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Abstract

Given M € R"*™ and ¢ € R", the linear complementarity problem (LCP) is to find
(z,8) € R™ x R" such that (z,5) > 0, s = Mz +¢q, 27s = 0. By using the Chen-
Harker-Kanzow-Smale (CHKS) smoothing function, the LCP is reformulated as a sys-
tem of parameterized smooth-nonsmooth equations. As a result, a smoothing Newton
algorithm, which is a modified version of the Qi-Sun-Zhou algorithm [Mathematical
Programming, Vol. 87, 2000, pp. 1-35], is proposed to solve the LCP with M being
assumed to be a Py-matrix (Pp—LCP). The proposed algorithm needs only to solve one
system of linear equations and to do one line search at each iteration. It is proved in
this paper that the proposed algorithm has the following convergence properties: (i)
it is well-defined and any accumulation point of the iteration sequence is a solution of
the Py—LCP; (ii) it generates a bounded sequence if the Py—LCP has a nonempty and
bounded solution set; (iii) if an accumulation point of the iteration sequence satisfies
a nonsingularity condition, which implies the Py—LCP has a unique solution, then the
whole iteration sequence converges to this accumulation point sub-quadratically with
a Q-rate 2 — ¢, where t € (0,1) is a parameter; and (iv) if M is positive semidefinite
and an accumulation point of the iteration sequence satisfies a strict complementarity
condition, then the whole sequence converges to the accumulation point quadratically.

Keywords Linear complementarity problem, smoothing Newton method, global con-
vergence, sub-quadratic convergence.
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1 Introduction

Recently there has been much interest in smoothing (non-interior continuation) Newton-
type methods for solving some mathematical programming problems, such as linear pro-
gramming problems [41, 6, 17, 18], linear complementarity problems (LCPs) [1, 2, 3, 7, 10,
26|, nonlinear complementarity problems (NCPs) [4, 5, 8, 9, 11, 14, 15, 21, 23, 27, 29, 33,
34, 36, 38, 42, 45, 46, 49, 47], variational inequality problems [37, 43], semidefinite com-
plementarity problems [12, 13, 28, 44], and so on. The main idea of this class of methods
is to reformulate the problem concerned as a family of parameterized smooth equations
and then to solve the smooth equations approximately by using Newton’s method at each
iteration. By driving the parameter to converge to zero, one can expect to find a solution
to the original problem.

In [41], Smale initiated the study on smoothing (non-interior continuation) Newton-type
methods for solving linear programming problems and LCPs. Independent of Smale’s work
[41], Chen and Harker [7] introduced a non-interior continuation method for solving the LCP
with a Py and Rg matrix. They concentrated on establishing properties of smoothing paths.
Later, the smoothing function used in [7], was refined and generalized by Kanzow [26], Chen
and Mangasarian [11], and Gabriel and Moré [20]. In [1], Burke and Xu introduced the
concept of neighborhood of smoothing paths into their continuation method. This allowed
them to establish a global linear convergence result for LCPs. Chen and Xiu [9] improved
the method of Burke and Xu by simplifying the definition of neighborhood and adding an
approximate Newton step to obtain a local quadratic convergence result. In [2, 3], Burke
and Xu further proposed two predictor-corrector-type non-interior continuation methods
for LCPs. They also obtained a local quadratic convergence result. Qi and Sun [36]
analyzed the local superlinear convergence of the non-interior point method of Hotta and
Yoshise for NCPs [23]. It should be noted that in order to obtain the local superlinear
convergence one needs to assume that the strict complementarity condition holds at a
solution point and that the iteration matrices are uniformly nonsingular [2, 3, 9, 36]. It is
well-known that the latter assumption implies that the solution set is a singleton. To relax
this relatively restrictive assumption, Tseng [46] developed a new approach to the analysis
of local quadratic convergence of general predictor-corrector-type path-following methods
for solving monotone complementarity problems. By using the error bound theory, Tseng
discussed the local quadratic convergence under a strict complementarity condition. The
assumptions made in [46] do not imply (explicitly or implicitly) that the solution set is a
singleton. Very recently, Engelke and Kanzow [17, 18] further investigated the methods
developed in [46] and proposed two specific predictor-corrector smoothing methods for
solving linear programming problems. Under the assumption that the iteration sequence
converges to a strict complementary solution, they proved the local quadratic convergence
of their algorithms without assuming the uniqueness of the solution set. Very encouraging
numerical results were also reported in [17, 18]. Just as the algorithms developed in [2, 3, 5,
9], the algorithms given in [46, 17, 18] usually need to solve two systems of linear equations
and to do two or three line searches at each iteration. It should also be pointed out that
the methods given in [46, 17, 18] depend strongly on the strict complementarity condition.

By exploiting a so-called Jacobian consistency property for smoothing functions, Chen,
Qi, and Sun [14] designed a class of globally and locally superlinearly convergent smoothing



Newton methods for NCPs with a nonsingularity condition, but without any strict comple-
mentarity condition. Some modifications were made in [15] and [29]. Deviating from [14],
Qi, Sun, and Zhou [38] proposed a class of new smoothing methods for solving NCPs and
box constrained variational inequality problems. The Qi-Sun-Zhou (QSZ) method treats
the smoothing parameter as a free variable and solves one system of linear equations at
each iteration. Based on the semismoothness of smoothing functions, the QSZ method
was proved to possess fast local convergence under a nonsingularity assumption [38]. Very
encouraging numerical results of this class of methods were reported in [49]. Due to its
simplicity and weaker assumptions imposed on smoothing functions, the QSZ method has
also been used to deal with other problems [33, 34, 42, 44, 49]. It is worth mentioning that
the assumptions used in [14, 15, 33, 34, 38, 42, 49] imply that the solution set is a singleton,
but do not imply that the strict complementarity condition holds.

In this paper, we focus on LCPs. Given M € R™*" and ¢ € R", the LCP is to find a
vector (z,s) € R x R™ such that

(,5) >0, s=Mzx+gq, z's=0. (1.1)

We shall present a smoothing Newton method for solving (1.1) by assuming M to be a Ppy-
matrix, i.e., all of its principal minors are nonnegative. This smoothing Newton method is
a modified version of the QSZ method [38]. Just as the QSZ method, the new method needs
only to solve one system of linear equations and to do one line search at each iteration. By
using the regularization technique [19, 33, 42] and the upper semicontinuity property of the
inverse of a weakly univalent function [40, Theorem 2.5], we investigate the boundedness
of the generated iteration sequence under the assumption that the solution set of (1.1)
is nonempty and bounded. Compared to previous smoothing (non-interior continuation)
Newton-type methods, the method presented in this paper possesses the following stronger
local convergence properties:

e If an accumulation point of the iteration sequence satisfies a nonsingularity condi-
tion, which implies that the Py—LCP has a unique solution, then the whole iteration
sequence converges to this accumulation point sub-quadratically with a @Q-rate 2 — ¢,
where t € (0,1) is a parameter and can be close to zero as much as wanted.

e If M is a positive semidefinite matrix and an accumulation point of the iteration se-
quence satisfies a strict complementarity condition, then the whole iteration sequence
converges to this accumulation point quadratically. It is worth noting that here only
one accumulation point is assumed to satisfy the strict complementarity condition.

To the best of our knowledge, this is the first smoothing (non-interior continuation)
method to have the above local convergence properties simultaneously.

The rest of this paper is organized as follows. In the next section, we present a modified
smoothing Newton algorithm. We prove its global convergence in Section 3. In Section
4, we show the local sub-quadratic convergence of the algorithm with a nonsingularity
condition, but without the strict complementarity condition. In Section 5, we prove the
local quadratic convergence of the algorithm without the nonsingularity condition, but with
the strict complementarity condition. Some final remarks are made in Section 6.



To help the later discussion, we introduce some notation here. All vectors are column
vectors, the supscript T denotes transpose, R” denotes the space of n—dimensional real
column vectors, and R’} (respectively, " | ) denotes the nonnegative (respectively, positive)
orthant in R”. We denote Z = {1,2,...,n}. For any vector u, we denote by wu; the ith
component of u and, for any K C Z, by ux the vector obtained after removing from u those
w; with i & K. We also write u as vec{u; : i € Z}. We denote by diag{u; : i € Z} the diagonal
matrix whose ith diagonal element is u;. We denote by ||u|| the 2-norm of u. For any vectors
u,v € N, we write (u”,vT)T as (u,v) for simplicity, and denote by min{u,v} the vector
whose ith component is min{u;, v;}. We denote by R"*" the space of nxn real matrices. For
any A € R"*" and K, L € Z, we denote Ay, the submatrix of A obtained by removing all
rows of A with indices outside of K and removing all columns of A with indices outside of L.
Also, we denote [|A| = max,cpn |y|=1 [[Aul|. For any continuously differentiable function
g= (91,92, ., 9m)" : ™ — R™, we denote its Jacobian by ¢ = (g1, g2, -, VIm)"
where 7g; denotes the gradient of g; for i = 1,2,...,m. We denote by F and S the feasible
set and the solution set of (1.1), respectively, i.e.,

i

Fi={(z,5) €eR*":5=Mz+q}, S:={(x,5)€F:(x,8)>02"s=0}.

We denote by dist((u, v),S) the Euclidean distance of the vector (u,v) € R2" to the solution
set S of (1.1), i.e., dist((u,v),S) = inf(, ges ||(u,v) — (7, 5)||. For any o, 3 € Ry, we write
a = O(p) (respectively, @ = o(/3)) to mean «/[3 is uniformly bounded (respectively, tends to
zero) as 3 — 0. Let k > 0 denote the iteration index. For any (u,z,s), (ug, 2, s*) € R, x
R2", we always use the following notation throughout this paper unless stated otherwise:

wi=(z,8), w*:= ("), z2:=(uw):=xs), 2°:=(u,w") = (u, ", s").

2 A Smoothing Newton Algorithm

Let ¢ : ®% — R denote the Chen-Harker-Kanzow-Smale (CHKS) [7, 26, 41] smoothing
function

(z)(:uﬂaab):a—i_b_ (a_b)2+4:u’2
and let ® : R2"1 — R” be defined by

¢(M7 X1, 31)
D(z) =
d’(,“a xﬂn Sn)

Then, solving the LCP (1.1) is equivalent to finding a root of the following equation:

L
Hz:=| s—Mz—q |=0, (2.1)
®(z) + p(p)x
where p : ® — Ry is a twice continuously differentiable function which satisfies p(u) > 0
for p # 0, and

p(0) =0, [p(w)]=0("), and [p'(n)|=O0(x?). (2.2)



From (2.1), for any p # 0 a straightforward calculation yields

1 0 0
H'(z) = 0 M I, (2.3)
d(z) +p'(w)z D(z)+p(u)l E(z)

where I denotes the n x n identity matrix,

d(z): = vec {—4,[1,/\/(1'1' —8)2+4p?ice I} ) (2.4)
D(z): = diag {1 — (m; — sz)/\/(acz —8))2+4u?:ie I} , (2.5)
E(z): = diag{l—l—(xi —si)/\/(aﬁi—si)2+4,u2 x EI}. (2.6)

For any z := (u,w) = (p,z,8) € N x 2", let

Oo(w) :=2min{z,s} and &(w):=min{|z; —s;|:i€L}. (2.7)

The following result on ®y and ¢ can be checked easily.

Lemma 2.1 For any z = (u,w) = (u,z,8) € Ry x R2", we have
|®o(w) — @(2)|| < 2v/np. (2.8)
Moreover, if £(w) > € for some € > 0, then there exists a constant Cy(g) > 0 such that
|®o(w) — D(2)[| < Cu(e)n®; (2.9)
and if £(w) > kut for two constants t € (0,1) and k > 0, then

[@o(w) — @(2)] < 2y, (2.10)

K

Suppose that fi € Ry, and v € (0,1). Define ¥ : R2"*! — R, and §: R — R, by

¥(2) = [H)|* and  B(z) == ymin{l,¥(2)}, (2.11)
respectively. Let 7 € (0,1) and d(-) be defined by (2.4). Denote u : R2"+1 — R by
_f @o(w) — (z)+ AB()d(=) if p£0
w(z) = { 0 otherwise (2.12)
and v : RZ"H — R” by
_ ) e if Tynp < lu(z)]|
v(z) = { u(z)  otherwise, (2.13)



where e denotes the n-vector of all ones. Suppose that ¢ € (0,1) and £ > 0 are two constants,
and that & : R2" — R, is defined by (2.7). We now define T : R2*FL — R x R" x R" as
follows:

[ (z) 1 (z)
Y(z):= (0 | if £(w) > kp'; and  Y(z) := 0 if E(w) < kpt.  (2.14)
v(z 0

Algorithm 2.1 (A Smoothing Newton Algorithm,)

Step 0 Choose t,0,0 € (0,1) and k, i € (0,00). Let z° € R be an arbitrary vector. Set
po = fi, s° := Max® + q, and 2° := (ug,2°,s%). Choose v € (0,1) and 7 € (0,1) such
that ypo + 7/n < 1. Set n:=~ypo + 7/n and k := 0.

Step 1 If |[H(2*)|| = 0, stop.
Step 2 Compute AzF := (Aug, Az¥, AyF) € R x R x R™ by
H(zk) + H'(zk)Azk = T(zk) (2.15)

Step 3 Let \, be the mazimum of the values 1,6,82,- - such that

V(2 + N AZF) < [1—20(1 — n)Ae]oo(2F). (2.16)

Step 4 Set 2Ft1 = 2F + \yAZF and k ==k + 1. Go to Step 1.

Remark 2.1 Algorithm 2.1 is a modified version of the QSZ smoothing Newton algorithm
developed in [38]. The main feature of Algorithm 2.1 is that we add a term v(z*) into
the perturbed Newton equation (see (2.15) and (2.14)). This modification allows us to
prove stronger local convergence properties for Algorithm 2.1. Just as the QSZ algorithm,
Algorithm 2.1 needs only to solve one system of linear equations and to do one line search
at each iteration.

Lemma 2.2 Suppose that M is a Py-matrixz. If pup > 0 for some k, then Algorithm 2.1 is
well-defined at the k-th step.

Proof. Since M is a Py-matrix, it is not difficult to show from (2.3) that the Jacobian
matrix H'(z*) is nonsingular if p;, > 0. This implies that equation (2.15) is solvable. Thus,
to show that Algorithm 2.1 is well-defined at the k-th step, it suffices to verify that Step 3
of Algorithm 2.1 is well-defined. Since (2.11) implies 8(2*) < v (2*)1/? and (2.13) implies
|v(2%)|| < 7v/npe, from (2.14) we have either | Y(2%)|| < oy (29)V/2 +7/nue < nip(2F)1/2
or |[Y(Z")|| < oy (2¥)V/2 < mp(2#)1/2. Thus, similar to Lemma 5 in [38] we can obtain
that there exists a constant @ € (0,1) such that

(2" + an) < [1—20(1 —n)aje(zh)

holds for any o € (0,a]. This demonstrates that (2.16) is well-defined. The proof is
completed. O



3 Global Convergence

Denote Q = {z € R x R2" :w € F,pu > puof(2)}-

Lemma 3.1 Suppose that M is a Py-matriz. Then Algorithm 2.1 generates an infinite
iteration sequence {z*} with p > 0 and 2* € Q for any k > 0.

Proof. We only need to show that w* € F holds for all k > 0 because other results can
be obtained as in Lemma 5 and Proposition 6 of [38]. Obviously, w® € F. Assume that
wh=1 € F for some k > 1, i.e., s*~1 = Maz*F~! 4 ¢. By equation (2.15), we have

~MAF 4 AP = (55— Mk )
which, implies As*~! = MAzF~1. Hence,

sF o= TN ASFT = MaF 4+ q+ N1 MAZFT
= M@+ 1Az 4 g = Ma* +q.

This proves w* € F. O

Theorem 3.1 Suppose that M is a Py-matrixz. Then Algorithm 2.1 generates an infinite
iteration sequence {z*} with limy_o ¥(2*) = 0. In particular, any accumulation point of

{2*} is a solution of H(z) = 0.

Proof. By using Lemma 3.1, we can prove the above theorem similarly as in Theorem 4.1
of [42]. We omit the details here for brevity. O

Theorem 3.1 shows that if there exists an accumulation point z* of {z*}, then 2* is a
solution of (1.1). This does not mean that {z*} has an accumulation point. In order to
assure that {z¥} has an accumulation point, we need the following assumption.

Assumption 3.1 The solution set of (1.1) is nonempty and bounded.

It is well known that for the monotone nonlinear complementarity problem, Assumption
3.1 is equivalent to that the problem has a strictly feasible solution [30, 31]. The latter
has been used extensively in interior point methods for the monotone complementarity
problem. It is also known that Assumption 3.1 is weaker than those required by most
existing smoothing (non-interior continuation) methods [24]. In addition, Assumption 3.1
has been used in regularized smoothing algorithms [25, 33, 42].

Theorem 3.2 Suppose that M is a Py-matriz and Assumption 3.1 is satisfied. Then the
infinite sequence {z*} generated by Algorithm 2.1 is bounded and any accumulation point
of {ZF} is a solution of H(z) = 0.



Proof. It is not difficult to show that the function H : R2"*1 — R?"*1 defined by (2.1)
is a weakly univalent function (see [21]). Since Assumption 3.1 implies that the inverse
image H~1(0) is nonempty and bounded, by using Theorem 2.5 in [40] we obtain that the
sequence {z*} is bounded, and hence, by Theorem 3.1, any accumulation point of {z*} is
a solution of H(z) = 0. O

4 Sub-Quadratic Convergence under Nonsingularity

Let 2% = (s, w*) := (s, %, 5*) € Ry x R?" be an accumulation point of the iteration
sequence generated by Algorithm 2.1. Then Theorem 3.1 implies that p, = 0 and (x*, s¥) is
a solution of (1.1). In this section, we consider the case that (z*, s*) satisfies a nonsingularity
condition but may not satisfy the strict complementarity condition. In order to discuss the
local superlinear convergence of the algorithm, we need the concept of semismoothness,
which was originally introduced by Mifflin [32] for functionals. Qi and Sun [39] extended
the definition of semismoothness to vector valued functions. A locally Lipschitz function
F:R®R™ — ™2 which has the generalized Jacobian OF (x) in the sense of Clarke [16], is
said to be semismooth at x € ™1, if
. /
Vea}ﬁ}(gith,’) {Vh }
h! —h,t|0

exists for any h € ™. F is said to be strongly semismooth at x if F'is semismooth at z
and for any V € 0F(x + h),h — 0, it follows that

F(z+h)— F(z) = Vh=O(||h|]?).
Lemma 4.1 Suppose that M is a Py-matriz. Let t € (0,1) be given as in Algorithm 2.1
and the sequence {z*} be generated by Algorithm 2.1. Then, for all k sufficiently large,
IR = O HEIP).
Proof. Since the infinite sequence {z*} is generated by Algorithm 2.1, it follows from
Theorem 3.1 that limy_ . 1(2¥) = 0. This, together with the definition of 3(z*), implies

that 3(z*) = 41 (z*) holds for all k sufficiently large. For any k, we have either &(w*) <
#(pg)t or E(w”) > k(ug)t. For the former case, we have for all k sufficiently large that

1T = poB(=") = poyi () = O(H (") |1?) .
For the latter case, since it follows from (2.10), (2.4), and Lemma 3.1 that

lu(P)I < lI@o(w") — @(M)I| + noB(=*)[ld(=")l]

< 2+ o) ()|
= 202+ vee {ty/ et = s+ 4?1 € T} o)
= O™,



by (2.13) we obtain that v(z¥) = u(z*). Hence, for all k sufficiently large,

1T (M) = \/(Moﬁ(zk))2 + [lu(z) 12 = O(||H (") [>7).
The proof is completed. O

By using Lemma 4.1, we can obtain the following sub-quadratic convergence result. Its
proof can be done in a similar way as Theorem 8 in [38].

Theorem 4.1 Suppose that M is a Py-matriz and Assumption 3.1 is satisfied. Suppose
that z* is an accumulation point of the sequence {z*} generated by Algorithm 2.1. If all
V € 0H(2*) are nonsingular, then the whole iteration sequence {zF} converges to z*,

|44 =2 = Ol = =) and i = O(() ™).

In Theorem 4.1, for the sub-quadratic convergence, all V' € 0H (z*) are assumed to be
nonsingular. It is noticed here that this nonsingularity condition implies that the solution
set is a singleton, but not necessarily a strict complementary solution. For conditions to
guarantee this nonsingularity assumption, see [38]. In the next section, under a strict
complementarity condition, we shall discuss the quadratic convergence of our method with
multiple solutions.

5 Quadratic Convergence under Strict Complementarity

In this section, we shall discuss the rate of convergence of Algorithm 2.1 without assuming
the nonsingularity condition, but with a strict complementarity condition and M being a
positive semidefinite matrix. Let 2* := (p, w*) := (us, 2%, 5*) € Ry x N2" be an accumu-
lation point of the iteration sequence {z*} generated by Algorithm 2.1. Then Theorem 3.1
says that p. = 0 and (z*,s*) is a solution of (1.1). In this section, we consider the case
that (z*,s*) satisfies the strict complementarity condition z* + s* > 0. Let

B:={i€Z:z;>0} and N :={ieZ:s; >0}

Since (z*,s*) is a strict complementary solution of (1.1), it follows that BUN = Z and
BAN =0.

For any w = (x,s) € " x R", let

s—(Mz+q)
G(w) = 2sp and Sy := {w € R*": G(w) = 0}.
2z

Lemma 5.1 Denote ¢ := min{min;eg =}, min;epr s; } and

Aw*) :={w=(z,5) e R" x R": |z; —z]| <¢/3, |si —s;| <¢e/3, i€}



Then, for any w € A(w*) NF, there exists a constant X > 0 such that
[Po(w)| = [G(w)]| = Adist(w, So), (5.1)
where ®qo(-) is defined by (2.7).

Proof. It is obvious that G(w) = 0 is solvable since G(w*) = 0. Hence Sy # (. By
Hoffman’s error bound result for a linear system [22], there exists a positive number A > 0
such that for any w € R2",

[|G(w)]| > Adist(w, Sp). (5.2)
For any w € A(w*), we have
. . 12 1 ,
T, = xi+xi—xi25—§5:§s7 \si\gge ViebB,
. . 12 1 ,
s = si—i-si—sizs—gE:gs, \xi|§§e VieN.

Hence, ||®o(w)|| = ||G(w)]|| holds for all w € A(w*) N F. This and (5.2) imply (5.1). 0

Lemma 5.1 indicates that if w € Sy with w sufficiently close to w* := (z*, s*), then w
solves (1.1), i.e., w € S. Furthermore, from (5.1), there exists a constant p > 0 such that

dist(w, So) < pf|Po(w)]| (5.3)

for all w € F sufficiently close to w*. Noting that max{uy, |®(2%)||} < [|H(z")||, we can
obtain from (2.8), (5.3) and Lemma 3.1 that for all z* sufficiently close to z*,

dist(w", So) < p( (=) + [|Po(w®) — @(M)[]) < Cof H (M) (5.4)
where Cy := p(1 + 2y/n).

Lemma 5.2 Suppose that M is a Py-matriz and Assumption 3.1 is satisfied. Let z* be an
accumulation point of the iteration sequence {z*} generated by Algorithm 2.1. If (z*,s*)
satisfies the strict complementarity condition x* + s* > 0, then v(z*) = u(z*) holds for all
2% sufficiently close to z*, where v(-) and u(-) are defined by (2.13) and (2.12), respectively.

Proof. Since the strict complementarity condition holds, i.e., z* + s* > 0, it is easy to see
that there exists a constant ¢ > 0 such that |z — s¥| > ¢ holds for all i € Z and all z*
sufficiently close to z*. Thus, by combining (2.12) with (2.9), (2.4), and Lemma 3.1, we
have for all z* sufficiently close to z* that

lu(=R)I < l1@o(w") — @(M)I| + [ld(=") 0B (=)l

< Ci(e)(pr)? + ||vec {—Zl,u/zg/\/(gvi-C — M2+ 4(up)? i € I}H 1o B(2%)

< Wy, (5.5)
where the last inequality used the fact that uy is sufficiently close to 0. Therefore, (2.13)
and (5.5) yield the desired result. O

In the following lemma, by using Lemma 5.1 and the techniques in [46, 17], we shall
prove for monotone LCPs that the term ||Az*|| is of the same order as ||H (2¥)|| for all z*
sufficiently close to a strict complementary solution.
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Lemma 5.3 Suppose that M is a positive semidefinite matriz and Assumption 3.1 is satis-
fied. Let z* be an accumulation point of the iteration sequence {z*} generated by Algorithm
2.1. If (x*,s*) satisfies the strict complementarity condition x* + s* > 0, then there exists
a constant Cg > 0 such that for all 2 sufficiently close to z*,

1AZE|| < Cs[|H (M) (5.6)

Proof. By making use of the fact that v(z*) = u(2*) (by Lemma 5.2) and w* € F (by
Lemma 3.1), we obtain from (2.15) that for all z* sufficiently close to 2*,

Apg = —pu, + poB(2"), (5.7)
—~MAz* + AsF =0, (5.8)

(d(=") + P (p)2®) Ay + (D(ZF) + pu) D AT + B(2F) As”
= —0(z") — p(u)e® + u (), (5.9)

where the functions d(-), D(-), E(-), and u(-) are defined by (2.4), (2.5), (2.6), and (2.12),
respectively. We prove (5.6) by investigating the following three issues:

Firstly, we estimate |Apy|. From (5.7) it follows that for all z* sufficiently close to z*,
|Apk] < g+ p0B(2") < (14 pom) [ H (2P| (5.10)

Secondly, we estimate ||Ax*||. For any z* sufficiently close to z*, there exists a vector

wh* = (z¥*, s¥*) € Sy (and hence w** € S by Lemma 5.1) such that
dist(w®, Sp) = |Jwk — wh*||. (5.11)
By using the fact that w*, w** € F, we get from (5.8) and (5.9) that
s 4+ AsP — " = M(a* + Ak — ) (5.12)
and

(D(2*) + p(pp) ) (2 + Axk — 2%) + B(2P) (s% + AsP — s7*) = a(2F), (5.13)

w(2*) i= (D(2") + p(pe) 1) (2" — ™) + E(2")(s* = s*) — ®g(w") (5.14)
and
Q(Zk) o= <I>o(wk) — (I>(zk) + u(zk) - d(zk)A,uk — ]ﬁ(zk)
2(®o(w¥) — ®(27)) + d(2F) o B(2") — d(z") Apy, — p(z")
= 2(®o(w") — (%)) + d(") . — p(2Y), (5.15)

where p(2*) := p/(ur) Aprz® +p(ur)x¥. From the positive semidefiniteness of M and (5.12),
it follows that (2% + Az* — 2#)T(sk + As® — s¥*) > 0. Hence, multiplying (5.13) on the
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left side by (¥ + Az* — 28T E(2%)~! yields

min(D(z )i + p()) EEN)al B(5) 7 (2" + Ak — )|
< (2" + Ar® — VT B(F) D) + plua) DE(F)E(F) " (o + A — 2)
< (aF + Azk — 2FTE(F)La(2F)
< IEER) e + Ak —2™)l[laz")]),
and so,
lglei%l(D(zk)u +p(u)) BNl B(ZF) 7@k + Ad =2 < flazM) (5.16)

It can be seen easily that there exists a constant € > 0 such that
af —sP>cforallic B and sf—azF >cforallie NV (5.17)
hold for all z* sufficiently close to z*. Since w* € Sy, we have
s =0forallieB and zF* =0 forallieN. (5.18)

By using (5.17), (5.18), and the fact that D(z*) + E(z*) = 2I for all k (by (2.5) and
(2.6)), we obtain from (5.14) that for all z* sufficiently close to z*,

w(z")p = (D(:*)ss +p(,uk)IBB)( ap — af) + E(2")ss(sh — s§°) — 25
= D(F)p(af — of — sp+ s5) + p(u) (2 — 25),

and similarly,
w(F) v = EGF)an(shy — shi — ok 4+ 2K7) + p(up) (25, — 255).

Hence, for all z* sufficiently close to z*,

leo(z) ]| < [max{||[D(z")ssll, | E*)wnll} + o)l (2% — 2| + [|s* = s™]).

For any k > 0, let ry = minjez(D(2%)i + p(ur))E(2%)i. By (2.2), (2.6), and (5.17) it
follows that for i € 7 and all z* sufficiently close to z*,

P B = plom) (14 (o = sk = D2 5 4()2) = O,

Then there exists a constant r > 0 such that for all z* sufficiently close to z*,

r, = min 4(pr)?
i€l (J:f — sf)2 + 4 (g )?

which implies p(ug)/r = O(pr). Thus, from (5.17) and (5.19) we have for j € B that

+O((r)?) = r(p)?, (5.19)

xk—gk

D)y L VEr Vs A - @ - o))
Tk r(p)? r(p)2 (o — 55)2 + ()2

4
@5 = 7+ 4 (= o+ A + (af — o)
- oW
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and for any j € AV that

E(Z) 4

£ < k_ .k k_ .k k_ k) o).
"k 7"\/<3j — %)% + 4(x)? (\/(Sj — )2 + 4(ug)? + (5 — 17]))
Hence, there exists a constant Cy > 0 such that for all z* sufficiently close to z*,
o () /re < Calla® — 2™ + ||s* = s*) < 2CoCul| H (M), (5.20)

where the second inequality is due to (5.4) and (5.11). On the other hand, by (5.15) we
have

o) = 2[ylok = b)) (o = B2 4 dy — (")
_ 8(#14:)2 _ 4(Mk)2 —ﬁi(zk)
Vb — B2+ A2+ /(b —sh)2 \J(ah — 552 + A(u)?

A [k =B+ 4 = et = 51

_pz(zk)
Gk = b au)? (k= B2+ am? + (e = 557
16(pur)* s
2
@ =2 1 A <\/ (e — 552 + A(u)? + (k- 55)2)
which, together with (5.17) and (5.10), implies that for all z* sufficiently close to z*,

|0i ()] < |0i ()]

Tk T(Mk)2

= O((1)*) + O(ux) = Opux,) = O(|H(=")]1)-

Hence, there exists a constant Cs > 0 such that for all z* sufficiently close to z*,
lo(z")| /i < Cs|[H(ZM)]- (5.21)
By combining (5.16) with (5.20) and (5.21), we further obtain that
IE(F) (@ + Azh — 2™)|| < @ ()[I/rk + lle(z")]|/ri < (2C2Ca + C5)[|H (M) (5.22)
Since |[E(z¥)| <2, (5.4) and (5.11) imply that for all 2* sufficiently close to z*,
IE(=")" (@ + Azh — 2| > [ Ak = [[a* = 2™ |]/IEEM)| = 1Az = Ca| H(Z")]l/2.
This, together with (5.22), implies that for all z* sufficiently close to z*,
1Az"]| = O(IH (")) (5.23)

Thirdly, we estimate ||As*||. From (5.13) and (5.20)-(5.22) we have that for all z*
sufficiently close to z*,
Is* + Ast — s < D) + p(p) )T EE) THIIDER) + plue) I alM)]]
HID(R) + pu) TN E (%) 7 (2" + Az — ™)
I (=)l + lle(=")
minez(D(2)ii + p(ux)) E(2F )i
< 6(205C + Cs)||H ()], (5.24)

+ 3| E(2%) Yk + Ak — )|
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where the second inequality is due to ||[D(2*) + p(ur)I|| < 2+ p(ux) and a(z¥) = w(2F) +
0(z¥) and the last inequality is due to (5.22). Hence, from (5.4) and (5.24) we have that
for all z* sufficiently close to z*,

1AM < [Is" + As® — ¥ + ||s* — s™|| = O(|H(=)])). (5.25)

Now, by combining (5.10) with (5.23) and (5.25), we obtain that there exists a constant
Cs > 0 such that (5.6) holds for all z* sufficiently close to z*. O

Lemma 5.4 Suppose that all the conditions assumed in Lemma 5.8 are satisfied. Then
there exists a constant Cg > 0 such that for all 2 sufficiently close to z*, ZFT1 = 2F 4 AZF
and

1H (]| < Coll H (M) (5.26)

Proof. From Lemma 1.2 in [36] we have

16" (1,0, )| < 4/y/(a — )2 + 4722

for any (p,a,b) € Ry x R and (a — b)®> +4pu® # 0. For any k > 0 and i € T, let
yF = (ug, 2F, sF) and Ay .= (Aug, Ak, Aﬁf). Then by using the strict complementarity
condition we can obtain a positive number C such that [|¢”(y¥)|| < C for all 2* sufficiently

close to z*. Hence, from Lemma 5.3 we have that for all z* sufficiently close to z*,

1 1 -
|b(yF + Ayf) — d(yf) — &' (WH)AYF| < [t | 116" (yF + tsAy))||dsdt]| AyF|)? < C||AyF.
0 0

Furthermore, from the definition of H(-) (see (2.1)), it is not difficult to show that there
exists a constant Cy > 0 such that for all z* sufficiently close to z*,

|H (2% + AZF) — H(ZP) — H'(2F)AZF|| < C|| AZF)2. (5.27)

Hence, from Lemmas 5.2 and 5.3, (5.27) and (2.15) we have that for all z* sufficiently close
to z*,

|H (2% + A0 = |(HER 4+ AZF) — H(ZP) — H' (2F) AR + H(ZF) + H' () AZF|
< HF + A28 = H(ZY) = H'GMAL|| + | HER) + H ()AL
< Crl|AZF|P+ \/(meH(z’“)HQ)2 + [lu(z?)|2
< Or(C3)*0(2%)* + \/(wOHH(z’“)H2)2 + [lu(zP)[J. (5.28)

Lemma 2.1 and the strict complementarity condition imply that there exists a constant
Cg > 0 such that for all z* sufficiently close to z*,

lu(=")]| < Cs(pr)? + nypol | H ("),

which, together with (5.28), implies that there exists a constant Cg > 0 such that for all z*
sufficiently close to z*,
1H (= + AZF)|| < CollH ("))
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Hence, by the definition of 9(-), ¥(2F + AzF) < C2v(2%)?, ie., . (5.26) holds, for all z*
sufficiently close to z*. This further implies that z*¥*t1 = 2% 4+ Az* for all z* sufficiently
close to z*. The proof is completed. O

For any £ > 0, define N(z*,¢) := {z € R, x R?" : ||z — 2*|| < &}. Since H is locally
Lipschitz continuous around z*, it follows that ||H(y') — H(y?)| < L||y' — y?| for some
constant £ > 0 and any y',y? € N(2*,¢). Let

g:=min{e/[2+4C3L], 1/[2CsL]}, (5.29)
where C3 and Cp are given by (5.6) and (5.26), respectively.

The following lemma, which to some extent is motivated by a result in Yamashita and
Fukushima [48] on the Levenberg-Marquardt method, is on the convergence of the whole
iteration sequence {z*}.

Lemma 5.5 Suppose that all the conditions assumed in Lemma 5.3 are satisfied. Let € be
defined by (5.29). If for some k the iterate 2* € N(2*,8) and € is sufficiently small, then
29 e N(2%,¢/2) for all q=0,1,2,... and {szrq}g’;l is a convergent sequence.

Proof. Suppose that for some k, z¥ € N(z*,&). Then, it is obvious that z¥ € N(2*,&) C
N(z*,¢/2) by (5.29). By reducing ¢ if necessary, we have from Lemmas 5.4 and 5.3 and
(5.29) that

||Zk+1 . _ ”Zk +Azk o Z*H < sz . Z*H + HAzkH <&+ Cd”H(zk)H
£+ Csl|H(2%) — H(z")|| < &+ CsL 2% — =¥

< (1 +03£)§§ 6/2,

2|

which implies z#*1 € N'(2*,¢/2). Suppose that for some ¢ > 1, 2F 1 ... 2F+d e N(2* ¢/2).
We now show 291 € N/(2*,¢/2). From Lemma 5.4, we have

IH (| < CollH ()12 < - < (Co)* HIH (M)
= (Co)" MH(") — H(2")|I* < (Co)* L% 2% — 2|

IN

29-1
CoFe* (sdz)” &= Le1/2P' 7 < L2/, (530)

which, together with (5.6), implies that

q q q [e's)
STNALT < Ca Y | H(ZM)|| < CaLd (1/2)%7! < CsLe) (1/2)" = CsLe.
i=1 =1 i=1 =1

This further leads to
q
\|zk+q+1 -z < ||z’“+1 -2+ Z JAZY|| < (14 C3L)e + C3LE < e/2.
i=1
Therefore, 2FT9t1 € N(2*,¢/2).
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From (5.30) and Lemma 5.4 we know that |Az*4|| < C3£2(1/2)%9~! holds for all ¢ > 0.
Hence, for any positive integers I,m with [ > m > g,

-1 [es) (o9
) ) } 1
128 =27 < DAL < YDA < CaLe )y (1/2)* 7 = §C3£5(1/2)2m*3a

i=m i=m =m

which indicates that the sequence {z*} is a Cauchy sequence. This implies that {z*} is a
convergent sequence. The proof is completed. O

Theorem 5.1 Suppose that M is a positive semidefinite matriz and Assumption 3.1 is
satisfied. Let z* be an accumulation point of the iteration sequence {z*} generated by
Algorithm 2.1. If (z*,s*) satisfies the strict complementarity condition x* + s* > 0, then
the whole sequence {z*} generated by Algorithm 2.1 converges to z*,

[HE =0 (IHEP)  and s = O ((u)?) -

Proof. This theorem follows directly from Lemmas 5.4 and 5.5. O

It is worth pointing out that in Theorem 5.1 only one accumulation point of the iteration
sequence is assumed to satisfy the strict complementarity condition and the whole sequence
is proved to converge to this accumulation point while in [46] all accumulation points are
assumed to satisfy the strict complementarity condition uniformly and in [17, 18] the whole
sequence is assumed to converge to a strict complementary solution. This indicates that
even in this case our results are stronger than those in [46, 17, 18].

6 Some Final Remarks

It has been tested in [49] that the QSZ smoothing algorithm [38] performs very efficiently
in practice for solving complementarity problems. In this paper, we have shown that a
modified version of the QSZ smoothing algorithm for the Py and monotone LCP has better
convergence properties than those appeared in [38] and [46, 17, 18]. Specifically, it is
shown that the new method converges globally and i) locally sub-quadratically if M is a
Py matrix and the LCP satisfies a nonsingularity condition; and ii) locally quadratically
if M is positive semidefinite and there is an accumulation point that satisfies a strict
complementarity condition.

We implemented Algorithm 2.1 for LCPs in Matlab in order to see the behavior of the
new smoothing method. Theoretically, the new algorithm has better guaranteed conver-
gence properties than the QSZ smoothing algorithm. Numerically, our testing shows that
the new algorithm behaves quite similarly to the QSZ smoothing algorithm in practice. As
an example, we considered the following convex quadratic programming problem:

1
min ¢’z + §JETG:E st. AT<b, >0, (6.1)
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where ¢ € R, A € R™*" b € R™, and G € R™*" is symmetric positive semidefinite. Then
(6.1) is equivalent to the following LCP

s=Mz+q, z's=0, (z,s) >0,

= (0) = )= (Y) ()

For any positive integers n; and no, let rand(ni,ny) denote a matrix by ny X ng whose
each element is randomly chosen in (0,1). Assume that the problem is given by A =
rand(500,220),G = BBT and ¢ = rand(720,1) where B = rand(220,200). Throughout
the computational experiments, the parameters used in Algorithm 2.1 were chosen as o =
0.0001, 6 = 0.5, t = 0.9, uo = 100, and k = 0.1. Take 7 = 1/(10y/n), v = 0.1 min{1,1/uo},
and 7 = yug + 7/n. Let the starting point 2° = rand(720,1) and set y° := Mz% + q.
We used ||H (2%)|| < 107!2 as the stopping rule. This problem is tested ten times by using
Algorithm 2.1 and the QSZ smoothing algorithm, respectively. The iteration numbers are
listed in Table 1.

with

Table 1: The numerical results for random generated convex quadratic programming

QSZ’s Algorithm | 20 | 17 [ 19|19 | 18 | 19 | 18 | 18 | 18 | 19
Algorithm 2.1 19116 {20 |17 |19 |18 |17 | 18 | 19| 18

Table 1 shows that the new algorithm and the QSZ smoothing algorithm behave sim-
ilarly for the above convex quadratic problem. We also observed similar results for other
examples.

Acknowledgment. We thank the Associate Editor and the two referees for their valuable
comments on the paper, which have considerably improved its presentation.
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