dO(y) := conv{dzO(y)}, where
“conv” denotes the convex hull of the underlying set. From Clarke [16], we know that dg®(-) is nonempty and
upper semicontinuous for all y € O. Furthermore, if ®'(y) exists for a certain y € O, then ©'(y) € dgO(y). The
above statements hold true if one replaces dgO(y) with dO(y).

2.1. Properties of Il ()
Denote the matrix-valued mapping Qy : RN — SN for any integer n > 0 as

P(di)"'P(dj) .. N
Qd))yj=————F=, i,j=1,...,N, VdeRY, 6

with the convention that 0/0 := 1. Let the spectral decomposition of W € S" be
W=PDP", D=diag(d), d=(dy,....d,) eR", dy>-->d,, 7)

where P € R™" is orthogonal. For later usage, we also define the following three index sets: a := {i: d; > 0}, B :=
{i:d; =0}, and y :={i: d; < 0}, corresponding to the positive, zero, and negative eigenvalues of W, respectively.

It is clear that both dpI1g: (W) and dTlg (W) are well-defined for any W € S" (because I (-) is globally Lipschitz
continuous with modulus 1 on S"). We then have the following useful lemma (see (17)) on dpllg: (W) and
dllg: (W), whose proof can be found in Sun [57, proposition 2.2]. Here we use “o” to denote the Hadamard
product.

Lemma 1. Suppose that W € S" has the spectral decomposition (7). Then, V € dpllg: (W) (respectively, dTlg: (W) if and
only if there exists V|| € Il (0) (respectively, ol s (0)) such that

Haa Haﬁ [QO(d)]ay o Hay
~ T ~
V(H)=P Hy V5 (Hgp) 0 PT,
HY o[Qo(d)],, 0 0

where H := PTHP for any H €S". In particular, V| p| € Illg61 (0) if and only if there exist an orthogonal matrix U €
RIBIXIB g :

Q€ {Q eslfl.Q= lim (), R 225 50,20 > 2 2y, 2 # o}

such that
Vg (Y) = U[Qpp o (UTYU)UT, VY eSF

Another critical and fundamental concept of Il (-) is its semi-smoothness, which plays an essential role in ana-
lyzing the convergence of Newton-type algorithms. Recall that a mapping © : Y — Z is said to be directionally
differentiable at the point y € Y if the limit, defined by
G)(y, h):= liﬁw’

t

exists for any i € Y. Then the definition of the semismoothness is given as follows.
Definition 1. Let ® : O C Y — Z be a locally Lipschitz continuous function. ® is said to be semismooth at y € O if
O is directionally differentiable at y and for any V € d0(y + h),
[©(y +h) = ©(y) - VAl = o(|[hl), h— 0.
O is said to be strongly semismooth at y € Y if © is semismooth at y and for any V € dO(y + h)
1©(y + 1) — ©(y) — Vil = O(Il[*), h— 0.

We say that © is semismooth (respectively, strongly semismooth) if © is semismooth (respectively, strongly
semismooth) at every y € Y.

Semi-smoothness was originally introduced in Mifflin [35] for functionals. Qi and Sun [44] extended it to
vector-valued functions. It is also well known that the projector Ilg:(-) is strongly semismooth on S§" (Sun and
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Sun [60]). Later, we will also show that the smoothed counterpart of Ilg:(-) is also strongly semismooth on S"
(see Proposition 1).

2.2. Equivalent Conditions
For the rest of this section, we describe several important conditions related to the theoretical analysis for SDPs
and present some connections between these conditions. The presented materials are borrowed directly from the
literature; see, for instance, Chan and Sun [11] and the references therein.

First, we recall the general concept of constraint nondegeneracy. Let g: Y — Z be a continuously differentiable
function and C be a nonempty closed convex set in Z. Consider the following feasibility problem:

g(é)ecC, &feY. (8)

Let & € Y be a feasible solution to the above feasibility problem. The tangent cone of C at the point g(&) is denoted
by T¢(g(¢)), and the largest linear subspace of Y contained in 7¢(g(¢)) (i-e., the linearity space of 7¢(g(¢))) is
denoted by lin(7 ¢(g(£))).

Definition 2. A feasible solution & for (8) is constraint nondegenerate if
&' (€)Y +1in(Tc(g(8))) = Z.

The concept of degeneracy was introduced by Pereyra et al. [39] and Robinson [48], Robinson [49], and the term
“constraint nondegeneracy” was also coined by Robinson [51]. For nonlinear programming (i.e., Y is the Euclid-
ean space R" and C = {0} x R? with m = my +my,), the constraint nondegeneracy condition is equivalent to the
well-known linear independence constraint qualification (LICQ) (Robinson [48]).

Let 7 denote the identity map on S". Applying Definition 2, we see that the primal constraint nondegeneracy
holds at a feasible solution X € S’} of the primal problem (1) if

A S*+ 0} _(® 9
7 lin(Te:(X) )\ s" ) ©

Similarly, the dual constraint nondegeneracy holds at a feasible solution (77, Z) € R" x S/} of the dual problem (2) if

A T\ (R" o\ (s 0
o 7)\s ) \inTe@)) s ) 10)

Without much difficulty, one can show that the primal constraint nondegeneracy (9) is equivalent to Alin(7 g
(X)) =R", and the dual constraint nondegeneracy (10) is equivalent to A'R" + lin(7'g: (Z)) = S". Moreover, if X is
an optimal solution for (1), then under the primal constraint nondegeneracy conchtlon we can show that M(X)
is a singleton (Alizadeh [1, theorem 2].

It is shown in theorem 18 of Chan and Sun [11] that the primal and dual constraint nondegeneracy conditions
are both necessary and sufficient conditions for the non-singularity of elements in both dgF (X, v, Z) and
JF(X,y,Z), where (X,,Z) is a KKT point. Specifically, we have the following theorem.

Theorem 1 (Chan and Sun [11]). Let (X,y,Z)€S" X R™ xS" be a KKT point. Then, the following statements are
equivalent:

1. The primal constraint nondegeneracy condition holds at X, and the dual constraint nondegeneracy condition holds at
(y,Z), respectively.

2. Every element in dF (X,y,Z) is nonsingular.

3. Every element in dgF(X,¥,Z) is nonsingular.

We next present the concept of a strong second-order sufficient condition for linear SDPs. We note that the
concept was introduced by Sun [57] for general nonlinear SDPs. To this end, let (X,¥, Z) be any KKT point. Write
W =X —Z, and assume that W has the spectral decomposition (7). Partition P accordingly with respect to the
index seta B,and yasP=(Py Pg P,), where P, € R™I*l Pse R™IFl and P, e R™I7I. Then, by the fact that X
and Z commute, it holds that

Y=Padiag(d1,...,d|a‘)PZ;, Z= _P)/diag(d1+|a|+\ﬁ|r-~-/dn)PJI;-
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For any given matrix B €S", let B' be the Moore-Penrose pseudoinverse of B. We define the linear-quadratic
function I : " X S" — R by

T'5(S,H) :=2(S,HB'H), V(S,H)eS"xS". (11)
Using the above notation, the definition of the strong second-order sufficient condition is given as follows.

Definition 3. Let X be an optimal solution to the primal problem (1). We say that the strong second-order suffi-
cient condition holds at X if SUP(, 7)c M(X){—FX(—Z, H)} >0 forany 0+ H € N, 2)e M(Y)app(y, Z), where app(y, Z)
:={BeS": AB=0, P;BP, =0, P|BP, = 0}.

Finally, we present a result that links the strong second-order sufficient condition and the dual constraint non-
degeneracy condition; see proposition 15 in Chan and Sun [11] for a proof.

Lemma 2. Let (X,y,Z) € S" X R™ x S" be a KKT point such that M(X) = {(y,Z)}. Then, the following two statements
are equivalent:

1. The strong second-order sufficient condition holds at X.

2. The dual constraint nondegeneracy condition holds at (i, Z).

3. The Huber Smoothing Function
Because the plus function p(f) = max{0, t}, t € R is not differentiable at t = 0, we consider its Huber smoothing (or
approximation) function that is defined as follows:

t— % 7 t> | € | 7

h(e,t) = ﬁ/ 0<t<lel, V(EtHeR\{0}xR, h0t)=p(t), VteR. (12)

0, t<0,

Clearly, h(e, t) is continuously differentiable for € # 0 and ¢ € R. Moreover, one can easily check that / is direction-
ally differentiable at (0,t) for any t € R. Because Ilg: (W) = Pdiag(p(d1), ..., p(d,))PT, we can compute g (W)
approximately by evaluating the matrix-valued mapping ®(e, W) that is defined as

(e, W) := Pdiag(h(e,d1), ..., h(e,d,))PT, V(e W)eRxS".

In this section, we shall study some fundamental properties of ®. We note that the techniques used in our analy-
sis are not new but mainly borrowed from those in the literature. However, existing techniques were mainly
used for analyzing the CHKS-smoothing function. We will show in this section that the same analysis framework
is applicable to the Huber smoothing function (12).

Before presenting our results, we need to introduce some useful notation. For any (¢,d) € R\{0} x RN, where
N >0 is any dimension, we define the matrix-valued mappings Q:R xR —S" and D:Rx RN — SV as fol-
lows:

h(e,d;) — h(e, d;)

di # d;
[Qfe.d)]; = di—dj T 1<ij<N,
h;(e, d,) d,’ = d]‘
Die,d) := diag((e,dv), .., (e, dn)). (13)

Here, 1} and ) denote the partial derivatives with respect to the first and the second arguments of &, respec-
tively. Note that 0 < [Q(e,d)]; < 1,1 <i,j < N, for any (€,d) eR xRN, and that 0 < |I(e,d;)| < 1,1 <i<N,for
any € # 0.

Let W have the spectral decomposition (7) and A; >---> A, be the distinct eigenvalues of W with multiplicities
my,...,m,. Define s1:=0,s;:= 2]1211 m; for j=2,...,r and s;41:=n. For j=1,...,7, denote the matrices P;:=
(Psi+1 ** Psj) € R, where p; denotes the i-th column of P for i=1,...,n, and Q; := P]-PjT € S". Then, it is clear
that

W=>"10Q, DeW)=> hieA)Q.
1 =1

Now, consider W + tH, which admits a decomposition W+tH ="', di(Opi(Dp:i(H)" with dy(t) >-->d,(t) and
{p1(t),...,pu(t)} forming an orthonormal basis for R". Similarly, forj=1,...,7, we can define the matrices P;(t) :=
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(Ps+1(t) -+ ps., (1)) e R and Q;(t) := Pj(t)Pj(t)T € S". By the definition of directional differential, we may denote

d/(W;H) := limw, VHeS",
t10 t

if the limit exists, foranyi=1,...,n.

Proposition 1. Given any W € S" having the spectral decomposition (7), the following statements hold:
1. Forany e # 0, ® is continuously differentiable at (e, W), and it holds that

@' (e, W)(t,H) = P[Q(e,d) o (PTHP) + D(e,d)|PT, ¥(t,H)eRxS", (14)

where Q(e,d), D(e, d) are defined in (13).
2. @ is locally Lipschitz continuous on R x S".
3. @ is directionally differentiable at (0, W), and for any (t,H) € R X S", it holds that

1 h(0,Ax) — h(0, A;
v Wi =y 3 0N g0+ oo
1<k#j<r i
+ ; (d,‘ (W;H) - l;') pipi + ;:h(r, d;(W; H))pip;, (15)

where for any 1 < i < nwith d; = A; for some 1 < j < r, the elements of {d;(W;H) :i=s;+1,...,s;.1} are the eigenvalues
of P].THPj, arranged in decreasing order.
4. @ is strongly semismooth on R x S".

Proof. See Appendix A. Interested readers are referred to Gao and Sun [18] and Zhao 74] for similar results for
other popular smoothing functions. Q.E.D.

Notice that the matrix P; is defined up to an orthogonal transformation; that is, it can be replaced with P;,
where U e R™*" is an arbitrary orthogonal matrix. For any given H € S", consider the matrix P]-THPj, which
admits the spectral decomposition

PYHP; = Ugdiag(p,, ..., i, U],y 2> 41,

where U; € R"™*" is orthogonal. Then, we may replace P; by P;U;. In this way, P]-THPj is always a diagonal matrix
whose diagonal entries are arranged in decreasing order. As a consequence, we can easily verify from the third
statement of Proposition 1 that

Haa Haﬁ [QO(d)]ay o I:Iay
@'((0, W); (1, H)) = P oy @4 (7, Hgp) 0 pT
[Qo(d)],, © HE, 0 0
T
— %Zpipf, (16)

ica

Y(t,H) € R x S", where H := PTHP and the mapping @4 : R x S| — S/l is defined by replacing the dimension
n in the definition of @ : R x §" — S" with |B].
Define the mapping £: R X S" — S" as

L(t,H) := @' ((0,W); (t,H)), (tr,H)eRxS".

Using (16), we see that the mapping L(-,-) is F-differentiable at (7, H) if and only if t # 0. Obviously, £ is locally
Lipschitz continuous everywhere. Hence, dg£(0,0) is well defined. Then, we have the following useful result
that builds an insightful connection between dg® and dgL. To prove the result, we will basically follow the proof
of Chan and Sun [11, lemma 4]. However, because of the second term on the right-hand side of (16), we need to
modify the proof to make the paper self-contained; see Appendix B for more details.
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Lemma 3. Suppose that W € S" has the eigenvalue decomposition (7). Then, it holds that

dp®(0, W) = dpL(0,0).
Recall that @ g, is also locally Lipschitz continuous. Hence, dp® |5, and d® | are both well-defined. The follow-
ing lemma provides an effective way to calculate dg®(0, W) and d®(0, W).

Lemma 4. For any W € S" with the spectral decomposition (7), we have that V € dg®(0, W) (respectively, dD(0, W)) if and
only if there exist Vg € dp®3/(0,0) (respectively, oD g (0,0)) and a scalar v € {—1,1} (respectively, [-1,1]) such that for
all (t1,H) e R x S",

Haa Haﬁ [Qo(d)]m/ © I:Iocy
~T ~ 0T
V(t,H) = Haﬁ V|ﬁ|(T,H/3/;) 0 PT+?Zp1‘pf,
- i€
Hy, o [Qd)]], 0 0

where H := PTHP. Moreover, V| gl € IpP 5 (0,0) if and only if there exist an orthogonal matrix U € RIFXIEL and a sym-
metric matrix

Qg € {Q e SlFl 1 Qg :kli_)r{l.CQ(ek,zk),(ek,zk) — (0,0),ek + O,z]{ 2~-~Zz’|‘ﬁ|}

such that

Vip(0,Y) = U[Qs o (UTYU)UT, VY eSF

Proof. See Appendix C. Q.E.D.

As a corollary of Lemma 1 and Lemma 4, we can verify that for any Vj € 831_183 (W), there exists V € dg®(0, W)
such that

Vo(H) = V(0,H), VHeS". (17)
We end this section by presenting a useful inequality for elements in d®(0, W).
Lemma 5. Let W € S" have the spectral decomposition (7). Then, for any V € dP(0, W),
(H-V(0,H),V(0,H))>0, VHeS".

Proof. See Appendix D. Q.E.D.

4. A Squared Smoothing Newton Method
In this section, we shall present our main algorithm, a squared smoothing Newton method via the Huber
smoothing function. We then focus on analyzing its correctness, global convergence, and the fast local conver-
gence rate under suitable regularity conditions. In the following, R, R, and R, denote the space of real num-
bers, the nonnegative orthant and the positive orthant, respectively.

By the results presented in the previous section, we can define the smoothing function for 7 based on the
smoothing function @ for Ig:. In particular, let £: R X X — R™ x §" x §" be defined as

AX+xplely—b
e, X, y,Z) = -Ay-Z+C , V(X yZ)eRxX, (18)
(1+x.]e)X —D(e,X - Z)

where x;, > 0, . > 0 are two given constants and X :=§" X R" x §". Then, £ is a continuously differentiable func-
tion around any (e, X,y, Z) for any € # 0. Also, it satisfies

&€, Xy, 72> FX,y,Z), as(€,X,y,Z2')—(0,X,y,72).

Note that adding the perturbation terms x,|€|y and x.|e| X for constructing the smoothing function of F is cru-
cial in our algorithmic design because it ensures that the proposed algorithm is well-defined (see Lemma 6).
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Define the function & : R x X — R x R" x S" x §" by
&(e,X,y,2) = (5(& );y, Z)>, V(e,X,y,Z) eR x X. (19)
Then, solving the non-smooth equation F(X,y,Z) =0 is equivalent to solving the following system of nonlinear
equations
&, X,y,7) =0. (20)
Associated with the mapping &, we have the natural merit function i : R x X — R, that is defined as
(e, X,y,Z) =Xy 2)IF, Y(eX,yZ)eRxX. (21)

Given r€(0,1], 7€ (0,00) and 7€ (0,1), we can define two functions C:RXX - R, and n:RxX — R, as fol-
lows:

e, Xy, Z) = rmin{L, |E€ Xy, 2"}, (6, X,y,Z) eRXX, (22)
and
(e, X,y,Z) =min{1,7€(e, Xy, 2"}, (e, X,y,Z) eRxX. (23)
Then, the inexact smoothing Newton can be described in Algorithm 1.

Algorithm 1 (A Squared Smoothing Newton Method)
1: Input: é€(0,00),r€(0,1),7€(0,00),7€(0,1) be such that 6:= V2 max{ré,f} <1,p€(0,1),0€(0,1/2),
1€(0,1], e’ =¢, (X%, 7% e S" x R™ x S".

2: for kAZ 0do
3: if E(5, X5, yF, ZF) = 0, then
4: Output: (65, Xk, ¥, 7).
5:  else
6: Compute 7, := r}(ek, Xk,yk, ZF)yand ¢ := C(ek,Xk,yk, Z").
7 Solve the following equation
A R
A}G(k Ck
e X 2+ e X 20| | = N (24)
AZF 0
approximately such that
IRl < min{nllEE", X5, vF, ZF) + EL(e", X, vF, Z)AEM, AllE (", X, vk, ZO)II}, (25)
Aek
k
where Ae* := —€X + (1€ and Ry := E(€F, XK, v, ZF) + £ (€5, X*,yF, ZF) i)y(k
AZFk

8: Compute £ as the smallest nonnegative integer ¢ satisfying
(" + pf Ak, XK+ pf AXF, yF + pPAYF, ZF + pPAZF) < [1—20(1 - 6)p Ty (er, X, o, ZF).
9: Compute
(€k+1,Xk+l,yk+l,Zk+l) — (Gk + plkAek’ Xk + ‘O[kAXk, yk + pkayk’ Zk + pkazk).
10:  endif
11: end for

For the rest of this section, we shall show that Algorithm 1 is well-defined and analyze its convergence proper-
ties. Note that the global convergence and the fast local convergence rate under the non-singularity of d& or &
at solution points of nonlinear Equations (20) are studied extensively in the literature (see e.g., Chan and Sun [11]
and Gao and Sun [18]). However, because we are using the Huber function, conditions that ensure the non-
singularity conditions need to be redeveloped. Furthermore, Algorithm 1 allows one to specify the parameter 7 €
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(0,1] (which is used to control the rate of convergence), whereas existing results focus mainly on the case when ©
= 1. Consequently, to make the paper self-contained, we also present the details of the analysis for our key
results.

4.1. Global Convergence

We first show that the linear system (24) is well-defined and solvable for any €' > 0. Hence, the inexactness condi-
tions in (25) are always achievable. This ob]ectlve can be accomplished by showing that the coefficient matrix of
the linear system (24) is nonsingular for any € > 0. In the following exposition, & and £ denote the derivatives
of € and &, respectively, and & denotes the partial derivative of £ with respect to the first argument e.

Lemma 6. For any (¢/,X’,y’,Z’) € Ry, X X, there exists an open neighborhood U of (€’,X’,y’,Z") such that & (e, X,y,2)
is nonsingular for any (e, X,y, Z) € U with e e R,.

Proof. See Appendix E. Q.E.D.

The next task is to show that the line search procedure is well-defined, that is, {x is finite for all k > 0. We will
see that the inexactness condition ||R|| < A||E(e, X*, v, ZF)|| plays a fundamental role in our analysis. We also
note that the inexactness condition

IRl < nlIEER, XK, i, ZF) + L(¥, XF, v, ZF)Aék||

does not affect the correctness of Algorithm 1 but will be crucial in analyzing the local convergence rate of Algo-
rithm 1.

Lemma 7. Forany (¢/,X’,y’',Z") € Ry, X X, there exist an open neighborhood U of (¢/,X’,y’,Z") and a positive scalar o €
(0, 1] such that for any (e, X,y,Z) € U with € € Ry and o € (0, @], it holds that

V(e +ale, X+aAX,y+aly,Z+aAZ) < [1-20(1 —0)ali(e, X,y,2Z),
where A := (Ae; AX; Ay; AZ) € R X X satisfies
Ae=—e+ U X y,2)¢ |E€XyZ)+E X,y 2)Al < ﬁ||£’(e,X,y,Z)||.

Proof. See Appendix F. Q.E.D.

As shown before, the non-singularity of the coefficient matrix in (24) requires € being positive. The next
lemma shows that Algorlthm 1 generates € that is lower bounded by C(ek, Xk,yk Zk)é. Thus, as long as the opti-
mal solution is not found, €* remains positive. To present the lemma, we need to define the following set:

N:={(e,X,y,Z): e>Ue X,y 2)E}.

Lemma 8. Suppose that for a given k > 0, € € R, and (¢", X*,y¥, Z¥) € N'. Then, for any a € [0,1] such that
(" + ane, X + aAXF, yf + aAyk, ZF + aAZF) < [1—20(1 — d)aly(ef, XK, i, Zh),
it holds that
(" + aAek, Xk + aAXE, vk + anyt, ZF + anZF) e N

Proof. See Appendix G. Q.E.D.
With those previous results, we can now establish the global convergence of Algorithm 1.

Theorem 2. Algorithm 1 is well-defined and generates an infinite sequence {(e*, X, y*, Z*)} C N with the property that
any accumulation point (€, X,v,Z) (it exists if the solution set to the KKT system is nonempty and bounded) of {(€",
XK, 4k, Z%)} is a solution 0f€(e X,y,2)=0,(,XyZ)e RxX.

Proof. See Appendix H. Q.E.D.

4.2. Super-Linear Convergence Rate
We next establish the super-linear convergence rate of Algorithm 1 under certain regularity conditions. The fol-
lowing lemma is useful for characterizing the non-singularity of an element in € at any accumulation point.

Lemma 9. Suppose that (X,,Z) € X is a KKT point. Let X —Z := W € S" and V € 00(0, W). Then, for any AX and AZ
in S" such that AX = V(0,AX — AZ), it holds that (AX,AZ) < T'x(—Z,AX), where I'y; is defined as in (11).



Liang, Sun, and Toh: A Squared Smoothing Newton Method for SDP
12 Mathematics of Operations Research, Articles in Advance, pp. 1-36, © 2024 INFORMS

Proof. See AppendixI. Q.E.D.
Using the above lemma, we can establish the following equivalent relations.

Proposition 2. Let (€,X,7,Z) be such that £(€,X,y,Z) = 0. Then, the following statements are equivalent to each other.
1. The primal constraint nondegenerate condition holds at X, and the dual constraint nondegenerate condition holds at
7,2).
2. Every element in dpE(€,X, Y, Z) is nonsingular.
3. Every element in dE(€,X,y,Z) is nonsingular.

Proof. See Appendix]. Q.E.D.

Typically, under certain regularity conditions, one is able to establish the local fast convergence rate of
Newton-type methods. Indeed, we show in the next theorem that Algorithm 1 admits a super-linear convergence
rate under the primal and dual constraint nondegenerate conditions.

Theorem 3. Let (€,X,7,Z) be an accumulation point of the infinite sequence {(*, X, y¥, Z*)} generated by Algorithm 1.
Suppose that the primal constraint nondegeneracy condition holds at X, and the dual constraint nondegeneracy condition
holds at (y,Z). Then, the whole sequence {(e*, X*,y¥, Z¥)} converges to (€, X,y,Z) super-linearly; that is,

||(€k+1 _ gIXk-H _ y,ylﬁl _ylzk+1 _ Z)H — O(H(Ek _ an _ Y/yk —y,Zk _ 7)||1+T)’

where t € (0,1] controls how accurately one should solve the Newton system in (24).
Proof. See Appendix K. Q.E.D.

Analyzing the fast convergence rate of smoothing Newton type methods for solving SDPs has been a continu-
ing research direction for decades. Early works (see, e.g., Chen and Tseng [13], Chen et al. [15], and Sun et al.
[61]) assumed the strict complementarity (i.e., X + Z € S/, ) and primal-dual nondegeneracy conditions for estab-
lishing the local fast convergence rate. Later works (Chan and Sun [11], Kanzow and Nagel [27]) attempted to
drop the strict complementarity and establish the fast convergence rate merely under nondegeneracy conditions
for smoothing Newton methods via the minimum smoothing function and the CHKS-smoothing function,
respectively. Following the same research theme as Chan and Sun [11] and Kanzow and Nagel [27], our work
establishes similar convergence properties for the Huber-based squared smoothing Newton method under the
same nondegeneracy conditions without assuming the strict complementarity condition.

Remark 1 (Convergence Properties of IPMs). Here, we shall provide some comparisons on the singularity of the
(generalized) Jacobian matrices arising from IPMs and those from the proposed smoothing Newton methods.
Given an interior-point iterate (X, y, Z) that is close to some KKT point (X*,y*, Z*), denote u := (X, Z)/n. If (X*,Z")
satisfies the strict complementarity condition (i.e., X*+Z* > 0) and the primal and dual nondegeneracy condi-
tions hold at the KKT point, then it is known that the Jacobian matrix of the KKT conditions has a bounded con-
dition number even when p > 0 approaches 0 (Alizadeh et al. [2]). Under the same conditions, the IPM with the
so-called AHO direction is shown to have a super-linear or quadratic convergence rate (Alizadeh et al. [2]). The
key difference between our results and those for IPMs is that we do not need to assume the strict complementar-

ity holds.

4.3. Numerical Implementation
Given v > 0, one can check that the condition X — I'ls: (X — Z) = 0 is equivalent to the condition X — I'lg: (X —vZ) = 0.
Thus, in our implementation, we in fact solve the following nonlinear system (with a slight abuse of the notation £):

AX +xylely—b
e, X, y,Z) = - Ay—-Z+C , V(X yZeRxX
A +xc|e)X —D(e, X —vZ)

Our numerical experience shows that introducing the parameter v is important because it balances the norms of
X and Z, thus improving the performance of the algorithm. However, the convergence properties established in
the previous sections are not affected.

Note that one of the key computational tasks in Algorithm 1 is to solve a system of linear equations for com-
puting the search direction at each iteration. Here, we briefly explain how we solve the linear system of the
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following form:

A il 0 AX Ry
0 -A" - Ay | = R |, (26)
Q+p)z-v 0 vV NZ R3

where u, =Kple] >0, u.:=xc|e| >0, V:i=D)(e, X —vZ), T is the identity mapping over S", and (Ry,R,R3) €
R" x §" >< S" is the right-hand-side vector constructed from the current iterate (X,y,Z) € X. From the last two
equations of (26), we have

AZ=—A'Ay—Ry, AX=[(1+p)T — V] {(Rs —vVAZ),

which implies that AX = [(1 + u.)Z — V] ' (R3 + vV.A*Ay + vVR,). Substituting this equality into the first equation
in (26), we get

Al +u)Z — V]I ' (Rs + vV A Ay +vVR,) + u,Ay =Ry,
which leads to the following smaller m X m symmetric positive definite system:
(e, L+ VAI(L+ )T — VI'WAYAy =Ry — A[(1 + )T — V] ' (vVRy + Rs). (27)

We then apply the preconditioned conjugate gradient (PCG) method with a simple approximated diagonal precon-
ditioner to solve the last linear system to get Ay. After obtaining Ay, we can compute AX and AZ in terms of Ay. In
our experiments, we set k, to be a small number, say x, = 10", whereas «, should be larger and may be changed
for different classes of problems. Note that when € is small, the coefficient matrix in (27) can also be highly ill-
conditioned, which is a critical issue that also arises in IPMs and ALMs (when the primal nondegeneracy condition
is not satisfied). To alleviate this issue, an effective preconditioner is needed. However, to focus on the smoothing
Newton method itself, we refrain from diving into this direction and leave it for future research.

Next, we shall see how to evaluate the matrix-vector products involving [(1+ p,)Z — V] 'V that are needed
when solving (27). Suppose that (¢, X,y, Z) with € > 0 is given and that W := X — vZ has the spectral decomposi-
tion in (7). Then, the linear mapping V:S" — S” takes the form V(H) = P[Q(e,d) o (PTHP)]PT, VH € S", where
Q(e,d) € S" is defined in (13) and [Q(e, d)]; €[0,1] for 1 <i,j < n. Consider the following three index sets:
a:={i:di>e}, B:={i:0<d; <e},and y:={i : d; < 0}. Then, we can simply write Q(¢,d) as

Eaa Qaﬁ Qay
Qe,d)= | Qup s Qpy |,
Qp Q0

where E,, € R1%/XI2l i the matrix of all ones, and Qup € RlalxIBl Qpp € RIPXIBL O, € R!eXI7T and Q) € RIFXIL
with all the1r entries belonging to the interval 0, 1. We also partition the orthogonal matnx PasP= (P Pyg Py)
accordingly. Define the matrix QeS"as [Q] =[Q(e, d)]l] J(A+u.—[Qfe, d)] ) fori,j= ,n, which takes the fol-
lowing form: .

—Eae Qup Quy

c

a=| a1 a. ¢
Qup Qps Qpy
ng ng 0

Then, one can check that [(1+u.)Z — V] 'V(H) = P[Q o (PTHP)|PT, VH € S". If |a| + |B| < 1, one may use the
following scheme to compute

[+ 10T — VI V(H) = :Pa<P£HPa)PZ; +Py(Qy o (PFHPy))P]

c

+ Po(Qup © (PYHPp))Pf + (Pa(Quap o (PLHPy)PY)'
+ Po(Quy © (PLHP,))PL + (Pa(Quy o (PLHP,))PL)T
+ Pg(Qgy o (PTHP,))P] + (Pg(Qgy o (PFHP,))PT)".
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On the other hand, if n — || < 1, then one may consider using the following scheme to compute

[(1+u,)Z - V] 'V(H) = ”iH — P[Q o (PTHP)IPT
c

where Q) := +1 E — Q) would have more zero entries than Q. As a consequence, because the Huber function maps
any nonpositive number to zero, we can exploit the sparsity structure in Q or Q to cut down the computational
cost. However, if the CHKS-smoothing function is used, we will get a dense counterpart, and the aforementioned
sparsity structure will be lost. Theoretically, both Huber-based and CHKS-based smoothing Newton methods
share the same convergence properties. From our numerical experience, the practical performances of both meth-
ods in terms of the total number of CG iterations are also similar. Thus, reducing the computational costs in
matrix-vector multiplications definitely makes the Huber-based method more efficient than the CHKS-based
method. This also explains why we choose the Huber function instead of the CHKS function to perform the
smoothing of the projection operator. Other than the CHKS-smoothing function, one can also compare the practi-
cal performance of the Huber function with other smoothing functions, but we leave it as a topic for future
investigation.

When compared with IPMs, the proposed algorithm demonstrates some advantages from the computational
perspective. To see this, let u = (X, Z)/n be defined as in Remark 1. It is known that an IPM typically computes
the search direction in each iteration via solving an m X m linear system whose coefficient matrix is defined as

Mipyh := AP(D o (PT(A'H)P))PT, VheR™,

where P € R™" and D € R}}" are fully dense matrices, depending on the iterate (X, Z), and hence, also u (Toh
and Kojima [65]). In general, the matrix Mipy is asymptotically singular when p — 0; that is, the condition num-
ber of Mipm will grow to infinity as ¢ — 0, even under strict complementarity and primal and dual nondegene-
racy conditions (Alizadeh et al. [2]). Moreover, because P and D are fully dense, it is clear that computing the
matrix-vector product involving Mipy would cost at least 813 arithmetic operations. Similar to IPMs, the m x m
linear system (27) that is used to compute the search direction in the smoothing Newton method can also be
asymptotically singular when € — 0. The key difference is that the perturbation terms «,|e|y and .|e|X intro-
duced when constructing the smoothing function of 7 help to improve the conditioning of the underlying coeffi-
cient matrix. Moreover, from the viewpoint of computing the matrix-vector product, we emphasize that the
coefficient matrix in (27) can exploit the low-rank (or high-rank) property of the matrix X —vZ as mentioned
above. For example, if 7 := |a| + || < 1, then the matrix-vector product only costs O(n?r) arithmetic operations,
which could be much cheaper than that of an IPM iteration.

We observe from our numerical tests that when the dual iterate (¥, Z¥) does not make significant progress, it is
helpful for us to project the primal iterate X¥ onto the affine subspace Hj := {X € S" : A(X) = b,(C, X) = (b,y")}. To
perform such a projection operation, we only need to perform a Cholesky factorization for a certain operator
(depending only on A and C) once at the beginning of the Algorithm 1. However, in the case when the factoriza-
tion fails (i.e., the operator is no positive definite) or m is too large, we will not perform such projections.

5. Numerical Experiments
To evaluate the practical performance of Algorithm 1 described in the last section, we conduct numerical experi-
ments to solve various classes of SDPs that are commonly tested in the literature.

5.1. Experimental Settings and Implementation
Similar to Yang et al. [71], the following relative KKT residues are used as the termination criteria of our algo-
rithm:

g AX Ayrzod X - Tl (X - 2)
A T e o T T D]

Particularly, we terminate the algorithm as long as 1y := max{n,, 1,71} < tol, where tol >0 is a given toler-
ance. Moreover, we denote the maximum number of iterations of Algorithm 1 as maxiter. We also terminate
the algorithm when the iteration count reaches this number. In our experiments, we set tol =10"° and
maxiter =50.

For more efficiency, we apply a certain first-order method to generate a starting point (X°,1°, Z°) to warmstart
Algorithm 1. Our choice is the routine based on a semi-proximal ADMM method (Yang et al. [71]). The stopping
tolerance (in terms of the maximal relative KKT residual, i.e., ngxr) and the maximum number of iterations for
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the warmstarting phase are denoted by tolpy and maxiter,, respectively. In our experiments, we set
maxitery =1000, and the computational time spent in the warmstarting phase will be included in the total com-
putational time. We also notice that the performance of Algorithm 1 depends sensitively on the choice of tol.
Hence, we set the value of tol differently for different classes of SDPs for more efficiency.

For the parameters required in Algorithm 1, we set r=7=0.6,7=7=0.2, p=0.5, and ¢ = 10"®. However,
because the initial smoothing parameter € > 0 affects the performance of Algorithm 1, it is chosen differently for
different classes of problems.

The baseline solvers to be compared with are SDPLR (Burer and Monteiro [7]), ManiSDP (Wang and Hu [67]),
and SDPNAL+ (Yang et al. [71]).* We use their default settings but only set the stopping tolerance to be 107°.

Finally, we should mention that our algorithm is implemented in MATLAB (R2023b), and all of the numerical
experiments are conducted on a Windows PC having 13th Gen Intel cores (i7-13700K) and 64 GB of RAM.

5.2. Testing Examples

Example 1 (MaxCut-SDP). Consider the SDP relaxation (Goemans and Williamson [19]) of the maximum cut
problem of a graph that takes the form of

min (C,X) s.t. diag(X)=e XeS],

XeS"
where e € R" denotes the vector of all ones and C := —(diag(We,) — W)/4, with W being the weighted adjacency
matrix of the underlying graph. The above SDP problem has been a commonly used test problem for evaluating
the performance of different SDP solvers. A popular data set for this problem is the GSET collection of randomly
generated graphs. The GSET is available at https: //web.stanford.edu/~yyye/yyye/Gset/.

Example 2 (Theta-SDP). Let G = (V,E) be a graph with n nodes V and edges E. A stable set of G is a subset of V
containing no adjacent nodes. The stability number a(G) is the cardinality of a maximal stable set of G. More pre-
cisely, it holds that

a(G) = max {ex:xx;=0,(i,j) € E,x €{0,1}"}.
XE n

However, computing «(G) is difficult. A notable lower bound of a(G) is called the Lovdsz theta number (Lovasz
[32]), which is defined as

0(G) := max (ee",X) st. (E;,X)=0,(i,j)€E, (I, X)=1, XS],
E n

where E;; = e,-e]-T + e]-eiT € S". For our experiments, the test data sets are chosen from Zhao et al. [75, section 6.3].

Example 3 (BIQ-SDP). The NP-hard binary integer quadratic programming (BIQ) problem has the following
form:

1
min = (x,Qx) +{c,x) st. x€{0,1}".
xeR" 2

It has many important practical applications because of its modeling power in representing the structure of
graphs; see, for example, Kochenberger et al. [30] for a recent survey. Under some mild conditions, Burer [6]
showed that the BIQ problem can be reformulated as a completely positive conic programming problem.
Because the completely positive cone is numerically intractable, we consider its SDP relaxation:

X

1 X XT
i ~(Q, X) + (c, t diag(X)=x, a =1, e S,
XeS”,I}(EHg’E,aER 2<Q ASCEA iag(X) =x, a ( o +

In our experiments, the matrix Q and the vector c are obtained from the BIQMAC library (Wiegele [69]).

Example 4 (Clustering-SDP). The clustering problem is to group a set of data points into several clusters. The
problem is in general NP-hard. According to Peng and Wei [38], we can consider the following SDP relaxation of
the clustering problem:
r)?isn —(W,X) st Xe,=e, (LX)=k XeS|,
€ n
where W is the affinity matrix whose entries represent the pairwise similarities of the objects in the input data
set. In our experiments, the test data sets are obtained from the UCI Machine Learning Repository:
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https://archive.ics.uci.edu/datasets. For more information on how we generate the test SDP problems from the
raw input data sets, readers are referred to Yang et al. [71].

Example 5 (Tensor-SDP). Consider the following SDP relaxation of a rank-1 tensor approximation problem (Nie
and Wang [36]):

max f,yy st. My eSt, gy =1,

yE]RNm
where N} :={t =(t1,...,t,) e N" : {1+ --- +t, = m} and M(y) is a linear pencil in y. The dual of the above problem
is given by

i t —f=M'(X), XeS§"

)/E%lgg(rég" )/ S yg f M ( )r € +7
where M" is the adjoint of M. The above problem can be transformed into a standard SDP; see Yang et al. [71] for
more details.

5.3. Computational Results

In this subsection, we present our numerical results for each class of SDP problems in detail. We use tables to
summarize our results. We report the sizes (i.e., m and n) of the tested problems, number of iterations, total com-
putational times (i.e., cpu) in seconds, relative KKT residues (i.e., 1, 14, and 11.), and objective function values
(i-e., (C,X)). In particular, under the column labeled “Problem,” we first present the name of the tested problem,
followed by the matrix dimension n and the number of linear constraints 1, respectively. For the number of itera-
tions associated with SDPNAL+ and Algorithm 1, the first entry represents the number of iterations for the warm-
starting phase, the second is the number of main iterations, and the last is the total number of PCG iterations
needed for solving the linear systems when computing the search directions. For SDPLR, the first number stands
for the total number of the ALM iterations, and the second number is the total number of iterations of the
limited-memory BFGS method that is applied to solve the (nonconvex) ALM subproblems. Last, for ManiSDP,
the first item represents the number of iterations for the outer loop, the second is the iteration counts for the Rie-
mannian trust-region method used in Manopt (Boumal et al. [5]), and the third number is the total number of
matrix-vector multiplications. Moreover, KKT residues that are larger than 10~ are highlighted in bold text. As
mentioned before, because the performance of our algorithm may depend sensitively on the choices of para-
meters toly, € and k., we also report the values for these parameters in the captions of the presented tables. The
computational results for Examples 1-5 are presented in Tables 1-5, respectively.

From the results in Tables 14, we observe that our proposed algorithm performs better than SDPNAL+. In
fact, Algorithm 1 is usually several times more efficient than SDPNAL+. These results have indeed shown that
Algorithm 1 is efficient. In terms of accuracy, we see that both algorithms are able to compute optimal solutions
with 1 < 107 for almost all of the tested problems, which further shows that both algorithms are robust and
suitable for solving SDPs relatively accurately. We observe that for the SDPs in Tables 1-4, their optimal solu-
tions are usually of very low rank. Consequently, the primal constraint nondegenerate condition usually fails to
hold, and SDPNAL+ requires more computational effort to converge than Algorithm 1. For those SDPs with low-
rank solutions, one expects SDPLR and ManiSDP to have excellent performance. Indeed, we observe that SDPLR
and ManiSDP share comparable performance and outperform SDPNAL+ and Algorithm 1 on Example 1 consist-
ing of max-cut SDPs. We note that the feasible set of the max-cut SDP defines a smooth manifold, and hence,
ManiSDP essentially applies Manopt for solving an optimization over this manifold. For Example 2, we see that
ManiSDP outperforms SDPLR but usually becomes less efficient than SDPNAL+ and Algorithm 1. Also, we
observe that SDPLR and ManiSDP typically output less accurate solutions in the sense that the KKT residues,
especially 7., are much worse than those of SDPNAL+ and Algorithm 1. On Example 3, SDPLR performs better
than SDPNAL+ and ManiSDP but worse than Algorithm 1. Moreover, Mani SDP fails to solve all of the tested pro-
blems for Example 3. This could be due to the fact that there is no explicit manifold structure for ManiSDP to
take advantage of.” On the other hand, for problems arising from Example 4, there is a fixed-trace constraint that
leads to an explicit manifold structure. In this case, ManiSDP shows the best performance for problems with
n < 1000. However, ManiSDP fails to solve the problem spambase-large.2 with n = 1,500. We also observe
that SDPLR fails to solve half of the tested problems. As a conclusion, SDPNAL+ and Algorithm 1 show excellent
performance in terms of efficiency and robustness, whereas the efficiency and robustness of SDPLR and Man-
1SDP can be sensitive to the problem being solved.

From Table 5, we see that Algorithm 1 is able to solve all of the problems but perform much worse than
SDPNAL+ in terms of computational time. The reason is that for those SDPs, the ranks of the optimal solutions
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Table 1. Computational results for Example 1 with toly = 1073, ¢ =103, v=5x%x10%, and x, = 10°.

Problem Solver Iteration Time KKT Objective
gl SDPLR 20, 356 2.4 2.2e-08, 0.0e+00, 1.5e-06 —1.2083198e+04
ManiSDP 3,74, 991 0.9 2.3e-16, 0.0e+00, 1.1e-12 —1.2083198e+04
800 SDPNAL+ 658, 12, 121 754 5.4e-14, 1.2e-06, 1.4e-06 —1.2083198e+04
800 Ours 73, 6, 425 11.4 0.0e+00, 7.2e-13, 2.1e-07 —1.2083197e+04
g2 SDPLR 20, 340 2.3 5.8e-08, 0.0e+00, 7.3e-06 —1.2089430e+04
ManiSDP 3,80, 1,230 0.9 2.5e-16, 0.0e+00, 4.6e-12 —1.2089430e+04
800 SDPNAL+ 734, 11, 125 94.9 2.1e-14, 2.9¢-06, 6.0e-07 —1.2089431e+04
800 ours 73, 6, 430 23.4 0.0e+00, 6.9¢e-13, 6.2e-07 —1.2089427e+04
g3 SDPLR 19, 293 2.0 3.9e-08, 0.0e+00, 1.7e-06 —1.2084333e+04
ManiSDP 3,78, 1,290 1.0 1.8e-16, 0.0e+00, 2.5e-13 —1.2084333e+04
800 SDPNAL+ 400, 15, 161 62.3 3.3e-07, 4.9e-07, 2.8e-13 —1.2084333e+04
800 Oours 72, 6,429 23.2 0.0e+00, 7.1e-13, 5.7e-07 —1.2084330e+04
g4 SDPLR 20, 280 19 6.1e-08, 0.0e+00, 1.1e-06 —1.2111450e+04
ManiSDP 3,69, 1,289 1.0 2.3e-16, 0.0e+00, 1.4e-12 —1.2111451e+04
800 SDPNAL+ 400, 14, 176 62.9 3.2e-07, 8.5e-07, 2.3e-13 —1.2111451e+04
800 Ours 74, 6, 407 23.4 0.0e+00, 7.3e-13, 1.2e-07 —1.2111450e+04
g5 SDPLR 18, 317 2.1 4.2e-08, 0.0e+00, 1.8e-05 —1.2099887e+04
ManiSDP 3,73,1,239 0.9 2.3e-16, 0.0e+00, 6.7e-14 —1.2099887e+04
800 SDPNAL+ 810, 11, 131 104.9 6.2e-09, 1.3e-06, 5.6e-08 —1.2099887e+04
800 Ours 73, 6, 414 23.0 0.0e+00, 6.2e-13, 2.9e-07 —1.2099886e+04
g22 SDPLR 21, 396 4.6 3.5e-08, 0.0e+00, 2.1e-06 —1.4135946e+04
ManiSDP 3,76, 1,659 3.7 2.3e-16, 0.0e+00, 7.5e-13 —1.4135946e+04
2,000 SDPNAL+ 900, 13, 346 803.0 1.9e-07, 7.0e-07, 3.7e-13 —1.4135946e+04
2,000 Ours 126, 7, 519 230.0 0.0e+00, 1.7e-14, 1.7e-07 —1.4135945e+04
g23 SDPLR 21, 705 7.8 4.3e-08, 0.0e+00, 8.7e-07 —1.4142108e+04
ManiSDP 4, 83, 1,888 5.1 2.1e-16, 0.0e+00, 1.6e-13 —1.4142109e+04
2,000 SDPNAL+ 814, 11, 287 712.1 1.6e-09, 4.8e-06, 7.4e-07 —1.4142107e+04
2,000 ours 128, 8, 635 251.5 0.0e+00, 5.0e-16, 2.9e-07 —1.4142108e+04
g24 SDPLR 19, 430 5.0 2.9e-08, 0.0e+00, 7.5e-07 —1.4140856e+04
ManiSDP 3,68, 1,137 3.1 2.2e-16, 0.0e+00, 1.8e-13 —1.4140856e+04
2,000 SDPNAL+ 808, 15, 261 674.1 2.8e-09, 3.1e-06, 1.0e-07 —1.4140855e+04
2,000 Ours 128, 6, 404 204.5 0.0e+00, 5.5e-13, 7.0e-07 —1.4140847e+04
g25 SDPLR 21, 473 53 3.4e-08, 0.0e+00, 3.0e-07 —1.4144245e+04
ManiSDP 4,90, 2,442 5.7 2.2e-16, 0.0e+00, 1.4e-12 —1.4144245e+04
2,000 SDPNAL+ 800, 13, 234 704.0 7.3e-08, 6.2e-07, 2.9e-13 —1.4144245e+04
2,000 Ours 109, 6, 373 177.8 0.0e+00, 7.2e-13, 8.5e-07 —1.4144234e+04
g26 SDPLR 20, 660 7.2 2.5e-08, 0.0e+00, 1.2e-06 —1.4132871e+04
ManiSDP 3,81, 1,707 3.9 2.3e-16, 0.0e+00, 2.7¢-13 —1.4132871e+04
2,000 SDPNAL+ 800, 15, 254 612.8 3.9e-08, 3.5e-07, 5.1e-13 —1.4132871e+04
2,000 ours 128, 8, 590 204.4 0.0e+00, 4.7e-16, 2.8e-07 —1.4132870e+04
g43 SDPLR 21, 375 1.7 1.3e-08, 0.0e+00, 7.5e-06 —7.0322218e+03
ManiSDP 3,69, 1,017 1.0 2.0e-16, 0.0e+00, 2.3e-13 —7.0322218e+03
1,000 SDPNAL+ 400, 16, 197 96.6 6.4e-07, 2.5e-07, 4.2e-13 —7.0322218e+03
1,000 Ours 102, 5, 417 379 0.0e+00, 2.1e-11, 3.4e-07 —7.0322209e+03
g44 SDPLR 19, 313 1.7 3.2e-08, 0.0e+00, 8.6e-07 —7.0278846e+03
ManiSDP 3, 68, 958 0.4 2.4e-16, 0.0e+00, 3.7e-12 —7.0278847e+03
1,000 SDPNAL+ 400, 14, 187 68.1 9.3e-07, 9.9e-07, 2.6e-13 —7.0278849¢e+03
1,000 ours 100, 5, 380 36.5 0.0e+00, 2.1e-11, 8.9e-07 —7.0278819e+03
g45 SDPLR 18, 313 1.4 5.6e-08, 0.0e+00, 1.1e-05 —7.0247814e+03
ManiSDP 3,79,1,214 1.1 1.9e-16, 0.0e+00, 1.2¢-13 —7.0247814e+03
1,000 SDPNAL+ 555, 14, 200 103.8 9.5e-07, 8.5e-07, 2.3e-07 —7.0247857e+03
1,000 ours 99, 6, 456 19.4 0.0e+00, 6.3e-13, 2.0e-07 —7.0247812e+03
g46 SDPLR 19, 347 1.6 2.4e-08, 0.0e+00, 1.7e-06 —7.0299330e+03
ManiSDP 3,99, 3,958 2.5 2.4e-16, 0.0e+00, 8.3e-10 —7.0299331e+03
1,000 SDPNAL+ 400, 16, 187 95.8 7.1e-07, 2.6e-07, 4.0e-13 —7.0299332e+03
1,000 ours 102, 6, 419 38.7 0.0e+00, 6.4e-13, 3.7e-07 —7.0299329¢+03
g47 SDPLR 19, 392 1.8 4.7e-08, 0.0e+00, 1.3e-06 —7.0366606e+03
ManiSDP 3, 85, 2,496 1.8 2.0e-16, 0.0e+00, 3.2e-12 —7.0366605e+03
1,000 SDPNAL+ 610, 14, 177 133.8 4.7e-14, 1.2e-06, 7.4e-07 —7.0366613e+03
1,000 Ours 100, 6, 473 40.6 0.0e+00, 6.5e-13, 3.4e-07 —7.0366600e+03
g48 SDPLR 19, 302 1.9 3.1e-08, 0.0e+00, 8.4e-08 —6.0000001e+03

ManiSDP 2,61, 434 1.8 1.7e-16, 0.0e+00, 7.8e-15 —6.0000000e+03
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Table 1. (Continued)

Problem Solver Iteration Time KKT Objective
3,000 SDPNAL+ 2,141, 10, 22 3,343.5 1.6e-12, 3.8e-05, 7.0e-04 —6.0811714e+03
3,000 Ours 50, 11, 22 259.4 0.0e+00, 1.0e-19, 5.0e-07 —5.9999994e+03
g49 SDPLR 20, 408 2.3 3.3e-08, 0.0e+00, 1.0e-07 —6.0000000e+03
ManiSDP 2,62, 524 1.8 1.9e-16, 0.0e+00, 7.0e-15 —6.0000000e+03
3,000 SDPNAL+ 1,093, 8, 18 828.0 3.6e-12, 1.1e-05, 1.5e-05 —6.0025751e+03
3,000 ours 30, 13, 30 93.6 0.0e+00, 1.9e-16, 4.4e-08 —6.0000000e+03
g50 SDPLR 20, 545 3.0 2.4e-08, 0.0e+00, 6.6e-07 —5.9881721e+03
ManiSDP 2,72,778 19 2.1e-16, 0.0e+00, 1.6e-15 —5.9881721e+03
3,000 SDPNAL+ 1,442,9, 28 1,150.8 7.5e-13, 2.5e-05, 9.1e-04 —6.0528634e+03
3,000 ours 50, 10, 20 95.6 0.0e+00, 1.5e-16, 1.8e-07 —5.9881720e+03
Table 2. Computational results for Example 2 with tolg = 1074, 6 =10"%,v=5x%x10%, and . = 10°.
Problem Solver Iteration Time KKT Objective
theta4 SDPLR 17, 34,750 20.3 1.0e-06, 0.0e+00, 2.0e-07 —5.0321375e+01
ManiSDP 50, 200, 2,871 19 1.6e-07, 9.0e-18, 1.8e-06 —5.0321226e+01
200 SDPNAL+ 451, 9, 352 3.5 3.9e-08, 1.6e-07, 2.7e-16 —5.0321223e+01
1,949 Ours 198, 2, 75 14 1.8e-19, 5.6e-08, 1.1e-07 —5.0321190e+01
theta4?2 SDPLR 18, 18,742 14.5 1.0e-06, 0.0e+00, 1.2e-04 —2.3931747e+01
ManiSDP 110, 440, 6,975 5.8 2.0e-07, 1.3e-17, 2.5e-05 —2.3931705e+01
200 SDPNAL+ 176, 4, 496 1.6 1.2e-07, 9.1e-08, 4.6e-16 —2.3931708e+01
5,986 Ours 79, 2,99 0.6 2.1e-16, 7.8e-08, 1.3e-07 —2.3931708e+01
thetaé SDPLR 17, 46,024 97.4 1.0e-06, 0.0e+00, 2.0e-05 —6.3477318e+01
ManiSDP 40, 160, 2,188 2.3 4.9e-07, 7.7e-18, 4.3e-06 —6.3477018e+01
300 SDPNAL+ 286, 4, 152 5.5 6.3e-07, 3.9e-07, 3.0e-16 —6.3477158e+01
4,375 Ours 203, 2, 46 3.8 2.7e-19, 7.9e-08, 9.1e-08 —6.3477053e+01
thetaé62 SDPLR 18, 36,237 119.5 1.0e-06, 0.0e+00, 3.5e-04 —2.9641355e+01
ManiSDP 40, 160, 1,988 3.1 4.2e-07, 1.3e-17, 2.1e-05 —2.9641263e+01
300 SDPNAL+ 180, 3, 365 4.4 3.8e-07, 8.0e-07, 5.0e-16 —2.9641251e+01
13,390 ours 81, 2, 134 2.1 1.7e-16, 9.0e-08, 7.1e-08 —2.9641252e+01
thetas SDPLR 17, 47,743 169.8 1.0e-06, 0.0e+00, 3.4e-05 —7.3953750e+01
ManiSDP 50, 200, 3,023 7.0 2.4e-07, 7.4e-18, 4.4e-06 —7.3953537e+01
400 SDPNAL+ 299, 3, 211 10.8 2.2e-07, 7.7e-07, 3.9e-16 —7.3953562e+01
7,905 Ours 218, 2, 61 7.5 1.9e-16, 4.8e-08, 1.0e-07 —7.3953549e+01
theta82 SDPLR 17, 60,519 242.6 9.9e-07, 0.0e+00, 1.1e-06 —3.4367028e+01
ManiSDP 50, 200, 2,530 114 3.9e-07, 1.2e-17, 1.9e-05 —3.4366870e+01
400 SDPNAL+ 179, 3, 351 8.2 1.0e-07, 2.1e-07, 5.8e-16 —3.4366894e+01
23,872 Ours 85, 2, 64 3.7 9.7e-17, 8.7e-08, 4.3e-08 —3.4366895e+01
theta83 SDPLR 18, 59,260 121.2 9.6e-07, 0.0e+00, 1.3e-06 —2.0301976e+01
ManiSDP 60, 240, 2,418 194 6.7e-07, 1.3e-17, 3.1e-05 —2.0301920e+01
400 SDPNAL+ 204, 1, 296 5.2 6.6e-09, 2.7e-05, 1.0e-05 —2.0386342e+01
39,862 Ours 57,2, 154 2.2 4.9e-17, 8.8e-08, 1.0e-07 —2.0301922e+01
thetalo SDPLR 17, 57,594 251.3 9.9e-07, 0.0e+00, 2.7e-07 —8.3806226e+01
ManiSDP 80, 320, 5,293 33.4 3.1e-07, 9.2e-18, 4.3e-06 —8.3805862e+01
500 SDPNAL+ 200, 4, 596 8.3 1.5e-07, 5.1e-07, 4.2e-16 —8.3805970e+01
12,470 ours 224, 2,54 6.1 5.4e-17, 6.8e-08, 4.1e-08 —8.3805954e+01
thetalo2 SDPLR 19, 74,123 613.1 9.6e-07, 0.0e+00, 8.8e-07 —3.8390684e+01
ManiSDP 60, 240, 2,996 29.9 4.5e-07, 1.2e-17, 1.0e-05 —3.8390562e+01
500 SDPNAL+ 220, 1, 244 14.1 9.8e-08, 1.9e-05, 9.4e-06 —3.7669207e+01
37,467 Ours 88, 2, 88 6.3 1.6e-16, 4.4e-08, 4.1e-08 —3.8390548e+01
thetalo3 SDPLR 18, 70,434 798.2 1.0e-06, 0.0e+00, 1.3e-06 —2.2528678e+01
ManiSDP 90, 360, 4,934 67.5 6.4e-07, 1.2e-17, 3.0e-05 —2.2528544e+01
500 SDPNAL+ 165, 3, 510 16.0 6.6e-07, 1.7e-07, 7.4e-16 —2.2528560e+01
62,516 ours 56, 3, 152 74 2.7e-16, 4.4e-08, 1.2e-07 —2.2528635e+01
thetalo4 SDPLR 18, 76,791 1,023.9 9.9e-07, 0.0e+00, 1.9e-04 —1.3336230e+01
ManiSDP 90, 360, 3,915 62.9 9.0e-07, 1.1e-17, 5.1e-05 —1.3336183e+01
500 SDPNAL+ 166, 3, 651 16.6 9.1e-07, 2.6e-07, 7.4e-16 —1.3336135e+01
87,245 ours 62, 3, 184 8.8 1.6e-16, 4.3e-08, 1.1e-07 —1.3336215e+01
thetal2 SDPLR 17, 65,564 580.0 1.0e-06, 0.0e+00, 2.9e-07 —9.2801941e+01
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Table 2. (Continued)
Problem Solver Iteration Time KKT Objective
ManiSDP 50, 200, 2,750 28.7 4.6e-07, 8.4e-18, 2.1e-06 —9.2801755e+01
600 SDPNAL+ 400, 8, 428 38.4 1.7e-07, 5.0e-07, 4.4e-16 —9.2801687e+01
17,979 ours 240, 2,71 194 3.5e-16, 6.8e-08, 2.4e-07 —9.2801658e+01
thetal23 SDPLR 18, 93,187 1,573.4 9.9e-07, 0.0e+00, 9.9e-07 —2.4668771e+01
ManiSDP 60, 240, 2,488 53.8 7.8e-07, 1.2e-17, 1.6e-05 —2.4668707e+01
600 SDPNAL+ 166, 3, 455 11.3 1.6e-07, 6.1e-08, 6.4e-16 —2.4668652e+01
90,020 ours 57, 3,202 6.3 1.2e-16, 7.9e-08, 6.8e-08 —2.4668773e+01
thetal62 SDPLR 13, 124,123 3,600.2 1.0e-04, 0.0e+00, 1.5e-05 —3.7049199e+01
ManiSDP 90, 360, 4,632 168.6 8.8e-07, 1.1e-17, 1.2e-05 —3.7009840e+01
800 SDPNAL+ 169, 2, 689 22.2 9.4e-09, 1.1e-06, 5.7e-16 —3.7009736e+01
127,600 ours 71,2, 66 7.0 1.4e-16, 5.8e-08, 4.4e-08 —3.7009811e+01
MANN-a27 SDPLR
ManiSDP 35, 139, 1,287 4.6 1.7e-07, 0.0e+00, 1.1e-07 —1.3276315e+02
378 SDPNAL+ 300, 4, 25 8.8 4.7e-07, 1.7e-07, 2.0e-16 —1.3276116e+02
703 ours 436, 2, 10 9.9 1.9e-16, 8.3e-08, 5.3e-08 —1.3276282e+02
san200-0.7-1 SDPLR 16, 1,737 2.5 9.3e-07, 0.0e+00, 2.6e-07 —3.0000125e+01
ManiSDP 15, 60, 344 0.5 4.0e-07, 6.5e-18, 4.7e-08 —3.0000006e+01
200 SDPNAL+ 300, 5, 671 3.6 1.3e-07, 3.6e-07, 4.9e-17 —2.9999993e+01
5,971 Ours 1,000, 3, 6 8.3 2.1e-16, 2.0e-08, 7.2e-08 —2.9999956e+01
sanr200-0.7 SDPLR 18, 24,032 35.7 9.9e-07, 0.0e+00, 1.7e-04 —2.3836200e+01
ManiSDP 40, 160, 2,235 3.6 2.3e-07, 1.3e-17, 3.0e-05 —2.3836177e+01
200 SDPNAL+ 175, 4, 563 2.5 7.2e-08, 2.3e-07, 4.4e-16 —2.3836157e+01
6,033 Ours 96, 2, 100 1.3 3.2e-19, 8.4e-08, 1.7e-07 —2.3836156e+01
c-fat200-1 SDPLR 16, 23,094 54.8 1.0e-06, 0.0e+00, 1.4e-05 —1.2000024e+01
ManiSDP 60, 240, 3,354 34 1.9e-07, 1.3e-17, 1.5e-05 —1.2000017e+01
200 SDPNAL+ 229, 2,221 2.5 5.1e-08, 1.8e-07, 1.5e-16 —1.1999999e+01
18,367 Ours 257,2,22 2.3 7.0e-17, 7.6e-08, 3.7e-07 —1.1999981e+01
hamming-8-4 SDPLR 14, 834 2.2 9.8e-07, 0.0e+00, 4.7e-06 —1.5999965e+01
ManiSDP 40, 159, 1,727 3.7 1.2e-07, 0.0e+00, 4.5e-06 —1.6000002e+01
256 SDPNAL+ 172, 1, 2 2.5 2.7e-11, 6.1e-07, 1.3e-15 —1.6000000e+01
11,777 Ours 72,2,6 1.0 3.4e-21, 8.5e-08, 3.3e-08 —1.5999995e+01
hamming-9-8 SDPLR 13, 252 1.0 9.1e-07, 0.0e+00, 2.3e-06 —2.2399920e+02
ManiSDP 22, 80, 326 2.8 1.6e-07, 0.0e+00, 7.4e-08 —2.2400000e+02
512 SDPNAL+ 200, 3, 14 18.1 1.9e-07, 7.9e-08, 1.3e-16 —2.2400008e+02
2,305 ours 1,000, 2, 7 45.7 3.8e-16, 8.1e-09, 8.3e-08 —2.2399982e+02
hamming-10-2 SDPLR 14, 746 17.5 9.9e-07, 0.0e+00, 1.5e-06 —1.0240013e+02
ManiSDP 34, 127, 936 35.5 2.8e-08, 0.0e+00, 3.7e-07 —1.0240000e+02
1,024 SDPNAL+ 200, 3, 12 549 2.8e-09, 1.8e-08, 1.6e-15 —1.0240000e+02
23,041 ours 447,2,6 82.6 3.8e-17, 6.2e-08, 8.7e-09 —1.0240000e+02
hamming-7-5-6 SDPLR 13, 128 0.1 7.1e-07, 0.0e+00, 7.3e-07 —4.2666727e+01
ManiSDP 13, 52, 181 0.2 8.2e-08, 0.0e+00, 3.8e-09 —4.2666667e+01
128 SDPNAL+ 300, 2, 6 0.8 3.2e-08, 7.0e-07, 3.2e-16 —4.2666663e+01
1,793 Ours 336,2,7 1.2 2.3e-20, 8.3e-08, 1.6e-07 —4.2666639¢+01
hamming-8-3-4 SDPLR 14, 197 0.6 9.5e-07, 0.0e+00, 3.0e-06 —2.5600151e+01
ManiSDP 22, 88, 501 1.2 1.5e-08, 0.0e+00, 2.4e-07 —2.5600000e+01
256 SDPNAL+ 117,2, 6 1.6 5.8e-08, 3.8e-07, 3.9e-16 —2.5600004e+01
16,129 ours 107, 2, 6 14 9.3e-21, 6.7¢-08, 6.1e-08 —2.5599998e+01
hamming-9-5-6 SDPLR 11, 135 1.8 8.0e-07, 0.0e+00, 1.4e-06 —8.5333420e+01
ManiSDP 11, 41, 96 1.3 1.0e-07, 0.0e+00, 2.6e-14 —8.5333333e+01
512 SDPNAL+ 200, 3, 13 14.1 9.7e-08, 3.5e-07, 8.4e-17 —8.5333343e+01
53,761 ours 684, 2,7 33.5 5.5e-17, 8.3e-08, 9.6e-08 —8.5333287e+01
brock200-1 SDPLR 17, 25,568 36.1 9.3e-07, 0.0e+00, 4.4e-06 —2.7456696e+01
ManiSDP 170, 680, 11,467 17.2 2.4e-07, 1.3e-17, 2.3e-05 —2.7456635e+01
200 SDPNAL+ 187, 4, 283 2.0 7.7e-07, 2.7e-07, 4.0e-16 —2.7456674e+01
5,067 ours 100, 2, 98 1.1 7.0e-17, 8.2e-08, 1.3e-07 —2.7456636e+01
brock200-4 SDPLR 18, 20,463 16.1 9.9¢-07, 0.0e+00, 6.1e-04 —2.1293493e+01
ManiSDP 130, 520, 8,155 13.6 2.6e-07, 1.2e-17, 3.5e-05 —2.1293470e+01
200 SDPNAL+ 273, 4, 666 24 2.4e-07, 2.3e-07, 4.6e-16 —2.1293476e+01
6,812 ours 81, 2, 200 0.8 1.3e-19, 8.8e-08, 1.4e-07 —2.1293473e+01
brock400-1 SDPLR 17, 53,843 239.4 9.8e-07, 0.0e+00, 1.3e-04 —3.9701980e+01
ManiSDP 130, 520, 8,568 47.2 2.9e-07, 1.1e-17, 1.1e-05 —3.9701882e+01
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Table 2. (Continued)

Problem Solver Iteration Time KKT Objective
400 SDPNAL+ 194, 3, 347 4.9 1.6e-07, 3.9e-07, 5.6e-16 —3.9701901e+01
20,078 Ours 106, 2, 71 2.6 3.9¢e-16, 5.0e-08, 1.9e-07 —3.9701897e+01
p-hat300-1 SDPLR 18, 125,577 567.8 1.0e-06, 0.0e+00, 2.4e-06 —1.0068009e+01
ManiSDP 160, 640, 13,115 46.6 1.7e-06, 1.8e-17, 3.0e-04 —1.0067938e+01
300 SDPNAL+ 191, 6, 6,728 25.5 8.7e-07, 5.9e-07, 5.9¢-16 —1.0067987e+01
33,918 ours 147, 3, 232 44 4.1e-19, 1.8e-08, 2.6e-07 —1.0068325e+01
1dc.128 SDPLR 19, 338,023 213.7 1.0e-06, 0.0e+00, 3.0e-05 —1.6841834e+01
ManiSDP 100, 400, 8,000 3.6 7.9e-06, 3.7e-18, 1.1e-02 —1.6841905e+01
128 SDPNAL+ 500, 13, 8,137 6.7 5.9e-07, 5.8e-06, 8.0e-07 —1.6839378e+01
1,472 Ours 733, 50, 1,226 4.9 5.7e-17, 1.6e-14, 7.6e-06 —1.6842320e+01
let.128 SDPLR 17, 14,981 7.1 9.9¢-07, 0.0e+00, 1.2e-06 —2.9230866e+01
ManiSDP 190, 760, 13,432 6.5 1.8e-07, 6.4e-18, 2.6e-05 —2.9230901e+01
128 SDPNAL+ 273, 3, 69 1.0 5.4e-07, 8.0e-07, 7.9¢e-16 —2.9230893e+01
673 ours 204, 2, 34 0.8 1.1e-16, 6.4e-08, 2.2e-07 —2.9230862¢+01
ltc.128 SDPLR 17, 5,716 2.6 9.9e-07, 0.0e+00, 3.9e-07 —3.8000024e+01
ManiSDP 29, 116, 959 0.4 2.5e-09, 7.1e-18, 2.5e-08 —3.8000000e+01
128 SDPNAL+ 300, 5, 61 1.0 2.5e-07, 1.5e-07, 7.5e-17 —3.8000007e+01
513 ours 628, 2, 11 2.3 2.8e-16, 7.8e-08, 6.5e-07 —3.7999594¢+01
1zc.128 SDPLR 15, 5,583 3.0 9.2e-07, 0.0e+00, 1.7e-06 —2.0666670e+01
ManiSDP 90, 360, 5,442 2.7 1.4e-07, 6.3e-18, 3.0e-05 —2.0666672e+01
128 SDPNAL+ 200, 3, 30 0.8 7.6e-07, 4.0e-07, 4.8e-16 —2.0666696e+01
1,121 ours 120, 2, 10 0.5 1.7e-16, 8.3e-08, 9.2e-08 —2.0666657e+01
1dc.256 SDPLR 17, 79,800 123.3 9.9¢-07, 0.0e+00, 7.2e-06 —2.9999957e+01
ManiSDP 70, 280, 5,911 4.7 1.3e-05, 2.4e-18, 3.1e-04 —2.9993623e+01
256 SDPNAL+ 1,000, 10, 2,575 14.4 8.6e-10, 3.1e-07, 6.7e-17 —3.0000000e+01
3,840 ours 1,000, 50, 1,205 18.2 3.9e-17, 2.2e-16, 1.1e-06 —3.0000267e+01
let.256 SDPLR 19, 223,320 268.4 1.0e-06, 0.0e+00, 4.8e-07 —5.5114388e+01
ManiSDP 80, 320, 5,545 45 4.2e-06, 3.1e-18, 8.8e-04 —5.5114535e+01
256 SDPNAL+ 816, 12, 7,049 23.0 2.0e-08, 9.9¢-07, 1.4e-09 —5.5113816e+01
1,665 Ours 1,000, 2, 100 11.5 1.6e-16, 2.6e-09, 2.0e-07 —5.5129462e+01
1tc.256 SDPLR 18, 403,838 453.2 1.0e-06, 0.0e+00, 1.1e-06 —6.3399970e+01
ManiSDP 110, 440, 8,557 6.3 3.4e-06, 7.6e-18, 4.7e-04 —6.3400854¢+01
256 SDPNAL+ 508, 18, 13,383 26.8 7.1e-07, 2.9e-07, 1.9¢-09 —6.3399050e+01
1,313 Ours 461, 23, 1,069 8.6 3.9e-16, 3.2e-16, 9.7e-07 —6.3403311e+01
1zc.256 SDPLR 18, 14,140 20.2 9.5e-07, 0.0e+00, 8.9e-07 —3.8000045e+01
ManiSDP 130, 520, 7,586 6.9 1.3e-07, 0.0e+00, 6.7e-06 —3.7999995e+01
256 SDPNAL+ 266, 1, 18 34 6.8e-10, 4.2e-06, 4.1e-06 —3.4463072e+01
2,817 Ours 179, 2, 10 2.1 5.1e-21, 8.4e-08, 4.5e-08 —3.7999987e+01
1dc.512 SDPLR 20, 618,683 3,600.1 1.3e-06, 0.0e+00, 1.6e-06 —5.3031234e+01
ManiSDP 190, 760, 15,197 60.1 4.9¢-06, 1.0e-18, 3.6e-05 —5.3031630e+01
512 SDPNAL+ 300, 19, 13,376 109.6 7.7e-07, 2.3e-06, 3.9¢-08 —5.3025097e+01
9,728 Ours 1,000, 2, 85 50.7 5.5e-17, 5.3e-09, 7.5e-08 —5.3034003e+01
let.512 SDPLR 18, 257,338 1,025.3 1.0e-06, 0.0e+00, 4.9¢-07 —1.0442385e+02
ManiSDP 400, 1,600, 34,062 183.3 7.1e-06, 1.2e-18, 1.9e-04 —1.0441931e+02
512 SDPNAL+ 300, 11, 7,042 69.6 2.1e-07, 8.6e-07, 9.1e-09 —1.0442327e+02
4,033 Ours 423, 2,100 21.8 1.1e-16, 6.7e-08, 2.3e-07 —1.0444155e+02
1tc.512 SDPLR 17, 998,043 3,600.1 1.6e-06, 0.0e+00, 3.1e-07 —1.1340137e+02
ManiSDP 320, 1,280, 27,992 154.7 6.8e-06, 5.3e-18, 2.6e-04 —1.1340159e+02
512 SDPNAL+ 300, 24, 19,872 174.3 5.9¢-06, 1.4e-05, 4.2e-16 —1.1340509e+02
3,265 Ours 1,000, 5, 435 56.0 4.9e-16, 5.7e-12, 8.6e-07 —1.1347915e+02
2dc.512 SDPLR 16, 344,809 3,600.1 5.0e-05, 0.0e+00, 1.4e-06 —1.1794474e+01
ManiSDP 30, 120, 709 7.3 4.1e-03, 3.7e-17, 5.4e-01 —1.1659025e+01
512 SDPNAL+ 300, 12, 8,003 111.0 1.8e-13, 1.2e-06, 3.9¢-08 —1.1775990e+01
54,896 Ours 1,000, 50, 935 92.9 7.1e-16, 9.1e-15, 2.9e-06 —1.1773819e+01
1zc.512 SDPLR 17, 63,237 300.8 1.0e-06, 0.0e+00, 2.2e-06 —6.8750317e+01
ManiSDP 90, 360, 5,798 50.4 6.0e-07, 3.1e-18, 7.9e-06 —6.8750010e+01
512 SDPNAL+ 200, 4, 228 15.2 2.8e-07, 1.9e-07, 7.8e-16 —6.8749972¢+01
6,913 Ours 271,2, 10 14.1 1.6e-16, 6.7e-08, 2.3e-08 —6.8749986e+01
1dc.1024 SDPLR 18, 162,116 3,600.2 7.6e-04, 0.0e+00, 9.6e-07 —9.7153056e+01
ManiSDP 350, 1,400, 22,834 626.9 6.7e-07, 5.9e-19, 2.1e-06 —9.5985469e+01
1,024 SDPNAL+ 200, 15, 8,785 307.6 7.5e-07, 9.5e-07, 1.8e-16 —9.5985603e+01
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Table 2. (Continued)
Problem Solver Iteration Time KKT Objective
24,064 Ours 1,000, 2, 76 190.9 2.7e-16, 3.8e-09, 4.0e-08 —9.5991058e+01
let.1024 SDPLR 17, 221,471 3,600.2 2.8e-04, 0.0e+00, 1.3e-06 —1.8512627e+02
ManiSDP 130, 519, 8,664 253.3 1.5e-05, 1.4e-18, 5.5e-05 —1.8421860e+02
1,024 SDPNAL+ 1,042, 26, 17,176 878.4 7.4e-07, 2.5e-06, 2.7e-08 —1.8418886e+02
9,601 Ours 396, 2, 100 81.8 1.4e-18, 6.6e-08, 5.3e-08 —1.8439511e+02
1tc.1024 SDPLR
ManiSDP 140, 559, 10,208 149.6 8.1e-06, 4.9¢e-18, 3.4e-05 —2.0631534e+02
1,024 SDPNAL+ 400, 20, 21,555 818.6 2.3e-06, 2.5e-06, 1.6e-16 —2.0630720e+02
7,937 Ours 1,000, 2, 100 196.1 3.1e-16, 1.1e-08, 1.5e-07 —2.0652662e+02
1zc.1024 SDPLR 16, 105,125 2,111.4 9.9¢-07, 0.0e+00, 3.8e-07 —1.2866717e+02
ManiSDP 94, 375, 5,589 103.4 4.8e-07, 0.0e+00, 9.2e-07 —1.2866664e+02
1,024 SDPNAL+ 200, 7, 866 84.2 2.1e-07, 4.3e-07, 3.3e-16 —1.2866668e+02
16,641 Ours 386, 2, 10 72.2 1.5e-16, 8.3e-08, 1.3e-08 —1.2866667e+02
1dc.2048 SDPLR 19, 37,396 3,601.1 1.4e-02, 0.0e+00, 2.2e-06 —2.5493425e+02
ManiSDP 450, 1,799, 29,653 1,638.1 5.5e-07, 0.0e+00, 7.0e-07 —1.7473052e+02
2,048 SDPNAL+ 200, 16, 10,181 1,600.0 9.2e-07, 4.6e-07, 1.0e-16 —1.7473028e+02
58,368 Ours 1,000, 2, 100 1,109.6 3.7e-16, 1.7¢-08, 3.7e-08 —1.7480655e+02
let.2048 SDPLR
ManiSDP 220, 878, 14,582 972.7 1.1e-05, 3.0e-18, 8.1e-05 —3.4205781e+02
2,048 SDPNAL+ 586, 23, 19,822 3,866.9 8.0e-07, 7.4e-07, 6.9e-11 —3.4203646e+02
22,529 Ours 1,000, 2, 100 917.0 5.3e-16, 1.3e-08, 8.1e-08 —3.4289319e+02
1tc.2048 SDPLR
ManiSDP 170, 678, 9,201 585.1 9.0e-05, 3.2¢-18, 7.2e-04 —3.7470264e+02
2,048 SDPNAL+ 2,105, 29, 28,120 6,624.0 9.1e-07, 7.5e-07, 9.3e-11 —3.7464678e+02
18,945 Ours 1,000, 2, 100 982.7 5.4e-17, 2.5e-08, 1.6e-07 —3.7582591e+02
1zc.2048 SDPLR 19, 41,500 3,601.1 3.7e-03, 0.0e+00, 2.4e-08 —2.5977665e+02
ManiSDP 51, 202, 1,990 142.9 3.1e-07, 1.3e-18, 4.9e-07 —2.3740022e+02
2,048 SDPNAL+ 200, 5, 1,046 573.3 2.3e-07, 6.7e-07, 6.7e-16 —2.3740004e+02
39,425 Ours 743, 2,12 714.4 6.4e-16, 5.6e-08, 1.6e-08 —2.3739997e+02
1zc.4096 SDPLR 18, 8,435 3,609.5 6.1e-03, 0.0e+00, 1.6e-08 —5.5890705e+02
ManiSDP 180, 719, 6,955 2,600.2 2.9e-04, 0.0e+00, 4.6e-04 —4.4869891e+02
4,096 SDPNAL+ 200, 7, 1,248 4,647.1 3.8e-08, 2.9¢-07, 5.3e-16 —4.4916678e+02
92,161 Ours 300, 5, 120 2,859.3 1.6e-15, 3.5e-07, 9.9e-09 —4.4917208e+02
Table 3. Computational results for Example 3 with tolp =5 X 1071, é€=10"3,v=5x%x10%, and . = 10°.
Problem Solver Iteration Time KKT Objective
bel50.3.1 SDPLR 20, 5,189 44 8.3e-07, 0.0e+00, 1.2e-08 —2.0175194e+04
ManiSDP 290, 1,447, 16,714 5.0 1.2e+01, 3.0e-17, 2.9e-05 —6.8971132e+04
151 SDPNAL+ 655, 26, 5,808 7.7 1.3e-11, 4.8e-06, 9.8e-10 —2.0175328e+04
151 ours 140, 11, 536 1.0 3.3e-16, 5.3e-12, 5.9¢-07 —2.0174310e+04
bel50.8.1 SDPLR 21, 10,903 1.3 5.8e-07, 0.0e+00, 4.4e-08 —2.9671661e+04
ManiSDP 550, 2,750, 35,913 10.1 2.5e+00, 2.9e-17, 9.5e-06 —5.5643145e+04
151 SDPNAL+ 800, 25, 6,219 94 3.8e-07, 7.6e-07, 2.2e-15 —2.9671637e+04
151 Ours 127, 9, 341 0.8 3.0e-16, 8.9¢e-12, 9.2¢-08 —2.9671499e+04
be200.3.1 SDPLR 21, 8,561 14.6 1.0e-06, 0.0e+00, 1.8e-05 —2.8275524e+04
ManiSDP 270, 1,350, 13,673 5.6 2.0e+00, 3.0e-17, 1.6e-05 —3.1643403e+04
201 SDPNAL+ 1,713, 25, 8,606 28.0 9.6e-09, 1.0e-06, 6.7e-11 —2.8275594e+04
201 ours 157, 8, 399 1.4 3.2e-16, 1.7e-10, 3.1e-07 —2.8274789%¢+04
be200.8.1 SDPLR 21, 15,424 6.4 5.8e-07, 0.0e+00, 6.5e-09 —5.1718246e+04
ManiSDP 130, 640, 3,014 1.9 4.0e+00, 3.9¢e-17, 8.0e-06 —1.7317299e+05
201 SDPNAL+ 2,912, 24, 5,963 31.1 6.6e-09, 1.5e-06, 2.0e-10 —5.1718260e+04
201 ours 181, 8, 416 1.6 3.6e-16, 1.1e-11, 8.4e-07 —5.1713602e+04
be250.1 SDPLR 21, 11,492 12.0 9.7e-07, 0.0e+00, 8.2e-09 —2.5551688e+04
ManiSDP 170, 850, 7,181 3.8 1.8e+00, 6.0e-17, 1.6e-05 —1.6307124e+04
251 SDPNAL+ 2,100, 30, 10,855 44.7 4.4e-07, 4.7¢-07, 9.5e-16 —2.5551657e+04
251 ours 219, 8, 370 24 4.0e-16, 3.6e-13, 3.2e-07 —2.5550756e+04
bgp250-1 SDPLR 22, 8,778 9.3 5.9¢-07, 0.0e+00, 1.3e-05 —4.8732291e+04
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Table 3. (Continued)

Problem Solver Iteration Time KKT Objective
ManiSDP 60, 300, 380 0.8 5.0e+03, 0.0e+00, 1.5e-03 —1.7966528e+08
251 SDPNAL+ 2,100, 31, 8,420 40.8 2.8e-07, 3.8e-07, 3.8e-16 —4.8732371e+04
251 Ours 217, 8, 411 2.5 3.9e-16, 3.8e-13, 9.3e-07 —4.8726367e+04
bgp500-1 SDPLR 23, 15,191 76.9 5.7e-07, 0.0e+00, 5.6e-06 —1.2840267e+05
ManiSDP 260, 1,300, 10,182 20.9 3.5e+01, 3.1e-18, 9.5e-06 —1.5873482e+06
501 SDPNAL+ 4,957, 34, 4,080 242.0 3.0e-14, 2.7e-06, 3.0e-11 —1.2840266e+05
501 ours 344, 10, 545 11.8 5.6e-16, 5.3e-15, 8.3e-07 —1.2837740e+05
gkale SDPLR 21, 6,571 5.0 6.1e-07, 0.0e+00, 4.1e-08 —1.7386969e+04
ManiSDP 490, 2,450, 32,950 11.6 1.1e+01, 4.4e-17, 4.3e-05 —2.3390925e+05
201 SDPNAL+ 1,714, 27, 9,269 27.0 7.5e-09, 1.1e-06, 1.1e-10 —1.7386969e+04
201 ours 177, 8, 368 15 3.6e-16, 3.9e-13, 2.5e-07 —1.7386645e+04
gkalf SDPLR 22, 14,233 72.2 9.3e-07, 0.0e+00, 2.6e-09 —6.6817691e+04
ManiSDP 240, 1,200, 6,307 15.9 2.2e+01, 2.5e-17, 1.3e-05 —2.8307927e+05
501 SDPNAL+ 5,623, 37, 5,315 257.1 6.6e-14, 1.7e-06, 3.7e-10 —6.6819431e+04
501 Ours 347, 8, 458 11.3 5.2e-16, 1.4e-14, 4.7e-07 —6.6810416e+04

Table 4. Computational results for Example 4 with toly = 1071, é=10"", v=5x10°, and %, =5 x 10°.

Problem Solver Iteration Time KKT Objective
soybean-large.2 SDPLR 19, 184 0.2 1.3e-07, 0.0e+00, 5.9e-07 —1.0581914e+04

ManiSDP 11, 44, 86 0.3 1.3e-08, 2.3e-17, 4.4e-15 —1.0581910e+04
307 SDPNAL+ 300, 5, 23 4.6 1.1e-07, 4.7e-09, 7.5e-17 —1.0581910e+04
308 Ours 10, 10, 48 0.8 5.5e-16, 1.8e-13, 3.1e-07 —1.0581898e+04
spambase-small.2 SDPLR

ManiSDP 23,92, 143 0.5 2.9e-07, 9.5e-16, 3.4e-13 —1.1477648e+08
300 SDPNAL+ 300, 5, 12 4.7 4.8e-09, 1.7e-07, 3.4e-17 —1.1477648e+08
301 Ours 10, 8, 37 0.6 6.2e-16, 1.4e-11, 1.6e-07 —1.1477619e+08
spambase-medium.2 SDPLR

ManiSDP 37, 148, 232 6.8 8.7e-07, 1.1e-15, 1.1e-17 —6.5736462e+08
900 SDPNAL+ 200, 7, 43 60.6 2.8e-09, 4.3e-07, 3.1e-17 —6.5736458e+08
901 Ours 10, 7, 33 4.8 1.1e-15, 5.0e-10, 9.8e-07 —6.5734525e+08
spambase-large.2 SDPLR

ManiSDP 190, 760, 1,276 101.7 2.3e-05, 1.4e-15, 1.4e-09 —1.3754449e+09
1,500 SDPNAL+ 200, 11, 117 261.9 1.8e-08, 5.9e-07, 1.5e-17 —1.3754209e+09
1,501 Ours 10, 7, 34 119 1.3e-15, 5.1e-10, 8.2e-07 —1.3753748e+09
abalone-medium.2 SDPLR 19, 137 0.2 2.0e-09, 0.0e+00, 2.5e-10 —5.6760187e+04

ManiSDP 9, 35, 40 0.4 9.5e-08, 1.3e-16, 7.4e-10 —5.6760186e+04
400 SDPNAL+ 300, 5, 17 7.5 7.4e-10, 4.1e-07, 7.3e-17 —5.6760186e+04
401 Ours 10, 10, 43 14 6.4e-16, 1.4e-13, 4.5e-07 —5.6760101e+04
abalone-large.2 SDPLR 19, 158 1.1 7.4e-08, 0.0e+00, 2.5e-10 —1.3600035e+05

ManiSDP 10, 40, 48 2.0 7.3e-08, 3.4e-16, 1.7e-10 —1.3600035e+05
1,000 SDPNAL+ 200, 7, 33 42.8 1.2e-10, 5.5e-09, 4.0e-17 —1.3600035e+05
1,001 Ours 10, 10, 44 6.3 1.2e-15, 1.4e-13, 3.2e-07 —1.3600011e+05
segment-small.2 SDPLR 23, 578 0.7 1.2e-08, 0.0e+00, 1.1e-09 —1.8871137e+07

ManiSDP 20, 63, 80 0.7 1.3e-07, 2.3e-16, 2.4e-10 —1.8871136e+07
400 SDPNAL+ 300, 5, 17 6.2 9.9e-09, 3.9e-07, 3.0e-17 —1.8871137e+07
401 Ours 10, 10, 47 14 6.3e-16, 1.8e-13, 3.0e-07 —1.8871107e+07
segment -medium.2 SDPLR

ManiSDP 21,73,98 22 2.2e-07, 3.2e-16, 1.3e-09 —3.3223348e+07
700 SDPNAL+ 200, 6, 37 14.3 1.4e-09, 2.2e-09, 2.0e-17 —3.3223351e+07
701 Ours 10, 10, 48 3.9 9.8e-16, 1.8e-13, 2.5e-07 —3.3223293e+07
segment-large.2 SDPLR

ManiSDP 21, 83, 127 4.7 2.2e-07, 5.4e-16, 1.0e-09 —4.7439909e+07
1,000 SDPNAL+ 200, 5, 58 41.6 4.1e-08, 1.2e-08, 3.8e-17 —4.7439912e+07
1,001 Oours 10, 10, 48 6.6 1.2e-15, 1.8e-13, 2.2e-07 —4.7439823e+07
housing.2 SDPLR

ManiSDP 25, 100, 150 1.6 9.6e-07, 1.1e-16, 1.4e-13 —1.6740775e+08
506 SDPNAL+ 200, 5, 20 8.1 1.4e-07, 6.6e-07, 4.6e-17 —1.6740779e+08
507 Oours 10, 12, 54 2.3 7.9e-16, 2.6e-16, 9.3e-08 —1.6740774e+08
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Table 5. Computational results for Example 5 with toly = 1074, é=5%x10"%, v=5x%10%, and . = 10°.
Problem Solver Iteration Time KKT Objective
nonsym(6,4) SDPLR 17, 859 0.8 1.4e-07, 0.0e+00, 1.1e-05 3.0767777e+00
ManiSDP 120, 600, 8,022 52 4.7e-04, 0.0e+00, 2.7e-05 3.0777468e+00
216 SDPNAL+ 300, 4, 270 2.5 7.6e-08, 1.5e-08, 2.1e-15 3.0767784e+00
9,260 Ours 932, 8, 513 7.5 2.0e-16, 8.8e-17, 5.1e-08 3.0767803e+00
nonsym(7,4) SDPLR 17, 527 0.8 6.7e-08, 0.0e+00, 6.3e-06 5.0740764e+00
ManiSDP 110, 550, 5,894 6.6 4.5e-04, 0.0e+00, 8.7e-06 5.0741640e+00
343 SDPNAL+ 300, 5, 207 4.8 6.7e-08, 5.3e-08, 2.6e-15 5.0740771e+00
21,951 Oours 1,000, 6, 421 16.3 2.9e-16, 1.2e-13, 9.2e-07 5.0741640e+00
nonsym(8,4) SDPLR 17, 677 2.0 6.0e-08, 0.0e+00, 1.9e-06 5.7408318e+00
ManiSDP 50, 250, 1,202 42 6.3e-01, 0.0e+00, 4.7e-03 1.5255265e+01
512 SDPNAL+ 200, 5, 269 7.8 1.0e-07, 6.5e-08, 2.7e-15 5.7408289¢+00
46,655 ours 1,000, 6, 365 35.1 2.5e-16, 2.2e-12, 7.0e-07 5.7409223e+00
nonsym(9,4) SDPLR 19, 899 6.0 1.8e-07, 0.0e+00, 2.1e-05 1.0661330e+00
ManiSDP 350, 1,750, 9,852 78.5 3.5e-04, 0.0e+00, 2.5e-05 1.0661584e+00
729 SDPNAL+ 200, 6, 742 19.9 7.6e-08, 6.7e-08, 2.6e-15 1.0661335e+00
91,124 ours 1,000, 7, 347 63.7 3.4e-16, 1.0e-13, 1.6e-07 1.0661381e+00
nonsym(10,4) SDPLR 20, 2,740 41.0 2.0e-07, 0.0e+00, 1.4e-05 1.6947133e+00
ManiSDP 120, 600, 1,626 31.3 3.3e+00, 0.0e+00, 1.1e-02 1.4687971e+01
1,000 SDPNAL+ 200, 6, 1,047 56.3 1.0e-06, 3.5e-08, 2.6e-15 1.6947159¢+00
166,374 ours 1,000, 14, 1,303 169.6 3.2e-16, 1.5e-16, 6.3e-07 1.6947498e+00
nonsym(11,4) SDPLR 19, 1,291 42.0 1.3e-07, 0.0e+00, 7.5e-06 2.9134845e+00
ManiSDP 110, 550, 1,245 47.1 4.4e+00, 0.0e+00, 3.4e-02 7.5444956e+00
1,331 SDPNAL+ 200, 7, 1,036 1744 9.2e-08, 1.8e-08, 3.1e-15 2.9134853e+00
287,495 Ours 1,000, 7, 260 215.6 4.9e-16, 1.5e-14, 3.3e-07 2.9135212e+00
nonsym(4,5) SDPLR 17, 2,875 2.8 3.6e-07, 0.0e+00, 3.2e-05 1.5174069¢+00
ManiSDP 370, 1,850, 28,164 19.4 6.8e-04, 0.0e+00, 7.7e-05 1.5164330e+00
256 SDPNAL+ 300, 4, 255 43 1.8e-07, 3.6e-07, 2.1e-15 1.5174093e+00
9,999 Ours 750, 12, 1,653 10.3 4.1e-16, 1.5e-16, 8.8e-07 1.5174316e+00
nonsym(s, 5) SDPLR 17,942 3.7 2.3e-07, 0.0e+00, 8.0e-06 3.0825740e+00
ManiSDP 400, 2,000, 26,577 96.5 8.9e-03, 0.0e+00, 5.5e-04 3.0843595e+00
625 SDPNAL+ 200, 6, 690 29.0 5.6e-07, 2.9e-08, 2.5e-15 3.0825745e+00
50,624 Ours 1,000, 8, 473 51.7 4.5e-16, 5.4e-16, 9.6e-08 3.0825817e+00
nonsym(é, 5) SDPLR 19, 1,443 36.7 1.6e-07, 0.0e+00, 1.0e-05 3.0957169e+00
ManiSDP 90, 450, 1,776 39.5 4.4e-01, 0.0e+00, 6.5e-03 9.3481818e+00
1,296 SDPNAL+ 200, 6, 948 150.2 8.3e-08, 1.9¢-08, 2.8e-15 3.0957190e+00
194,480 Ours 1,000, 11, 1,302 328.2 2.6e-16, 9.4e-16, 6.6e-07 3.0957937e+00
sym_rd(3,25) SDPLR 16, 1,750 2.6 8.1e-08, 0.0e+00, 1.5e-05 1.6297464e+00
ManiSDP 100, 500, 2,003 3.0 1.7e-01, 0.0e+00, 1.3e-02 1.3563755e+01
351 SDPNAL+ 237, 3,97 6.8 1.9e-07, 3.9e-07, 2.0e-15 1.6297461e+00
23,750 Ours 428, 9, 3,019 16.1 1.2e-16, 4.1e-17, 8.7e-08 1.6297479e+00
sym_rd(3,30) SDPLR 17, 2,235 6.1 5.5e-08, 0.0e+00, 7.1e-05 1.8241660e+00
ManiSDP 50, 250, 665 29 1.3e+00, 0.0e+00, 3.1e-02 5.0945633e+01
496 SDPNAL+ 300, 3, 294 19.5 4.3e-07, 6.0e-07, 2.1e-15 1.8241633e+00
46,375 Ours 916, 9, 3,115 54.6 1.3e-16, 1.5e-16, 1.2e-07 1.8241687e+00
sym_rd(3,35) SDPLR 17, 6,460 34.0 5.0e-08, 0.0e+00, 4.0e-06 1.8299937e+00
ManiSDP 110, 550, 1,749 11.5 9.9e-01, 0.0e+00, 3.3e-02 4.0567666e+01
666 SDPNAL+ 200, 3, 784 36.1 5.2e-07, 8.3e-07, 2.2e-15 1.8299940e+00
82,250 Ours 435,12, 5,408 138.9 1.4e-16, 4.8e-16, 5.8e-08 1.8299936e+00
sym_rd(3,40) SDPLR 16, 8,238 86.4 4.1e-08, 0.0e+00, 7.2e-06 1.9931548e+00
ManiSDP 50, 250, 722 7.8 2.3e+00, 0.0e+00, 5.2e-02 7.2802120e+01
861 SDPNAL+ 200, 3, 659 62.1 4.3e-07, 7.7e-07, 2.2e-15 1.9931521e+00
135,750 Ours 385, 9, 4,309 2132 1.3e-16, 3.7e-16, 8.5e-07 1.9931792e+00
sym_rd(3,45) SDPLR 17, 8,035 152.7 3.5e-08, 0.0e+00, 4.1e-05 2.1407708e+00
ManiSDP 50, 250, 523 10.5 1.9e+00, 0.0e+00, 5.5e-02 1.1688834e+02
1,081 SDPNAL+ 200, 3, 1,134 119.1 5.1e-07, 8.1e-07, 2.3e-15 2.1407703e+00
211,875 Ours 923, 10, 5,009 510.1 1.4e-16, 1.5e-16, 9.1e-08 2.1407752e+00
sym_rd(3,50) SDPLR 18, 9,616 315.0 3.4e-08, 0.0e+00, 6.6e-06 2.0694999e+00
ManiSDP 70, 350, 798 225 2.3e+00, 0.0e+00, 6.5e-02 1.5131076e+02
1,326 SDPNAL+ 200, 5, 1,382 143.8 8.9e-08, 2.1e-07, 2.4e-15 2.0694992e+00
316,250 Ours 403, 10, 5,075 745.0 1.3e-16, 1.5e-16, 2.9e-07 2.0695115e+00
sym_rd(4,20) SDPLR 14, 687 0.6 4.7e-08, 0.0e+00, 2.9e-06 8.6061260e+00
ManiSDP 110, 550, 958 15 2.3e+00, 0.0e+00, 2.7e-02 6.8431952e+02
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Table 5. (Continued)

Problem Solver Iteration Time KKT Objective
210 SDPNAL+ 300, 3, 211 25 4.4e-07, 1.6e-07, 1.8e-15 8.6061230e+00
8,854 ours 680, 8, 1,339 6.5 1.1e-16, 3.7e-16, 9.4e-08 8.6061276e+00
sym_rd(4,25) SDPLR 15, 2,212 3.0 3.6e-08, 0.0e+00, 4.2e-06 8.5618442e+00
ManiSDP 40, 200, 256 0.9 1.4e+00, 0.0e+00, 3.6e-01 1.0824463e+00
325 SDPNAL+ 236, 3, 588 5.9 6.8e-08, 7.4e-09, 2.1e-15 8.5618423e+00
20,474 Ours 342,11, 4,625 17.4 1.3e-16, 3.0e-16, 3.6e-07 8.5618630e+00
sym_rd(4,30) SDPLR 16, 3,488 8.1 2.3e-08, 0.0e+00, 8.2e-07 9.5602225e+00
ManiSDP 70, 350, 678 3.5 1.8e+00, 0.0e+00, 6.3e-02 9.9161450e+02
465 SDPNAL+ 183, 3, 691 84 4.0e-07, 6.7¢-08, 2.0e-15 9.5602133e+00
40,919 Ours 1,000, 9, 4,431 59.8 1.2e-16, 7.6e-17, 3.4e-07 9.5602492e+00
sym_rd(4,35) SDPLR 17, 43,809 199.8 1.8e-08, 0.0e+00, 3.1e-06 1.0983323e+01
ManiSDP 30, 150, 241 24 5.1e+00, 0.0e+00, 5.1e-01 9.0881233e+00
630 SDPNAL+ 181, 3, 927 16.5 6.6e-07, 3.5e-08, 2.2e-15 1.0983326e+01
73,814 Ours 1,000, 10, 5,400 137.3 1.1e-16, 1.5e-16, 7.7e-08 1.0983332e+01
sym_rd(4,40) SDPLR 16, 57,711 517.1 1.4e-08, 0.0e+00, 2.5e-06 1.1560687e+01
ManiSDP 70, 350, 672 8.9 1.7e+00, 0.0e+00, 9.4e-02 9.6468247e+02
820 SDPNAL+ 280, 12, 879 40.9 5.3e-08, 2.9¢-08, 5.0e-15 1.1547151e+01
123,409 Ours 1,000, 9, 8,888 280.9 1.2e-16, 3.3e-16, 6.0e-07 1.1547175e+01
sym_rd(4,45) SDPLR 13, 120,969 2,046.5 1.3e-08, 0.0e+00, 6.6e-06 1.2051365e+01
ManiSDP 110, 550, 1,096 22.3 3.9e+00, 0.0e+00, 1.8e-01 1.2627037e+03
1,035 SDPNAL+ 278, 11, 461 57.2 8.8e-07, 6.0e-09, 1.2e-06 1.1842468e+01
194,579 Ours 1,000, 9, 7,780 438.9 1.2e-16, 3.0e-16, 5.0e-07 1.1842486e+01
sym_rd(4,50) SDPLR 16, 106,834 3,151.3 1.0e-08, 0.0e+00, 1.2e-05 1.3073209e+01
ManiSDP 50, 250, 366 14.3 5.7e+00, 0.0e+00, 2.1e-01 7.4617702e+00
1,275 SDPNAL+ 178, 11, 420 60.1 3.9e-08, 9.8e-07, 6.3e-15 1.3041815e+01
292,824 Ours 1,000, 9, 5,061 523.2 1.2e-16, 3.3e-16, 4.9e-07 1.3041825e+01
sym_rd(5,10) SDPLR 13, 1,983 1.8 1.4e-07, 0.0e+00, 5.0e-06 2.9812615e+00
ManiSDP 40, 200, 264 0.7 3.2e+00, 0.0e+00, 1.9e-01 5.4238299e+00
286 SDPNAL+ 174, 1, 49 2.3 2.5e-09, 3.9e-06, 1.9e-03 2.8290826e+00
8,007 Ours 435, 8, 1,314 7.9 1.4e-16, 1.5e-16, 6.0e-07 2.9812810e+00
sym_rd(5,15) SDPLR 15, 14,037 85.2 5.4e-08, 0.0e+00, 2.9e-06 3.4934605e+00
ManiSDP 320, 1,600, 7,314 54.4 6.9e-01, 0.0e+00, 9.5e-03 1.0012877e+03
816 SDPNAL+ 196, 3, 646 22.7 6.4e-07, 4.3e-08, 2.0e-15 3.4934739e+00
54,263 Ours 421, 14, 8,514 345.8 1.4e-16, 3.8e-17, 9.7e-08 3.4934646e+00
sym_rd(5,20) SDPLR 14, 76,380 3,600.4 1.4e-07, 0.0e+00, 1.0e-05 5.4052691e+00
ManiSDP 180, 900, 1,162 93.6 4.0e+00, 0.0e+00, 6.6e-01 3.3692148e+00
1,771 SDPNAL+ 200, 3, 1,801 208.3 1.6e-07, 7.3e-08, 2.2e-15 4.1792187e+00
230,229 Ours 1,000, 9, 4,415 1,554.5 1.4e-16, 6.3e-16, 3.0e-07 4.1792631e+00
sym_rd(6,10) SDPLR 11, 1,026 0.8 1.2e-07, 0.0e+00, 2.0e-06 2.2737406e+01
ManiSDP 210, 1,050, 1,180 2.7 1.9e+00, 0.0e+00, 2.5e-01 5.9223302e+00
220 SDPNAL+ 265, 3, 296 2.6 6.5e-08, 6.3e-07, 2.0e-15 2.2737299e+01
5,004 Ours 379, 8, 1,372 4.7 1.3e-16, 7.5e-17, 5.4e-07 2.2737450e+01
sym_rd(6,15) SDPLR 13, 42,609 167.9 3.7e-08, 0.0e+00, 7.4e-07 2.7098938e+01
ManiSDP 270, 1,350, 1,864 22.8 3.5e+00, 0.0e+00, 1.9e-01 1.6048026e+01
680 SDPNAL+ 200, 3, 1,604 24.2 1.2e-07, 6.8e-08, 2.0e-15 2.7098696e+01
38,759 Ours 613, 20, 7,038 179.3 1.3e-16, 7.4e-17, 1.4e-07 2.7098700e+01
sym_rd(6,20) SDPLR 13, 77,794 2,521.5 1.6e-08, 0.0e+00, 3.9e-07 3.5598088e+01
ManiSDP 30, 150, 182 11.1 1.3e+00, 0.0e+00, 5.1e-01 1.1327177e+00
1,540 SDPNAL+ 185, 3, 1,520 123.8 3.6e-08, 5.2e-07, 2.4e-15 3.1508324e+01
177,099 Ours 1,000, 10, 6,000 920.4 1.4e-16, 1.1e-16, 6.6e-07 3.1508498e+01
nsym_rd([15,15,15]) SDPLR 17, 1,068 1.0 6.6e-08, 0.0e+00, 1.8e-05 2.4837923e+00
ManiSDP 130, 650, 6,032 54 2.5e-05, 0.0e+00, 1.1e-06 2.4838368e+00
225 SDPNAL+ 300, 3, 136 2.7 2.8e-07, 2.2e-07, 2.1e-15 2.4837930e+00
14,399 Ours 1,000, 8, 1,519 10.1 1.3e-16, 3.0e-16, 7.8e-08 2.4837946e+00
nsym_rd([20,20,20]) SDPLR 18, 730 1.6 3.8e-08, 0.0e+00, 8.0e-06 3.4777159e+00
ManiSDP 190, 950, 8,473 20.1 6.0e-05, 0.0e+00, 3.6e-06 3.4778671e+00
400 SDPNAL+ 300, 4, 855 8.6 2.2e-07, 2.3e-07, 2.4e-15 3.4777156e+00
44,099 Ours 1,000, 8, 1,279 28.3 1.4e-16, 1.8e-15, 3.1e-07 3.4777169e+00
nsym_rd([20,25,25]) SDPLR 19, 1,500 48 3.2e-08, 0.0e+00, 1.4e-05 2.7856927e+00
ManiSDP 230, 1,150, 8,157 30.3 2.6e-03, 0.0e+00, 5.2e-04 2.7833029e+00
500 SDPNAL+ 200, 4, 792 10.7 2.5e-07, 5.6e-07, 2.4e-15 2.7856953e+00
68,249 Ours 353, 12, 4,202 56.5 1.2e-16, 5.0e-17, 4.7e-07 2.7857188e+00
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Table 5. (Continued)
Problem Solver Iteration Time KKT Objective
nsym_rd([25,20,25]) SDPLR 18, 1,308 41 3.2e-08, 0.0e+00, 4.0e-06 2.7755704e+00
ManiSDP 270, 1,350, 11,903 42.7 2.9e-05, 0.0e+00, 1.8e-06 2.7756442e+00
500 SDPNAL+ 200, 4, 805 10.1 1.1e-07, 4.4e-08, 2.2e-15 2.7755718e+00
68,249 Ours 1,000, 8, 1,992 48.2 1.2e-16, 5.3e-16, 7.5e-07 2.7756101e+00
nsym_rd([25,25,20]) SDPLR 18, 2,112 6.6 3.3e-08, 0.0e+00, 1.0e-05 2.8765714e+00
ManiSDP 230, 1,150, 9,090 33.1 5.1e-04, 0.0e+00, 2.2e-04 2.8828557e+00
500 SDPNAL+ 200, 4, 477 8.9 9.0e-08, 1.7e-08, 2.5¢-15 2.8765721e+00
68,249 Ours 1,000, 9, 2,652 55.2 1.2e-16, 4.7e-17, 2.3e-07 2.8765741e+00
nsym_rd([25,25,25]) SDPLR 18, 3,101 16.6 2.6e-08, 0.0e+00, 1.5e-05 2.8300019e+00
ManiSDP 40, 200, 419 3.6 2.0e+00, 0.0e+00, 1.6e-01 3.1847883e+00
625 SDPNAL+ 200, 5, 1,855 244 6.1e-08, 5.3e-09, 2.4e-15 2.8300023e+00
105,624 Ours 337, 16, 10,189 205.0 1.3e-16, 2.2e-16, 7.3e-07 2.8300149e+00
nsym_rd([30,30,30]) SDPLR 19, 2,316 32.6 2.1e-08, 0.0e+00, 6.8e-06 3.0377560e+00
ManiSDP 190, 950, 1,933 39.6 4.0e-01, 0.0e+00, 7.5e-03 1.4129021e+01
900 SDPNAL+ 200, 5, 1,010 355 1.4e-07, 6.5e-07, 2.6e-15 3.0377599e+00
216,224 Ours 1,000, 11, 3,955 285.6 1.5e-16, 1.5e-16, 1.4e-07 3.0377605e+00
nsym_rd([35,35,35]) SDPLR 20, 2,662 85.3 1.5e-08, 0.0e+00, 5.7e-06 3.0704750e+00
ManiSDP 60, 300, 621 20.6 2.3e+00, 0.0e+00, 2.0e-01 3.7383637e+00
1,225 SDPNAL+ 200, 4, 1,186 79.0 6.6e-07, 3.7e-07, 2.7e-15 3.0704751e+00
396,899 Ours 540, 11, 4,667 569.0 1.2e-16, 3.7e-16, 4.0e-07 3.0704779e+00
nsym_rd([40,40,40]) SDPLR 21, 2,859 190.2 1.1e-08, 0.0e+00, 5.7e-06 3.8787371e+00
ManiSDP 40, 200, 354 20.5 5.6e+00, 0.0e+00, 2.3e-01 4.1093664e+00
1,600 SDPNAL+ 200, 3, 461 105.0 7.2e-07, 5.2e-07, 2.9e-15 3.8787371e+00
672,399 Ours 1,000, 9, 3,272 861.7 3.1e-16, 7.4e-16, 5.7e-07 3.8788559e+00
nsym_rd([6,6,6,6]) SDPLR 16, 1,082 1.0 6.7e-08, 0.0e+00, 1.3e-05 2.6823271e+00
ManiSDP 830, 4,150, 64,117 423 6.2e-05, 0.0e+00, 3.8e-06 2.6822326e+00
216 SDPNAL+ 300, 3, 158 2.6 3.5e-07, 4.7e-07, 2.1e-15 2.6823279e+00
9,260 Ours 520, 8, 1,298 5.7 1.1e-16, 8.9e-17, 4.8e-08 2.6823293e+00
nsym_rd([7,7,7,7]) SDPLR 17, 744 1.1 5.7e-08, 0.0e+00, 8.7e-06 3.3323703e+00
ManiSDP 140, 700, 7,993 9.5 9.1e-05, 0.0e+00, 4.0e-06 3.3323037e+00
343 SDPNAL+ 300, 4, 228 4.7 4.7e-07, 1.2e-07, 2.1e-15 3.3323703e+00
21,951 Ours 1,000, 7, 550 17.1 1.5e-16, 2.9e-14, 7.0e-08 3.3323720e+00
nsym_rd([8,8,8,8]) SDPLR 18, 937 2.7 3.5e-08, 0.0e+00, 4.8e-06 2.8376898e+00
ManiSDP 170, 850, 8,328 25.0 1.3e-04, 0.0e+00, 8.5e-06 2.8379737e+00
512 SDPNAL+ 200, 4, 377 8.6 5.9e-08, 3.3e-08, 2.4e-15 2.8376877e+00
46,655 Ours 1,000, 8, 1,055 425 1.1e-16, 3.6e-16, 7.3e-08 2.8376911e+00
nsym_rd([9,9,9,9]) SDPLR 18, 693 47 2.4e-08, 0.0e+00, 1.6e-05 3.1089491e+00
ManiSDP 80, 400, 1,089 10.7 2.8e-01, 0.0e+00, 2.3e-02 5.8785058e+00
729 SDPNAL+ 200, 4, 525 16.3 3.0e-07, 2.9e-07, 2.6e-15 3.1089487¢+00
91,124 Ours 1,000, 8, 865 79.6 1.3e-16, 1.1e-15, 7.1e-08 3.1089533e+00

are high. In fact, we always observe that the rank is nearly n — 1, where 1 denotes the matrix dimension. In such
cases, the primal constraint nondegenerate condition usually holds, making SDPNAL+ have a very fast conver-
gence rate. On the other hand, for these SDPs, because the dual constraint nondegeneracy condition typically
fails to hold, Algorithm 1 would require more computational effort than SDPNAL+ to solve the problems. Sur-
prisingly, although SDPLR is designed for solving SDPs with low-rank solutions, it sometimes shows promising
performance when solving SDPs with high-rank solutions, as indicated by Table 5. In comparison, ManiSDP fails
to solve most of the tested problems because of the fact that the solutions are of high rank and there is no explicit
manifold structure to utilize.

Based on the relative performance of SDPNAL+ and Algorithm 1 in Tables 1-5, we may conclude that when
the primal constraint nondegeneracy condition is likely to hold at the optimal solution, SDPNAL+ would be pref-
erable. However, when such prior information is not available, Algorithm 1 could be a good choice based on the
promising numerical performance demonstrated in Tables 1-4, even though the primal constraint nondegene-
racy condition may not hold based on our empirical observation. Note finally that, for our algorithm, the errors
np and 14 are usually very small, whereas 7). is driven to a value slightly smaller than tol =107°. On the con-
trary, SDPNAL+ keeps 7). very small, whereas it progressively decreases 1, and 1.
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6. Concluding Remarks

We have analyzed and implemented a squared smoothing Newton method via the Huber smoothing function
for solving semidefinite programming problems (SDPs). With a careful design of the algorithmic framework, our
theoretical analysis has shown that the proposed algorithm is well-defined, guarantees global convergence, and
admits a super-linear convergence rate under the primal and dual constraint nondegeneracy conditions. Besides
establishing these convergence properties, we have also conducted extensive numerical experiments on solving
various classes of SDPs to evaluate the practical performance of our algorithm. We have compared our method
with the state-of-the-art SDP solvers, including SDPLR, ManiSDP, and SDPNAL+, and the numerical results have
demonstrated the excellent efficiency of our algorithm. We note that the current implementation of the algorithm
is not as mature as we would hope for because the performance may depend sensitively on some parameters.
However, given the promising numerical results on the tested examples, we are inspired to conduct a more
robust implementation in future work.
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Appendix A. Proof of Proposition 1

Part 1 is a direct consequence of proposition 4.3 in Chen et al. [15]. We next prove part 2. Because h(:,-) is locally
Lipschitz continuous on R X R, then by theorem 9.67 in Rockafellar and Wets [54], there exist continuously differentiable
functions h,: R X R — R, £> 1, converging uniformly to & and satisfying

n
(T, O <L, VY(1,&) €T :=[e—v,e+Vv]x <U[di — Vi, d; +Vi]>,
i=1
with some constants L > 0, v >0, and v; > 0. For any (7,H) e R x S" with H = Pdiag(t;ll, .. .,an)fJT, define
®(1,H) = Pdiag(he(t,d1), ..., he(r,d,)P", €>1.

From Horn and Johnson [22], we may assume that there exists a neighborhood of (¢, W), denoted by U/, such that (t,d;) €
J for all i=1,...,n and (t,H) gu. Note that ®; converges to @ uniformly on U. Fix (t1,H1), (12,Hz) €U such that
(t1,H1) # (12, H>). Then, for any L >0 and ¢ sufficiently large, it holds that

1Bz, H) = (z, H)|| < Lll(t1, H1) = (z2, Fo)ll,  V(t,H) €U. (A1)
Using (A.1), for any (t,H) €U, it follows that

ld(t1, Hy) — ©(72, Hy)|
< |@(71, Hy) — @11, Hy)l| + [|D(T1, H1) — P12, Ho)|| + [P (T2, H2) — P(72, Ha)|

1
< 2L||(71, Hy) — (12, Hp)l| + / Dy (11 + H(t2 — 71), Hy + t(Hy — Hy))(11 — 72, Ho — Hy)dt
0

< QL+ L)||(t1,Hy) — (12, Hy))|

for £ > 1 sufficiently large. Because L>0is arbitrary, we see that @ is locally Lipschitz continuous with modulus L > 0.
Then, we turn to prove part 3. Let us recall that ®(0, W) = Z]'f:l 1(0,4;)Q; and write

O(tr, W+tH) = > h(0,A)Qi(t) + > _(h(tr,di(t) — h(0,d))pi(H)pi(t)"
j=1 i=1

Then, it follows that

lim S (O(t, W + tH) — (0, W)
tlo t
= > 0,4 lim Qi) Q)+ > lim - (h(er, i) — hO, &) O (1"
j=1 i=1

By equation (2.9) in Shapiro [55], for any j=1,...,7, the following holds:
h(0, Ay) — h(0, A)

1 , _1
lim Q) - Q)=QOH) =5 > ey

1<k#j<r

(QiHQx + QcHQ)).
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From proposition 3.1 in Shapiro [55], for any i =1,...,n, we know that d;(W; H) is well-defined, and it holds that
i (e, (1) — 0, ) = (0, ) (5, (W3 )

—Z(d'(w H) —u>p Pl + > h(z,dj(W; H)pip,

iea iep

where we have used the fact that & is directionally differentiable with

L )
WO (wo) =1 iz o)y ueo Y(OVERXR
0 u<0

Because p;(t) = p; as t | 0, lim, w%(q)(t’c, W+ tH) — @(0, W)) exists. Hence, @ is directionally differentiable at (0, W), and (15)
holds true. Finally, the explicit expression of the directional differential d;(W;H) (1 <i<mn) is again obtained from propo-
sition 3.1 in Shapiro [55].

Finally, we prove part 4. Based on part 1, ® is continuously differentiable at any (e, W) with € # 0. Hence, ® is natu-
rally strongly semismooth at these points. Thus, we need to show only that @ is strongly semismooth at (0, W) for any
WeS". We have already known that @ is locally Lipschitz continuous and directionally differentiable everywhere. By
theorem 3.7 in Sun and Sun [60], we need to show only that for any (7, H) € R x S" with ||(7, H)|| — 0,

O(t, W + H) — D0, W) — @' ((7, W + H); (t, H)) = O(||(t, H)|P). (A.2)

First, similarly to the proof of part 3, one can show for any (t,H) e R x S”,

@'((t, W+ H); (t, H)) = Y _h(t, A{(1)Q)(1)(H)

j=1
+> W ((x,di()); (z,di (W + H; ))pi(Dpi(1) " (A3)
i=1

Then, by the fact that d; is strongly semismooth everywhere (see for example proposition 3.2 in Shapiro [55]), we deduce
that

O(, W+H) o0, W)
- th ALONQM) - Q) +Z<h<f d,(1)) = h(0, d))pip!

= Zh(f, A(1)Q)(1)(H) + O(HI)

j=1

+y (W ((z,di(1)); (v, di(W + H; H)pap! + Oz, HDIP)

i=1

= > hlm, AQUH) + Y (' (v, di(1)); (z, d{(W + H; )))piWpi()" + O, H)IP),
j=1 i=1
which together with (A.3) and the fact that p; is analytic around W implies (A.2). Thus, the proof is completed.

Appendix B. Proof of Lemma 3
First, let V € dp®(0, W). By the definition of dg®(0, W), there exists a sequence {(e*, W¥)} converging to (0, W) with € #0
such that V = limy_,.,®' (e, W¥). Let each W* have the following spectral decomposition:

W = PEDR(PYT, - DF = diag(DF, Df, DY),
where D’; = diag(d, ... ), Dﬁ = diag(d} ), and D = diag(d!
denote dt = (dt,..., dﬁ) €R". By taking a subsequence if necessary, we may assume without loss of generality that (a)
limy_,.D¥ = D, limy_,.P* = P, and (b) both sequences {Q(e",d*)} and {D(e",d*)} converge, where Q(e¥,d*) and D(e*,d*) are
defined as in (12). In particular, we see that {Q(e,d%),,}, {Q(ek,dk)aﬁ} converge to two matrices of all ones of suitable sizes,
respectively, {Q(ek,dk)m/} converges to Qo(d),,, and the limit of the sequence {Q(ek,dk)ﬁﬁ} exists. Moreover, let

D(e",d") = diag(D(ek/dk)n,D(ek,dk)ﬁ,D(ek, dk)y).

It holds that {D(ek,dk)y} converges to the zero matrix, and the limits of {D(e,d*),} and {D(ek,d")ﬁ} exist.

k sk k . -
Ia\ 417 \al+|ﬁ| lal 1417 .,dy), with d} >--->d}. For simplicity,
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From Proposition 1 and €, # 0, for any (7, H) € R X §", we see that

@ (", WH)(t, H) = PIQS, d) o H' + 7D(e, d)|(PH)T, (B.1)
where Hj := (P*)"HP*. Taking the limit of both sides in (B.1) yields that
I:Iaa Hwﬁ Qo(d) OH(XJ/
~T . ~
V(t,H) =P Heg lim O(€", ") 0 Flgg 0 PT

~ T

H,, 0 Q) 0 0
lim D(k,db), 0 0

+7P 0 lim D( ), 0 PT.
0 0 0

For each k>1, define Yf:= Pdiag(O,Dk,O)PT and Yk:= PTY*P. Note that the mapping L is F-differentiable at €k, Y5
because €, # 0. For k sufficiently large, we have from (16) and Proposition 1 that

L(e" +t1,Y* + tH) — L(€5, Y)

L£'(e,Y")(,H) = lim
t0

t
Pl Flog [Q0(d)]y © Hay
=P I:IZﬁ o (¥, Df)(t, Hgp) 0 pPT — %sgn(ek)ZpipiT
[Qo(d)]3, © HE, 0 0
Flea Flop [Qo(@)], 0 Hay
=P Hyy (e, d") 5 0 Hyp 0 pT
[Qo(@)]z, o HE, 0 0

D(ex, d), 0 0
+P| 0 DEd), 0 [P,
0 0 0
which implies that V(t, H) = limy_,. £’ (€", Y¥)(t, H). Hence, V € d5L(0,0).

Conversely, choose V € dp£(0,0). By definition, there exists a sequence {(e, Y¥)} converging to (0, 0) with € # 0 such
that V =limy_ L' (5, Y). Let 7" .= PTY*P. Assume that 17}; has the spectral decomposition ?lf;ﬁ = UkD;(Uk)T, where
DI;; =diag(z"), 2=}, 21\{;;|)T eRlFl, 2} 2---25:][“, and UFeR!P*IFl is orthogonal. Then, for any (7,H)€RxS" with
H := PTHP, we get from (16) and Proposition 1 that

Haa Hap [Q0(d)]yy 0 Hay
£/(e",Y*)(t,H) = P Hoy g 0 PT— %sgn(ek)z pir?,
[Qo(d)]z, oHE, 0 0
where I:I,;ﬁ = UF[Q(e, 2%) o ((Uk)TI:I;;ﬁUk) +1D(e",29](UMT. For any k> 1, define
0 0 0 D, 0 0
We=W+P| 0 Yy 0 [PT, W=PTWP=| 0 ¥ o0
0 0 0 0 0 D

where
Da :diag(dl,“.,dm), Dy = diag(d|a\+|ﬁ\+1/~~-/dn)-



Liang, Sun, and Toh: A Squared Smoothing Newton Method for SDP
Mathematics of Operations Research, Articles in Advance, pp. 1-36, © 2024 INFORMS 29

Moreover, we partition P as P = (P,, Pg, P,), set Pk = (Pa, Py Uk,P},), and construct a vector d* € R" as follows

g d iceaUy
P E . i€

Clearly, it holds that W = Pkdiag(dk)(Pk)T, because € # 0, @ is F-differentiable at (X, W), and
@' (€5, W)(1, H) = P[Q(e", d¥) o (P)"HP¥) + TD(eX, d)] (PY)".
Let us now assume without loss of generality that the three sequences {U*}, {Q(e,d%)} and {D(e,d")} converge (because
they are all uniformly bounded). Then, simple calculations show that
1 icajeaUp
Qo(d) iceajey
lim [ d9); = § iepuy,jey
[lim Q"2 ja-1a) T€FIEP,

and that
lim D(e*, d,) 0 0
;}EE‘O D(ek,d¥) = 0 len; Dz 0|,
0 0 0

where d, :=(dy,..., dW)T eRl?l Asa consequence, we get

}}im (PYT (L (€5, Y*)(t, H) — @' (65, W)(t, H)P* =0, V(t,H) eRxS",

which further implies that V(t, H) = limy_,.®’ (", W¥)(t, H) for all (z,H) € R X S". Then, V € d5®(0, W). Therefore, the proof
is completed.

Appendix C. Proof of Lemma 4

We prove the case for the B-subdifferential only because the case for Clarke’s generalized Jacobian can be proved simi-
larly. Let the smooth mapping W:RxS" — R xS" be defined as W(t,H):=(tr, P"HP) for any (t,H) € RxS". It is clear
that W'(t,H) : R X S" — R x S" is onto. Define the mapping Y: R xS" — S" as follows:

Y(wt Yaﬁ [Qo(d)]m, o Yay
Y(,Y):=P Yip Dy (v, Ygp) 0 Pt J;—'Zpir’f
ica
YT o [Qo(d)]], 0 0

Then, by (16), it holds that £(t,H) = Y(¥(7,H)). Now, by lemma 1 in Chan and Sun [11] and Lemma 3, we have
dp®P(0, W) = dpL(0,0) = d5Y(0,0)¥’(0,0),

which proves the first part of the lemma. The expression of V|5 € dp®(0,0) follows directly from its definition and Propo-
sition 1. Thus, the proof is completed.

Appendix D. Proof of Lemma 5
We first consider V € dp®(0, W). Using Lemma 4, there exist an orthogonal matrix U € R¥I*/fl and a symmetric matrix
Qg e Sl such that

(H-V(0,H),V(0,H))
=(PT(H - v(0,H))P,PTV(0,H)P)
= 2((Eay = [Qo(d)]ay) © Hay, [Qo(d)]ay © Hay)
+(Hgg — U[Q) o (UTHgg)UT, U[Q) o (UT Hggl)|UT)
= 2((Eay — [Qo(d)]ay) © Hay, [Qo(d)]ay © Hay)
+{(Egp — Qi) o (U HgU), Qg o (U HigpLD),
where E,, and Egs denote the matrices of all ones in RlaXI7T and RIFIXIEL respectively. Notice that the elements in both

matrices Qy(d) and Qg are all inside the interval [0,1]. Hence, we conclude that (H —V(0,H),V(0,H)) >0 for any V€
dp®(0,W) and He S".
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Next, we let V € ®(0, W). By Carathéodory’s [9] theorem, there exist a positive integer g and V' € dg®(0,W),i=1,...,q
such that V is the convex combination of V1,..., V4. Therefore, there exist nonnegative scalars t,...,t; such that V=
7:1 t; V' with Z?:l t; = 1. Define the convex function 0(X) = (X, X), X € S". By the convexity of 0, we have

(V(0,H),V(0,H)) = 6(V(0,H)) = 6 (i tiVi(O/H)> < itiQ(Vi(O,H)) =(H,V(0,H)).

i=1 i=1

This completes the proof.

Appendix E. Proof of Lemma 6

Simple calculations give

1 0 0 0
R KpY A Kpel 0
&'e, Xy, 2) = g 0 pA:n . ,

KX —D(e,X-7) (1+re)T —Dye,X—-2Z) 0 DheX—2Z)

where @] and @) denote the partial derivatives of ® with respect to the first and second arguments, respectively, and 7 is
the identity map over S". To show that £’(¢, X,y,Z) is nonsingular, it suffices to show that the following system of linear
equations,

& "(€,X,y,Z)(Ae, AX,Ay,AZ) =0, (Ae,AX,Ay,AZ)eR XX,

has only the trivial solution (A€, AX,Ay,AZ)=(0,0,0,0). It is obvious that Ae =0. Because (1 + x.€)AX — D)(e, X — Z)AX +
Dl(e, X — Z)AZ =0, it follows that

AX =—((1+xc€e)T —Dy(e, X — Z))71®;(€,X —Z)AZ. (E.1)
By the equality —A"Ay — AZ =0, it follows that AZ = —A"Ay, which together with (E.1) implies that
AX = ((1+K.€)T — Dy(e, X — Z)) ' DY(e, X — Z) A" Ay. (E.2)

Using the fact that AAX +x,eAy =0 and (E.2), we get
(kp€ly + A((1 + k)T — D€, X — Z)) ' Dh(e, X — Z)A")Ay = 0.

Because 0 < @) (¢, X — Z) < Z, it is easy to show that the coefficient matrix in the above linear system is symmetric posi-
tive definite. Thus, Ay = 0, which further implies that AX = AZ = 0. Therefore, the proof is completed.

Appendix F. Proof of Lemma 7
Because € €R,;, by Lemma 6, & "(¢/,X’,y’,Z") is nonsingular. Because & is continuously differentiable around
(€/,X",y',Z"), there exists an open neighborhood U of (¢/,X’,y’,Z’) such that for any (¢,X,y,Z), & "(e,X,y,Z) is nonsingular.
Therefore, the existence of A is guaranteed.

Denote R(¢,X,y,Z) = E(e,X,y,Z) + & (e, X,y,Z)A. Then, one can verify that (Ae, AX, Ay, AZ) is the unique solution of the
following equation

. ) Xy, 2)é
E(e,X,y,Z) +&'(e,X,y, Z)A = <C(€ 4 )€>.

R(e, X, y,Z)
Hence, it holds that
(Vi(e, X, y,2),A) = VE(e, X,y, 2)E(e, X, y, Z), A)

e, Xy, 2)é

<2£(e, X,y,7), ( ) - &(,X,y,2)

R(el X/ y/ Z)

=2y, X,y,Z) + 2U(e, X, y, Z)eé + 2{R(e, X, y, Z),E(e, X, y, Z))

—2¢(e, Xy, Z) + 2rmin{1, (e, Xy, 2)"*7?)eé + 209(e, Xy, 2) Pl|E(e, X, y, 2. (F.1)
We consider two possible cases when (¢, X,y,Z) > 1 and ¢(¢,X,y,Z) <1.

IA
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If Y(e,X,y,Z) > 1, then (F.1) implies that
V(e Xy, 2),A)

< —20(e, X,y,Z) + 2reé + 23(e, X,y, Z)"*\ /i€, X, v, Z) — €2
< —2y(e, X, y, Z) +2 max{ré, i} (e +(e. X, y,2)*\Jule, X, y,Z) - ez)

< —2Y(e, X,y,Z) + 2 max{ré, A }(e, X, y,Z)

=2(V2 max{ré, i} — D(e, X, v, Z).
If Y(e,X,y,Z) <1, then (F.1) implies that
Ve, X,y,2),A)

< =2Y(e, X,y,Z) + 2r(e, Xy, Z7)1H2¢¢ 4 Zﬁlp(e,X,y,Z)l/2\ [Y(e, X, y,Z) — €2

< =2U(e, Xy, Z) + 2r(e, X, y, Z)é + 2AY(e, Xy, Z)l/2 (e, X,y,Z) — €2

< —2Y(e, X, y,Z) +2 max{ré, N }(e, X,y,Z)l/2 (ey{z(e, Xy, Z)l/2 +1/Y(e,X,y,Z) - 6‘2)
< —29(e,X,y,2) +2 max{ré, i}ple, X, ,2)
=2(V2 max{ré, i} — )€, X,y, Z).

For both cases, we always have that

(Vi(e, X,y,Z),A) < 2(N2 max{ré, i} — D)(e, X, y, Z). (F.2)
Because Vi)(-) is uniformly continuous on ¥, for all (¢, X,y,Z) € Y with € >0, we have from the Taylor expansion that
Yle+ale, X +aAX,y+aly,Z+aAZ) =(e,X,y,Z) + {VY(e, X, y,Z), A) + o). (E.3)

Combining (F.2) and (F.3), it holds that

Y(e +ale, X+ aAX,y + aly, Z + aAZ) = (e, X, y, Z) + 2a(0 — 1)Y(e, X, y, Z) + o(a)
= [1 - 20(1 - O)aly(e, X, 1, Z) +o@),

and the proof is completed.
Appendix G. Proof of Lemma 8

Because (ek,Xk,yk,Zk) €N, we have directly from the definition of A that ek > C(ek,Xk,yk,Zk)é. Recall that Aek = —ek+
C(ek, XK, ¥, Z5)é < 0. Tt holds that

e+ anes — C(ek +aAes, Xk + aAXk,yk + aAyk,Zk + aAZk)é

v

eF+ Ak — C(ek +aAes, Xk + aAXk,yk + aAyk, 7k + aAZk)é
= (5, XN, 1, ZF)é — C(eF + aneét, XF + aAXE, yf + any, ZF + anZM)é
>0,

which indeed implies that (¢* + aAef, Xk + aAXk, y* + aAy*, ZF + aAZF) € V. This completes the proof.

Appendix H. Proof Theorem 2
It follows from Lemma 7 and Lemma 8 that Algorithm 1 is well-defined and generates an infinite sequence containing in
N. Because the line-search scheme is well-defined, it is obvious that

¢(€k+1/Xk+1/yk+l/Zk+1) < w(ek, Xk,yk, Zk), Vk > 0.

The monotonically decreasing property of the sequence {Y(e", X5, 1, Z5)} then implies that {(;} is also monotonically
decreasing. Hence, there exist i and C such that

I/J(ek,Xk,yk,Zk) — E, G—C k— oo

Note that 1 > 0. We now prove that ¢ = 0 by contradiction. To this end, we assume that i) >0, and hence, C > 0. By the
fact that the sequence {(€", X*, ¥, Z¥)} is contained in AV, we see that there exists an €’ > 0 such that € > ¢’ >0 for all k > 0.
Also note that ¥ < (e, X*, vk, Z)'/* < (e, X0,°, 20)"/2. Therefore, there exists an €’ > ¢’ such that €t € [¢’,€”] for all k > 0.
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We next claim that {(X*,y*,Z¥)} is bounded. For k > 0, let
Rt = AXF +x,eyf — b, RS i= — A"y — ZF + C, R := (1 + k) XF — D(eF, XF — ZF).

Because {¢(e*, X, ¥, ZF)} is bounded, we have that {Rf}, {R%} and {R%} are bounded. Using the first two equalities in the
above, Z¥ can be expressed as

1
ZF= —AyF+ C— R = — A AX* + CF,
Kcpek

where {CF:= —ﬁA’*(b +RY)+C—R}} is bounded and does not depend on {X¥}. Substituting this expression into the third
equality yields that

(141X — D ek, Xk - 1 paxio o) = RE.
Kcper

Recall that @ is a globally Lipschitz continuous mapping, and ®(0,-) =TIg:(-). We see that there exists a bounded
sequence {Rk} such that

O ek, Xk — L paxk k) = g | Xk — L axt) + Rk, Vk>0.
Kpek + Kpek 4

Consequently, it holds that

1 1
Xk — g k *AX*) = RE
sk (1 + K€k 1ped(1 + xcek) AA 5
where {R’g =1+ Kcek)fl(Rg — Rﬁ)} is also bounded. Notice that x, > 0,%. >0, and for any € € [¢’,€”], it holds that
Ly 1 sgax=x— ' guax €y (1 1 AAX.
1+ K€ Kp€e(1 +xc€) K€’ (1 +x.€”) 1+ K€ Kpe(l+xc€) Ky (1+xc€”)

One can derive from theorems 2.8 and 4.4 in Sun and Qi [59] that for any positive constant ¢ the set

1 1
{XES” : Hx_ngn< X - A*AX)
“\ 1+ x.€ Kpe(1 + Kc€)

<cee€ [e’,e”]}

is bounded. Because there exists a sufficiently large ¢ > 0 such that the sequence {X*} remains within the associated
bounded set, we conclude that the sequence {X*} is bounded, which in turn implies that {(¢", X*,*, Z¥)} is also bounded.
In this case, an accumulation point must exist.

Let (€,X,7,Z) be any accumulation point of {(e*, X¥,y/¥, Z¥)}. By taking a subsequence if necessary, we may assume that
{(eX, Xk, y*, ZF)} converges to (€,X,y,Z). Then, by the continuity of ¥(-), it holds that

U=yEXy2Z), (=UEX72Z), €XTZeN.
By _the f_act that (E,X,y,f) eN, we see that € € R;,. Therefore, by Lemma 6, we see that there exists a neighborhood of
(€,X,¥,Z), denoted by U, such that &’(¢,X,y,Z) is nonsingular for any (¢, X,y,Z) € U with € > 0. Note that for k sufficiently

large, we have that (X, Xk, yk,Zk) belongs to U with €k > 0. Furthermore, by Lemma 7, there also exists & € (0,1] such that
for any a € (0,@],

V(e + ane’, XE + aAXE, yf + aAyF, ZF + aAZF) < [1 - 20(1 — d)alP(er, XF, ¥, ZF)

for k>0 sufficiently large. The existence of the fixed number @ € (0,1] further indicates that there exists a nonnegative
integer ¢ such that p’ € (0,@] and p% > p? for all k sufficiently large. Therefore, it holds that

¢(€k+1,Xk+1,yk+1,Zk+1) < [1 _ 20(1 _ 6)p€k]¢(€k, Xk,yk, Zk)
< [1—20(1—8)p T(e", X5, 78,

for all sufficiently large k. The above inequality implies that i <0, which is a contradiction to the assumption i > 0.
Hence, ¢ = 0, which implies that £(€,X,7,Z) = 0.

Last, we assume that the solution set to the KKT system is nonempty and bounded. One can check that é(-) is a
weakly univalent function (Gowda and Sznajder [20]). Then, from Ravindran and Gowda ([46]), one can verify that
E71(0) is also nonempty and bounded, which further implies the boundedness of the sequence {(¢*, X, ¥, Z¥)}. Thus, the
proof is completed.
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Appendix I. Proof of Lemma 9
Suppose that W has the spectral decomposition (7). Denote AX := PPTAXP and AZ = PTAZP. For the index set g, define
® g as before. Then, by Lemma 4, there exists V5 € d®|/(0,0) such that

AH(MY AHaﬁ [QO (d)] ay ° AHUQ'
V(0,AX — AZ) =P AH, V51 (0, AFLgg) 0 PT,
- T
AH,, o [Qo(d)]y, 0 0

where AH = AX — AZ. Comparing both sides of the relation AX = V(0,AX — AZ) yields that
AZyy =0, AZu;;=0, AXp =0, AX,, =0,

and that

AXpg = V)50, MK gs — AZg), AX oy — [Qo(d)]y, 0 AKXy = [Qo(d)] ) © AZy.
By Lemma 5, it holds that

(AXps, —AZgg) = (V5(0, AKX pg — AZpg), (AX g — AZpg) — V5 (0, AX g — AZgg)) > 0
which implies that
(AX,AZ) = (AX,AZ) = (AKX g, AZgg) + 2(AK ay, AZ o) < 2(AX oy, AZ ).

However, simple calculations show that I'g(—Z, AX) = Z(A)N(ay,AZ ay)- This proves the lemma.

Appendix J. Proof of Proposition 2
It is obvious that part 3 implies part 2. From (17), we see that for any Vj € dpIlg: (W), W € S", there exists V € dp®(0, W)
such that

Vo(H)=V(0,H), VHeS".
Therefore, by Theorem 1, part 2 implies part 1. So, it suffices to show that part 1 implies part 3. B
Now, suppose that part 1 holds. Recall that the primal constraint nondegeneracy condition at X implies that

MEX) ={{y,2)}; that is, the dual multiplier is unique. Now, by using Lemma 2, we can see that the dual constraint non-
degeneracy at (,Z) implies that the strong second-order sufficient condition holds at X. In particular, it holds that

—Tg(~Z,H) >0, Y0+ H eapp(y,Z). 7.1)
Let U e dE(€,X,7,Z) (recall that € = 0). Then there exists V € d®(0,X — Z) such that
Ae
AAX
U(Ae, AX, Ay, AZ) = ; . (Ae,AX,Ay,AZ) ER X X.
—A'Ay—AZ
AX —V(Ae, AX — AZ)
To show that U is nonsingular, it suffices to show that U(Ae, AX, Ay, AZ) =0 implies that (Ae, AX,Ay,AZ)=0. So, let us
assume that U(Ae, AX, Ay, AZ) =0, that is,
Ae
AAX
—A'Ay — AZ
AX —V(Ae, AX — AZ)

=0. J.2)

We first prove that AX =0 by contradiction. To this end, we assume that AX # 0. By Lemma 4 and (J.2), one can verify
that

AX € app(y,Z). (J.3)
Then by (J.1), (J.3) implies that
~Tx(~Z,AX) > 0. J4)

On the other hand, by (J.2), it holds that (AX,AZ) =(AX, —A"Ay) = (AAX, —Ay) =0, which together with Lemma 9,
yields that

Ty(—Z,AX) > (AX,AZ) = 0. 7.5
However, (J.5) contradicts to (J.4). Thus, AX =0 and V(0, —AZ) =0.
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We next prove Ay =0 and AZ =0. From Lemma 4, V(0, —AZ) =0 implies that
PIAZP, =0, PLAZPz=0, PLAZP,=0.

On the other hand, from (J.2), we get A"Ay+AZ =0. Because the primal constraint nondegeneracy condition (9) holds at
X, there exist X € S" and Z €1in(7 s (X)) such that AX = Ay, and X +Z = AZ. As a consequence, it holds that

(Ay, Ay) +(AZ,AZ) =(AX,Ay) + (X + Z,AZ) = (AX, Ay) + (X, —A"(Ay)) +{Z,AZ)
=(Z,AZ) = (P"ZP,PTAZP) = 0,

where we have used the fact that PJAZP, =0, PJAZPg =0, PLAZP, =0, Z € lin(T g (X)). Thus, Ay =0, AZ =0, and hence, U
is nonsingular. Thus, the proof is completed.

Appendix K. Proof of Theorem 3
By Theorem 2, we see that £(€, X, v, Z)=0 and, in particuAlar, € =0. Then by Propo§ition 2, the primal and dual constraint
nondegeneracy conditions imply that every element of d£(0,X,¥,Z) (hence, of dz€(0,X,%,Z)) is nonsingular. As a conse-
quence (see e.g., proposition 3.1 in Qi and Sun [44]), for all k sufficiently large, it holds that

1€ (" Xk ", 25 = 0(1). (K1)
For simplicity, in this proof, we denote @ := (€ X,7,Z)", w* := (", XX, y¥, ZK)T, Awk := (Aek, AXK, Ayk, AZF)T, & = E(e, XK, o,
75, &.:=E@€,X,7,Z) and Jy = &' (e", X¥,y*, Z¥) for k > 0. Then, we can verify that

[ G€ - _ By _ Gié
v ((5)-8) | (o ()

= O(I€x — Ti@" —@)l)) + OUIEL™) + O(IIRAl). (K.2)

|l + Aw* — ]| = ‘

Because & is locally Lipschitz continuous at (€, X, v, 7), for all k sufficiently large, it holds that
€ = 11Ex — .1l = O(lw* — ). (K.3)
Moreover, because £. is bounded near (€,X,¥,Z), it holds that
IRl < mellEEs, X6y, 29) + EL(", XK i, Z) A
<O(IEHIIEE", X5, 5, ZOI+ O(1 Ak])
<O(IEI)IEES, X5, 55, Z5)I+ O(] —€* + Lié )
<O(IEN"™™) = O(IEx = E.1I"T) = O(lw* — ] ™). (K.4)

Because @ is strongly semismooth everywhere (see Proposition 1), £ is also strongly semismooth at (€,X,7,Z). Thus, for
k sufficiently large, it holds that

€ = Tu(@* — @) = O(lw* — @),
Which, together with (K.2)-(K.4), implies that
[ + Awk — || = O(llw* — w]|"*"). (K.5)
Now, by using the strong semi-smoothness of & again and (K.1), we can show that for k sufficiently large,
lw* 7l = O(lI€xl). (K.6)

Combining (K.5) and (K.6) and the fact that & (hence, ) is locally Lipschitz continuous at (€,X,7,Z), we get for k suffi-
ciently large that

(e + Ak, XF + AXE, yf + AYF, ZF + AZF)
= ||E(€F + A€k XF + AXE yF + AyF WE + AWF) — &I
= O([lw* + Awk —w]) = O(|[w* — w|P"*7) = O(||€|P**7)
= O(Ilyp(e", X5y, ZNMT) = ol (b, X5, 5, ZO)).

k+1

This shows that, for k sufficiently large, w**" = wk + AwF, that is, the unit step size is eventually accepted. Therefore, the

proof is completed.

Endnotes
1 Note, however, that the strong duality may not hold for (1) and (2) in general (see, e.g., Vandenberghe and Boyd [66]).
2 Gee also the benchmark website https://plato.asu.edu/ftp /sparse_sdp.html for state-of-the-art IPM-based SDP solvers.
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3 In the sense that 7 is several thousands and m is several hundreds of thousands.

# Based on our numerical experience, interior point methods such as Mosek become inefficient and /or incapable of handling SDPs with large
m, say, m > 10,000, and first-order methods are typically quite slow to reach our targeted accuracy. Moreover, to the best of our knowledge,
there is no publicly available implementation for the CHKS-based smoothing Newton method.

51n this case, we use the routine designed for solving general SDPs with arbitrary linear constraints provided by https://github.com/
wangjie212/ManiSDP-matlab.

References
[1] Alizadeh F, Haeberly JPA, Overton ML (1997) Complementarity and nondegeneracy in semidefinite programming. Math. Program.
77(1):111-128.
[2] Alizadeh F, Haeberly JPA, Overton ML (1998) Primal-dual interior-point methods for semidefinite programming: Convergence rates, sta-
bility and numerical results. SIAM |. Optim. 8(3):746-768.
[3] Bonnans JF, Shapiro A (2013) Perturbation Analysis of Optimization Problems (Springer Science & Business Media, New York).
[4] Boumal N, Voroninski V, Bandeira A (2016) The non-convex Burer-Monteiro approach works on smooth semidefinite programs. Adv.
Neural Inf. Process. Syst. 29.
[5] Boumal N, Mishra B, Absil PA, Sepulchre R (2014) Manopt, a Matlab toolbox for optimization on manifolds. J. Mach. Learn. Res.
15(42):1455-1459.
[6] Burer S (2009) On the copositive representation of binary and continuous nonconvex quadratic programs. Math. Programming
120(2):479-495.
[7] Burer S, Monteiro RD (2003) A nonlinear programming algorithm for solving semidefinite programs via low-rank factorization. Math.
Programming 95(2):329-357.
[8] Burer S, Monteiro RD (2005) Local minima and convergence in low-rank semidefinite programming. Math. Programming 103(3):427-444.
[9] Carathéodory C (1911) Uber den variabilititsbereich der Fourier'schen konstanten von positiven harmonischen funktionen. Rendiconti
Del Circolo Matematico di Palermo (1884-1940) 32(1):193-217.
[10] Chambolle A, Pock T (2011) A first-order primal-dual algorithm for convex problems with applications to imaging. |. Math. Imaging
Vision 40:120-145.
[11] Chan ZX, Sun D (2008) Constraint nondegeneracy, strong regularity, and nonsingularity in semidefinite programming. SIAM ]. Optim.
19(1):370-396.
[12] Chen B, Harker PT (1993) A non-interior-point continuation method for linear complementarity problems. SIAM |. Matrix Anal. Appl.
14(4):1168-1190.
[13] Chen X, Tseng P (2003) Non-interior continuation methods for solving semidefinite complementarity problems. Math. Programming
95(3):431-474.
[14] Chen X, Qi L, Sun D (1998) Global and superlinear convergence of the smoothing Newton method and its application to general box con-
strained variational inequalities. Math. Comp. 67(222):519-540.
[15] Chen X, Qi H, Tseng P (2003) Analysis of nonsmooth symmetric-matrix-valued functions with applications to semidefinite complemen-
tarity problems. SIAM ]. Optim. 13(4):960-985.
[16] Clarke FH (1990) Optimization and Nonsmooth Analysis (Society for Industrial and Applied Mathematics, Philadelphia, PA).
[17] Ding L, Yurtsever A, Cevher V, Tropp JA, Udell M (2021) An optimal-storage approach to semidefinite programming using approximate
complementarity. SIAM J. Optim. 31(4):2695-2725.
[18] Gao Y, Sun D (2010) Calibrating least squares semidefinite programming with equality and inequality constraints. SIAM ]. Matrix Anal.
Appl. 31(3):1432-1457.
[19] Goemans MX, Williamson DP (1995) Improved approximation algorithms for maximum cut and satisfiability problems using semidefi-
nite programming. . ACM. 42(6):1115-1145.
[20] Gowda MS, Sznajder R (1999) Weak univalence and connectedness of inverse images of continuous functions. Math. Oper. Res.
24(1):255-261.
[21] Helmberg C, Rendl F (2000) A spectral bundle method for semidefinite programming. SIAM |. Optim. 10(3):673-696.
[22] Horn RA, Johnson CR (2012) Matrix Analysis (Cambridge University Press, New York).
[23] Jarre F, Rendl F (2008) An augmented primal-dual method for linear conic programs. SIAM |. Optim. 19(2):808-823.
[24] Jiang X, Vandenberghe L (2022) Bregman primal-dual first-order method and application to sparse semidefinite programming. Comput.
Optim. Appl. 81(1):127-159.
[25] Jiang K, Sun D, Toh KC (2012) An inexact accelerated proximal gradient method for large scale linearly constrained convex SDP. SIAM ].
Optim. 22(3):1042-1064.
[26] Kanzow C (1996) Some noninterior continuation methods for linear complementarity problems. SIAM |. Matrix Anal. Appl. 17(4):851-868.
[27] Kanzow C, Nagel C (2005) Quadratic convergence of a nonsmooth newton-type method for semidefinite programs without strict comple-
mentarity. SIAM J. Optim. 15(3):654-672.
[28] Kanzow C, Pieper H (1999) Jacobian smoothing methods for nonlinear complementarity problems. SIAM ]. Optim. 9(2):342-373.
[29] Kim S, Kojima M, Mevissen M, Yamashita M (2011) Exploiting sparsity in linear and nonlinear matrix inequalities via positive semidefi-
nite matrix completion. Math. Programming 129(1):33-68.
[30] Kochenberger G, Hao JK, Glover F, Lewis M, Lii Z, Wang H, Wang Y (2014) The unconstrained binary quadratic programming problem:
A survey. ]. Comb. Optim. 28:58-81.
[31] Koc¢vara M (2021) Decomposition of arrow type positive semidefinite matrices with application to topology optimization. Math. Program-
ming 190(1-2):105-134.
[32] Lovasz L (1979) On the Shannon capacity of a graph. IEEE Trans. Inform. Theory 25(1):1-7.
[33] Majumdar A, Hall G, Ahmadi AA (2020) Recent scalability improvements for semidefinite programming with applications in machine
learning, control, and robotics. Annu. Rev. Control. Robot. Auton. Syst. 3:331-360.


https://github.com/wangjie212/ManiSDP-matlab
https://github.com/wangjie212/ManiSDP-matlab

Liang, Sun, and Toh: A Squared Smoothing Newton Method for SDP
36 Mathematics of Operations Research, Articles in Advance, pp. 1-36, © 2024 INFORMS

[34] Malick J, Povh J, Rendl F, Wiegele A (2009) Regularization methods for semidefinite programming. SIAM ]. Optim. 20(1):336-356.

[35] Mifflin R (1977) Semismooth and semiconvex functions in constrained optimization. SIAM ]. Control Optim. 15(6):959-972.

[36] Nie J, Wang L (2014) Semidefinite relaxations for best rank-1 tensor approximations. SIAM |. Matrix Anal. Appl. 35(3):1155-1179.

[37] Pataki G (1998) On the rank of extreme matrices in semidefinite programs and the multiplicity of optimal eigenvalues. Math. Oper. Res.
23(2):339-358.

[38] Peng J, Wei Y (2007) Approximating k-means-type clustering via semidefinite programming. SIAM ]. Optim. 18(1):186-205.

[39] Pereyra V, Reinoza A, Robinson SM (1983) Local structure of feasible sets in nonlinear programming, part I: Regularity. Numerical Meth-
ods: Proc. Internat. Workshop Held Caracas, June 14-18, 1982 (Springer, Berlin), 240-251.

[40] Pinar MC, Zenios SA (1994) On smoothing exact penalty functions for convex constrained optimization. SIAM |. Optim. 4(3):486-511.

[41] Povh ], Rendl F, Wiegele A (2006) A boundary point method to solve semidefinite programs. Computing 78:277-286.

[42] Qi L (1993) Convergence analysis of some algorithms for solving nonsmooth equations. Math. Oper. Res. 18(1):227-244.

[43] Qi L, Chen X (1995) A globally convergent successive approximation method for severely nonsmooth equations. SIAM ]. Control Optim.
33(2):402-418.

[44] Qi L, Sun ] (1993) A nonsmooth version of Newton’s method. Math. Programming 58(1-3):353-367.

[45] Qi L, Sun D, Zhou G (2000) A new look at smoothing Newton methods for nonlinear complementarity problems and box constrained
variational inequalities. Math. Programming 87:1-35.

[46] Ravindran G, Gowda MS (2001) Regularization of PO-functions in box variational inequality problems. SIAM ]. Optim. 11(3):748-760.

[47] Renegar ] (2014) Efficient first-order methods for linear programming and semidefinite programming. Preprint, submitted September 19,
https: //arxiv.org/abs/1409.5832.

[48] Robinson SM (1984) Local Structure of Feasible Sets in Nonlinear Programming, Part 1I: Nondegeneracy (Springer, Berlin).

[49] Robinson SM (1987) Local Structure of Feasible Sets in Nonlinear Programming, Part 11I: Stability and Sensitivity (Springer, Berlin).

[50] Robinson SM (1992) Normal maps induced by linear transformations. Math. Oper. Res. 17(3):691-714.

[51] Robinson SM (2003) Constraint nondegeneracy in variational analysis. Math. Oper. Res. 28(2):201-232.

[52] Rockafellar RT (1976) Augmented Lagrangians and applications of the proximal point algorithm in convex programming. Math. Oper.
Res. 1(2):97-116.

[53] Rockafellar RT (1976) Monotone operators and the proximal point algorithm. SIAM |. Control Optim. 14(5):877-898.

[54] Rockafellar RT, Wets RJB (2009) Variational Analysis, vol. 317 (Springer Science & Business Media, Berlin).

[55] Shapiro A (2002) On Differentiability of Symmetric Matrix Valued Functions (School of Industrial and Systems Engineering, Georgia Institute
of Technology, Atlanta).

[56] Smale S (2000) Algorithms for Solving Equations. The Collected Papers of Stephen Smale, vol. 3 (World Scientific, Singapore), 1263-1286.

[57] Sun D (2006) The strong second-order sufficient condition and constraint nondegeneracy in nonlinear semidefinite programming and
their implications. Math. Oper. Res. 31(4):761-776.

[58] Sun D, Qi L (1999) On NCP-functions. Comput. Optim. Appl. 13:201-220.

[59] Sun D, Qi L (2001) Solving variational inequality problems via smoothing-nonsmooth reformulations. J. Comput. Appl. Math.
129(1-2):37-62.

[60] Sun D, Sun J (2002) Semismooth matrix-valued functions. Math. Oper. Res. 27(1):150-169.

[61] Sun J, Sun D, Qi L (2004) A squared smoothing newton method for nonsmooth matrix equations and its applications in semidefinite opti-
mization problems. SIAM ]. Optim. 14(3):783-806.

[62] Sun D, Toh KC, Yang L (2015) A convergent 3-block semiproximal alternating direction method of multipliers for conic programming
with 4-type constraints. SIAM ]. Optim. 25(2):882-915.

[63] Todd MJ (2001) Semidefinite optimization. Acta Numer. 10:515-560.

[64] Toh KC (2004) Solving large scale semidefinite programs via an iterative solver on the augmented systems. SIAM |. Optim. 14(3):670-698.

[65] Toh KC, Kojima M (2002) Solving some large scale semidefinite programs via the conjugate residual method. SIAM ]. Optim.
12(3):669-691.

[66] Vandenberghe L, Boyd S (1996) Semidefinite programming. SIAM Rev. 38(1):49-95.

[67] Wang ], Hu L (2023) Solving low-rank semidefinite programs via manifold optimization. Preprint, submitted March 5, https: //arxiv.org/
abs/2303.01722.

[68] Wang Y, Deng K, Liu H, Wen Z (2023) A decomposition augmented Lagrangian method for low-rank semidefinite programming. SIAM
J. Optim. 33(3):1361-1390.

[69] Wiegele A (2007) Biq Mac Library—A collection of Max-Cut and quadratic 0-1 programming instances of medium size. Preprint 51.

[70] Wolkowicz H, Saigal R, Vandenberghe L (2012) Handbook of Semidefinite Programming: Theory, Algorithms, and Applications, vol. 27
(Springer Science & Business Media, New York).

[71] Yang L, Sun D, Toh KC (2015) SDPNAL+: A majorized semismooth Newton-CG augmented Lagrangian method for semidefinite pro-
gramming with nonnegative constraints. Math. Program. Comput. 7(3):331-366.

[72] Yang H, Liang L, Carlone L, Toh KC (2022) An inexact projected gradient method with rounding and lifting by nonlinear programming
for solving rank-one semidefinite relaxation of polynomial optimization. Math. Programming 201(1):409-472.

[73] Yurtsever A, Tropp JA, Fercoq O, Udell M, Cevher V (2021) Scalable semidefinite programming. SIAM |. Math. Data Sci. 3(1):171-200.

[74] Zhao JY (2004) The smoothing function of the nonsmooth matrix valued function. Master thesis, National University of Singapore,
Singapore.

[75] Zhao XY, Sun D, Toh KC (2010) A Newton-CG augmented Lagrangian method for semidefinite programming. SIAM |. Optim.
20(4):1737-1765.

[76] Zheng Y, Fantuzzi G, Papachristodoulou A, Goulart P, Wynn A (2020) Chordal decomposition in operator-splitting methods for sparse
semidefinite programs. Math. Programming 180(1-2):489-532.


https://arxiv.org/abs/1409.5832
https://arxiv.org/abs/2303.01722
https://arxiv.org/abs/2303.01722

	A Squared Smoothing Newton Method for Semidefinite Programming
	Introduction
	Preliminary
	The Huber Smoothing Function
	A Squared Smoothing Newton Method
	Numerical Experiments
	Concluding Remarks


